The Margin of a Separating Hyperplane

We are given the following setting:

e An inner product space V with norm ||v|]| = (v, V)

e Labelled vectors (yi,X1), ..., Vm, X1)

e A separating hyperplane define by the vector w where w is normal to the hyper-
plane with norm ||w|| = 1. This hyperplane separates all of the labelled vectors by
their label. That is

Viy(w,x;) >0

In this setting, the margin of the hyperplane is defined to be the closest vector to the
separating hyperplane. This margin is given as follows:

margin = min; {{w, X;)|}

As we will soon prove, |(w, X;)| is the distance of x; to the hyperplane. Thus, we see that
the margin is defined to be the minimal distance of any point to the hyperplane.

Distance of a Vector to the Hyperplane

The distance of a point x to the hyperplane is defined as
min {[|x — v[| [ (W, V) = 0}

That is, the distance to hyperplane is the smallest distance between x and some vector v
that lies on the hyperplane (i.e. v lies on the hyperplane because it is orthogonal to w as
evident by the fact (w, v) = 0). In fact, this distance is given by

KW, X) + b = min {[[x — V|| | (W, V) = 0}
Proof:
Let the vector v be defined to be
V=X — (W, X)W

We see that this vector lies on the hyperplane because it’s inner product with w is 0 as
shown here:



(W, V) = (W, X — (W, X)W)
= (W, X) — (W, (W, X)W)
= (W, X) — (W, XKW, W)
= (W, X) — (W, ) ||wl[*
= (W, X) —(W,X)

=0

Next we see that no vector on the hyperplane is closer to x as v.
Ix—ul® =[x -v+v-ul
=|x=v|?+|v-ul?+2(x-v,v—u) SeeLemma l.
> |Ix = v|? +2(x=v,v—u)
= [Ix — v|I* + 2(x — (x — (W, X)W), V — u)
= |Ix = V|* + 2(x = X + (W, X)W, V — u)
= |Ix = vII* + 2((W, X)W, v — u)
= |Ix — V|I* + 2(W, X}{W, vV — u)
= [Ix = vII* + 2(w, x)}(W, vV — u)

=|x-v|? v —u is on the hyperplane, thus (w,v —u) =0

Lastly, we see that the norm of x — v is (w, X):
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lIx = vl = lIx = (x = (W, x)wW)]|

= [Kw, x)w)|
= (W, x) |IW)]|
=(W,X)

O

Lemma 1:

2 2 2
v +ull” = V| + [[ull” + 2¢v, )

Proof of Lemma 1:

v +ul® =(v+uv+u)
=(v,v+u) +{uv+u)
=(V,V) +({v,u) + (u,v+u)
= (v, V) + (v,u) + (u, V) + (u, u)
= [IVIP* + (v, u) + (v, u) + |Julf

2 2
= [IVII" + ljal” + 2¢v, w)



