AdaBoost

AdaBoost, which stands for " Adaptive Boosting", is an ensemble learning algorithm
that uses the boosting paradigm [1].

We will discuss AdaBoost for binary classification. That is, we assume that we are
given a training set S := (x1,y1), (x2,¥2),- .., (X4, y,) Where Vi, y; € {-1, 1} and a pool
of hypothesis functions H from which we are to pick 7 hypotheses in order to form an
ensemble H. H then makes a decision using the individual hypotheses 4, ..., A7 in the
ensemble as follows:

H(x) = Z aihi(x) (1)

That is, H uses a linear combination of the decisions of each of the /; hypotheses in the
ensemble. The AdaBoost algorithm sequentially chooses /; from H and assigns this
hypothesis a weight «;. We let H, be the classifier formed by the first # hypotheses. That
18,

H,(x) = Z aihi(x)

= H,_1(x) + ahy(x)

where Hy(x) := 0. That is, the empty ensemble will always output 0.

The idea behind the AdaBoost algorithm is that the ™ hypothesis will correct for the
errors that the first 7 — 1 hypotheses make on the training set. More specifically, after we
select the first # — 1 hypotheses, we determine which instances in S our # — 1 hypotheses
perform poorly on and make sure that the /" hypothesis performs well on these instances.
The pseudocode for AdaBoost is described in Algorithm 1. A high-level overview of
the algorithm is described below:

1. Initialize a training set distribution

At each iteration 1, ..., T of the AdaBoost algorithm , we define a probability distribu-
tion D over the training instances in S. We let D, be the probability distribution at the 7™
iteration and D, (i) be the probability assigned to the i training instance, (x;, y;) € S, ac-
cording to ;. As the algorithm proceeds, each iteration will design D, so that it assigns
higher probability mass to instances that the first # — 1 hypotheses performed poorly on.
That is, the worse the performance on x;, the higher will be D, (i).

At the onset of the algorithm, we set 9; to be the uniform distribution over the
instances. That is,

1
Vie{l,2,...,n},D(i) := —
n
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Algorithm 1 AdaBoost for binary classification

Precondition: A training set S := (x1,y1), ..., (x,, y»), hypothesis space H, and num-
ber of iterations 7.

1 forie{l,2...,n}do

2 ( ) — %

3 end for

4 He0

5 fortr=1,...,T do

6 h, « argmin, 4, P, p,(h(x;) #y;) » find good hypothesis on weighted training

set
7 & — Pip,(h(x;) # v;) > compute hypothesis's error
8 1 5 In (1?6’) > compute hypothesis's weight
H — H U {(a, hy)} > add hypothesis to the ensemble
10 forie{l,2. } do > update training set distribution
e-onyih(x;

11 Dita (l) < a IDr 0 :—a,»( /u)m)
12 end for
13 end for
14 return H

where 7 is the size of S'.

2. Find a new hypothesis to add to the ensemble

At the 1" iteration, we search for a new hypothesis, #,, that performs well on S assuming
that instances are drawn from 9,). By *‘performs well", we mean that 4, should have a
low expected 0-1 loss on S under O,. That is

h; := argmin Ei p, [50—1 (h» Xis yi)]
heH

= argmin P;.p, (y; # h(x;))
heH
We call this expected loss the ““weighted loss" because the 0-1 loss is not computed

on the instances in the training set directly, but rather on the weighted instances in the
training set.
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3. Assign the new hypothesis a weight

Once we compute /,, we assign h, a weight a, based on its performance. More specifi-
cally, we give it the weight
1. (1-
@ = —ln( 6’) )

2 €

where
& := Pip,(yi # h(xi))

. We will soon explain the theoretical justification of this precise weight assignment,
but intuitively we see that the the higher ¢, the the larger will be the denominator and
the smaller the numerator in = =< thus, the smaller will be 1 ln(1 e’) Thus, if the new
hypothesis, /,, has a high error, e,, then we assign this hypothems a smaller weight. That
is, h, will contribute less to the output of ensemble H.

4. Recompute the training set distribution

Once the new hypothesis is added to the ensemble, we recompute the training set distri-
bution to assign each instance a probability proportional to how well the current ensem-
ble H, performs on the training set. We compute 9, as follows:

Dt(i) e aihi(xi)
?:1 Z)t( ]) e~ (x;))

Dt+1<i> = (3)

We will soon explain a theoretical justification for this precise probability assignment,
but for now we can gain an intuitive understanding. Note the term e~ If ,(x;) =
y;, then y;i,(x;) = 1 which means that ¢~ (%) = ¢~ _1f, on the other hand, &,(x;) # y;,
then y;,(x;) = —1 which means that ¢~ (%) — ¢ Thus, we see that e (%) jg
smaller if the hypothesis's prediction agrees with the true value. That is, we assign
higher probability to the i instance if 4, was wrong on x;.

Repeat steps 2 through 4

Repeat steps 2 through 4 for 7 — 1 more iterations.

Derivation of AdaBoost from first principles

The AdaBoost algorithm can be viewed as an algorithm that searches for hypotheses of
the form of Equation 1 in order to minimize the empirical loss under the exponential
loss function:

fexp (h’ X, y) = e—yh(x)
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We note that there are many ways in which one might search for a hypothesis of the
form of Equation 1 in order to minimize the exponential loss function. The AdaBoost
algorithm performs this minimization using a sequential procedure such that, at iteration
t, we are given H,_; and our goal is to produce

H, = H,y +ahy

where the new £, and @, minimizes the exponential loss of H, on the training data. The-
orem 1 shows that AdaBoost's choice of 4, minimizes the exponential loss of H, over
the training data. That is,

h, = argmin Lg (H,_; + Ch)
heH

where

1 n
Ls(Hy1 + Ch) = — > lexp(Hiy + Chy x,y)
i=1

and C is an arbitrary constant. Theorem 2 shows that once 4, is chosen, AdaBoost's
choice of @, then further minimizes the exponential loss of H; over the training set. That
is,

@, := argmin Ly (H,_1 + ah,)

a

Theorem 1 The choice of h, under AdaBoost,

h, := argmin P;.p,(y; # h(x;))
heH

, minimizes the exponential-loss of H, over the training set. That is, given an arbi-

trary constant C,

h, = argmin Lg(H,_; + Ch)
heH
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Proof:

h, =argmin Lg (H,-, + Ch)
heH
= argmin E Z o VilHi-1(x)+Ch(x)]
heH N 4=

= argmin E Z e ViHi-1(xi) g=yCh(xi)

heH n i=1
= argmin — Z w, e YCh) let wy; = o Vi1 (%)
heH N
= argmin Zw e~ YChi(x)
heH T4
= argmin Z wye” €4 Z w,,e split the summation
heH ih(x;)= ih(x;)#yi
n
= argmin Z W e~ Z w,,e Z w; e
heH i=1 ih(x;)#yi ih(x;)#y;i
n
_ . -C
= argmin Z wie ¢+ Z wi(et —e™™)
heH i=1 ih(x;)#yi
n
— 3 C -C . — 3
= argmin { K + Z wei(e” —e ™) K := Z w;e”™ is a constant
heH i:h(x7)£yi i=1
= argmin { (e“ — ™) Z Wi
heH i-h(x)Eyi
= argmin Z Wy
heH ih(x;)#yi
) 1 . fant
= argmin ——— Wy —,— is a constan
Wy Wy
heH ZJ_1 t,j i:h(x) i ZJ_1 t,j
= argmin Wes
= —
W
heH ih(x;)#yi ZJ_l Ly
= argmin P;.p, (y; # h(x;)) See Lemma 1
heH
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Lemma 1

Wl,'
Pip,(vi # h(x;)) = ST lw ,
i:h(x;)#yi j=1"t]
where
Wy = e_}'th—l(Xi)
Proof:
First, we show that
. Wy i
Z)t(l) L
Z?:1 Wej

We show this fact by induction. First, we prove the base case:

Wi e~YiHo(xi)
2jm1 Wi B Doy eitolx)
= % because Hy(x;) =0
= D, (i) for all i

Next, we need to prove the inductive step. That is, we prove that

4
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This is proven as follows:

' D, (i) e~ @ilu(x)
DH‘l(l) = n l() . —a;yih(x;
Zj:l Z)t(]) e~ ayih(x;)

Wi p=apyihi(xi)

by Equation 3

n
. j=1Wtj . . .
= TR by the inductive hypothesis
]:1 ZZ:I Witk
e Vifl-1(x) —ayih(x;)

ng_l e—y'th—l(r*‘j) o
= —— by the fact that w,; := e #-1(x)
o _ eV pmanyihi(x))
J=1 pa e~VkHi—1 ()

1 pviHa(n) panyih(xi)
" le—,Vth—l(Xj)
=

1 n —yiHi-1(xj) p—apyjh(x;
Zi=1 e VkH-1(x) Zj:1 eitli1(x) gmenh(xy)

e_yiHr—l(xi)_a/ryihr(xi)

- Z;’_ | e i) (x))
e_yin(xf)
n —yiH (x;

Zj:l eVt (x))
Wei1,i

27:1 Wit1,j

Now that we have proven Equation 4, it follows that

> —Z?W;’;m = > Dix)

ih(xi)#yi ih(x;)#yi
= Pip,(yi # hi(x;))

Theorem 2 The choice of a, under AdaBoost,
@, :=—1In
2 €

€& = Pip, (yi # hi(x;))

where
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Proof:

Our goal is to solve

= argmin
3

, minimizes the exponential-loss of H, over the training set. That is,

«, = argmin Lg(H,_1 + ah,)

@, := argmin Lg (H,_; + ah,)

E wyile® + Z weile ™

ih(x;)#yi i:h(x;)=y;

i:h(x;)#yi i:h(x;)=y;
= Z wyile® - Z wile® =0
ith(x;)#yi ih(x;)=yi
Zi:h Xi)#Yi Wt,i
:‘:> e2a — _¥
Zi:h(x;):y; Wei
Zi:h Xi)#Yi Wy
— 20— ln(—¥)
Zi:h(x,-):y,— Wi

To do so, set the derivative of the function in the argmin to zero and solve for « (the
function is convex, though we don't prove it here):

% Z wi|e” + Z wiile™ =0

= o= 1 In _Zi:h(xi):)ﬁ Wfsi)
2 Zi:/z(Xf)i)’,’ Wt,i
n
1 1 i1 Wi — Zi:h(x,-);&y,- Wt,i)
= a=-In
2 Zi:h(xi);ty,- Wii
_1 on
— 2 D1 Wi Zi:l Wi — Zi:h(x,»):ﬁy,- Wi
== a = 5 n 1 Z "
T Wi ih(x;)#y; Vi
1 — Zi:h(xl-)iyl- Wi,
= a= 1ln Ziea
2 Zi:h(xl-)i)',- Wi
Z?:l Wri
1 1 - 61
= a==-In
2 €
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