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Abstract

Online algorithms operate in a setting where the input is revealed piece by piece;

the pieces are called requests. After receiving each request, online algorithms must

take an action before the next request is revealed, i.e. online algorithms must make

irrevocable decisions based on the input revealed so far without any knowledge of

the future input. The goal is to optimize some cost function of the input. Online

problems have many real world applications, e.g. paging, task scheduling, and routing.

Competitive analysis is the standard method used to analyse the quality of online

algorithms. The competitive ratio is the worst-case ratio, over all valid finite request

sequences, of the online algorithm’s performance as compared to the performance of

an optimal offline algorithm for the same request sequence. The competitive ratio

compares the performance of an algorithm with no knowledge about the future against

an algorithm with full knowledge about the future.

Since it is not always reasonable to assume that an algorithm has absolutely no

knowledge of the future, there have been many ad hoc attempts to enhance online

algorithms with partial knowledge of the future such as with lookahead or locality of

reference. Online computation with advice generalizes and abstracts these methods

and quantifies the amount of future information known to the algorithm in a general

way so as to consider the evolution of the competitive ratio as a function of the amount

of information known about the future. Two models of advice have recently been

proposed. In the model of [EFKR11], a fixed amount of advice is given with each

request. In the model of [BKK+09], prior to performing any computation, an oracle

produces an advice tape from which the algorithm can read the advice as desired. Many

problems have been studied in these models (e.g. Metrical Task Systems, knapsack, set

cover and paging).

The focus of this thesis is on the advice per request model. The goal is to explore

various classic online problems in this framework and evaluate how the competitive

ratio changes as a function of the amount of advice. That is, exploring the importance
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of future knowledge for online problems by establishing lower and upper bounds on the

competitive ratio of algorithms with advice. We study the k-server problem, the bin

packing problem, the dual bin packing problem, scheduling on m identical machines,

the reordering buffer management problem, and the list update problem.

For the k-server problem on general metric spaces, we present an algorithm that is⌈
dlog ke
b−2

⌉
-competitive, where 3 ≤ b ≤ log k is the number of bits of advice per request.

This is an improvement of almost a factor of 2 over the previously known upper bound.

The more significant contribution is that our algorithm and our analysis are more

intuitive and easier to understand than previous algorithms with advice for the k-

server problem and, thus, may lead to further improvements in the upper bound. Also,

we present a 1-competitive algorithm for finite trees with advice that is a function of

the caterpillar dimension of the tree (a measure that is the height of the tree in the

worst case).

For the bin packing problem and the dual bin packing problem, we show that 1 bit

of advice gives a 3/2-competitive algorithm. For these problems and the scheduling

problem on m identical machines, with the objective function of any of makespan,

machine covering and the minimization of the `p norm, p > 1, we show that it is

possible to arbitrarily approach a competitive ratio of 1 with a constant amount of

advice per request. For the bin packing problem, a (1 + ε)-competitive algorithm that

uses O
(

1
ε log 1

ε

)
bits of advice per request and, for the dual bin packing problem, a

1/(1 − ε)-competitive algorithm that uses O
(

1
ε

)
bits of advice per request are given.

For the scheduling problem, we provide a framework for scheduling jobs in a nearly

optimal manner using advice. We show that, for the objective functions of minimizing

the makespan and the `p norm, this gives a (1 + ε)-competitive algorithm and, for the

objective function of maximizing the machine cover, this gives a (1/(1−ε))-competitive

algorithm. For all the objective functions, the algorithms use O
(

1
ε log 1

ε

)
bits of advice

per request. We complement those results by giving a lower bound showing that for any

online algorithm with advice to be optimal, for any of the above packing or scheduling

problems, a non-constant number, O(logN), of bits of advice per request is needed,

where N is the number of (optimal) bins or machines.

For the reordering buffer management problem, we show that for any ε > 0 there

is a (1 + ε)-competitive algorithm for the problem which uses only a constant number

of advice bits per request, depending on ε. This algorithm is interesting in that there

iv



is no known polynomial-time approximation scheme (PTAS) for the offline (NP-hard)

version of the problem. We complement the above result by presenting a lower bound

of Ω(log k) bits of advice per request for a 1-competitive algorithm, where k is the size

of the buffer.

For the list update problem, we show a lower bound of 13/12 on the worst-case

ratio between an offline optimal algorithm that can only perform free exchanges and

an offline optimal algorithm that can perform paid and free exchanges. This implies

a lower bound on the competitive ratio of any online algorithm that performs only

free exchanges, including those with advice. This result answers a question that has

been implicitly open since 1996 [RW96]. Also, we discuss some natural algorithms with

advice. The upper bounds for these algorithms are due to known upper bounds for

randomized algorithms. An algorithm with 1 bit of advice per request has a competitive

ratio of 1.618 due to the timestamp algorithm and, for a list of length `, an algorithm

with dlog `e bits of advice per request has a competitive ratio of 1.6 due to the comb

algorithm.

In studying these problems, in particular the packing and scheduling problems, we

adapt the techniques employed for offline asymptotic polynomial time approximation

schemes (APTAS) and polynomial time approximation schemes (PTAS) to develop on-

line algorithms with advice that achieve a competitive ratio of 1 + ε and use Õ(1
ε ) bits

of advice per request. Although no PTAS is known for the offline version of the reorder-

ing buffer management problem, we develop a similarly flavoured algorithm. The lower

bound technique that was first presented in [EFKR11] and then refined in [BHK+13]

is used to lower bound the amount of advice need for a 1-competitive reordering buffer

management algorithm. In this thesis, the other lower bounds pertaining to algorithms

with advice describe the amount of advice needed to be optimal and use techniques

that are more ad hoc. The techniques used in this thesis for upper and lower bounds

on online algorithms with advice will ideally inspire similar results for other online

problems.
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1
Introduction

Online algorithms operate in a setting where the input is revealed piece by piece. These

pieces are called requests. After receiving each request, online algorithms must take

an action before the next request is revealed. That is, online algorithms must make

irrevocable decisions based on the input revealed so far without any knowledge of

the future input. Since the algorithm does not know future requests, this decision may

prove to be suboptimal as more requests are revealed. The goal is to optimize some cost

function of the input. The study of online algorithms therefore focuses on the quality

of the solution without knowledge of the future as compared the optimal solution with

full knowledge of the future. Online problems have many real world applications, e.g.

paging, task scheduling, and routing.

A classic and illustrative online problem is called the ski rental problem (cf. [IK97]).

Suppose that the cost to buy skis is b and renting skis costs b/r (r ≥ 1) per day of

skiing. The question is whether or not to buy skis. If we knew how many days we

would go skiing the problem would be trivial. However, as the future is uncertain

(e.g. weather, injuries, snow conditions), is there a way to solve this problem with a

guaranteed result? There is an online deterministic algorithm that guarantees that we

will not pay more than twice what is optimal, and this is the best possible for the

deterministic case (cf. [IK97]). The algorithm works as follows: rent skis until the cost

of renting is equal to or exceeds the cost to buy skis. That is, we would rent skis r

times and then buy them. If we go skiing r times or less, we would be optimal. If we

go skiing more than r times, we would spend 2b while it would have been optimal to

buy the skis initially for a cost of b.
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1. INTRODUCTION

Competitive analysis is the standard method used to analyse the quality of online

algorithms. The competitive ratio is the worst-case ratio, over all valid finite request

sequences, comparing the performance of an online algorithm against the performance

of an optimal offline algorithm for the same request sequence. The competitive ratio

is comparing the performance of an algorithm with no knowledge of the future against

an algorithm with full knowledge of the future.

In many cases, competitive analysis can be too restrictive [BEY98, BLN01, DLO05]

since there are many times when it is reasonable to assume that an algorithm has partial

knowledge of the future. There have been many ad hoc approaches taken to handle

the restrictive nature of competitive analysis. Several online algorithms have been

augmented using methods such as a lookahead of future requests (e.g. [Gro95, Alb97,

Alb98, Bre98]) or parametrized by a metric such as locality of reference (e.g. [BIRS95,

IKP96, FM97, AFG05, AL08, ADLO08]).

Partially inspired by these approaches, two models of online computation with ad-

vice have been proposed in [EFKR11] and [BKK+09]. Online computation with advice

generalizes and abstracts these methods and quantifies the amount of future informa-

tion known to the algorithm in a general way so as to consider the evolution of the

competitive ratio as a function of the amount of information known about the future.

In addition, online computation with advice also models the scenario of a powerful

server with the whole input and remote clients that will process the data in an online

manner. We can imagine this scenario occurring with a remote robot that has some

online task to perform and there is a significant cost in communication in terms of

battery life. For instance, the remote robot must collect a series of core samples of

different heights. The details (position and height) of the core samples are transmitted

in an online manner to the robot. The storage of these core samples is a packing

problem. With a limited amount of storage space, a few bits of advice could enable

the robot to store the samples more efficiently, allowing it to collect more samples on

a single trip.

This scenario can also occur in the context of big data computation. Imagine a

powerful server or server farm that houses a massive amount data and simple remote

clients that want to perform some calculation on the data, e.g. physicists working on a

laptop accessing the Large Hadron Collider mainframe. In this setting, if the powerful

2



server would do some preprocessing of the data, it could aid the remote clients in their

calculations by providing advice along with the data.

In the model of Emek et al. [EFKR11], termed in this thesis the online advice model,

online algorithms with advice are algorithms that are given access to a quantified

amount of knowledge about the future in an online manner (see Section 2.2.1 for a

formal definition). The advice is given with each request and the definition of the

advice is part of the specification of the algorithm. The advice given at request i is

the value of some function ui when applied to the whole request sequence, including

future requests. The range of the function is 2b binary strings, where b is the number

of advice bits received per request. The interest is to see how the competitive ratio

changes as a function of the amount of bits of advice per request. The majority of the

work in this thesis is in this model.

In the other model of Böckenhauer et al. [BKK+09], termed in this thesis the semi-

online advice model, online algorithms with advice are given access to an infinite advice

tape from which the algorithm can read at any point (see Section 2.2.2 for a formal

definition). The advice is written to the tape as function of the entire request sequence

and is part of the specification of the algorithm. The interest is to see the evolution of

the competitive ratio as a function of the total amount of bits of advice, as a function

of the size of the input, read from the advice tape. This model is stronger than the

online advice model since the algorithm can read all the advice bits before any of the

requests, whereas, in the online advice model, the advice bits are revealed in an online

manner with the requests.

Returning to the ski rental problem, we see that, with a single bit of advice indi-

cating whether to rent or to buy skis, an online algorithm with advice can be optimal.

It is not always the case for all online problems with advice that a constant number

of advice bits can improve the competitive ratio to 1. There are known non-constant

bounds on the amount of advice required to be optimal for some problems, e.g. Metrical

Task System [EFKR11].

Online computation with advice provides a general model for situations of par-

tial knowledge of the future and has been used to study a variety of classic on-

line problems in both models, e.g. paging [BKK+09], the k-server problem [EFKR11,

BKKK11, RR12, GKLO13], Metrical Task System [EFKR11], bin packing [BKLLO12,

RRvS13], set cover [KKM12], the knapsack problem [BKKR12], various scheduling

3



1. INTRODUCTION

problems [BKK+09, KK11, RRvS13, Doh13], buffer management problems [DHZ12,

ARRvS13].

In this thesis, we consider the k-server problem, the bin packing problem, the dual

bin packing problem (a multiple knapsack problem), the machine scheduling problem

on m identical machines, the reordering buffer management problem and the list update

problem. These problems are classical online problems that have been well studied in

the standard online framework and, in some cases, also studied in the online advice

framework. In studying these problems, in particular, the packing and scheduling

problems, we adapt the techniques employed for offline asymptotic polynomial time

approximation schemes (APTAS) and polynomial time approximation schemes (PTAS)

to develop online algorithms with advice that achieve a competitive ratio of 1 + ε

and use Õ(1
ε ) bits of advice per request. Although no PTAS is known for the offline

version of the reordering buffer management problem, we develop a similarly flavoured

algorithm. The lower bound technique, as described in Section 2.3.1, was first presented

in [EFKR11] and then refined in [BHK+13]. It is used, in this thesis, to lower bound the

amount of advice needed for a 1-competitive reordering buffer management algorithm.

In this thesis, the other lower bounds pertaining to algorithms with advice describe the

amount of advice needed to be optimal and use techniques that are more ad hoc. The

techniques used in this thesis for upper and lower bounds on online algorithms with

advice will ideally inspire similar results for other online problems.

For the problems considered in this thesis, small gaps remain between the upper

and lower bounds on the amount of advice needed for a given competitive ratio for the

packing, scheduling and reordering buffer problems. Much larger gaps remain for the

k server problem and the list update problem. Also, a natural follow up to this work

would be to consider more general versions of the packing, scheduling and reordering

buffer problems. In a broader sense, an interesting area to explore in more depth is

the relation between online algorithms with advice and online randomized algorithms

without advice.

The work in Chapter 3 on the k-server problem was a collaboration with Adi Rosén.

A preliminary version appeared in the 9th Workshop on Approximation and Online Al-

gorithms (WAOA 2011) [RR11] and a final version appeared in the Theory of Computing

Systems special issue for WAOA 2011 [RR12]. The work in Chapter 4 and Chapter 6

on bin packing and scheduling on m machines was a collaboration with Adi Rosén and

4
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Rob van Stee. The (1 + ε)-competitive algorithms and the lower bound for scheduling

can be found in [RRvS13]. The work in Chapter 7 on the reordering buffer management

problem was a collaboration with Anna Adamaszek, Adi Rosén and Rob van Stee. A

preliminary version of these results appeared in the 11th Workshop on Approximation

and Online Algorithms (WAOA 2013) [ARRvS13]. The work in Chapter 8 on the list

update problem was a collaboration with Alejandro López-Ortiz and Adi Rosén.

1.1 Problems Considered

1.1.1 The k-Server Problem

The k-server problem, originally proposed by Manesse et al. [MMS90], consists of k

mobile servers on a metric space. Requests appear on the nodes of the metric space

and a server must be moved to cover the requested node (see Section 3.1 for a formal

definition). It is a generalisation of the paging problem (uniform metric space) [MMS90]

and one of the fundamental online problems (cf. [BEY98]).

In complete generality, the best known algorithm for the k-server problem is the

deterministic work function algorithm (wfa). In [KP95], Koutsoupias and Pa-

padimitriou show that it is (2k− 1)-competitive and conjecture it to be k-competitive.

The deterministic lower bound on the competitive ratio is k [MMS90]. wfa is known

to be k-competitive on restricted metrics such as the line, the star and N ≥ k + 2,

where N is the number of nodes in the metric space [BK04]; k = 2 [CL92]; and k = 3

for the `21 metric (the Manhattan plane) [BCL02]. Chrobak and Larmore present a

k-competitive algorithm for the tree metric [CL91], and Sleator and Tarjan present sev-

eral k-competitive algorithms for the uniform metric space (paging) [ST85]. Recently,

in [BBMN11], Bansal et al. present a randomized algorithm that is Õ(log3N log2 k)-

competitive in expectation which is lower than the competitive ratio of wfa, in expec-

tation, for metrics where N is sub-exponential in k.

In [EFKR11], Emek et al. present the first online algorithm with advice for the

k-server problem for the general metric space. It uses Θ(1) ≤ b ≤ log k bits of advice

per request and has a competitive ratio of kO(1/b).

This result was improved exponentially by Böckenhauer et al. to 2
⌈
dlog ke
b−1

⌉
for b ≥

2 [BKKK11]. In addition, Böckenhauer et al. present a lower bound on optimality for

the general metric space of at least log k
e bits of advice per request, where e is Euler’s

5



1. INTRODUCTION

number. They also considered the Euclidean metric space and present an algorithm

with a competitive ratio of 1/
(
1− 2 sin π

2b

)
, using b ≥ 3 bits of advice per request.

In addition, restricted metric spaces were considered in [Ren10]. Specifically, 1-

competitive algorithms using 1 bit of advice per request for the line, the cycle, the star

metrics, and N = k + 1 metrics, where N is the number of nodes in the metric space;

and a 1-competitive algorithm using 2 bits of advice for spider metrics. In [DKP08],

a 1-competitive algorithm using 1 bit of advice per request for the paging problem is

implicit, and, in [Ren10], is shown to extend to the weighted paging problem. The

algorithm for star metrics is a reduction from that algorithm for the weighted pag-

ing problem [Ren10]. Some of these results appear in [RR11] and the details of the

algorithm for the line appear in [RR12].

Subsequent to the publication of our work on the k-server problem with advice [RR11,

RR12], Gupta et al. [GKLO13] apply the algorithm for trees [RR12] to metric spaces

that have bounded treewidth α, and metric spaces that admit a system of µ collective

tree (q, r)-spanners. The former is O(1)-competitive, using O(logα+ log logN) bits of

advice per request, and the later is O(q+r)-competitive, using O(logα+log logN) bits

of advice per request, where N is the number of nodes in the metric space. In addition,

Gupta et al. show a tight lower bound for the line algorithm of [RR12]. That is, that a

linear, in the length of the request sequence, amount of advice in total is required for

optimality. For the metric spaces with bounded treewidth of 4 ≤ α ≤ 2k, Gupta et al.

show that (logα− 1.22)/2 bits of advice per request are required for optimality.

1.1.1.1 Contributions

We consider the k-server problem on general metric spaces and on finite trees. That

is, we improve the upper bound for deterministic k-server algorithms with advice on

general metric spaces by giving a deterministic online algorithm with b bits of advice per

request, for 3 ≤ b ≤ log k, whose competitive ratio is
⌈
dlog ke
b−2

⌉
. While the improvement

over the previous result is only about a factor of 2, we believe that our algorithm and

analysis are more intuitive and simpler than previous ones, and may lead to further

improvements in the upper bound.

Also, we consider the class of metric spaces of finite trees, and give a 1-competitive

deterministic online algorithm. The number of bits of advice per request used by

this algorithm is 2 + 2dlog(p + 1)e, where p is the caterpillar dimension of the tree

6
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(cf. [Mat99]). The caterpillar dimension of the tree is preferable over other measures,

such as height, because it remains constant for degenerate trees, such as the line, the

spider and the caterpillar. Moreover, the caterpillar dimension is at most the height of

the tree, and it is at most logN , where N is the number of nodes in the tree [Mat99].

1.1.2 Bin Packing

The (1 dimensional) bin packing problem also termed the (1 dimensional) stock-cutting

problem is a classic theoretical computer science problem that consists of a sequence of

items of varying size (the maximum size of an item is the capacity of a bin) that must

be packed in fixed size bins. The goal is to minimize the number of bins used. (See

Section 4.1 for a formal definition.) The problem has been extensively studied in both

the offline and online settings.

In the offline case, the problem is NP-complete [GJ79]. Fernandez de la Vega

and Lueker [FdlVL81] presented an asymptotic polynomial time approximation scheme

(APTAS) for the bin packing problem.

For online bin packing, one of the earliest uses of competitive analysis (although the

term was coined later by Sleator and Tarjan [ST85]) was in the analysis of the online

any fit algorithms (e.g. next fit, first fit, and worst fit) for the bin packing

problem by Garey et al. [GGU72], Johnson [Joh74] and Johnson et al. [JDU+74]. The

best known lower bound on the competitive ratio is 1.54037 due to Balogh et al. [BBG12]

and the best known deterministic upper bound on the competitive ratio is 1.58889 due

to Seiden [Sei02]. The algorithm analysed by Seiden is harmonic++ which is an

improved version of the harmonic algorithm of Lee and Lee [LL85]. Chandra [Cha92]

showed that all known lower bounds can be shown to apply to randomized algorithms

against an oblivious adversary.

Boyar et al. [BKLLO12] study the bin packing problem with advice, using the semi-

online advice model of [BKK+09] and present a 3/2-competitive algorithm, using logn

bits of advice in total and a (4/3 + ε)-competitive algorithm, using 2n + o(n) bits of

advice in total, where n is the length of the request sequence. As both algorithms

rely on reading O(log(n)) bits of advice prior to receiving any requests, they would use

O(log(n)) bits of advice per request in the online advice model. The 3/2-competitive

algorithm can be converted into an algorithm that uses 1 bit of advice per request that

7
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would be similar to the algorithm presented in this thesis. We are not aware of a similar

simple conversion for the (4/3 + ε)-competitive algorithm.

Further, in [BKLLO12], Boyar et al. show that, in total, linear advice is required

for a competitive ratio better than 5/4 (in the semi-online advice model; in the online

advice model, an algorithm has at least 1 bit of advice per request, i.e. at least linear

advice in total). Finally, using essentially the same techniques as the lower bound

presented here, they show that an online algorithm with advice requires at least (n −
2N) logN bits of advice to be optimal, where N is the optimal number of bins.

1.1.2.1 Contributions

We present two algorithms with advice for the bin packing problem. The first algorithm

is inspired by the harmonic algorithm, uses 1 bit of advice per request and has a

competitive ratio of 3/2. The second algorithm, for 0 < ε ≤ 1/2, achieves a competitive

ratio of 1 + ε, and uses O
(

1
ε log 1

ε

)
bits of advice per request.

These results are complemented by a lower bound of Ω(logN) on the amount of

advice required per request to be optimal, where N is the optimal number of bins.

1.1.3 Dual Bin Packing

The dual bin packing problem was first studied in the offline setting in [JLT78] and

has applications to processor and storage applications in computers [CL79]. The goal

of this problem is to maximize the number of items from a sequence that are packed

into a fixed number of unit sized bins (see Section 5.1 for a formal definition). It is a

special case of the multiple knapsack problem (MKP), where the profit is the same for

all the items and the capacity is the same for all the knapsacks. This problem, MKP

and the even more general Generalized Assignment Problem (GAP) have been greatly

studied in the offline setting (cf. [KPP04]). The problem is NP-complete [GJ79] and a

polynomial time approximation scheme (PTAS) is known [Kel99].

In the online setting, it has also been studied, but less so than the offline setting

given that, in the general setting for this problem, no online algorithm can pack a

constant fraction of the items packed by the offline optimal algorithm whether the

algorithm is deterministic [BLN01] or randomized [CJ13]. Hence, the online work has

focused on various settings that either strengthen the online algorithm or weaken the

adversary, e.g. [BLN01, ABE+02, EF03, CJ13]. When restricted to accommodating
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sequences (sequences where all the items are packed in an optimal packing), First Fit

has an asymptotically tight competitive ratio of 8/5 and a variant Unfair First Fit

has an asymptotically tight competitive ratio of 3/2 [ABE+02].

The single knapsack problem with advice was studied in [BKKR12], using the semi-

online advice model of [BKK+09]. In the online advice model of [EFKR11], this problem

is trivially solvable, using only 1 bit of advice per request. In [BKKR12], for the case

of unit profit, Böckenhauer et al. show that 1 bit of advice in total is sufficient for a

competitive ratio of 2, and that log n bits of advice in total are required for a competitive

ratio below 2. In the general case, Böckenhauer et al. show that no algorithm is

competitive with less than log n bits of advice. Also, an algorithm is presented that is

(1 + ε)-competitive with O((logm)/ε) bits of advice in total, where m is the length of

the request sequence. This results depends on the ability to encode the profit and the

weight of the items efficiently in the advice, whereas the (1 + ε)-competitive algorithm

presented in this thesis for the dual bin packing problem (multiple knapsacks) does not

have this restriction.

1.1.3.1 Contributions

We present two algorithms with advice for the dual bin packing problem. The first

algorithm uses 1 bit of advice per request and packs the items using First Fit. It has

a competitive ratio of at most 3/2. The second algorithm, for 0 < ε < 1/2, achieves a

competitive ratio of 1/(1− ε), and uses O
(

1
ε

)
bits of advice per request.

1.1.4 Scheduling on m Identical Machines

The problem of scheduling on m identical machines consists of m identical machines,

an objective function and a sequence of jobs of varying processing times. The goal is

to schedule the jobs in an optimal manner for the objective function (see Section 6.1

for a formal definition). The objective function can be to minimize or maximize some

cost. The framework presented in Chapter 6 is applicable to many objective functions;

we focus on makespan, minimizing the maximum load; machine cover, maximizing the

minimum load; and minimizing the `p norm. For these objective functions, the problem

is NP-hard [GJ79].

In the offline case, Hochbaum and Shmoys [HS87] developed a polynomial time

approximation scheme (PTAS) for the makespan minimization problem on m identical
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machines. Subsequently, Woeginger [Woe97] presented a PTAS for the machine cover-

ing problem on m identical machines and Alon et al. [AAWY97] presented a PTAS for

the `p norm minimization problem on m identical machines.

The online problem of scheduling on m identical machines for the makespan ob-

jective is one of the first uses of competitive analysis [Gra66] (again the term was not

coined until [ST85]). For the makespan objective without advice, Rudin and Chan-

drasekaran [RC03] presented the best known deterministic lower bound on the com-

petitive ratio for minimizing the makespan of 1.88. The best known deterministic

upper bound on the competitive ratio for minimizing the makespan, due to Fleischer

et al.[FW00], is 1.9201 as m → ∞. The best known randomized lower bound on the

competitive ratio for minimizing the makespan is 1/(1 − (1 − 1/m)m which tends to

e/(e − 1) ≈ 1.58 as m → ∞ was proved independently by Chen et al. [CvVW94] and

Sgall [Sga97], and the best known randomized algorithm, due to Albers [Alb02], has

a competitive ratio of 1.916. For machine covering, Woeginger [Woe97] proved tight

Θ(m) bounds on the competitive ratio for deterministic algorithms, and Azar and Ep-

stein [AE98] showed a randomized lower bound of Ω(
√
m) and a randomized upper

bound of O(
√
m logm). For minimizing the `p norm, Avidor et al. [AAS98] showed a

deterministic lower bound on the competitive ratio of 3/2−Θ(1/p) and a deterministic

upper bound of 2−Θ(ln p/p).

In [AE98], Azar and Epstein considered the case where the optimal value is known

to the algorithm and showed that, for m ≥ 4, no deterministic algorithm can achieve a

competitive ratio better than 1.75.

In the semi-online advice model, Böckenhauer et al. [BKK+09] and Komm et

al. [KK11] consider a special case of the job shop scheduling problem. The problem

considered in [BKK+09, KK11] consists of m machines, two jobs consisting of m tasks

of unit processing time such that each task per job must be run on a different machine.

That is, each job is a permutation of 1, . . . ,m. The tasks must be assigned sequentially

and a machine can process one task per time unit. The objective function is the mini-

mization of the makespan. In [BKK+09], the authors show that Ω(m) bits of advice in

total are required for optimality and, in [KK11], the authors present an algorithm that

uses, for d ∈ o(m), at most log d bits of advice in total and has a competitive ratio that

tends to (1 + 1/d) as the number of tasks d grow.
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In a technical report, Dohrau [Doh13] considers the makespan objective for machine

scheduling on 2 identical machines, using the semi-online advice model, and shows that

n− 2 bits of advice in total are required to be optimal. (The trivial optimal algorithm

with advice uses n−1 bits of advice in total.) Additionally, an algorithm that is (1+ε)-

competitive using O(log 1
ε ) bits of advice in total is presented for machine scheduling

on 2 identical machines for the makespan objective.

1.1.4.1 Contributions

For scheduling on m identical machines, a general framework is presented for an online

algorithm to produce a schedule such that (up to a permutation of the machines) the

load of machine i is within ε times the load of machine i in the optimal schedule. This

general framework is applicable to any objective function of the form
∑m

i=1 f(Li(S))

(Li(S) is the load on machine i for a schedule S) such that f satisfies the property that if

x ≤ (1+ε)y then f(x) ≤ (1+O(1)ε)f(y) (and a weak assumption regarding the optimal

schedule given the maximum size of jobs used in a geometric classification scheme [see

Section 6.2]). In this thesis, we consider the objective functions of makespan, machine

covering and minimizing the `p norm for p > 1. For any of these, we present online

algorithms with advice that, for 0 < ε < 1/2, are (1 + ε)-competitive ((1/(1 − ε))-

competitive for machine covering) and use O
(

1
ε log 1

ε

)
bits of advice per request.

We complement our results by showing that, for any of the scheduling problems we

consider, an online algorithm with advice needs Ω(logm) bits of advice per request to

be optimal.

1.1.5 Reordering Buffer Management

The reordering buffer management problem was introduced in 2002 by Räcke et al.

[RSW02]. The problem models a service station that must process a sequence of

coloured items. At any time, the service station is configured to process items of a

certain colour c. Changing the configuration of a service station to a different colour

generates a cost. The total cost is the number of colour switches performed while serv-

ing a sequence of items. In order to reduce this cost, the service station is equipped

with a reordering buffer that has the capacity to hold k items. The service station can

process any of the items contained in its buffer. Using this reordering buffer, the goal is

to find a schedule that minimizes the number of colour switches. In the online setting,
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the colour of each item is known only once the item enters the reordering buffer (see

Section 7.1 for a formal definition).

This problem is a natural model for job shops such as paint shops and blow mould-

ing facilities, where there is a large cost in terms of time and materials to switch colours

(paint or plastic) due to the need clean out the old colour and set-up the equipment in

order to correctly produce the new colour. For this reason, such production plants are

equipped with a reordering buffer to preprocess the sequence of incoming cars or pro-

duction orders [GSV04]. This framework also has many applications in various areas,

such as production engineering, storage systems, network optimization and computer

graphics (see [AER10, BB02, GSV04, KRSW04, RSW02] for more details).

Since its introduction in 2002, this problem has been extensively studied. In the

online setting, the best known results are a deterministic O(
√

log k)-competitive algo-

rithm by Adamaszek et al. [ACER11], and a randomized O(log log k)-competitive algo-

rithm by Avigdor-Elgrabli and Rabani [AER13b]. To complement this, there are nearly

matching lower bounds of Ω(
√

log k/log log k) and Ω(log log k) on the competitive ratio

of any online deterministic and randomized algorithms, respectively [ACER11]. In the

offline setting, the problem is known to be NP-hard [CMSvS12, AKM12], and the best

known result is a constant factor deterministic approximation algorithm by Avigdor-

Elgrabli and Rabani [AER13a].

More general versions of the problem have been studied, where the context switching

cost for switching from an item of colour c to an item of colour c′ depends on c′ (e.g.

[EW05, ACER11]), or on both c and c′ [ERW10].

1.1.5.1 Contributions

This is the first work on this problem in the advice framework. First, we present an

online algorithm with advice for the reordering buffer management problem that has a

competitive ratio of 1.5 and uses 2 bits of advice per request. We extend this algorithm

using more bits of advice per request. The bits of advice per request are still a constant

amount and the algorithm achieves a competitive ratio that is arbitrary close to 1.

Specifically, for any ε > 0, the algorithm has a competitive ratio of 1 + ε, using only

O(log(1/ε)) advice bits per request.
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We complement the above result by showing that in order for an online algorithm

to be 1-competitive, the number of bits of advice must depend on k, the size of the

buffer. More precisely, Ω(log k) bits are required.

1.1.6 The List Update Problem

The list update problem consists of a linked list of ` items and a sequence of requests

to the items. The requested items are accessed from the head of the list and this costs

the current index of the accessed item in the list. After the access, the requested item

can be move forward in the list at no cost. This is called a free exchange. At any point,

two adjacent items can be swapped for a cost of 1. This is called a paid exchange. The

goal is to minimize the cost over the request sequence (see Section 8.1 for a formal

definition).

The list update problem (also called the list access problem) was one of the two

problems (the other being the paging problem) studied in the seminal work on com-

petitive analysis of Sleator and Tarjan in [ST85] and is a fundamental problem of

online algorithms that has been intensely studied, particularly, due to its importance

in compression [BSTW86]. In [ST85], Sleator and Tarjan presented a 2-competitive

deterministic algorithm called move to front (mtf) that Irani showed to be an op-

timal online deterministic algorithm [Ira91]. As its name implies, mtf moves every

requested item to the front, using free exchanges.

Also, in [Ira91], Irani presented the first online randomized algorithm, for the list

update problem, with a competitive ratio of 15/8. Reingold and Westbrook present

the first barely random online algorithm called bit that has a competitive ratio of at

most 7/4 [RWS94]. A barely random algorithm uses a number of random bits that is

independent of the length of the request sequence. In the case of bit, it uses ` random

bits to assign a random value of 0 or 1 to each item of the list. When an item is request,

if the bit of the item is a 0 bit moves it to the front, and, in either case, bit toggles

the bit. The best online randomized algorithm is comb due to Albers [AvSW95]. It

has a competitive ratio 1.6 [AvSW95] and randomly chooses between using the bit

algorithm and the deterministic timestamp algorithm (see Chapter 8 for more details

about timestamp).

The offline problem is known to NP-complete [Amb00]. It is not known if this

holds if only free exchanges are permitted. In [ST85], Sleator and Tarjan claim that
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an optimal algorithm that uses paid exchanges and free exchanges can be converted to

an optimal algorithm that uses only free exchanges without increasing the cost. This

claim turns out not to be true as Reingold and Westbrook present the counter-example

of 〈3, 2, 2, 3〉 for a list of length 3 with a starting configuration of 1, 2, 3 [RW96]. An

optimal algorithm serves this sequence for a cost of 8 while an optimal algorithm using

only free moves serves this sequence for a cost of 9.

In [BKLLO14], Boyar et al. study the list update problem, using the semi-online

advice model of [BKK+09]. They show that the total amount of advice must be linear

in the size of the request sequence for a competitive ratio better than 15/14. Also,

they present an algorithm that uses 2 bits of advice in total that is 5/3 competitive.

However, even though this algorithm uses advice, it still has a worse competitive ratio

than the best randomized competitive ratio of 1.6 (the algorithm comb [AvSW95]).

1.1.6.1 Contributions

The main result, for the list update problem, is a comparison between the cost of

an optimal offline algorithm that can only perform free exchanges, opt free, and an

optimal optimal offline algorithm that can use both paid and free exchanges, opt. We

show a lower bound of 13/12 on the worst-case ratio over all possible request sequences

between the performance of an opt free and an opt. This implies a lower bound on

any algorithm that performs only free exchanges, including those with advice. Also,

it answers a question that has been implicitly open since 1996 when Reingold and

Westbrook showed that there was at least an additive constant in the difference between

opt free and opt [RW96]. They showed this in their counter-example to the claim

that opt free was equivalent to opt by Sleator and Tarjan in [ST85].
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2
Model and Techniques

In this chapter, we formally define online computation and competitive analysis (cf.

[BEY98]). Then, we define and compare the two models of online computation with

advice. That is, the online advice model of Emek et al. [EFKR11] and the semi-

online advice model of Böckenhauer et al. [BKK+09]. Finally, we review some of the

techniques used in this thesis.

2.1 Online Computation

In online computation, algorithms receive their input piece by piece. Each piece, termed

a request, is an element of some possible infinite set R of requests. The algorithm

receives a request sequence denoted σ = r1, . . . , rn, where n = |σ| and ri is the i-th

request. An online algorithm must perform some action on ri before ri+1 is revealed.

In general, these actions are irrevocable and define some portion of the output. In

addition, the online algorithm incurs some cost performing these actions. The goal is

to optimize this cost for σ in spite of having no knowledge about the length of σ or the

subsequent requests.

Using the request-answer system of [BDBK+90] (see also [BEY98]), we formally

define deterministic online algorithms and randomized online algorithms as follows.

Definition 2.1 (Deterministic Online Algorithm). Given a request set R for some

online problem, a deterministic online algorithm consists of

• a sequence of finite nonempty answer sets A1, A2, . . . and
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• a sequence of cost functions costn : Rn × A1 × A2 × · · · × An → R+ ∪ {∞} for

n = 1, 2, . . ..

The actions of the deterministic online algorithm are the functions gi : Ri → Ai for

i = 1, 2, . . ..

From this definition, for request ri, the action ai of an online deterministic algorithm

is gi(r1, . . . , ri), i.e. a function of the requests received so far.

Definition 2.2 (Randomized Online Algorithm). A randomized online algorithm is a

distribution over deterministic online algorithms.

As online problems are minimization or maximization problems, we are trying to

minimize or maximize some cost over a request sequence, σ = 〈r1, . . . , rn〉. Let alg(σ)

and opt(σ) be the cost to an online algorithm, ALG, and the optimal algorithm, OPT ,

over σ respectively. Using the request-answer system of [BDBK+90], we formally define

the cost of an online algorithm in the following.

Definition 2.3 (Cost of an online algorithm). alg(σ) = costn(σ,alg[σ]), where

alg[σ] = 〈a1, . . . , an〉 ∈ A1 × · · · ×An, ai = gi(r1, . . . , ri) and σ = 〈r1, . . . , rn〉.

We will analyse the performance of an online algorithm through competitive anal-

ysis[ST85]. That is, a worst-case analysis of the performance of the online algorithm

as compared to an offline optimal algorithm which gives us the competitive ratio as

defined in the following.

Definition 2.4 (Competitive Ratio for Deterministic Algorithms). For a minimization

problem, we say that a deterministic algorithm is c-competitive or has a competitive

ratio of c, if, for every finite request sequence σ,

alg(σ) ≤ c · opt(σ) + ζ ,

where ζ does not depend on σ and opt(σ) is the optimal cost over σ.

For a maximization problem, an algorithm alg is c-competitive if

alg(σ) ≥ 1

c
· opt(σ)− ζ .

For randomized algorithms, we consider only the oblivious adversary in this thesis.

That is an adversary that does not know the values of the random coin tosses of the

algorithm (cf. [BEY98]). For a randomized algorithm and an oblivious adversary, the

definition of the competitive ratio is analogous except that we consider the expected

cost of the algorithm over the distribution of the random bits of the algorithm.
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Definition 2.5 (Competitive Ratio for Randomized Algorithms). For a minimization

problem, we say that a randomized algorithm is c-competitive against an oblivious

adversary or has a competitive ratio of c against an oblivious adversary, if, for every

finite request sequence σ,

E[alg(σ)] ≤ c · opt(σ) + ζ ,

where ζ does not depend on σ, E[alg(σ)] is the expected cost of alg over the values of

the random bits for σ and opt(σ) is the optimal cost over σ.

For a maximization problem, an algorithm alg is c-competitive if

E[alg(σ)] ≥ 1

c
· opt(σ)− ζ .

In all cases, when ζ = 0, this is known as a strict competitive ratio, and we say

that the algorithm is strictly c-competitive.

2.2 Online Computation with Advice

2.2.1 Online Advice Model

For this thesis, we focus on the model of online computation with advice introduced in

[EFKR11]. In this thesis, this model is termed the online advice model or the advice

per request model. In this model, the algorithm has access via a query to an advice

space, U , which is a finite set. The advice space has a size of 2b, where b ≥ 0 is the

number of bits of advice provided to the algorithm with each request. The advice query

is part of the algorithm’s specification and its value is a function of the whole request

sequence (see Figure 2.1). Using the request-answer system of [BDBK+90], we formally

define deterministic online algorithms and randomized online algorithms in this online

advice framework as follows.
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σ

i Oracle
alg

ri

ui (b bits)
Output

Figure 2.1: The online advice model as present by Emek et al. [EFKR11] consists of an

advice oracle that provides the online algorithm an advice string, ui, that is fixed amount

of bits of advice, b, received with each request, ri. The advice is received by the algorithm

online at the same time as the request. The advice bits are a function of the entire request

sequence, σ, including future requests.

Definition 2.6 (Deterministic Online Algorithm with Online Advice). Given a request

set R for some online problem, a deterministic online algorithm with b ≥ 0 bits of advice

per request consists of

• a sequence of finite nonempty answer sets A1, A2, . . . ,

• a sequence of cost functions costn : Rn × A1 × A2 × · · · × An → R+ ∪ {∞} for

n = 1, 2, . . .,

• a finite set U , for the advice space, of size 2b,

• a sequence of query functions ui : R∗ → U , indexed by the request serial, and

• a sequence of action functions gi : Ri × U i → Ai for i = 1, 2, . . ..

For a request ri ∈ σ = r1, r2, . . ., the action ai of a online deterministic algorithm with

b bits of advice is gi(r1, . . . , ri, u1(σ), . . . , ui(σ)), i.e. a function of all the requests and

the advice received so far.

Definition 2.7 (Randomized Online Algorithm with Online Advice). A randomized

online algorithm with b bits of advice is a distribution over deterministic online algo-

rithms with b bits of advice.

2.2.2 Semi-Online Advice Model

The other model of online computation with advice was introduced in [BKK+09]. In

this thesis, this model is termed the semi-online advice model or the advice tape model

since the advice is provided to the algorithm in an offline manner via an infinite advice

tape that can be read as needed by the algorithm, allowing for sublinear in n advice

bits in total, where n is the length of the request sequence. The bits written to the

18



2.2 Online Computation with Advice

σ

Oracle alg

ri

Output
Advice Tape

Figure 2.2: The semi-online advice model, another model of online computation with

advice, as presented by Böckenhauer et al. [BKK+09] consists of an infinite advice tape

that is written to by an oracle. The advice bits written by the oracle are a function of

the entire request sequence, σ. The advice bits are read on demand by the algorithm and,

hence, a stronger model than that of [EFKR11].

advice tape are a function of the entire request sequence (see Figure 2.2). For a request

sequence of length n and a given algorithm, let b(n) be the maximum number of bits

of advice read in total by the algorithm over all request sequences of length n. For

a given σ of length n, an arbitrary string of length b(n) from the advice space U of

size 2b(n) is written to the start of the advice tape such that the prefix of the string

corresponds to the definition of the advice for the algorithm and the given σ. The rest

of the tape is arbitrary filled with bits. Using the request-answer system of [BDBK+90],

we formally define deterministic online algorithms and randomized online algorithms

in this semi-online advice framework as follows.

Definition 2.8 (Deterministic Online Algorithm with Semi-Online Advice). Given a

request set R for some online problem, a deterministic online algorithm with semi-

online advice with at most b(n) ≥ 0 bits of advice in total for inputs of length n consists

of

• a sequence of finite nonempty answer sets A1, . . . ,

• a sequence of cost functions costn : Rn × A1 × A2 × · · · × An → R+ ∪ {∞} for

n = 1, 2, . . .,

• a sequence of finite advice spaces Un of size |Un| = 2b(n),

• a sequence of query functions un : Rn → Un,

• a sequence of functions si : Ri × {0, 1}∗ → {read, stop}, and

• a sequence of action functions gi : Ri × {0, 1}∗ → Ai for i = 1, 2, . . ..
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The algorithm has access to an infinite advice tape T which is a sequence of advice bits

t1, t2, . . ., where
〈
t1, . . . , tb(n)

〉
:= un(σ) for n = |σ| and the remaining bits are arbitrary,

and σ is the request sequence. Let B be the sequence of advice bits read from T that

is initially empty. When request ri ∈ σ = r1, r2, . . . is revealed, if si(r1, . . . , ri, B) is

read, an additional bit is read from the advice tape and appended to B.This is repeated

until si(r1, . . . , ri, B) is stop. The action ai of a online deterministic algorithm is

gi(r1, . . . , ri, B), i.e. a function of all the requests received so far and all the bits read

from the advice tape by the algorithm (as determined by the function si) prior to ri+1

being revealed.

The functions un and si are defined so as to guarantee that the algorithm does not

read more than b(n) bits of advice from T on any input of length n.

Definition 2.9 (Randomized Online Algorithm with Semi-Online Advice). A ran-

domized online algorithm with at most b(n) bits of advice in total is a distribution over

deterministic online algorithms with at most b(n) bits of advice.

2.2.3 Comparing the Models with Advice

The semi-online advice model is a stronger model than that of the online advice model.

Algorithms in the online advice model can be run in the semi-online advice model. The

converse is not the case in general as the semi-online advice model allows for algorithms

that use an amount of advice bits in total that is sublinear in n, the length of the request

sequence, whereas the online advice model uses an amount of advice bits in total that

is at least linear in n since a fixed amount of advice is received with each request.

In the semi-online advice model, it is possible to read all the advice bits prior to

serving any requests. This implies that lower bounds in the semi-online advice model

apply to the online advice model. Consider a lower bound such that b(n) bits in total

are required for a competitive ratio of r on request sequences of length n. Such a bound

implies a lower bound in the online advice model of b(n)/n advice bits per request for

a competitive ratio of r.

2.3 Techniques Used in this Thesis

2.3.1 A Lower Bound Technique

This general lower bound technique was first presented in [EFKR11]. They defined

a problem called the generalized matching pennies problem (gmp). The technique
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presented in [EFKR11] provide lower bounds on b, the bits of advice per request, where

Φ ≥ 4 is number of possible values of the penny and 1 ≤ b ≤ log Φ
3 and applies to both

randomized and deterministic algorithms. This technique was refined in [BHK+13] in

that the restriction on Φ is improved such that Φ ≥ 2 and the range for b is increased to

the full range of [1, log Φ], but it only applies to deterministic algorithms. The problem

in [BHK+13] is called the string guessing problem with known history (q-SGKH) and

Φ from gmp is equivalent to q, the size of the alphabet, in q-SGKH. The formal

definition of q-SGKH is as follows.

Definition 2.10. q-SGKH [BHK+13]. The string guessing problem with known history

over an alphabet Σ of size q ≥ 2 (q-SGKH) is an online minimization problem. The

input consists of n and a request sequence σ = r1, . . . , rn of the characters, in order,

of an n length string. An online algorithm A outputs a sequence a1, . . . , an such that

ai = fi(n, r1, . . . , ri−1) ∈ Σ for some computable function fi. Request ri is revealed

immediately after the algorithm outputs ai. The cost of A is the Hamming distance

between a1, . . . , an and r1, . . . , rn.

The problem q-SGKH is useful for establishing lower bounds on the amount of

advice required for a certain competitive ratio due to the following theorem.

Theorem 2.11. [BHK+13] Consider an input string of length n for q-SGKH. The

minimum number of advice bits per request for any online algorithm that is correct for

more than αn characters, for 1/q ≤ α < 1, is (1 − Hq(1 − α)) log2 q, where Hq(p) =

p logq(q − 1)− p logq p− (1− p) logq(1− p) is the q-ary entropy function.

For an online problem P, a lower bound on the amount of advice require to achieve a

given competitive ratio for deterministic algorithms can be established by first showing

a reduction from the q-SGKH problem to the P problem. This is done by assuming

that there is a ρ-competitive algorithm, P , for the P problem that uses bP bits of advice

per request. An algorithm, Q, for the q-SGKH problem that uses bQ bits of advice

per request uses P as a black box such that Q is correct for at least cn characters of

the requests string, where 0 < c < 1. For the reduction to work, bP |σP| ≤ bQ|σq-SGKH|,
where σP is the request sequence created for P in the reduction and σq-SGKH is the

original request sequence for q-SGKH. Also, it is assumed that the bits of advice are

received at the beginning before the request sequence is seen. Finally, a lower bound is

established by applying Theorem 2.11 to Q with the appropriately set parameters for

P .
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2.3.2 PTAS Inspired Algorithms

The algorithms presented in this thesis for the bin packing problem, the dual bin packing

problem, the scheduling problems onmmachines and the reordering buffer management

problem have the flavour of polynomial time approximation schemes (PTAS) in that the

competitive ratio obtained is a function of some ε and the advice is a function of 1/ε.

A PTAS is an offline algorithm parametrized by an ε > 0, where the approximation

ratio is a function of ε and the running time is a function of 1/ε. In the advice case,

we use more advice for a better competitive ratio and, for a PTAS, running time is

sacrificed for a better approximation ratio.

For the offline versions of these problems, PTAS (or asymptotic PTAS [APTAS]) are

known for the bin packing problem [FdlVL81], the dual bin packing problem [Kel99],

the scheduling problems on m machines for the different objective functions considered

[HS87, Woe97, AAWY97]. No PTAS is known for the reordering buffer management

problem and the algorithm presented in this thesis may provide some insight in how to

develop a PTAS.

Common to all our algorithms for the packing and scheduling problems is the tech-

nique of classifying the input items, according to their size, into a constant number

of classes, depending on ε. For the bin packing problem and the dual bin packing

problem, there are a constant number of groups of a constant number of items, both

depending on ε. For the scheduling problems, the sizes of the items in one class differ

only by a multiplicative constant factor, depending on ε. We classify all the items but

the smallest ones (bin packing and scheduling) or a subset of the items (dual bin pack-

ing) in this way, where, for bin packing and scheduling, the bound on the size of the

items not classified again depends on ε, and, for dual bin packing, the subset of items

classified depends on an optimal packing and ε. This classification is done explicitly in

the scheduling algorithms, and implicitly in the packing algorithms. We then consider

an optimal packing (or schedule) for the input sequence and define patterns for the bins

(the machines) that describe how the critically sized items (jobs) are packed (sched-

uled). The advice bits indicate with each input item into which bin (machine) pattern

it should be packed (scheduled). For packing problems, all but the largest classified

items can be packed into the optimal number of bins, according to the assigned pattern.

The remaining items cause an ε increase in the number of bins used or items rejected.
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For the scheduling problems, since items in the same class are “similar” in size, we can

schedule the items such that the class of the items of each machine matches the class

of those in the optimal while being within an ε factor of the optimal. For bin packing

and scheduling, the very small items (jobs) have to be treated separately as are the

non-classified items for the dual bin packing problem; in both cases, the items (jobs)

are packed (scheduled) while remaining with an ε factor of the optimal.

Our techniques for these algorithms are similar to those of [FdlVL81, HS87, Woe97,

AAWY97, Kel99]. In particular, we use the technique of rounding and grouping the

items. The main difficulty in getting our algorithms to work stems from the fact that

we must encode the necessary information using only a constant number of advice bits

per request. In particular, the number of advice bits per request cannot depend on the

size of the input or the size of the instance (number of bins/machines). Further, for

the online advice mode, the advice is received per request and this presents additional

challenges as the advice has to be presented sequentially per request such that the

algorithm will be able to schedule the items in an online manner.
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3
The k-Server Problem

In this chapter, we consider the k-server problem (see Section 3.1 for a formal definition)

on general metric spaces and on finite trees. We present an upper bound on the

competitive ratio of
⌈
dlog ke
b−2

⌉
for the k-server problem on general metric spaces, using

b bits of advice per request for 3 ≤ b ≤ log k. This is an improvement of about a factor

of 2 over the previous best known upper bound. Also, we present a 1-competitive

deterministic algorithm for metric spaces of finite trees, where the advice per request

is 2 + 2dlog(p+ 1)e and p is the caterpillar dimension of the tree.

If log k < b, where b is the bits of advice per request, then the trivial algorithm with

advice, i.e. encoding the server id used by an optimal algorithm per request could be

used instead of the algorithms presented in this chapter.

3.1 Preliminaries

The k-server problem consists of a metric space, M, k mobile servers, an initial con-

figuration of servers, and a finite request sequence, σ. Let M = (M,d), where M is a

set of nodes, d : M ×M → R+ is a distance function on M and |M | = N > k. Each

request of σ will be to a node of M, and a server must be moved to the requested node

before the algorithm will receive the subsequent request. The goal is to minimize the

total distance travelled by the k servers over σ.

Definition 3.1 (k-Server Configuration). A configuration is a multiset X such that

|X| = k and, for all x ∈ X, x ∈ M . Each x ∈ X indicates the position one of the k

servers in the metric space M .
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Definition 3.2 (Lazy k-Server Algorithm). A lazy k-server algorithm is an algorithm

that, upon each request, only moves a single server to the request if it is uncovered.

The following definitions for adjacent servers, caterpillar dimension and caterpillar

decomposition only apply to metric spaces that are trees. Let T be a metric space

which is a tree, E(T ) denote the edges of T and V (T ) denote the nodes of T .

Definition 3.3 (Adjacent Server). For T , server s, is adjacent to a request, ri, if,

along the unique path between the positions of s and ri, there are no other servers.

The caterpillar dimension of T with root r is denoted by cdim(T, r), or simply

cdim(T ) when the rooting of the tree is clear from the context. We will define it as it

is defined in [Mat99] which is as follows.

Definition 3.4 (Caterpillar dimension of a rooted tree T ). For T composed of a single

node, cdim(T ) = 0.

For T , with two or more nodes, cdim(T ) = m+ 1 if there exist edge disjoint paths,

P1, . . . , Pq, beginning at the root r such that each component Tj of T \E(P1)\ . . .\E(Pq)

has cdim(Tj) ≤ m. The components Tj are rooted at their unique vertex lying on some

Pi.
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Figure 3.1: An illustration of a caterpillar decomposition of a tree, where the nodes are

marked by their assigned path level. P1 is the set of edge disjoint paths rooted at the root,

P2 is the set of edge disjoint paths rooted at a node of some path ∈ P1 and P3 is the set

of edge disjoint paths rooted at a node of some path ∈ P2.

As described in the definition of the caterpillar dimension of T , the decomposition

of T into edge disjoint paths is called the caterpillar decomposition of the tree. Given a
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caterpillar decomposition of T , each node will be assigned a path level. For each level

of the decomposition, the paths, P1, . . . , Pq are distinguished and m is the maximum

caterpillar dimension of the components Tj . All the nodes of Pi, 1 ≤ i ≤ q, except

the root, are assigned path level m + 1. The root is assigned path level m + 2 (see

Figure 3.1). The formal recursive definition is as follows.

Definition 3.5 (Path Level of node i). Given a caterpillar decomposition of T , consider

the edge disjoint paths, P1, . . . , Pq, beginning at the root r. If i is r, the path level of

i is cdim(T ) + 1, else, if i ∈
⋃q
j=1 V (Pj), the path level of i is cdim(T ). Otherwise, i

belongs to a component Tj of T \E(P1) \ . . . \E(Pq), and the path level of i is based on

the caterpillar decomposition of Tj.

Note that the root of the tree has a path level one more than the caterpillar dimen-

sion of the tree. In what follows, we refer to the caterpillar dimension of unrooted trees

as defined in the following manner.

Definition 3.6 (Caterpillar dimension of an unrooted tree G). Given G, the caterpillar

dimension of G is the minimum over all nodes, v ∈ V (G), of the caterpillar dimension

of G when rooted at v. That is, cdim(G) = min
v∈V (G)

cdim(G, v) .

In this chapter, with a risk of a slight abuse of notation, we will note the cost of a

subsequence of σ to an online algorithm, alg, as

alg(ri, . . . , rj) = costj(r1, . . . , rj ,alg[r1, . . . , rj ])

− costi−1(r1, . . . , ri−1,alg[r1, . . . , ri−1]) ,

where ri, . . . , rj is a subsequence of σ containing all the requests from ri to rj ∈ σ, and

the prefix is understood implicitly.

3.2 An Upper Bound for General Metric Spaces

In this section, we present a
⌈
dlog ke
b−2

⌉
-competitive deterministic online algorithm with

advice, called chase, for the k-server problem on general metric spaces with b bits of

advice per request, where b ≥ 3. For convenience of notation, we use α =
⌈
dlog ke
b−2

⌉
.

In order to clearly present the algorithm and the proof, we will first design and

analyze the algorithm such that it gets a variable number of bits of advice with each

request. The algorithm will receive at least 3 bits of advice with each request, and the
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total number of advice bits will not exceed bn for any prefix of n requests. Afterwards,

we will show how to adapt the algorithm so that it gets at most b bits of advice with

each request using a transformation of [BKKK11].

Roughly speaking, our algorithm works as follows: given a request sequence, σ, we

consider an optimal algorithm for this sequence. Based on this optimal algorithm, we

partition σ into k subsequences, σs for 1 ≤ s ≤ k, such that all the requests of σs

are served according to the optimal algorithm by server s. With dlog ke bits of advice

per request, we can indicate, with each request of σs, the identity of the server s, and,

thus, our online algorithm with advice would precisely follow the optimal algorithm.

If, however, we have only b < dlog ke bits of advice per request, we can do that only

roughly every dlog ke /b requests of σs. We call these requests anchors. The rest of

the requests of σs are served in a greedy manner, i.e. they are served by the closest

server to the request which then returns to its previous position. By serving requests

in this way, server s always stays at its last anchor. Thus, the cost of serving the

(dlog ke /b) − 1 non-anchor requests of σs between any two anchors is bounded from

above by 2 dlog ke /b times the distance from the last anchor to the furthest non-anchor

request. This gives us a competitive ratio of O(log k/b). Some fine tuning of the above

ideas gives us our result. In what follows, we formally define the algorithm and prove

its competitive ratio.

Algorithm chase: At the beginning, all servers are unmarked.

Given a request, rj , and the advice, do:

• If the advice is 00, serve rj with the closest server to rj and return it to its

previous position.

• If the advice is 10, serve rj with the closest unmarked server and mark this server.

Do not return the server to its previous position.

• If the advice is 11t, where t is a server number encoded in dlog ke bits, serve the

request with server number t.

In order to define the advice, we will fix an optimal algorithm, OPT, that we assume

to be a lazy algorithm. We will then partition the request sequence into k subsequences,

σ1, . . . , σk, where σs is the trace of the server s in OPT. In other words, σs consists

of the requests served by server s in the lazy optimum. It should be noted that the
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requests of σs are not necessarily consecutive requests in σ. Let rsj be the j-th request

served by server s over σs. Recall that α =
⌈
dlog ke
b−2

⌉
. Independently, for each server,

we choose an index 1 ≤ qs ≤ α. The way to choose this index will be defined later.

The request sequence σs is divided into α-length cycles starting at rsqs+1. We will de-

note the i-th cycle of σs by csi . The first cycle, cs1, which starts at request rs1 and ends

at request rsqs , may have a length less than α. Let Cs be the total number of cycles in σs.

The advice will be defined as follows for request rsj :

• 10, if j = qs, i.e. the last request of the first cycle.

• 11t, if j = qs + iα for some i ≥ 1, i.e. the last request of all cycles except the

first one. Here, t is the server number that serves request rsqs in chase encoded

in dlog ke bits.

• 00, if j 6= qs + iα, i.e. everywhere else.

The first two bits of the advice per request will be referred to as the control bits.

First, we state a technical lemma that we will use in our proof.

Lemma 3.7. Given a sequence of α non-negative values, a1, . . . , aα, there is an integral

value, q, where 1 ≤ q ≤ α, such that

q∑
i=1

(2(q − i) + 1)ai +

α∑
i=q+1

(2(α+ q − i) + 1)ai ≤ α
α∑
i=1

ai .

Proof. Summing the expression over all possible values of q, we get

α∑
q=1

[ q∑
i=1

(2(q − i) + 1)ai +
α∑

i=q+1

(2(α+ q − i) + 1)ai

]

=

α∑
q=1

[ α∑
i=1

(2(α+ q − i) + 1)ai −
q∑
i=1

2αai

]

=

[ α∑
q=1

(
2(α− q) + 1

)]
·
α∑
i=1

ai +

[ α∑
q=1

4q

]
·
α∑
i=1

ai −
α∑
q=1

α∑
i=1

2iai −
α∑
q=1

q∑
i=1

2αai
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=

[ α∑
q=1

(
2(α− q) + 1

)]
·
α∑
i=1

ai + (2α2 + 2α)

α∑
i=1

ai −
[
2α

α∑
i=1

iai + 2α

α∑
i=1

(α− i+ 1)ai

]

=

[ α∑
q=1

(
2(α− q) + 1

)]
·
α∑
i=1

ai + (2α2 + 2α)

α∑
i=1

ai − (2α2 + 2α)

α∑
i=1

ai

=

[ α∑
q=1

(
2(α− q) + 1

)]
·
α∑
i=1

ai

= α2
α∑
i=1

ai .

It follows that one of the α possible values of q gives at most the average value, i.e.

α
∑α

i=1 ai. The lemma follows.

Now, we prove the main theorem of this section.

Theorem 3.8. For every b ≥ 3, algorithm chase is a
⌈
dlog ke
b−2

⌉
-competitive k-server

algorithm for general metric spaces with b bits of advice per request.

Proof. For the proof, we will compare the cost of chase and opt separately for every

subsequence σs, and cycle by cycle within each σs. Recall that α =
⌈
dlog ke
b−2

⌉
. Note

that the first cycle and the last cycle may be of length less than α.

If the last cycle is less than α for some σs, we can repeat the last request of σs until

the last cycle is of length α. The repeated requests for each server should be appended

to σ. Let σ′ be the request sequence with the additional requests. Clearly, chase(σ) ≤
chase(σ′). As the additional requests of σ′ will be to nodes containing the servers

of opt, opt(σ′) = opt(σ). Hence, chase(σ) ≤ αopt(σ) if chase(σ′) ≤ αopt(σ′).

Therefore, for this proof, we can assume without loss of generality that the last cycle

for each server is of length α.

Consider the i-th cycle of server s in opt for i > 1 (we will deal with the first cycle

later). Figure 3.2 illustrates the idea of the upper bound for the i-th cycle. Let t be the

server in chase that serves request rsqs . We will denote the position of rs(i−2)α+qs , the

last request of the previous cycle, by INITs
i . We claim that, just before the cycle starts,

both opt and chase will have a server at INITs
i . This is true because the advice for

request rs(i−2)α+qs indicates to chase to bring server t to INITs
i and, by the definition

of the algorithm, t will always return to INITs
i between rs(i−2)α+qs and rs(i−2)α+qs+1. By

the definition of the subsequence σs, opt serves rs(i−2)α+qs with s and does not move s

between request rs(i−2)α+qs and request rs(i−2)α+qs+1.
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INITs
i

rs1
rs2 rsj

rsα

Figure 3.2: An illustration of the i-th cycle of server s as served by opt and bounded by

chase in the worst case. The dashed line represents the trace of server s in opt for the

i-th cycle and the solid line represents the worst case trace of the server in chase to serve

the requests of the i-th cycle of server s. INITsi is the last request of the (i − 1)-th cycle

and rs1, . . . , r
s
j , . . . , r

s
α are the requests of the i-th cycle of server s.

Also, observe that just before each of the requests between rs(i−2)α+qs+1 and rs(i−1)α+qs

inclusive, i.e. the requests of the i-th cycle, server t of chase is at INITs
i . Recall that

chase serves these requests except the last one by using the closest server to the re-

quest and, then, returns that server to its prior position. Therefore, the cost to chase

for any request rs(i−2)α+qs+j , where 1 ≤ j ≤ α− 1, i.e. the requests of cycle i except the

last one, is

chase(rs(i−2)α+qs+j) ≤ 2d(INITs
i , r

s
(i−2)α+qs+j) . (3.1)

By the triangle inequality and Inequality (3.1),

chase(rs(i−2)α+qs+j) ≤ 2

j∑
l=1

d(rs(i−2)α+qs+l−1, r
s
(i−2)α+qs+l) . (3.2)

For request rs(i−1)α+qs , i.e. the last request of cycle i, chase serves the request using

server t that is at rs(i−2)α+qs . We have, by the triangle inequality,

chase(rs(i−1)α+qs) = d(INITs
i , r

s
(i−1)α+qs)

≤
α∑
l=1

d(rs(i−2)α+qs+l−1, r
s
(i−2)α+qs+l) . (3.3)

Observe that the cost of opt to serve rs(i−2)α+qs+j for 1 ≤ j ≤ α, i.e. the requests

of cycle i, is d(rs(i−2)α+qs+j−1, r
s
(i−2)α+qs+j). Using this fact and Inequalities (3.2) and
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3. THE K-SERVER PROBLEM

(3.3), we can bound the cost of chase over a cycle by the cost of opt as follows:

α∑
j=1

chase(rs(i−2)α+qs+j) ≤
α−1∑
j=1

(
2

j∑
l=1

opt(rs(i−2)α+qs+l)

)

+
α∑
l=1

opt(rs(i−2)α+qs+l)

=
α∑
j=1

[2(α− j) + 1]opt(rs(i−2)α+qs+j) . (3.4)

The analysis of the first cycle is, essentially, the same as the analysis of the i-th

cycle, i > 1, with the exception that an additive constant is introduced per request of

the first cycle. The additive constant results from the fact that, during the first cycle

of σs, chase does not necessarily maintain a server at the initial position of s. Recall

that in chase, s may have been used to follow the trace of another server of opt that is

not s. In such a case, s would be marked and may be at a position in the metric space

that is not the initial position of s. Nevertheless, by the definition of chase, there will

always be an unmarked server in one of the locations of the initial configuration. Let

∆ be the diameter of the initial configuration. Therefore, for any request of the first

cycle, rsl , of σs, analogously to Inequality (3.2), we have

chase(rsl ) ≤ 2
(

∆ +

l∑
m=1

d(rsm−1, r
s
m)
)
, (3.5)

where rs0 is the initial position of s. Analogous to Inequality (3.4), summing Inequality

(3.5) over all requests of the first cycle of s, gives

qs∑
l=1

chase(rsl ) ≤
qs∑
l=1

[2(qs − l) + 1]opt(rsl ) + 2α∆ . (3.6)

Note that the first cycle is of length qs ≤ α. If we define the cost for requests with

indexes less than 0 to be 0 for both opt and chase, we can rewrite Inequality (3.6) to

be more congruent with Inequality (3.4) as follows:

α∑
j=1

chase(rs−α+qs+j) ≤
α∑
j=1

[2(α− j) + 1]opt(rs−α+qs+j) + 2α∆ . (3.7)

Using Inequalities (3.4) and (3.7), and summing over all cycles, gives

chase(σs) ≤
Cs∑
i=1

α∑
j=1

[2(α− j) + 1]opt(rs(i−2)α+qs+j) + 2α∆ . (3.8)
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Now, we deal with assigning the values of qs. Define a1, . . . , aα to be

aj =
∑Cs

i=1 opt(rs(i−1)α+j), i.e. the cost of opt for the requests in σs in jumps of α

requests. We can rewrite Inequality (3.8) as

chase(σs) ≤
qs∑
i=1

(2(qs − i) + 1)ai +

α∑
i=qs+1

(2(α+ qs − i) + 1)ai + 2α∆ . (3.9)

By Lemma 3.7, there is a value 1 ≤ qs ≤ α such that

chase(σs) ≤ α
α∑
i=1

ai + 2α∆ = αopt(σs) + 2α∆ .

We chose this qs separately for each server s in order to define the cycles. Summing

over all k subsequences σs concludes the proof of the competitive ratio.

Finally, we show that the algorithm uses at most bn bits of advice over any prefix

of n requests. There are two control bits with each request. Let t be the server in

chase that serves rsqs , i.e. the last request of the first cycle of σs. There are at least α

requests of σs between any two requests, where the id of t is given in the advice. Since

α =
⌈
dlog ke
b−2

⌉
, the claim follows.

In order to adapt the algorithm so that it receives b bits of advice per request, we

use a transformation of [BKKK11]. Two control bits will be given with each request,

and the remaining b − 2 bits will contain portions of server ids. The control bits will

be as defined previously. We then define a string as the concatenation of all server ids

given for the whole sequence. This string will be broken into (b− 2)-bit chunks and a

single chunk will be given with each request. The algorithm can store these (b− 2)-bit

chunks in a FIFO queue and will have dlog ke bits available to be read from the queue

when dictated by the control bits.

3.3 k-Server with Advice on Trees

In this section, we describe a deterministic online algorithm with advice for the k-server

problem on finite trees, called path-cover, that is 1-competitive and uses 2+2dlog(p+

1)e bits of advice per request, where p denotes the caterpillar dimension of the tree.

The algorithm and advice are such that the actions of the algorithm will mimic the

actions of a non-lazy optimal algorithm, denoted by optnl which has specific properties
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3. THE K-SERVER PROBLEM

with respect to the given request sequence. First, we will describe the construction of

the non-lazy algorithm and show that it has optimal cost. Then, we will analyze the

online algorithm with advice based on optnl.

In this section, the definition of the algorithm, the advice and optnl is based on the

caterpillar decomposition of the tree that minimizes the caterpillar dimension. If there

is not a unique caterpillar decomposition that minimizes the caterpillar dimension, one

of the minimizing caterpillar decompositions can be chosen arbitrarily to define the

algorithm, the advice and optnl. Further, in this section, an ancestor of a node is with

respect to the root used for the chosen caterpillar decomposition and we assume that

a node is an ancestor of itself.

The intuition for our algorithm can be seen most easily using the height of a rooted

tree, h, instead of the caterpillar dimension. Consider any lazy optimal algorithm on

the tree. A server move on the tree of such an algorithm can be broken into two parts.

The first part is to the lowest common ancestor of the server and the request and

the second part is to the request. Such an optimum can be altered into a non-lazy

optimal algorithm that before the initial request and immediately after serving each

request, it moves the server to the lowest common ancestor between the server’s current

position and the next request it would serve in the lazy optimum. 2 log h bits of advice

are sufficient to communicate the height of the node containing the server used for the

request in the non-lazy optimum and the height of the lowest common ancestor between

this request and the next request handled by the active server in the non-lazy optimum.

Therefore, modulo an initialization phase, an algorithm with 2 log h bits of advice can

follow the non-lazy algorithm for each request by using a server at the position indicated

by the advice and, after serving the request, moving the server to the second position

indicated by the advice. For the algorithm described below, we choose the caterpillar

dimension over the height of the tree since it gives a 1-competitive algorithm with a

constant number of bits of advice per request for degenerate trees such as the line or

a caterpillar. Furthermore, the caterpillar dimension is at most the height of the tree,

and is at most logN , where N is the number of nodes in the tree [Mat99].

3.3.1 Non-Lazy Optimum

Let optl be any lazy optimum for the given request sequence. For a given caterpillar

decomposition of the tree, optnl will be constructed from optl such that optnl has
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3.3 k-Server with Advice on Trees

three properties. Let s be the server used by optnl to serve request ri. Then, given

that optnl can choose the starting configuration, the three properties are:

1. Immediately after serving ri and before serving ri+1, s and only s can be moved,

and, if s is moved, it can only be to the nearest node of a higher path level in the

tree.

2. The position of s, immediately before ri is given, is at the same path level or

higher than ri.

3. Immediately before ri is given, s is adjacent to ri.

Let T be the tree representing the metric space M. Given the caterpillar decompo-

sition of T that minimizes cdim(T ) as described above, we first construct opt′nl which

has the first two properties. For any u, v ∈ T , let maxPath(u, v) be the ancestor of u

with the maximum path level on the path between u and v (see Figure 3.3). The initial

position of each server, 1 ≤ s ≤ k, in opt′nl is maxPath(us, vs), where us is the initial

position of server s in optl and vs is the position of the first request served by s in

optl.

x

v u

Figure 3.3: An illustration of x = maxPath(u, v), using the caterpillar decomposition

from Figure 3.1.

For each request, ri in σ, let si be the server used by optl to serve ri. For ri, opt
′
nl

will:

1. Serve ri with si.

2. Immediately after serving ri, move si to maxPath(ri, rj), where rj is the next

request served by si in optl.
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3. THE K-SERVER PROBLEM

Fact 3.9. opt′nl has the first two properties.

Proof. The definition of the algorithm guarantees Property 1.

As opt′nl uses the same server as optl for each request, the initial configuration of

opt′nl guarantees that each server s will be at the same level or higher than the first

request it serves; and the second step for ri guarantees Property 2 for the rest of the

request sequence.

Fact 3.10. For any σ, opt′nl(σ) = optl(σ).

Proof. The claim follows from the fact that the trajectories followed by each of the

servers according to opt′nl and optl are the same. The only difference being that some

of the moves are done earlier in opt′nl than optl.

Next, we construct optnl from opt′nl so that Property 3 will be satisfied, properties

1 and 2 will be maintained and the cost will not increase.

Intuitively, we will iterate over all the server moves of opt′nl and, in each instance

such that a non-adjacent server moves to a request, we will swap the non-adjacent

server and the adjacent server, i.e. the adjacent server will serve the request and the

non-adjacent server will be used for the next move of the adjacent server.

optnl will be defined by induction on the server moves of opt′nl. Let T ∗ =

(t∗1, q1), . . . , (t∗m, qm) be the sequence, in order, of server moves performed by opt′nl

such that the ordered pair (x, y) represents a move of a server from position x to po-

sition y in the metric space. Note that m ≥ n. All requests are represented in the

sequence even if there is a server at the position of a request. In that case, the two

positions of the ordered pair are the same. We will build T i, which is a sequence of

location pairs representing the server moves of an optimal algorithm, inductively for

i ≥ 0 where T 0 = T ∗. For each T i, i ≥ 0, Property 1 and Property 2 hold for the entire

sequence and Property 3 holds for the subsequence (ti1, q1), . . . , (tii, qi).

Assume that T i−1 is defined and has the above properties. This is trivially true

for T 0. In order to construct T i, we need to first consider qi. If qi is not a request,

then T i = T i−1. If qi is a request and, in the configuration obtained in T i−1 after the

(i − 1)-th pair, the server at ti−1
i is adjacent to qi, then T i = T i−1. Otherwise, there

is a server at some position ui between ti−1
i and qi. In this case, T i will be defined as
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3.3 k-Server with Advice on Trees

T i−1 from q1 to qi−1. That is, for all 1 ≤ j < i, (tij , qj) = (ti−1
j , qj). The server at

ui will be used in T i for request qi, i.e. (tii, qi) = (ui, qi). The remainder of the server

moves will be the same in T i as T i−1 except for the next time after i that a server at

the position ui is moved in T i−1. In that case, a server at position ti−1
i will be used.

More formally, let l be the first index of the ordered pairs of T i−1 where ti−1
l = ui such

that i < l ≤ m. In T i, (til, ql) = (ti−1
i , ql).

Lemma 3.11. For a given caterpillar decomposition of the tree, the cost of optnl is

no more than the cost of optl, and optnl has three properties. Let s be the server used

by optnl to serve request ri. The three properties are:

1. Immediately after serving ri and before serving ri+1, s and only s can be moved,

and, if s is moved, it can only be to the nearest node of a higher path level in the

tree.

2. The position of s, immediately before ri is given, is at the same path level or

higher than ri.

3. Immediately before ri is given, s is adjacent to ri.

Proof. We will prove by induction on i that, for T i, the cost does not increase compared

to optl, Property 1 and Property 2 hold for the enter sequence T i, and Property 3

holds for (ti1, q1), . . . , (tii, qi).

Cost: We will show by induction on i that the cost of T i is no more than optl. For

i = 0, as T 0 is opt′nl, the claim follows from Fact 3.10. For the inductive step from

T i−1 to T i, note that the two sequences differ by at most two moves in the construction

above. If T i−1 = T i, then the cost remains the same between T i−1 and T i. Using the

notation in the construction above, if the two sequences differ at a single move then it

is the move at index i. T i uses a server at position ui which is on the path between

ti−1
i and qi and, therefore, the cost of T i is less than that of T i−1. If two moves differ

between T i−1 and T i, then they are the moves at indexes i and l. The cost to T i for i

and l is

d(ui, qi) + d(ti−1
i , ql)

≤ d(ui, qi) + d(ti−1
i , ui) + d(ui, ql) , by the triangle inequality,

= d(ti−1
i , qi) + d(ui, ql) , as ui is on the path between ti−1

i and qi,

= d(ti−1
i , qi) + d(ti−1

l , ql) , as ui = ti−1
l ,

which is the cost to T i−1 for i and l.
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Property 1: Property 1 restricts the moves that an algorithm can make between

serving requests. Specifically, the algorithm can only move a server from the current

request. The intuition of the proof is that, in the construction above, the only moves

that differ between T i−1 and T i are the moves to serve requests while any moves between

requests are consistent between T i−1 and T i.

We will show that Property 1 holds for the entirety of T i by induction on i. The

claim is trivial for T 0 as Property 1 holds for opt′nl. For the inductive step from T i−1

to T i, if T i = T i−1, the claim must hold as it was true for T i−1. If only the move

at index i differs between T i−1 and T i, then, according to the construction, this move

must be that of a server to a request. Specifically, the difference between T i−1 and T i

is the position of the server that serves ri, i.e. the first item of the i-th ordered pair is

the only difference between T i−1 and T i. So, the claim holds as it was true for T i−1.

If the moves at index i and l, as defined in the construction above, differ between T i−1

and T i, the move at index i is that of a server to a request as in the previous case.

The second change is the first move of the server at ui, in T i−1, after (ti−li , qi) which

must be to a request in T i−1 as Property 1 holds for T i−1. Therefore, the second move

changed between T i−1 and T i is of a server to a request as well, which implies that

Property 1 holds for the whole sequence T i.

Property 2: By induction on i, we will show that Property 2 holds for the entirety

of T i. The claim is trivial for T 0 as Property 2 holds for opt′nl. For the inductive step

from T i−1 to T i, if T i = T i−1, the claim holds as it was true for T i−1. If only the move

at index i differs between T i−1 and T i, then the claim holds as the different move,

using the notation above, uses a server at ui instead of ti−1
i , and by the construction

above, ui is on the path from ti−1
i to qi. Therefore, ui must be at the same path level or

higher than that of qi due to the monotonic nature of the caterpillar decomposition and

that ti−1
i is at the same path level or higher than qi which follows from the induction

hypothesis. If both the moves at indexes i and l, as defined in the construction above,

differ between T i−1 and T i, then the claim holds for the move at index i by the same

argument of the previous case. For the difference at index l, the move must be that of

a server to a request (as shown in the proof for Property 1). As shown in the previous

case, ti−1
i is at the same path level or higher than ui. Therefore, ti−1

i will be at the

same path level or higher than any subsequent request served by the server at ui in

T i−1 since Property 2 holds for the whole of T i−1. Hence, Property 2 holds for the

whole sequence T i.
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Property 3: The fact that Property 3 holds for (ti1, q1), . . . , (tii, qi) is immediate from

the inductive construction.

3.3.2 Algorithm path-cover

There will be two stages to the algorithm. The initial stage will be for the first k

requests and will be used to match the configuration of path-cover to that of optnl

as defined in the previous section. Over the remaining requests, path-cover will be

designed to act exactly as optnl. path-cover will receive 2(l + 1) bits of advice per

request, where l = dlog(p+ 1)e and p is the minimal caterpillar dimension of the tree.

The advice will be of the form wxyz, where w and x will be 1 bit in length, and y and

z will be l bits in length.

Note that, in the definition of the algorithm and the advice that follows, we assume

that the servers are arbitrarily numbered from 1 to k.

3.3.2.1 Algorithm and Advice for r1, . . . , rk

From r1 to rk, path-cover will serve each request with the nearest server regardless

of the advice. As for the advice, for request ri, where 1 ≤ i ≤ k,

• if w = 1, the algorithm stores the ancestor node nearest ri which has the path

level y.

• if x = 1, the algorithm stores the ancestor node nearest the initial position of

server i which has the path level z.

Note that both w and x can be 1 for request ri. Immediately after serving rk,

path-cover will use the first k stored nodes as a server configuration and will move

to this configuration at minimal cost (minimum matching).

Immediately before serving rk+1, the k servers of optnl will be at their initial position

or a higher path level; or at one of the first k requests or a higher path level. The

advice over the first k requests is defined so as to encode the configuration of optnl

immediately before optnl serves rk+1. For 1 ≤ i ≤ k, the advice for ri will be defined

as follows:

39



3. THE K-SERVER PROBLEM

w: 1, if the server used for ri in optnl does not serve an-
other request up to rk.

0, otherwise
x: 1, if server i does not serve any of the first k requests

in optnl.
0, otherwise

y: A number in binary indicating the path level of the
node to which the server used for ri is moved to in
optnl after serving ri.

z: A number in binary indicating the path level of the
node to which server i is moved to before r1 in optnl.

Note that, over the first k requests, w and x will be 1 a total of k times (once for

each of the k servers of optnl). For ri, when w is 1, this implies that, immediately

before rk+1, optnl will have a server at the nearest ancestor of ri with path level y.

When x is 1, this implies that, immediately before rk+1, the server i of OPTnl will be

at the nearest ancestor of the initial position of server i with path level z. Observe that

this indeed encodes the configuration of optnl just before rk+1 in the advice bits of the

first k requests.

3.3.2.2 Algorithm and Advice for rk+1, . . . , rn

From rk+1 to rn, given a request, ri, where k+ 1 ≤ i ≤ n, and the advice, let P be the

path formed by all the adjacent nodes of path level y that includes the nearest ancestor

of ri with path level y. That is, P is the unique path from the chosen caterpillar

decomposition of T with nodes of path level y that intersects the path between ri and

the root. Now, define a path, Q, on the tree as follows:

• if x = 1, Q runs from ri to the end of P nearest the root.

• if x = 0, Q runs from ri to the end of P furthest from the root.

path-cover will serve ri with the closest server along Q. After serving ri, path-cover

will move this server to the nearest ancestor of ri with path level z.

The advice is defined so that path-cover and optnl will use a server from the same

position for each request. For k+ 1 ≤ i ≤ n, the advice for ri will be defined as follows:
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w: 0 (not used)
x: Let s be the position of the server used by optnl to

serve ri, and let c be the ancestor of ri with the same
path level as s (see Figure 3.4).

1, if s is between c and the root of the tree.
0, otherwise.

y: A number in binary indicating the path level of s.
z: A number in binary indicating the path level of the

node to which the server used for ri is moved to in
optnl immediately after serving ri.

s1

c

s0

ri

Figure 3.4: An illustration of the definition of the advice bit x for ri for the path-cover

algorithm, where k + 1 ≤ i ≤ n, using the caterpillar decomposition from Figure 3.1. s1

represents a position of s such that x = 1 and s0 represents a position of s such that x = 0.

Fact 3.12. The algorithm uses 2 + 2dlog(p+ 1)e bits of advice per request, where p is

the minimal caterpillar dimension of the tree.

Proof. For each request, the bits of advice are composed of two control bits and two

numbers encoded in binary, representing a path level. The two numbers encoded in

binary range from 1 to p+1 where p is the minimal caterpillar dimension of the tree.

3.3.2.3 Analysis of path-cover

Theorem 3.13. path-cover is 1-competitive on finite trees.

Proof. From r1 to rk, all the requests are served by the nearest server. This cost can

be bounded by k∆, where ∆ is the diameter of the tree. Immediately after serving rk,

path-cover matches the configuration of optnl. The cost to match a configuration

can also be bounded by k∆.

We will show, by induction on i ≥ k + 1, that:
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1. Just before ri, the configuration of path-cover and the configuration of optnl

match.

2. To serve ri, they use a server from the same position.

By the definition of the algorithm and the advice, the configurations of path-cover

and optnl match just before rk+1. This establishes point 1 for the base case of rk+1.

Property 2 of optnl guarantees that the position of the server, sk+1, used by optnl to

serve rk+1 is at the same path level or higher that rk+1. Property 3 of optnl ensures

that, just before serving rk+1, there are no servers between sk+1 and rk+1. Given that

the configurations of path-cover and optnl match just before rk+1, the first server,

in path-cover, along the path defined by the advice is at sk+1. This establishes point

2 for the base case of rk+1.

Assume that the induction hypothesis is true for j, k + 1 ≤ j ≤ i − 1. From the

induction hypothesis, we know that the configurations of path-cover and optnl prior

to serving ri−1 match, and that both path-cover and optnl will move a server from

the same position in the tree to ri−1. Therefore, the configurations of path-cover

and optnl still match upon serving ri−1. Property 1 of optnl guarantees that only

the server used for ri−1 can be moved if there is a server moved between the time

that ri−1 is served and just before ri is served. In that case, by the definition of the

advice and the algorithm, path-cover will move the server located at ri−1 to the same

position that it is moved in optnl. Property 1 also guarantees that this is the only

server moved by optnl. Therefore, the configurations of path-cover and optnl will

match immediately before ri, proving point 1. As shown in the base case, properties 2

and 3 of optnl, and the fact that the configurations of optnl and path-cover match

just before ri, ensures that the first server along the path defined by the advice is at

the same position as the server used by optnl. This proves point 2.

It follows that path-cover mimics the moves of optnl from rk+1 to rn, and, there-

fore,

path-cover(σ) ≤ opt(σ) + 2k∆ .
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Bin Packing

Presented in this chapter is an algorithm for the online bin packing problem (see Sec-

tion 4.1 for a formal definition), using 1 bit of advice per request, based on the classic

harmonic algorithm due to [LL85], and an algorithm, inspired by the APTAS algo-

rithms for offline bin packing problem, that is (1 + ε)-competitive, using O
(

1
ε log 1

ε

)
bits of advice per request.

For the (1 + ε)-competitive algorithm, the advice is defined based on an optimal

packing of the request sequence. That is, the offline oracle must solve an NP-hard

problem. This is possible in this model as no computational restrictions are placed

on the oracle. However, it should be noted that the algorithm presented here creates

a packing that is (1 + ε)-competitive with respect to some packing S∗ which does

not necessarily have to be an optimal packing. If the computational power of the

oracle were restricted, a (1 + ε)-competitive (asymptotic) algorithm could be achieved

by defining the advice based on the (1 + ε′)-approximate packing S∗ created via a bin

packing APTAS, e.g. the scheme of Fernandez de la Vega and Lueker [FdlVL81], (albeit

requiring slightly more bits of advice as ε would have to be adjusted according to ε′).

To complement the upper bound, we present a lower bound of Ω(logN) bits of

advice per request on the amount of advice required to be optimal, where N is the

optimal number of bins.
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4.1 Preliminaries

The online bin packing problem consists of a request sequence σ, and an initially empty

set B of bins of capacity 1. Each ri ∈ σ is an item with size 0 < s(ri) ≤ 1. The goal is

to assign all the items of σ to bins such that, for each bin bj ∈ B,
∑

ri∈bj s(ri) ≤ 1 and

|B| is minimized. N is used to denoted the optimal number of bins (N = |BOPT |).

An assignment of the items of σ to the bins in a set of bins is called a packing.

The cardinality of packing B, denoted by |B|, indicates the number of bins in B in the

packing. A bin is valid if the total size of the packed items in the bin is at most 1. We

say that an item ri is packed in a bin b if ri is assigned to the bin b, or that ri is packed

in a packing B, according to a some rule that will assign ri to a bin in B. A bin b can

accommodate an item ri if the bin remains valid after packing ri. In that case, we can

say that ri fits into b. A packing is valid if all the bins in a packing are valid. For an

item ri ∈ b, where b is a bin in the packing B, we will write ri ∈ B.

In our algorithms, we use two common heuristics for bin packing: first fit (ff)

and next fit (nf) (cf. [Joh73]). Both algorithms are online algorithms which consider

each item once and pack it irrevocably.

Definition 4.1 (first fit). To pack σ in a first fit manner, ri ∈ σ is packed in the

first bin, in an ordering of the bins, that can accommodate ri. If no such bin exists, a

new bin is opened to pack ri.

Definition 4.2 (next fit). To pack σ in a next fit manner, a sequence B =

〈b1, . . . , bq〉, q ≥ 1, of ordered open bins is used.An item ri is packed in the first bin in

B that can accommodate ri. If no such bin exists, a new bin is opened to pack ri and

appended to B. Let bj ∈ B be the j-th bin in the ordering and be the bin used to pack

ri. All bk ∈ B such that k < j are closed, i.e. removed from the sequence B. That is,

the bins that cannot accommodate ri are closed and no subsequent items will be packed

in them.

In the following, for simplicity of presentation, we assume that 1/ε is a natural

number.
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4.2 1.5-Competitive Online Algorithm with 1 bit of Advice

per Request

The algorithm with advice, called harmonic with advice, presented in this section

is based on the classic bin packing algorithm called harmonic [LL85] and uses 1 bit

of advice per request. It has a competitive ratio of 1.5 which is below the randomized

lower bound for the online bin packing [Cha92].

The harmonic algorithm [LL85] classifies the requested items, where an item with

size in the range (1/(i + 1), 1/i] is said to be of type i for i = 1, . . . , k − 1. The items

with size in the range (0, 1/k] are of type k (k to be determined later). Items with a

type 2 or greater will be called small items and type 1 items will be called large items.

Note that exactly i, 1 ≤ i < k, items of type i can fit into a single bin. Bins with i

items of type i for 1 ≤ i < k are called complete bins. The harmonic algorithm packs

the items based on item type as follows.

• Items of type i, 1 ≤ i < k, are packed into bins dedicated to packing type i items

in a first fit manner.

• Items of type k are packed into completed bins in a first fit manner. If a type k

item does not fit into any of the completed bins, it is packed into a bin dedicated

to type k items in a first fit manner.

For an item ri, the expansion of ri is f(s(ri))/s(ri), where f : (0, 1] → R+ such

that f(s(x)) ≥ s(x) is a weight function. The expansion ratio is an upper bound on

the contribution of any combination of items of size at most s(ri) to the competitive

ratio. That is, over all possible combinations of items of size at most s(ri) into a single

bin, an algorithm will need at most df(s(ri))/s(ri)e bins to pack the items in the worst

case.

The worst case analysis for harmonic can be done with a such a weighting function.

For 1 ≤ i < k, the weight for type i is 1/i and an upper bound on the expansion is the

ratio of the weight to the largest size for an item of type i+ 1 (see Table 4.1).

The worst case analysis for this algorithm, using the weighting function for har-

monic, shows that the highest possible weight of any bin results from a bin with

items of size 1/2 + ε, 1/3 + ε, 1/7 + ε, 1/43 + ε, . . . . The competitive ratio is at most

1 + 1/2 + 1/6 + 1/42 + · · · = 1.691 . . . [LL85].
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Type Size Weight Expansion

1 (1/2, 1] 1 2

2 (1/3, 1/2] 1/2 3/2

3 (1/4, 1/3] 1/3 4/3

4 (1/5, 1/4] 1/4 5/4

5 (1/6, 1/5] 1/5 6/5
...

...
...

...

k − 1 (1/k, 1/(k − 1)] 1/(k − 1) k/(k − 1)

k (0, 1/k] 1/k k/(k − 1)

Table 4.1: The size, weight and expansion for different types, according to the classifica-

tion used by the harmonic algorithm.

We are now ready to define the algorithm harmonic with advice. It is based

on the harmonic algorithm and is enhanced with 1 bit of advice per request. It will

pack the requested items into different sets of bins based on the item type as defined

for harmonic and the bit of advice. Let Balg be the set of all the bins opened by

the algorithm. This set is split into two disjoint sets Halg and Galg. The set Halg is

the set of the bins that are packed exactly as the harmonic algorithm without advice.

The set Galg := Balg \Halg is split into three disjoint sets based on the types of items

packed in the bins. The three sets are:

• Galg
1 , the set of bins with only a type 1 item;

• Galg
3,4,5, the set of bins with a type 3, 4, or 5 item (and possibly a type 1 item);

and

• Galg
6+ , the set of bins with one or more type 6 or greater items (and possibly a

type 1 item).

Given a k > 2, let βi be the bit of advice received with request ri and let ti be the

type of ri, harmonic with advice will pack ri in the following manner. If βi = 0, ri

is packed in Halg, according to the harmonic algorithm. Otherwise βi = 1 and ri is

packed in the following manner. (Note that βi is never set to 1 for items of type 2 as

shown below.)
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• If ti = 1, pack ri in a bin in Galg
3,4,5 ∪Galg

6+ without a type 1. If no such bin exists,

pack ri in a new bin and add it to Galg
1 .

• If 3 ≤ ti ≤ 5, pack ri in a bin b ∈ Galg
1 if |Galg

1 | > 0. Set Galg
1 := Galg

1 \ b and

Galg
3,4,5 := Galg

3,4,5 ∪ b. If |Galg
1 | = 0, pack ri in a new bin and add it to Galg

3,4,5.

• If ti ≥ 6, pack ri, in a first fit manner, into the set of bins Galg
6+ such that the

total size of the items with type 6 or greater does not exceed 1/3 after packing

ri. If ri does not fit into Galg
6+ , pack ri in a bin b ∈ Galg

1 if |Galg
1 | > 0. Set

Galg
1 := Galg

1 \ b and Galg
6+ := Galg

6+ ∪ b. If |Galg
1 | = 0, pack ri in a new bin and

add it to Galg
6+ .

Let Bopt
>1.5 ⊆ Bopt be the bins in an optimal packing with a weight greater than 1.5

(see Table 4.1). Let Gopt
2 ⊆ Bopt

>1.5 be the bins with a type 2 item, let Gopt
3,4,5 ⊆ Bopt

>1.5

the bins with a type 3,4 or 5 item and let Gopt
6+ be the bins with a type 1 item and the

rest of the items are of type 6 or greater. Note that the sets Gopt
2 , Gopt

3,4,5 and Gopt
6+ are

disjoint. Let σ2,6+ be a subsequence of σ restricted to the items of type 6 or greater

from the bins of Gopt
2 ∪Gopt

6+ , and let Gff
2,6+ be the first fit packing of the items of σ2,6+

into |Gopt
2 |+ |Gopt

6+ | bins of capacity 1/3. Given a Bopt, the advice βi for ri is defined

in the following manner.

βi: 1, if (ri ∈ Gff
2,6+)

OR (ri ∈ Gopt
2 ∪Gopt

3,4,5 ∪Gopt
6+ and ti = 1)

OR (ri ∈ Gopt
3,4,5 and ri is the second largest item in

the bin)
0, otherwise.

Note that all the ri from the bins in Bopt with a weight at most 1.5 will have an

advice bit of 0. To have an advice bit of 1, ri must be in the set Gopt
2 ∪Gopt

3,4,5 ∪Gopt
6+

which, by definition, is a subset of Bopt
>1.5.

With the following lemma that upper bounds the size of type 1 items in bins with

a weight greater than 1.5, we are ready to prove the main theorem of this section.

Lemma 4.3. A bin with a weight greater than 1.5 must contain a type 1 item of size

less than 2/3.

Proof. From the expansion of 3/2 for type 2 items, a bin with a weight greater than

1.5 must contain a type 1 item.
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Let b be a bin with a type 1 item and a weight greater than 1.5. Assume that the

type 1 item has a size of at least 2/3. The second largest item is at most 1/3 in size and

is of type 3 or greater. Type 3 items have an expansion of 4/3. Therefore, an upper

bound on the weight of b is 1 + 1
3 ·

4
3 < 1.5 which contradicts the assumption that the

weight of b is greater than 1.5.

Theorem 4.4. harmonic with advice is 1.5-competitive.

Proof. Let Bopt
≤1.5 ⊆ Bopt be the bins with a weight of at most 1.5. harmonic with

advice packs the items of Bopt
≤1.5, using harmonic, and uses at most 1.5|Bopt

≤1.5| bins.

By Lemma 4.3, we know that every bin with a weight greater than 1.5 has a type

1 item of size at most 2/3. This implies that each bin in Galg will have a type 1 item.

harmonic with advice packs the second largest item of Gopt
3,4,5 with a type 1 item,

using exactly |Gopt
3,4,5| bins. The remaining items with a total size of at most

|Gopt
3,4,5|
3 are

packed according to the harmonic algorithm. The largest of the remaining items has

a type of 3 and an expansion of 4/3. Therefore, at most
4|Gopt

3,4,5|
9 bins are needed to

pack the remaining items.

harmonic with advice packs the type 2 items of Gopt
2 into dedicated bins, using

at most |Gopt
2 |/2 bins. The remaining space which is at most 1/6 in size contains type

6 and greater items.

The type 6 and greater items from Gopt
2 ∪Gopt

6+ are packed into |Gopt
2 ∪Gopt

6+ | bins,

using up to 1/3 of the bin. The total size of these items is at most
|Gopt

2 |
6 +

|Gopt
6+ |
2 . The

items are packed into |Galg
2 ∪ Galg

6+ | = |Gopt
2 ∪ Gopt

6+ | = |Gopt
2 | + |Gopt

6+ | bins, using at

least
|Gopt

2 |+|Gopt
6+ |

3 − |G
opt
2 |+|Gopt

6+ |
6 =

|Gopt
2 |+|Gopt

6+ |
6 space. The expansion of the items is 7/6.

Therefore, the extra bins used are at most
(
|Gopt

2 |
6 +

|Gopt
6+ |
2 − |G

opt
2 |+|Gopt

6+ |
6

)
7
6 =

7|Gopt
6+ |

18 .

Overall, to pack the items of σ, the harmonic with advice algorithm uses at

most
3|Bopt
≤1.5|
2

+
3|Gopt

2 |
2

+
13|Gopt

3,4,5|
9

+
25|Gopt

6+ |
18

≤ 3|Bopt|
2

bins.

4.3 (1 + ε)-Competitive Online Algorithms with Advice

for Bin Packing

In this section, we present an online bin packing algorithm with advice called bpa. The

main result of this section is the following.
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Theorem 4.5. Given ε, 0 < ε ≤ 1/2, the competitive ratio for bpa is at most 1 + 3ε

and uses at most 1
ε log

(
2
ε2

)
+ log

(
2
ε2

)
+ 3 bits of advice per request.

Initially, we will present an algorithm, abpa that uses less than 1
ε log

(
2
ε2

)
+log

(
2
ε2

)
+

3 bits of advice per request and is asymptotically (in the number of optimal bins) (1 +

2ε)-competitive, i.e. non-strictly (1 + 2ε)-competitive. Then, with a small modification

to abpa, we will present bpa, an algorithm that is (1 + 3ε)-competitive for any number

of optimal bins, i.e. strictly (1 + 3ε)-competitive, and uses 1 more bit of advice per

request than abpa.

4.3.1 (1 + 2ε)-Competitive Algorithm

We begin by creating a rounded input σ′ based on σ, using a scheme of Fernandez de

la Vega and Lueker [FdlVL81]. The scheme works by grouping items based on their

size into a finite number of groups and rounding the size of all the items of each group

up to the size of the largest item in the group (see Figure 4.1).

More formally, given an ε, an item is called large if it has size more than ε. Items

with size at most ε are called small items. Let L be the number of large items in σ. Sort

the large items of σ in order of nonincreasing size. Let h = ε2L. For i = 0, . . . , 1/ε2−1,

assign the items ih+ 1, . . . , ih+ dε2Le to group i+ 1. A large item of type i denotes a

large item assigned to group i. The last group may contain less than dε2Le items. For

each item in group i, i = 1, . . . , 1/ε2, round up its size to the size of the largest element

in the group.

Let σ′ be the subsequence of σ restricted to the large items with their sizes rounded

up as per the scheme of Fernandez de la Vega and Lueker. We now build a packing S′

for σ based on a packing of σ′. The type 1 items will be packed one item per bin in

the set of bins B1.

For the remaining large items, i.e. types 2 to 1/ε2, in σ′, a packing, B′2 that uses at

most N bins can be found efficiently [FdlVL81]. The packing of each bin bi ∈ B′2 can

be described by a vector of length at most 1/ε (the maximum number of large items

that can fit in a single bin), denoted pi, where each value in the vector ranges from 1 to

1/ε2 representing the type of each of the large items in bi. This vector will be called a

bin pattern. Let B2 be a set of bins such that |B2| = |B′2| and each bi ∈ B2 is assigned

the bin pattern bi ∈ B′2. The items of σ′ can be assigned sequentially to the bins of B2,
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Type: 5 4 3 2 1

σ:

Size: ε 1

σ′:

Figure 4.1: An example of grouping and rounding of large items for ε =
√

1/5. The top

illustration show the size of the 24 large items, denoted by the black dots, from σ grouped

into 5 groups of 5 items (except for the last group that contains 4 items), according to a

sorting of the items by size. The bottom illustration denotes the same items in the same

grouping with their sizes rounded up as in σ′.

using the following procedure. Initially, the bins of B2 are all closed. For each ri ∈ σ′,
assign ri with type ti to the oldest open bin, bj , such that there are less items of type

ti packed in the bin than are described in pj. If no such bin exists, open a closed bin

with a pattern that contains the type ti and pack ri in this bin. Note that such a bin

must exist by the definition of B2.

The packing S′ is defined to be B1 ∪ B2 with the original (non-rounded up) sizes

of the packed large items. By definition, |B1| = dε2Le. Since large items have size at

least ε, N ≥ εL. This implies the following fact.

Fact 4.6. |B1| ≤ εN

The bins of S′ are numbered from 1 to |S′| based on the order that the bins would

be opened when σ′ is processed sequentially. That is, for i < j and every bi, bj ∈ S′,
there exists an rp ∈ bi such that, for all rq ∈ bj , p < q. From Fact 4.6 and that |B2| ≤ N
by definition, we have the following fact.

Fact 4.7. |S′| ≤ (1 + ε)N

We now extend S′ to include the small items and define S. Sequentially, by the

order the small items arrive, for each small item ri ∈ σ, pack ri into S′, using next

fit. Additional bins are opened as necessary. The following lemma shows that S is
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a near-optimal packing. Note that this bound implies that S may pack one more bin

than (1 + 2ε) times the optimal, giving it a non-strict competitive ratio of 1 + 2ε.

Lemma 4.8. |S| ≤ (1 + 2ε)N + 1

Proof. After packing the small items, if no new bins are opened then the claim follows

from Fact 4.7. If there are additional bins opened, all the bins of S, except possible the

last one, are filled to at least (1− ε). Since the total size of the items is at most N , we

have (|S| − 1)(1− ε) ≤ N and, therefore, |S| ≤ N
1−ε + 1 ≤ (1 + 2ε)N + 1.

We now define abpa. It is defined given a σ, and an ε, 0 < ε ≤ 1/2. abpa uses two

(initially empty) sets of bins L1 and L2. L1 is the set of bins that pack small items and

0 or more large items. L2 is the set of bins that pack only large items. bpa and the

advice will be defined such that the items are packed exactly as S.

With the first N items, the advice bits indicate a bin pattern. These N bin patterns

will be the patterns of the bins in order from S. As the bin patterns are received, they

will be queued. Also, with each item, the advice bits indicate the type of the item.

Small items will be of type −1. If the item is large, the bits of advice will also indicate

if it is packed in S in a bin that also includes small items or not.

During the run of bpa, bins will be opened and assigned bin patterns. The bins in

each of the sets of bins are ordered according to the order in which they are opened.

When a new bin is opened, it is assigned an empty bin pattern if the current item is

small. If the current item is type 1, the bin is assigned a type 1 bin pattern. Otherwise,

the current item is of type 2 to 1/ε2, and the next pattern from the queue of bin

patterns is assigned to the bin. Note that, by the definition of S, this pattern must

contain an entry for an item of the current type.

For each ri ∈ σ, the items are packed and bins are opened as follows:

Small Items. For packing the small items, bpa maintains a pointer into the set L1

indicating the bin into which it is currently packing small items. Additionally, the

advice for the small items includes a bit (the details of this bit will be explained

subsequently) to indicate if this pointer should be moved to the next bin in L1. If

this is the case, the pointer is moved prior to packing the small item and, if there is no

next bin in L1, a new bin with an empty pattern is opened and added to L1. Then,

the small item is packed into the bin referenced by the pointer.
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Large Items. bpa receives an additional bit y as advice that indicates if ri is packed in

a bin in S that also includes small items.

Type 1 items: If the item ri is packed into a bin with small items (y = 1), ri is

packed in the oldest bin with an empty pattern. If no such bin exists, then ri is packed

into a new bin that is added to L1. If ri is packed into a bin without small items

(y = 0), then ri is packed into a new bin that is added to L2. In all the cases, the bin

into which ri is packed is assigned a type 1 bin pattern.

Type i > 1 items: Let ti be the type of ri. If ri is packed with small items (y = 1),

then ri is packed into the oldest bin of L1 such that the bin pattern specifies more items

of type ti than are currently packed. If no such bin exists, then ri is packed in the first

bin with an empty bin pattern and the next bin pattern from the queue is assigned to

this bin. If there are no bins with empty bin patterns, a new bin is added to pack ri.

If ri is not packed with small items (y = 0), ri is packed analogously but into the bins

of L2.

The advice bit used to move the pointer for packing small items (see Section 4.3.1.1

for a formal definition) is defined so that bpa will pack the same number of small items

in each bin as S. Further, bpa packs both the small and large items in the order each

item arrives in the least recently opened bin just as S which implies the following fact.

B2+ B1 Bsmall

L1 ∪ L2 ≡ S

Figure 4.2: An illustration of the packing produced by abpa, L1 ∪L2, that is equivalent

to the packing S. B2+ packs items of type 2 to 1/ε2 into N bins. B1 represents the set

of εN bins dedicated to packing type 1 items and Bsmall represents the (possibly empty)

set of at most εN + 1 bins dedicated to packing the overflow of small items from the next

fit packing of the small items into the bins of B1 ∪B2+.

Fact 4.9. L1 ∪ L2 is the same packing as S.

Therefore, |L1 ∪ L2| ≤ (1 + 2ε)N + 1 by Lemma 4.8.
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4.3.1.1 Formal Advice Definition

Item Patterns. Instead of sending the entire vector representing a bin pattern, we

enumerate all the possible vectors and the advice will be the index of the vector from

the enumeration encoded in binary. The bin pattern vectors have a length of at most

1/ε and there are at most 1/ε2 different possible values. For the enumeration, item

pattern vectors with length less than 1/ε items will be padded to a length 1/ε with

addition entries with a new value of ⊥.

The algorithm requires less than
⌈

1
ε log

(
1
ε2

+ 1
)⌉
< 1

ε log
(

2
ε2

)
+ 1 bits of advice per

request to encode the index of the item pattern from an enumeration of all possible

item patterns in binary.

Advice per Request. In order to define the advice, for each bin bi ∈ S, we define a

value κi that is the number of small items packed in bi.

Per request, the advice string will be xyz, where x is
⌈
log
(
1/ε2 + 1

)⌉
< log

(
2/ε2

)
+

1 bits in length to indicate the type of the item; y is 1 bit in length to indicate whether

the large items are packed with small items, or to indicate to small items whether or

not to move to a new bin; z has a length less than 1
ε log

(
2
ε2

)
+ 1 to indicate a bin

pattern. xyz is defined as follows for request ri:

x: The type of ri encoded in binary.
y: ri is a small item: Let s be the number of small items in 〈r1, . . . , ri−1〉.

If there exists and an integer 1 ≤ j ≤ N such that∑j
k=1 κk = s, then the first bit is a 1. Otherwise,

the first bit is a 0.
ri is a large item: 1, if κi > 0, where bi is the bin in which ri is packed

in S, i.e. bi packs small items. Otherwise, 0.
z: i ≤ N The bits of z is a number in binary indicating the

vector representing the bin pattern of the i-th bin
opened by S′.

i > N Not used. All zeros.

4.3.2 Strict (1 + 3ε)-Competitive Algorithm

bpa is defined such that it will behave in two different manners, depending on N , the

number of bins in an optimal packing, and ε. One bit of advice per request, denoted

by w, is used to distinguish between the two cases. The two cases are as follows.
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Case 1: N > 1/ε (w = 0). bpa will run abpa as described previously. The only

difference is that the advice per request for abpa is prepended with an additional bit

for w. Since N > 1/ε, a single bin is at most εN bins. Therefore, we get the following

corollary to Lemma 4.8.

Corollary 4.10. |S| ≤ (1 + 3ε)N

Case 2: N ≤ 1/ε (w = 1). In this case, for each ri ∈ σ, after w, the next dlog(1/ε)e

bits of advice per request define the bin number in which ri is packed in an optimal

packing. bpa will pack ri into the bin as specified by the advice. Including w, this

case requires less than log(1/ε) + 2 < 1
ε log

(
2
ε2

)
+ log

(
2
ε2

)
+ 3 (the upper bound on the

amount of advice used per request in case 1) bits of advice per request and the packing

produced is optimal.

The definition of the algorithm and the advice, Fact 4.9 and Corollary 4.10 prove

Theorem 4.5.

4.4 Lower Bound on the Advice Required for Optimality

For the lower bound, we assume that the algorithm knows N , the optimal number of

bins.

Let

k = n− 2N,

σ1 =

〈
1

2k+2
,

1

2k+3
, . . . ,

1

2k+N+1
,

1

22
, . . . ,

1

2k+1

〉
and

σ2 = 〈x1, x2, . . . , xN 〉 ,

where xi will be defined later in an adversarial manner. The entire adversarial request

sequence will be σ = 〈σ1, σ2〉. The adversarial sequence will be chosen such that the

adversary will pack the items in to the N bins such that each will be filled to capacity

while any algorithm using less than k logN bits of advice will be force to pack the items

into N + 1 bins.

Fact 4.11. Every subset of the requests of σ1 has a unique sum that is less than 1/2.
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Let T be the set of all possible packings in N bins of the requests of σ1. The

adversary will pack each of the first N requests of σ1 in a distinct bin. This distinguishes

the N bins from one another. Let V be the set of all possible packings of the last k

requests of σ1 into the N distinct bins. Note that V ⊂ T and that |V | = Nk. Let

P adv
σ1 ∈ V be the adversarial packing of the items of σ1. P adv

σ1 will be determined later.

Let xi = 1 −
∑

rj∈bi s(rj) for bi ∈ P adv
σ1 . Note that, by using Fact 4.11, we have that

the N values xi, 1 ≤ i ≤ N , are distinct.

Observation 4.12. For every Pσ1 ∈ V \ P adv
σ1 , every possible packing of the items of

σ2 into Pσ1 results in packing of at least N + 1 bins.

Proof. The sum of the size of the items of σ1 is less than 1/2 which implies that the

size for each xi is greater than 1/2. Therefore, any bin that packs more than one item

from σ2 is not valid. We, therefore, consider a packing Pσ that packs at most a single

item from σ2 per bin.

Since the total size of all the items of σ is N , if there is a bj ∈ Pσ such that∑
ri∈bj s(ri) < 1, then |Pσ| ≥ N + 1. We can assume by way of contradiction that

in Pσ all bins are filled to capacity. Then, Fact 4.11 implies that Pσ1 equals P adv
σ1 , a

contradiction.

We are now ready to prove the main theorem of the section.

Theorem 4.13. Any online algorithm with advice needs at least (n − 2N) logN bits

of advice in order to be optimal for the bin packing problem, where N is the optimal

number of bins and n is the length of the request sequence.

Proof. Let alg be an arbitrary deterministic online algorithm with advice for the bin

packing problem. Let P alg
σ1 be the packing produced by alg for σ1. If P alg

σ1 ∈ T \ V ,

i.e. P alg
σ1 is such that the first N requests are not packed in a different bin, then, by

Observation 4.12, P alg
σ ≥ N + 1. Therefore, we will assume that the algorithm will

pack the first N requests in N distinct bins, i.e. P alg
σ1 ∈ V .

Assume that the online algorithm with advice receives all the advice bits in advance.

This only strengthens the algorithm and, thus, strengthens our lower bound. Let

alg(s, u) be the packing produced by alg for request sequence s when receiving advice

bits u. Let U be the advice space of alg. Since alg gets less than k logN bits of advice,

|U | < Nk. It follows that |{alg(σ1, u)|u ∈ U}| < Nk = |V |. Therefore, given alg,

P adv
σ1 is chosen by the adversary such that P adv

σ1 ∈ V \ {alg(σ1, u)|u ∈ U}. Note that

this choice defines σ2.

We now have, by Observation 4.12, that P alg
σ uses at least N + 1 bins.
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5
Dual Bin Packing

In this chapter, we consider the dual bin packing problem (see Section 5.1 for a formal

definition) and present an algorithm that uses 1 bit of advice per request that is 1.5-

competitive and an algorithm, inspired by the PTAS algorithms for the offline dual bin

packing problem, that is (1/(1 − ε))-competitive and uses O(1/ε) bits of advice per

request.

The approach of rounding and grouping items used in this chapter for the (1/(1−ε))-
competitive algorithm is similar to the approach of the (1 + ε)-competitive bin packing

algorithm in Chapter 4. However, in the algorithm for the dual bin packing problem,

bins containing more than 1/ε items are handled differently than bins with less items.

This allows for a small savings in the advice used in that we do not have to worry about

small items. The main savings comes from the fact that, for the bins with at most 1/ε

items, we only need to split them into 1/ε groups as opposed to the 1/ε2 groups for

bin packing. This allows for a savings in the amount of advice used per request by a

factor of log
(

1
ε

)
(up to constant factors). As with the (1 + ε)-competitive bin packing

algorithm in Chapter 4, the advice is based on an optimal packing and could be replaced

with a packing produced by a PTAS for the dual bin packing problem.

The lower bound on the amount of advice required to be optimal of Ω(logN) of

Theorem 4.13 from Section 4.4 for the bin packing problem holds for the dual bin

problem. That is, the lower bound construction for the dual bin packing problem uses

the same sets of items as for the bin packing problem lower bound and N bins. The

optimal packing for the dual bin packing problem would pack all the items. A bin

packing solution which requires N + 1 bins is equivalent to rejecting at least 1 item.
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5.1 Preliminaries

The dual bin packing problem consists of a sequence σ of items and a set B of n bins

(initially empty and numbered from 1 to n) with capacity 1. Each ri ∈ σ is an item

with size 0 < s(ri) ≤ 1 and |σ| = m. The goal is to maximize the number of the items

of σ assigned to the n bins such that, for all bins bi ∈ B,
∑

ri∈bi s(ri) ≤ 1. That is,

to pack as many items as possible in the n bins. Items that are not packed are called

rejected items.

The notions of a packing, valid packings, valid bins, item being packed into bins,

and such are defined for the dual bin packing problem as they are for the bin packing

problem in Section 4.1.

For an algorithm alg and a σ, the set of rejected items is denoted by Ralg
σ , and the

set of accepted items by Aalg
σ . Let palgσ = bs(rj)−1c, where rj ∈ Ralg

σ is the smallest

item rejected by alg. Let P alg
σ be a packing produced by alg for the items of σ. For a

given P alg
σ , let kalgσ,i be the number of items in the i-th bin, let Balg

σ,i be the set of items

packed in the i-th bin, and let valgσ,i be the total size of the items packed in Balg
σ,i . For

two algorithms, alg1 and alg2, such that Ralg2
σ ⊆ Ralg1

σ , the set Dalg1,alg2
σ is defined

to be Ralg1
σ \ Ralg2

σ . When it is clear by the context, the superscripts and subscripts

will be suppressed.

A definition of the first fit (ff) heuristic used in this chapter can be found in

Section 4.1.

5.2 1.5-Competitive Online Algorithm with 1 bit of Advice

per Request

In this section, we present an online algorithm with advice called Subsequence First

Fit (sff) that uses 1 bit of advice. First, we consider an offline algorithm called

Restricted Subsequence First Fit (rsff) which we show to be 3/2-competitive.

This bound holds for sff as we show that sff will always pack at least as many items

as rsff.

Restricted Subsequence First Fit. Initially, define σrsff = σ. Then, simulate

the ff packing of σrsff. If |Rff(σrsff)| > 0, remove the largest item from σrsff (for
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ties remove the item with the smallest index). Repeat the process until all the items

of σrsff can be packed in the n bins, using ff. This is the packing produced by rsff.

The key properties of rsff are that the items are packed using ff and that the

largest items have been rejected, i.e. the size of all the rejected items is at least as large

as any packed item. The following lemma shows that the minimum number of items in

every bin for a packing produced by rsff is at least prsff = bs(rj)−1c, where rj is the

smallest rejected item.

Lemma 5.1. For any σ, krsffi ≥ prsff for 1 ≤ i ≤ n.

Proof. Suppose that krsffi < p := prsff for some 1 ≤ i ≤ n. Given that the largest

items are rejected by rsff, the packed items in the i-th bin have size less than or equal

to s(rj), where rj is the smallest item rejected by rsff. The free space in the i-th bin

is greater than or equal to 1− (p− 1)(s(rj)) ≥ s(rj) implying that rj should have been

packed in the i-th bin, which is a contradiction.

The following lemma shows that there always exists an optimal packing that rejects

the largest items.

Lemma 5.2. For any σ, there exists an optimal packing such that Ropt is the |Ropt|
largest items (for ties reject the item with smallest index).

Proof. Fix an optimal packing for σ. Let rj ∈ Ropt be the smallest rejected item.

Consider the largest ri ∈ Aopt. If s(ri) > s(rj), replace ri by rj in the packing and

add ri to Ropt. If s(ri) = s(rj) and i < j, replace ri by rj in the packing and add ri

to Ropt. Repeat this procedure until rj ≥ ri for all ri ∈ Aopt. The packing resulting

from this procedure is still optimal and all the rejected items are at least as large as all

the packed items.

In the following, we will always assume that opt uses the optimal packing as de-

scribed by Lemma 5.2. In the next lemma, we use this optimal packing and show that

the difference between the number of rejected items for rsff and an optimal algorithm

is less than n.

Lemma 5.3. For any σ, there exists an opt such that |D| = |Rrsff \Ropt| ≤ n− 1.

Proof. Fix an optimal packing for σ. By Lemma 5.2 and the definition of rsff, we

can assume that Ropt ⊆ Rrsff and Ropt is the |Ropt| largest items of Rrsff (ties

are broken by rejecting the item with the smallest index). Let s(rj) be the size of
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the smallest rejected item in Rrsff. The total size of the items in D is at most the

empty space of P rsff which is less than s(rj)n. Therefore, s(rj)(|Rrsff| − |Ropt|) ≤∑
η∈Rrsff\Ropt s(η) < s(rj)n. Hence, |Rrsff \Ropt| = |Rrsff| − |Ropt| < n.

We are now ready to prove the upper bound on rsff.

Theorem 5.4. For any σ, the approximation ratio of rsff is 3/2.

Proof. If there are empty bins, then rsff has packed all the items and opt(σ)
rsff(σ) = 1. In

the following, we only consider instances with rejected items. Also, we always assume

that opt uses the optimal packing as described by Lemma 5.2.

Let s(rj) be the size of the smallest rejected item in Rrsff and let p := prsff.

Case 1: p ≥ 2 (s(rj) ≤ 1
2). In the packing by rsff, all the bins contain at least p

items by Lemma 5.1. Therefore, |Arsff| ≥ pn. Thus, using Lemma 5.3, the approxi-

mation ratio is

opt(σ)

rsff(σ)
=
|Arsff|+ |D|
|Arsff|

<
pn+ n

pn
=
p+ 1

p
≤ 3

2
, for p ≥ 2.

Case 2: p = 1 (1
2 < s(rj)). Let q be the number of bins packed with at least 2

items and let AL be the set of accepted large items (size > 1/2). The first fit packing

guarantees that at most one of the n− q bins with a single item contains a small item

(size ≤ 1/2). Therefore, |AL| ≥ n− q − 1.

By the definition of opt (Lemma 5.2), opt packs the items of D and AL and the

items of D ∪AL are large. Since at most one large item can be packed per bin and the

number of bins is n, we have that |D| + |AL| ≤ n. Adding this to |D| ≤ n − 1 from

Lemma 5.3, we have that

|D| ≤ 2n− 1− |AL|
2

≤ n+ q

2
. (5.1)

Using (5.1) and the fact that |Arsff| ≥ 2q + (n − q) = n + q, we get that the

approximation ratio is

opt(σ)

rsff(σ)
=
|Arsff|+ |D|
|Arsff|

≤
n+ q + n+q

2

n+ q
=

3

2
.

Now, we define an online algorithm with 1 bit of advice per request and show that

it always packs at least as many items as rsff.
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Subsequence First Fit with 1 bit of Advice. If the bit of advice is a 1, pack the

requested item using ff. Otherwise, the bit is a 0 and the item is rejected. The advice

is based on the final subsequence σrsff of σ that would be packed by the algorithm

rsff as defined previously. The advice bit for ri is defined to be 1 if ri ∈ σrsff and 0

otherwise.

Theorem 5.5. For any σ, the competitive ratio of sff is 3/2.

Proof. The final sequence of items of σrsff is defined such that they can be packed using

ff into the n bins. This fact and Theorem 5.5, imply that sff is 3/2-competitive.

5.3 (1/(1− ε))-Competitive Algorithm with Advice

In this section, an algorithm with advice is presented that has a competitive ratio of

1/(1 − 2ε), using O
(

1
ε

)
bits of advice per request for 0 < ε < 1/2. This shows that

an algorithm can arbitrarily approach a competitive ratio of 1 with advice bits that

are inversely proportional to the approximation guarantee. It should be noted that, if

the amount of bits of advice per request is log(n + 1), then the trivial algorithm with

advice can be used to be optimal. That is, an algorithm that is given the bin number

(n + 1 for a rejected item) in which to pack the item. For ease of presentation, 1/ε is

assumed to be a natural number.

Initially, we present an algorithm adbpa that is (1/(1 − ε))-competitive and uses

O
(

1
ε

)
bits of advice per request. Then, with a slight modification to adbpa and one

additional bit of advice, we present an algorithm dbpa that is strictly (1/(1 − 2ε))-

competitive.

5.3.1 (1/(1− ε))-Competitive Algorithm.

The algorithm presented in this section is called adbpa and has a competitive ratio of

1/(1− ε). It uses O
(

1
ε

)
bits of advice per request for 0 < ε < 1.

The advice for adbpa is defined such that adbpa can distinguish between two types

of items in an optimal packing. They are: (1) items that belong to bins with more than

1/ε items and (2) items that belong to bins with at most 1/ε items. Another bit of

advice will indicate for each item of type (1) whether to pack it in a first fit manner

into a subset of the available bins or reject it. The items of type (2) will be classified

61



5. DUAL BIN PACKING

into groups based on the size of the item (each group being an ε fraction of the total

number of items). The advice will indicate for each item of type (2) the index of the

group to which the item belongs and the type of bin (see bin pattern below) in which it

should be packed. The only items of type (2) that are rejected are the items from the

group containing the largest items. The algorithm and the advice are formally defined

in the following.

Let Popt be an optimal packing for σ. We assume without loss of generality that

opt is the optimum described in Lemma 5.2. We split the bins of Popt into two sets

of bins P1 and P2 such that all the bins of P1 have more than 1/ε items packed in each

bin and P2 = Popt \ P1.

Let σ>
1
ε be the subsequence of items from σ that are packed in the bins of P1.

Further, let σsff be the subsequence of items from σ>
1
ε that would be packed by sff

(see Section 5.2) if given |P1| bins to pack σ>
1
ε .

Let σ≤
1
ε be the subsequence of items from σ that are packed in the bins of P2. The

items of σ≤
1
ε are sorted in non-increasing order of size and, based on that ordering,

the items are partitioned into b1/εc − 1 groups of size
⌈
ε|σ≤

1
ε |
⌉

and, for the remaining

smallest items, 1 group of size at most
⌈
ε|σ≤

1
ε |
⌉
. The items are assigned a type from 1

to 1/ε based on their group in the sorted order. The bins of P2 have at most 1/ε items.

Therefore, the packing of each bin can be described by a 1/ε length vector where the

entries are the types of the packed items. Note that the item types have values in the

range [1, 1/ε]. This vector will be called a bin pattern.

Items that are rejected by the opt, i.e. ri /∈ σ>
1
ε ∪ σ≤

1
ε , are also assigned a type of

1. This is a technical detail to ensure that adbpa rejects all the items rejected by opt

without using an additional bit of advice.

We now define a process that assigns bin patterns to the items. The assigned bin

patterns will be received as part of the advice to the algorithm. Let Q be the multiset

of the bin patterns of P2. Each item of type i > 1 in σ≤
1
ε is assigned a bin pattern in Q

as follows. Let B be a set of |P2| bins to which bin patterns will be assigned. Initially,

the bins of B have no patterns assigned. Consider each item ri ∈ σ≤
1
ε with type ti > 1

in the order they arrive as defined by σ. Let t′i = ti−1 and pack ri in a bin b in B such

that the number of items packed in b with type ti is less than the number of items of

type t′i as specified by the pattern of b. If no such bin exists, pack ri in an empty bin b

without an assigned pattern, assign a pattern p ∈ Q that contains type t′i to b and set
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5.3 (1/(1− ε))-Competitive Algorithm with Advice

Q = Q \ p. Item ri is assigned the bin pattern of b. Note that the assignment and the

packing are feasible since the number of items of type i is at least the number of items

of type i− 1 and all the items of type i are smaller in size than the items of type i− 1.

We now define the online algorithm with advice. adbpa maintains two sets of bins

L1 and L2. As adbpa processes σ, the n bins will be assigned to either L1 or L2 such

that, after processing σ, |L1| = |P1| and |L2| = |P2|. Initially, none of the bins are

assigned to either set. L1 is the set of bins that pack the items in σsff ⊆ σ>
1
ε and L2

is the set of bins that pack the type i > 1 items in σ≤
1
ε . As bins are added to L2, they

will be assigned bin patterns. For each ri in σ, adbpa gets a bit of advice per request

to indicate if ri ∈ σ>
1
ε or not and packs ri as follows.

ri ∈ σ>
1
ε : For each ri ∈ σ>

1
ε , an additional bit of advice indicates if ri ∈ σsff. If so,

adbpa packs ri into the bins of L1 in a first fit manner. If ri does not fit, an

unassigned bin is assigned to L1 and ri is packed in that bin. Otherwise, if the

bit indicates that ri /∈ σsff, then ri is rejected.

ri /∈ σ>
1
ε : For each ri /∈ σ>

1
ε , adbpa receives the item type, ti, as advice. If ti = 1,

the item is rejected. Otherwise, let t′i = ti − 1. In this case, adbpa also receives

an assigned bin pattern, pi (as defined previously) such that t′i is an entry of pi,

as advice. The algorithm packs ri in a bin bj ∈ L2 with a pattern pi such that

there are less items of type ti are packed in bj than there are entries of t′i in the

pattern. If no such bin exists, adbpa will assign an unassigned bin to L2, assign

it the pattern pi, and pack ri in it.

From the definition of adbpa, we have that the items of σsff are packed in |P1| bins

and the items of σ≤
1
ε are packed in |P2| which implies the following fact.

Fact 5.6. adbpa will use n bins to pack the non-rejected items of σ.

In the next two lemmas, we bound from below the number of items of σ>
1
ε and the

number of items of σ≤
1
ε that adbpa packs as compared to opt. For x ∈ {σ>

1
ε , σ≤

1
ε },

let adbpax and optx be the number of items packed from σx by adbpa and opt,

respectively. Note that, adbpa(σ) = adbpaσ
> 1

ε + adbpaσ
≤ 1

ε and opt(σ) = optσ
> 1

ε +

optσ
≤ 1

ε = |σ>
1
ε |+ |σ≤

1
ε |.

Lemma 5.7. adbpaσ
> 1

ε > (1− ε)optσ> 1
ε .
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Proof. By the definition of σ>
1
ε , opt packs all the items of σ>

1
ε in |P1| bins. Therefore,

for any optimal packing of σ>
1
ε in |P1| bins, the set of rejected items is empty, i.e.∣∣∣Ropt

σ> 1
ε

∣∣∣ = 0. For |P1| bins and request sequence σ>
1
ε , Lemma 5.3 gives∣∣∣Rrsff

σ> 1
ε
\Ropt

σ> 1
ε

∣∣∣ =
∣∣∣Rrsff

σ> 1
ε

∣∣∣ < |P1| . (5.2)

Let Rσ
> 1

ε be the rejected items of σ>
1
ε by adbpa when run on σ. adbpa packs

the items of σ>
1
ε into |P1| bins. This produces the same packing as sff and, by the

definition of sff, the same packing as rsff when packing σ>
1
ε into |P1| bins. This

implies that
∣∣∣Rrsff

σ> 1
ε

∣∣∣ = |Rσ> 1
ε | when the number of bins used by rsff to pack σ>

1
ε is

|P1|. Further, using (5.2), we have that

|Rσ
> 1

ε | < |P1| < εoptσ
> 1

ε ,

where the last inequality follows from the fact that optσ
> 1

ε > 1
ε |P1| since, in opt, the

items of σ>
1
ε are packed into |P1| bins such that there are more than 1/ε items in each

bin. Therefore,

adbpaσ
> 1

ε = optσ
> 1

ε − |Rσ
> 1

ε | > (1− ε)optσ
> 1

ε

Lemma 5.8. adbpaσ
≤ 1

ε > (1− ε)optσ≤
1
ε − 1 .

Proof. adbpa, by definition, will reject the type 1 items of σ≤
1
ε and pack the rest of the

items of σ≤
1
ε . Therefore, there are

⌈
ε|σ≤

1
ε |
⌉
< εoptσ

≤ 1
ε + 1 items rejected by adbpa.

So, adbpaσ
≤ 1

ε > (1− ε)optσ≤
1
ε − 1 .

Formal Advice Definition. The bin pattern vectors, padded to a length of exactly

1/ε, have at most 1
ε + 1 different possible values per entry (an additional value for the

padding). Since the order of the items in a bin does not matter, vectors will have the

entries ordered from largest to smallest. The number of patterns is less than the number

of ways to pull 1/ε names out of a hat with 1/ε+1 names, where repetitions are allowed

and order is not significant. Therefore, there are at most
(2/ε

1/ε

)
≤
(

2e/ε
1/ε

)1/ε
= (2e)

1
ε

different bin patterns and at most
⌈

log(2e)
ε

⌉
bits of advice are need to specify a pattern

from an enumeration of all possible patterns, where e is Euler’s number.

Per request, the advice string will be xyz, where x is 1 bit in length, y has a length

of dlog (1/ε)e bits to indicate the job type, and z has a length of
⌈

log(2e)
ε

⌉
bits. The

advice string xyz is defined as follows for request ri.
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5.3 (1/(1− ε))-Competitive Algorithm with Advice

x: 1 if ri ∈ σ>
1
ε

0 otherwise.
y: if x = 1: If ri ∈ σsff, then the first bit of y is 1. Otherwise,

ri /∈ σsff and the first bit of y is 0. This is the
second advice bit used to pack the σ>

1
ε items. The

remaining bits are unused and all the bits are set to
0.

if x = 0: y is the type of ri encoded in binary.
z: z is a number in binary indicating the bin pattern pi

assigned to ri. If pi is undefined (ri is type 1), then
the bits are unused and set to 0.

Immediate from the advice definition is the following fact.

Fact 5.9. adbpa uses O(1
ε ) bits of advice per request.

Lemma 5.10. For any ε, 0 < ε < 1, adbpa(σ) > (1− ε)opt(σ)− 1.

Proof. Using Lemma 5.7 and Lemma 5.8, we get that

adbpa(σ) = adbpaσ
> 1

ε + adbpaσ
≤ 1

ε

> (1− ε)optσ
> 1

ε + (1− ε)optσ
≤ 1

ε − 1

= (1− ε)opt(σ)− 1 .

5.3.2 Strict (1/(1− 2ε))-Competitive Algorithm.

We now define the algorithm dbpa. It behaves, depending on opt(σ), the optimal

number of packed items, in two different manners. One bit, denoted by w, is used to

distinguish between the cases. The bit w is sent as advice with each item. In the first

case, dbpa runs adbpa as previously described. In the second case, dbpa is able to

pack the items optimally in one of two different ways. The choice of which way to pack

the items depends on ε and n. The details of the two cases are as follows.

Case 1: opt(σ) > 1/ε (w = 0). dbpa will run adbpa as described previously. The

only difference is that the advice per request for abpa is prepended with an additional

bit for w. Since opt(σ) > 1/ε, we get the following corollary to Lemma 5.10 for this

case.

Corollary 5.11. If w = 0, then, for any ε, 0 < ε < 1/2, dbpa(σ) > (1− 2ε)opt(σ).
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Case 2: opt(σ) ≤ 1/ε (w = 1). For this case, given w, the algorithm can determine

if the number of bins is more than 1/ε as ε and the number of bins is known. If the

number of bins given to the algorithm is at least 1/ε, then the algorithm packs one

item per bin and is optimal.

Otherwise, the number of bins is less then 1/ε. For each ri ∈ σ, we define the advice

(after w) to be the bin number in which ri is packed in an optimal packing. This can

be done with dlog(1/ε)e bits. dbpa will pack ri into the bin as specified by the advice.

Note that the packing produced in this case is optimal.

Immediate from the definition of the algorithm and the advice, and Corollary 5.11,

we get the following Theorem.

Theorem 5.12. For any ε, 0 < ε < 1/2, dbpa is strictly 1
1−2ε -competitive and uses

O
(

1
ε

)
bits of advice per request.
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Scheduling on Identical Machines

In this chapter, we present a general framework for the online scheduling problem on

m identical machines (see Section 6.1 for a formal definition). This framework depends

on a positive ε < 1/2, U > 0, and the existence of an optimal schedule S∗, where all

jobs with a processing time greater than U are scheduled on a machine without any

other jobs. The framework will produce a schedule S such that, up to a permutation

of the machines of S, the load of machine i in S is within εLi(S
∗) of the load of

machine i in S∗, where Li(S) denotes the load of machine i in the schedule S. This

is done using O
(

1
ε log 1

ε

)
bits of advice per request. We show that this nearly optimal

schedule is sufficient for (1+ε)-competitive algorithms for the makespan and minimizing

the `p norm objectives, and a (1/(1− ε))-competitive algorithm for the machine cover

objective.

As is the case with the (1 + ε)-competitive algorithm for bin packing problem

presented in Chapter 4 and the (1/(1 − ε))-competitive algorithm for the dual bin

packing problem presented in Chapter 5, the algorithms with a competitive ratio of

(1 + ε) (resp. (1/(1 − ε))) presented in this chapter could use advice that was based

on a schedule produced by a PTAS for the desired objective function as opposed to an

optimal schedule.

Using the same techniques as in the lower bound on the amount of advice required

to be optimal for the bin packing problem in Section 4.4, we present the analogous

results of Ω(logm) bits of advice per request are needed for optimality for the objective

functions of makespan, machine cover and minimizing the `p norm.
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If logm is less than the bits of advice per request, then the trivial algorithm with

advice that encodes the machine number to schedule each job could be used to obtain

a 1-competitive agorithm instead of the framework presented in this chapter.

6.1 Preliminaries

The online scheduling problem on m identical machines consists of m identical machines

and a request sequence σ. Each ri ∈ σ is a job with a processing time v(ri) > 0. An

assignment of the jobs to the m machines is called a schedule. For a schedule S,

Li(S) =
∑

rj∈Mi
v(rj) will denote the load of machine i in S, where Mi is the set of

jobs assigned to machine i in S. In this chapter, we focus on the following objective

functions:

• Makespan: minimizing the maximum load over all the machines;

• Machine cover: maximizing the minimum load;

• `p norm: minimizing the `p norm, 1 < p ≤ ∞, of the load of all the machines. For

a schedule S, the `p norm is defined to be ‖L(S)‖p = (
∑m

i=1(Li(S))p)1/p. Note

that minimizing the `∞ norm is equivalent to minimizing the makespan.

In this chapter, we will use the next fit heuristic. For machine scheduling, it can

be defined analogously to Definition 4.2 for Bin Packing. The machines can be viewed

as bins, the jobs as items and the processing time of a job as the size of the item.

Finally, next fit is well defined given an upper bound on the load of a machine in

that the upper bound on the load of a machine corresponds to the capacity of a bin.

For simplicity of presentation, we assume that 1/ε is a natural number.

6.2 Online Algorithms with Advice for Scheduling

In this section, we present a general online framework for approximating an optimal

schedule, using advice. We apply the general framework to the problems of minimiz-

ing the makespan, maximizing machine cover and minimizing the `p norm. For the

minimization problems, we get algorithms with a competitive ratio of 1 + ε and, for

the maximization problems, a competitive ratio of 1/(1 − ε). The amount of advice

per request is O
(

1
ε log 1

ε

)
for 0 < ε < 1/2. We note that with logm bits of advice per
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request, the trivial algorithm, that indicates the machine in which to schedule the item,

would be optimal.

6.2.1 General Framework

The machines are numbered from 1 to m. Given an ε, 0 < ε < 1/2, and U > 0,

the requested jobs will be classified into a constant number of types, using a geometric

classification. U is a bound which depends on the objective function of the schedule.

Formally, jobs with processing times in the interval (εU, U ] are called large jobs. A large

job is assigned type i if its processing time is in the interval (ε(1 + ε)iU, ε(1 + ε)i+1U ]

for i ∈ [0, dlog1+ε
1
εe). Jobs with processing times at most εU are considered small

jobs and are assigned a type of −1. Jobs with processing times greater than U are

considered huge jobs and are assigned a type of
⌈
log1+ε

1
ε

⌉
. The online algorithm does

not need to know the actual value of the threshold, U , or the value of ε.

Type: 0 1 2 3 4 5 6

σ:

Time: εU U

Figure 6.1: An example of the geometric grouping of large jobs, jobs with a processing

time in the range (εU, U ] , for ε = 1/4. The illustration shows the processing time of the

25 large jobs, denoted by the black dots, from σ grouped into 7 groups, according to a

sorting of the jobs by processing time. The i-th group consists of jobs with a processing

time in the interval (ε(1 + ε)iU, ε(1 + ε)i+1U ]. Even though the range for type 6 is greater

than U , only jobs with a processing time at most U will be assigned a type 6.

Let S∗ be an optimal schedule for the input at hand with respect to the objective

function. In what follows, we will define a schedule S′ based on S∗ such that, for all

i, Li(S
′) ∈ [Li(S

∗)− εU, Li(S∗) + εU ]. Then, based on S′, we will define a schedule S

such that Li(S) ∈ [(1− ε)Li(S∗)− εU, (1 + ε)Li(S
∗) + εU ]. The advice will be defined

so that the online algorithm will produce the schedule S.

The framework makes the following assumption. For all the objective functions that

we consider, we will show that there exist optimal schedules for which this assumption

holds.
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Assumption 6.1. S∗ is an optimal schedule such that each huge job is scheduled on a

machine without any other jobs.

The general framework is defined given a σ, an ε, a U , and an S∗ under Assump-

tion 6.1. For the schedule S∗, we assume without loss of generality that the machines

are numbered from 1 to m, according to the following order. Assign to each machine

the serial number of the first large job scheduled on it. Order the machines by increas-

ing order of this number. Machines without a large job scheduled are placed at the end

in an arbitrary order.

We define S′ in two steps. In the first step, we schedule the large and huge jobs

and, in the second step we schedule the small jobs into the schedule containing the

large and huge jobs. Initially, S′ is S∗ with the small jobs removed. At this point, S′

can be described by m patterns, one for each machine. Each such pattern will be called

a machine pattern. For machine i, 1 ≤ i ≤ m, the machine pattern indicates that (1)

the machine schedules large or huge jobs, or (2) an empty machine (such a machine

may schedule only small jobs). In the first case, the machine pattern is a vector with

one entry per large or huge job scheduled on machine i in S′. These entries will be

the job type of these jobs on machine i ordered from smallest to largest. Let v denote

the maximum length of the machine pattern vectors for S′. The value of v will be

dependent on the objective function and U . We later show that for all the objective

functions we consider, v ≤ 1/ε+ 1.

In the following lemma, we extend S′ to include the small jobs. The schedule

produced is nearly optimal.

Lemma 6.2. The small jobs of σ can be scheduled on the machines of S′ sequentially

in a next fit manner from machine 1 to machine m, such that the load for each machine

i will be in [Li(S
∗)− εU, Li(S∗) + εU ].

Proof. Consider the small jobs in the order in which they arrive. Denote the size of the

j-th small job in this order by xj for j = 1, . . . . For i = 1, . . . ,m, let yi be the total

size of small jobs assigned to machine i in S∗. Let i(0) = 0, and for k = 1, . . . ,m, let

i(k) be the minimum index such that
∑i(k)

j=1 xj ≥
∑k

i=1 yi. Finally, for k = 1, . . . ,m,

assign the small jobs i(k− 1) + 1, . . . , i(k) to machine k. (If i(k) = i(k− 1), machine k

receives no small jobs.)

By definition of i(k) and the fact that all small jobs have size at most εU , the

total size of small jobs assigned to machines 1, . . . , k is in [
∑k

i=1 yi,
∑k

i=1 yi + εU ] for
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k = 1, . . . ,m. By taking the difference between the total assigned size for the first k−1

and for the first k machines, it immediately follows that the total size of small jobs

assigned to machine k is in [yk − εU, yk + εU ].

Note that some machines may not receive any small jobs in this process. We will

use the advice bits to separate the machines that receive small jobs from the ones that

do not, so that we can assign the small jobs to consecutive machines.

We now define the schedule S, using the following procedure. Assign the machine

patterns of S′ in the same order to the machines of S. For each large or huge item

ri ∈ σ, in the order they appear in σ, assign ri with type ti to the first machine in

S such that the number of items with of type ti currently scheduled is less than the

number of items of type ti indicated by the machine pattern. After all the large and

huge jobs have been processed, assign the small jobs to the machines of S exactly as

they are assigned in S′ in Lemma 6.2.

Lemma 6.3. For 1 ≤ i ≤ m, Li(S) ∈ [(1− ε)Li(S∗)− εU, (1 + ε)Li(S
∗) + εU ]

Proof. By Lemma 6.2 and the fact that jobs of the same type differ by a factor of at

most 1 + ε, we have Li(S) ∈
[

1
1+εLi(S

∗)− εU, (1 + ε)Li(S
∗) + εU

]
. The claim follows

since 1/(1 + ε) > 1− ε for ε > 0.

We have thus shown that the load on every machine is very close to the optimal

load in S (for an appropriate choice of U). Note that this statement is independent of

the objective function.

We now define the online algorithm with advice, for the general framework, which

produces a schedule equivalent to S up to a permutation of the machines. For simplicity

of presentation, we assume that this permutation is the identity permutation.

For the first m requests, the general framework receives, as advice, a machine

pattern and a bit y, that indicates whether this machine contains small jobs or not.

For rj , 1 ≤ j ≤ m, if y = 0, the framework assigns the machine pattern to the highest

machine number without an assigned pattern. Otherwise, the framework will assign

the machine pattern to the lowest machine number without an assigned pattern. For

each request ri in σ, the type of ri, denoted ti, is received as advice. The framework

schedules ri, according to ti, as follows:

Small Jobs (ti = −1). For scheduling the small jobs, the algorithm maintains a pointer

to a machine (initially machine m) indicating the machine that is currently scheduling
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S:

i, κi : 1, 4 2, 0 3, 0 4, 1 m− 1, 2 m, 0

Z:

11 22 33 44 m− 1m− 1 mmi :

κi > 0 κi = 0

Figure 6.2: In order to produce the exact same schedule as S, the online algorithm must

permute the machines of S based on the number of small jobs scheduled per machine

(denoted by κi for machine i). This figure illustrates such a permutation. Z denotes the

schedule produced by the online algorithm. Note that, in Z, machines with small jobs,

coloured in red (κi > 0), are in the same relative order as S and machines without small

jobs, coloured in blue (κi = 0), are in reverse relative order. This allows the jobs for

machines with small jobs to be scheduled from left to right and jobs for machines without

small jobs to be scheduled from right to left.

small jobs. With each small job, the algorithm gets a bit of advice x that indicates

if this pointer should be moved to the machine with the next serial number. If so,

the pointer is moved prior to scheduling the small job. Then, ri is scheduled on the

machine referenced by the pointer.

Large and Huge Jobs (0 ≤ ti ≤ dlog1+ε
1
εe). The algorithm schedules ri on a machine

such that the number of items of type ti is less than the number indicated by its pattern.

6.2.1.1 Formal advice definition

Machine Patterns. For the first m request, a machine pattern is received as advice.

Specifically, all possible machine patterns will be enumerated and the id of the pattern,

encoded in binary, will be sent as advice for each machine. For large jobs, there are at

most v jobs in a machine pattern vector, and each job has one of
⌈
log1+ε

1
ε

⌉
possible

types. The machine patterns can be described with the jobs ordered from smallest to

largest since the order of the jobs on the machine is not important. This is equivalent
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to pulling v names out of
⌈
log1+ε

1
ε

⌉
+ 1 names (one name to denote an empty entry

and
⌈
log1+ε

1
ε

⌉
names for each of the large item types), where repetitions are allowed

and order is not significant. Therefore, there are(
v +

⌈
log1+ε

1
ε

⌉⌈
log1+ε

1
ε

⌉ )
≤
⌈

log1+ε

1

ε

⌉v
different possible machine patterns for the machines scheduling large jobs. Additionally,

there is a machine pattern for machines with only small jobs and a machine pattern

for machines with only a huge job. Hence, at most β(v) ≤
⌈
log(2 +

⌈
log1+ε

1
ε

⌉v
)
⌉
<

v log
(

3 log(1/ε)
log(1+ε)

)
+ 1 bits are required to encode the index of a machine pattern in an

enumeration of all possible machine patterns in binary. For the cases of makespan,

machine cover and `p norm, v ≤ 1/ε+ 1 and β(v) < 1+ε
ε log

(
3 log(1/ε)
log(1+ε)

)
+ 1.

Advice per Request. In order to define the advice, for each machine mi ∈ S, we

define a value κi that is the number of small items scheduled on mi.

Per request, the advice string will be wxyz, where w has a length of⌈
log(2 +

⌈
log1+ε

1
ε

⌉
)
⌉
< log

(
3 log(1/ε)
log(1+ε)

)
+ 1 bits to indicate the job type, x and y are 1

bit in length (as described above), and z has a length of β(v) bits to indicate a machine

pattern. wxyz is defined as follows for request ri:

w: A number in binary representing the type of ri.
x: ri is a small job: x = 1 if the small job should be scheduled on the

next machine. Otherwise, x = 0. More formally,
let s be the number of small jobs in 〈r1, . . . , ri−1〉.
If there exists and an integer 1 ≤ j ≤ m such that∑j

k=1 κk = s, then x = 1. Otherwise, x = 0.
otherwise: x is unused and the bit is set to 0.

y: i ≤ m: If κi > 0, y = 1. Otherwise, y = 0.
i > m: This bit is unused and set to 0.

z: i ≤ m: z is a number in binary indicating the machine pat-
tern of machine i in S′.

i > m: z is unused and all the bits are set to 0.

Fact 6.4. This framework uses less than log
(

3 log(1/ε)
log(1+ε)

)
+ β(v) + 4 bits of advice per

request.

The following theorem, which follows immediately from definition of the general

framework and Lemma 6.3, summarizes the main result of this section.
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Theorem 6.5. For any σ, an ε, 0 < ε < 1/2, and a U > 0 such that there exists an S∗

under Assumption 6.1, the general framework schedules σ such that for all machines,

1 ≤ i ≤ m, Li(S) ∈ [(1− ε)Li(S∗)− εU, (1 + ε)Li(S
∗) + εU ].

6.2.2 Minimum Makespan

For minimizing the makespan on m identical machines, we define U = opt, where opt

is the minimum makespan for σ.

Fact 6.6. If U = opt, there are no huge jobs as the makespan is at least as large as

the largest processing time of all the jobs.

By the above fact, we know that Assumption 6.1 holds.

Lemma 6.7. The length of the machine pattern vector is at most 1
ε .

Proof. This lemma follows from the fact that a machine in S∗ with more than 1
ε jobs

with processing times greater than εopt is more than the maximum makespan, a

contradiction.

From Lemma 6.7, v = 1
ε . Using this value with Fact 6.4 of the general framework,

gives the following.

Fact 6.8. The online algorithm with advice, based on the general framework, uses at

most 2
ε

(
log
(

3 log(1/ε)
log(1+ε)

))
+ 5 bits of advice per request.

Theorem 6.9. Given a request sequence σ, U = opt and an ε, 0 < ε < 1/2, the online

algorithm with advice, based on the general framework schedules the jobs of σ such that

the online schedule has a makespan of at most (1 + 2ε)opt.

Proof. By Fact 6.6, Assumption 6.1 holds and Theorem 6.5 applies.

Let j be a machine with the maximum load in S∗. By Theorem 6.5, Li(S) ≤
(1+ε)Li(S

∗)+εU ≤ (1+2ε)opt as U = opt = Lj(S
∗) ≥ Li(S∗) for all 1 ≤ i ≤ m.

6.2.3 Machine Covering

For maximizing the minimum load, i.e. machine covering, on m identical machines, we

define U = opt, where opt is the load of the machine with the minimum load in S∗.

Lemma 6.10. There exists an optimal schedule S such that any job with processing

time more than that of the minimum load, i.e. a huge job, will be scheduled on a machine

without any other jobs.
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Proof. In S, let machine i be the machine with the minimum load and assume that

scheduled on some machine j 6= i is a huge job and one or more large or small jobs.

We will denote the set of non-huge jobs scheduled on machine j by J . We will define

another schedule S∗ to be the same schedule as S for all the machines but i and j. In

S∗, machine i will schedule the same jobs as S plus all the jobs in J and machine j

will only schedule the huge job scheduled on machine j in S. The load on machine j

in S∗ is greater than opt as it contains a huge job and the load on machine i in S∗ is

greater than opt given that it was opt in S and jobs were added to it in S∗. If the

load of machine i in S is a unique minimum, then S∗ contradicts the optimality of S.

Otherwise, there exists another machine, k 6= i and k 6= j, with the same load as i in

S. Machine k has the same load in S∗ as it does in S. Therefore, S∗ is an optimal

schedule. This process can be repeated until a contradiction is found or an optimal

schedule is created such that no huge job is scheduled on a machine with any other

jobs.

Lemma 6.11. There exists an the optimal schedule S such that there are at most 1+ 1
ε

non-small items scheduled on each machine and huge jobs are scheduled on a machine

without any other jobs.

Proof. By Lemma 6.10, we can transform any optimal schedule S to an optimal schedule

S′, where all the huge jobs are scheduled on machines without any other jobs.

In S′, let machine i be the machine with the minimum load and assume that some

machine j 6= i has more than 1 + 1
ε large items. We will define another schedule S∗ to

be the same schedule as S′ for all the machines but i and j. Note that machine i has

at most 1
ε jobs scheduled and, since its load is U , it cannot contain a huge job which

have processing times more than U . In S∗, machine i will schedule the same jobs as S′

plus the all the small jobs and the largest job scheduled on machine j in S′. The load

on machine j in S∗ is greater than opt as it has at least 1 + 1
ε large items scheduled on

it and the load on machine i in S∗ is greater than opt given that it was opt in S′ and

jobs were added to it in S∗. If the load of machine i in S′ is a unique minimum, then

S∗ contradicts the optimality of S′. Otherwise, there exists another machine, k 6= i

and k 6= j, with the same load as i in S′. Machine k has the same load in S∗ as it

does in S′. Therefore, S∗ is an optimal schedule. This process can be repeated until a

contradiction is found or an optimal schedule is created such that no machine has more

than 1 + 1
ε non-small items scheduled.

From Lemma 6.11, v = 1 + 1
ε . Using this value with Fact 6.4 of the general frame-

work, gives the following.
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Fact 6.12. The online algorithm with advice, based on the general framework, uses at

most 3
ε

(
log
(

3 log(1/ε)
log(1+ε)

))
+ 5 bits of advice per request.

Theorem 6.13. Given a request sequence σ, U = opt and an ε, 0 < ε < 1/2, the

online algorithm with advice, based on the general framework, schedules the jobs of σ

such that the online schedule has a machine cover at least (1− 2ε)opt.

Proof. By Lemma 6.11, Assumption 6.1 holds and Theorem 6.5 applies.

Let j be a machine with the minimum load in S∗. By Theorem 6.5, Li(S) >

(1− ε)Li(S∗)− εU ≥ (1− 2ε)opt as opt = Lj(S
∗) ≤ Li(S∗) for all 1 ≤ i ≤ m.

6.2.4 The `p Norm

For the objective function of minimizing the `p norm on m identical machines, we will

define U = W
m , where W is the total processing time of all the jobs.

The following technical lemma and corollaries are used to prove the lemmas regard-

ing the size of the machine pattern vector and regarding Assumption 6.1.

Lemma 6.14. If x and y are m length vectors with positive real entries such that for

some i and some j 6= i:

• yj > yi, xi = yi + v and xj = yj − v, where 0 < v < yj − yi;

• for all h 6= i and h 6= j, 1 ≤ h ≤ m, xh = yh,

then ‖x‖p < ‖y‖p.

Proof. Define a and b such that byi = v and (a+ b)yi = yj . Since byi = v < yj − yi =

(a+ b)yi − yi, we get that a > 1.

‖x‖p =

(
m∑
k=1

(xk)
p

)1/p

=

(
(yi + v)p + (yj − v)p − ypi − y

p
j +

m∑
k=1

(yk)
p

)1/p

=

(
(yi + byi)

p + (ayi)
p − ypi − ((a+ b)yi)

p +

m∑
k=1

(yk)
p

)1/p

76



6.2 Online Algorithms with Advice for Scheduling

=

(
ypi ((1 + b)p + ap − 1− (a+ b)p) +

m∑
k=1

(yk)
p

)1/p

=

(
ypi

(
p−1∑
i=1

(
p

i

)
bi −

p−1∑
i=1

(
p

i

)
ap−ibi

)
+

m∑
k=1

(yk)
p

)1/p

<

(
m∑
k=1

(yk)
p

)1/p

, as a > 1,

= ‖y‖p

The following lemma shows that transfering load from a machine over the average,

assuming the amount transfered does not drop the load on the machine below the

average, to a machine below the average load will strictly improve the `p norm.

Lemma 6.15. For any schedule S with machines i and j, where Li(S) < W/m and

Lj(S) ≥ v+W/m, moving some load v from some machine j to a machine i results in

a new schedule S′ such that ‖L(S′)‖p < ‖L(S)‖p.

Proof. Since v ≤ Lj(S)−W/m and Li(S) < W/m, then v < Lj(S)− Li(S). The new

schedule S′ is defined such that the load of machine j is Lj(S) − v and the load of

machine i is Li(S) + v. By Lemma 6.14, ‖L(S′)‖p < ‖L(S)‖p.

The following corollary follows from Lemma 6.15.

Corollary 6.16. For the `p norm, (
∑m

i=1(W/m)p)1/p < ‖L(S)‖p for any S.

Proof. If the load of each machine is not W/m, then there must be at least two ma-

chines, i and j, in S such that the load of i is strictly less than W/m and the load of

j is strictly greater than W/m. Let v = Lj(S)−W/m. Define a new schedule S′ such

that the load of machine j is W/m and the load of machine i is Li(S) + v. That is,

move some fraction of the jobs on machine j equal in processing time to v, splitting a

job if necessary, to machine i. By Lemma 6.15, ‖L(S′)‖p < ‖L(S)‖p. This process can

be repeated until all the machines have a load of W/m.

Lemma 6.17. In any optimal schedule S, any job with processing time greater than
W
m , i.e. a huge job, will be scheduled on a machine without any other jobs.
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Proof. There can be at most m − 1 huge jobs otherwise the total processing time of

the jobs would be more than W . In a schedule with a huge job, the machine with the

minimum load must be less than W
m (and cannot contain a huge job) otherwise the

total processing time of the jobs would be more than W .

If, in the optimal schedule, there is a huge job scheduled with other jobs on machine

j, we can move these jobs, one by one, to machine i with minimum load. Note that

machine j will have load greater than W/m and machine i must have load less than

W/m. Therefore, by Lemma 6.15, this process decreases the `p norm, contradicting

that we started with an optimal schedule.

Lemma 6.18. In any optimal schedule S, there are at most 1
ε non-small items scheduled

on each machine.

Proof. By Lemma 6.17, in an optimal schedule, any machine with a huge job will have

only one item.

In S, let machine i be the machine with the minimum load and assume that some

machine j 6= i has more than 1
ε large jobs. The load of j is at least (1 + ε)Wm and,

hence, the load of i is strictly less than W
m . This implies that i has less than 1

ε large

jobs. Further, removing any large job from j leaves at least 1
ε large jobs on machine j

and a load of at least W
m which is still strictly larger than the load of i. By Lemma 6.15,

moving a large job from machine j to machine i will decreases the `p norm, contradicting

that S is an optimal schedule.

From Lemma 6.18, v = 1
ε . Using this value with Fact 6.4 of the general framework,

gives the following.

Fact 6.19. The online algorithm with advice, based on the general framework, uses at

most 2
ε

(
log
(

3 log(1/ε)
log(1+ε)

))
+ 5 bits of advice per request.

Theorem 6.20. Given a request sequence σ, U = W
m and an ε, 0 < ε < 1/2, the general

framework schedules the jobs of σ such that the resulting schedule has a `p norm of at

most (1 + 2ε)opt.

Proof. By Lemma 6.17, Assumption 6.1 holds and Theorem 6.5 applies.
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The algorithm schedules the jobs such that

‖L(S)‖p =

(
m∑
i=1

(Li(S))p
)1/p

≤

(
m∑
i=1

(
(1 + ε)Li(S

∗) + ε
W

m

)p)1/p

by Theorem 6.5

≤

(
m∑
i=1

(1 + ε)Li(S
∗)p

)1/p

+

(
m∑
i=1

(
ε
W

m

)p)1/p

≤ (1 + ε)opt + εopt by Corollary 6.16

= (1 + 2ε)opt ,

where we have used the Minkowski inequality in the third line.

6.3 Lower Bound on the Advice Required for Optimality

Using the same techniques as in the lower bound on the amount advice required for

optimality for the bin packing problem (see Section 4.4), we show that (n− 2m) logm

bits of advice in total (at least
(
1− 2m

n

)
logm bits of advice per request) is required

for any online scheduling algorithm with advice on m identical machines to be optimal

for makespan, machine cover or the `p norm.

Let

k = n− 2m,

σ1 =

〈
1

2k+2
,

1

2k+3
, . . . ,

1

2k+m+1
,

1

22
, . . . ,

1

2k+1

〉
and

σ2 = 〈x1, x2, . . . , xm〉 ,

where xi will be defined later in an adversarial manner. The entire adversarial request

sequence will be σ = 〈σ1, σ2〉. The adversarial sequence will be chosen such that

the adversary will have a balanced schedule (a load of 1 on each machine) while any

algorithm using less than k logm bits of advice will not. That is, such algorithm will

have at least one machine with load greater than 1, and, hence, at least one machine

with load less than 1. Such an algorithm will, therefore, not be optimal for makespan,

machine cover or the `p norm.

Fact 6.21. Every subset of the requests of σ1 has a unique sum that is less than 1/2.
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Let T be the set of all possible schedules on m identical machines for the requests of

σ1. The adversary will schedule each of the first m requests of σ1 on a distinct machine.

This distinguishes the m machines from one another. Let V be the set of all possible

schedules of the last k requests of σ1 onto the m distinct machines. Note that V ⊂ T

and that |V | = mk. Let Sadv
σ1 ∈ V be the adversarial schedule of the items of σ1. Sadv

σ1

will be determined later. Let xi = 1 − Li(Sadv
σ1 ). Note that, by using Fact 6.21, we

have that the N values xi, 1 ≤ i ≤ N , are distinct. Further, note that σ allows for a

balanced schedule, where all machines have load 1.

Observation 6.22. For every Sσ1 ∈ V \ Sadv
σ1 , every possible scheduling of the jobs of

σ2 into Sσ1 results in a schedule Sσ such that there are at least 2 machines i and j,

where Li(Sσ) < 1 and Lj(Sσ) > 1.

Proof. The sum of the processing time of all jobs of σ1 is less than 1/2 which implies

that the processing time for each xi is greater than 1/2. Therefore, any machine that

schedules more than one job from σ2 will have a load greater than 1. It follows that

such a schedule also has a machine that does not have any job from σ2, and, hence,

has load less than 1. We, therefore, consider a schedule Sσ that schedules a single job

from σ2 on each machine.

Since the sum of the processing time of all the jobs of σ is m, if we have a machine

with a load greater than 1, then there must be a machine with a load less than 1. We

can therefore assume by way of contradiction that in Sσ all machines have load exactly

1. As each job xi of σ2 is scheduled on a distinct machine, we have that in Sσ the total

processing time of the jobs from σ1 on the machine that has job xi is exactly 1 − xi.
Therefore, Fact 6.21 implies that Sσ1 equals Sadv

σ1 , a contradiction.

We are now ready to prove the main theorem of the section. The proof follows

the same logic as the analogous proof for the bin packing problem, except that we

have to show that a unbalanced scheduled produced by an algorithm using less than

(n − 2m) logm bits of advice in total is not optimal for the makespan, machine cover

and the `p norm objectives.

Theorem 6.23. Any online algorithm with advice needs at least (n− 2m) logm bits of

advice in order to be optimal for the makespan, machine cover and the `p norm objec-

tives, where m is the number of machines and n is the length of the request sequence.

Proof. Let alg be an arbitrary (deterministic) online algorithm with advice for the

scheduling problem. Let Sσ1 be the schedule produced by alg for σ1. If Sσ1 ∈ T \ V ,
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i.e. Sσ1 is such that the first m requests are not scheduled on distinct machines, then,

by Observation 6.22, Sσ is not balanced. Therefore, we will assume that the algorithm

will schedule the first m requests on m distinct machines, i.e. Sσ1 ∈ V .

Assume that the online algorithm with advice receives all the advice bits in advance.

This only strengthens the algorithm and, thus, strengthens our lower bound. Let

alg(s, u) be the schedule produced by alg for request sequence s when receiving

advice bits u. Let U be the advice space of alg. Since alg gets less than k logm bits

of advice, |U | < mk. It follows that |{alg(σ1, u)|u ∈ U}| < mk = |V |. Therefore, given

alg, Sadv
σ1 is chosen by the adversary such that Sadv

σ1 ∈ V \ {alg(σ1, u)|u ∈ U}. Note

that this choice defines σ2.

We now have, by Observation 6.22, that Sσ has at least 2 machines i and j such

that Li(Sσ) < 1 and Lj(Sσ) > 1. Given that there is a balanced schedule with all

machines having load 1 for σ, Sσ is not optimal for makespan due to machine j, Sσ is

not optimal for machine cover due to machine i, and Sσ is not optimal for the `p norm

by Corollary 6.16.
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7
Reordering Buffer Management

In this chapter, we study the reordering buffer management problem (see Section 7.1

for a formal definition). Initially, we present an algorithm that has a competitive ratio

of exactly 1.5, using 2 bits of advice per request. We then enhance this algorithm with

more advice per request but still constant advice per request such that we can achieve

a competitive ratio arbitrarily close to 1. That is, an algorithm with a competitive

ratio of 1 + ε that uses O(log(1/ε)) advice bits per request.

We complement these results by presenting a lower bound of Ω(log k) on the amount

of bits of advice required per request for a competitive ratio of 1, where k is the size of

the buffer.

If the bits of advice per request are at least dlog ke, then the trivial algorithm with

advice that encodes the index of an item in the buffer of the next colour to output can

be used for an optimal algorithm.

7.1 Preliminaries

The reordering buffer management problem (RBM) consists of a random access buffer

of size k, a service colour, and a finite request sequence. Initially, the buffer is empty

and the service colour is not set to any colour. The request sequence σ consists of a

sequence of items that are each characterized by a colour. For e ∈ σ, the colour of e is

denoted by ce.

Definition 7.1 (Current request). The current request (or current item) of σ is the

first item in σ that has not entered the buffer.
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Let request r be the current request. The algorithm does not know the colour of r

until it enters the buffer. As long as the buffer is not empty or there exists a current

request, the algorithm can perform one of the following actions.

• Any item in the buffer with the same colour as the service colour can be output,

i.e. removed from the buffer.

• The service colour can be switched to another colour.

• If there exists a current request, r, and the buffer is not full, r can enter the buffer

and the next request in σ becomes the current request.

The goal is to serve σ with as few colour switches as possible.

The following observation is immediate from the fact that any algorithm must

perform a number of colour switches at least equal to the number of distinct colours in

a request sequence.

Observation 7.2. The number of distinct colours in σ is a lower bound on the optimal

cost.

In the following, we define the notation of a colour block.

Definition 7.3 (Colour Block). For an input sequence σ and an algorithm alg, a

colour block is a set of items from σ with the same colour that are output sequentially

by alg on a single colour switch.

Note that we can have more than one colour block of the same colour in the buffer.

We now define the notion of a lazy reordering buffer management algorithm.

Definition 7.4 (Lazy rbm Algorithm). An algorithm for the reordering buffer man-

agement problem is called lazy if it has the two following properties.

• If the buffer is not full and there is a current item r, r is brought into the buffer.

• The algorithm only changes service colour when the buffer is full or there is no

current item, and only if there are no items in the buffer with the current service

colour.

Without loss of generality, we will always assume that opt is lazy. We can do this as

any algorithm alg can be transformed into a lazy algorithm alglazy at no additional
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cost [RSW02]. Let Calg
σ be the sequence of colour switches performed by alg for σ.

alglazy will serve σ in a lazy manner and maintain an index i that is initially 1. When

there are no more items of the service colour in the buffer, alglazy switches to the next

colour in Calg
σ beginning at index i that is in the buffer and updates i to the index

used. Hence, alglazy performs at most as many colour switches as alg.

In this chapter, the notion of time corresponds to the index of the current request.

That is, when the current request is rτ , it is time τ . Hence, at time τ , the previous

r1, . . . , rτ−1 requests have entered the buffer and, possibly, have been output. An

online algorithm does not know yet the colour of rτ (or the associated advice bits). An

algorithm with advice has received the advice bits for r1, . . . , rτ−1. After rn has entered

the buffer, the time advances to n+ 1 and the algorithm must serve all the remaining

items in the buffer. We say that an item ri is older than rj if i < j and, conversely,

that rj is younger that ri. Without loss of generality, we will assume that, whenever a

lazy algorithm has more than one item of the active colour in the buffer, it will output

the oldest item first.

Consider a block of items B output by a lazy opt beginning at some time τ . In

the following lemma, we show that, with a single colour switch, a lazy algorithm can

output all the items of B at time τ or later.

Lemma 7.5. Let e1, . . . , e` be a block of items B output by a lazy opt with a single

colour switch that occurs at time τ . If, for some i, 1 ≤ i ≤ `, at some time τ ′ ≥ τ+i−1,

ei is the oldest item of B in the buffer of a lazy algorithm alg, then, with a single colour

switch that occurs at time τ ′, alg can output all the items of B not output before τ ′.

Proof. At time τ , opt has the items e1, . . . , em in its buffer for some m ∈ [1, `] (along

with k − m other items). It switches to the colour c of e1. Since opt is lazy, every

time an item of B is output, a new item enters the buffer, advancing the time ` time

steps as the items of B be are served (or until n+ 1 if the end of the request sequence

is reached). At the start of the time step after serving e`, opt has read the input until

item τ + `− 1. The buffer content of opt at time τ + ` is the same as at time τ , except

that the m items of colour c have been replaced by a set S of at most m new items

with colours other than c that enter the buffer in the interval [τ,min{τ + `− 1, n}].
At time τ ′ ≥ τ + i− 1, based on the assumptions of the lemma, alg has the items

ei, . . . , em′ in its buffer for some m′ ∈ [m, `] and k −m′ + i − 1 other items. At time

τ ′, alg can switch to colour c and start outputting the items of B. Since alg is lazy,

it would continue outputting this colour until the buffer contains no items of colour
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c. As there are at least m′ − i + 1 items of colour c in the buffer, the algorithm will

read at least m′ − i + 1 items of colours other than c unless it reaches the end of the

request sequence in which case all the items have enter the buffer and alg will be able

to output all the items of B.

Let τ ′′ be the time when alg has read m′ − i + 1 items of colours other than c.

At time τ ′, alg has read i− 1 additional items appearing after time τ . Of these i− 1

items, m′ −m of them have colour c and i − 1 −m′ + m of them have a colour other

than c. From τ to τ ′′, alg has read m′ − i+ 1 + i− 1−m′ +m = m new items with a

different colour from c. Therefore, alg has read as many new items as opt, is at least

as far in the input and has served the entire block.

In this chapter, we use regular expressions to define the language to which strings

of advice belong and follow standard notations (cf. [LP97]). The Kleene star ∗ denotes

that a string occurs 0 or more times, e.g. the a∗bc language contains bc, abc, aabc,

aaabc, etc. We use ? to denote that a string occurs 0 or 1 times, e.g. the ab?c language

contains ac and abc. The symbol ∪ is used to denote two possible strings, e.g. the a∪ b
language contains a and b. The parentheses ( and ) indicated sub-expressions which

should be evaluated from the inner most set of parentheses out.

7.2 1.5-Competitive Algorithm with 2 Bits of Advice per

Request

In this section, we present an algorithm that has a tight competitive ratio of 1.5 and

uses 2 bits of advice per request. The advice received with each item of the input

indicates the manner in which it is served by a lazy optimal algorithm.

7.2.1 Definition of the Advice and the Algorithm

The Advice. Each item e ∈ σ is assigned a type, denoted te. There are three possible

values, te ∈ {hold, list,comp}. For item e, the advice bits are the value of te encoded

in two bits.

For the sake of analysis, given σ, we define a parallel advice sequence of item types

T2bl(σ). It is defined based on a fixed lazy optimum opt in the following manner.

For each e ∈ σ, te is defined based on the colour block B of opt that contains e (see
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Figure 7.1). Let f be the youngest item in B that was in the buffer at the time that

opt began serving B. For e ∈ B, te is

hold if e is older than f ,

list if e is no older than f and not the youngest item of B,

comp if e is the youngest item of B. (This is the last item of the block and the block

is considered to be complete.)

comp

e

e

list will enter the buffer
after opt serves e0

e0

e0

hold will enter the buffer
before opt serves e0

e f

f

list

e0

list

e

Figure 7.1: An illustration of a block B and the three possible types of items as based on

a fixed lazy opt. Let f be the youngest item in B that was in the buffer at the time that

opt began serving B. Top-left: item e is assigned type comp since e is youngest item of

B. Top-right: item e is assigned type hold since e is older than f . Bottom-left: item e is

assigned list since e is f . Bottom-right: item e is assigned list since e is younger than f

and e is not the youngest item of B. The list type indicates that opt starts serving this

colour block before all items have been read into the buffer; the remaining items enter the

buffer while the colour block is being served (and while other items of the colour block are

being removed).

From the definition of the advice, we get the following observation that each block

contains 0 or more hold items followed by 0 or more list items followed by a comp

item.

Observation 7.6. The string produced by the concatenation of types of the items in a

colour block when ordered from oldest to youngest forms an expression in the language

defined by the regular expression,

hold∗list∗comp .

We can now define the notion of the type of a block at time τ . Contrary to an item

type that is fixed, the type of a block changes over time depending on the youngest
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item of the block currently in the buffer of a given algorithm. At time τ , let e be the

youngest item of block B in the buffer. The type of B, denoted by tB(τ), is te. Blocks

of type list and comp are ranked based on the age of their items. At time τ , let two

blocks, B1 and B2, be of the same type t. Let ri be the oldest item of type t in B1,

and let rj be the oldest item of type t in B2. (Note that ri and rj may have already

been output at time τ .) We say that B1 is older than B2 if ri is older than rj and B1

is younger than B2 if ri is younger than rj .

The Algorithm 2 bit lazy. 2 bit lazy (2bl) is a lazy algorithm that works in

following manner. At time t, if the buffer is not full, the current request, rt, is brought

into the buffer. If the buffer is full and contains an item with the same colour as the

active colour c, then the oldest item of colour c is output. Otherwise, the buffer is full

and there are no items with the same colour as the active colour. At this point, the

algorithm will perform a colour switch.

In order to choose the next colour to use, we need to define the notion of an advice

block. An advice block is defined based on a sequence of items, that is some prefix of

the items of σ, and their type. For the sequence of items B = 〈r1, . . . , rj〉, 1 ≤ j ≤ n,

sort the items according to colour and, within each colour, sort the items in decreasing

order according to their age. Each advice block B ∈ B of colour c consists of the

maximum number of consecutive items of colour c terminated by an item of type comp

or the last item of colour c in the sorted sequence such that the string produced by

the concatenation of the types of the items in B is in the language hold∗list∗comp?.

Note that, for σ, all the advices blocks of 2bl are disjoint and correspond to different

colour blocks of opt. That is, an advice block B corresponds to a colour block Bopt

of opt if, for all ei ∈ B, ei ∈ Bopt. For an advice block B, the corresponding colour

block in opt is denoted by Bopt. We say that an advice block B is in the buffer at

some time τ if there is an item e ∈ B that is in the buffer at the beginning of time

step τ . The type and the age of an advice block at a given time is defined in the same

manner as the type of a colour block at a given time.

At time step τ , the next colour is chosen based on the advice blocks in the buffer of

2bl as defined for 〈r1, . . . , rτ−1〉, according to the following rules arranged in order of

precedence. Note that all these requests have entered the buffer of 2bl at time τ and

the algorithm has received the associated advice.
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1. If there is an advice block B with type comp, then switch to the colour of the

oldest comp advice block,

2. else, if there is an advice block B with type list and at least 2 of the items of

Bopt that have type list have entered the buffer, then switch to the colour of B,

3. else, switch to the colour of the advice block B with type list that has the largest

cardinality. (Ties are broken by choosing the colour of the oldest advice block.)

7.2.2 The Analysis

For the analysis, unless explicitly stated, we will always consider the advice blocks as

defined with respect to the entire request sequence, σ, and their types, T2bl(σ). Along

with the definition of 2bl, the next two lemmas show that 2bl is well defined for any

request sequence and will be able to output all the items.

Lemma 7.7. Whenever 2bl has a full buffer, it contains a list or a comp type item.

Proof. Assume for contradiction that at some time τ , k < τ ≤ n+ 1, the buffer of 2bl

is full and all the items have type hold. By the definition of the advice, for the advice

blocks currently in the buffer of 2bl, the items of type list and comp are younger than

the hold items and, by the definition of 2bl, the hold items will be served before the

list and comp items. Therefore, for all the advice blocks in the buffer, the list and

comp items arrive at a time greater than τ . By the definition of the advice, the items

of type hold are kept in the buffer of opt and are present in the buffer of opt at

time τ . So, at time τ , opt cannot remove any of the items in its buffer before it reads

another item with a matching colour from the input sequence. This is a contradiction,

as opt has to remove an item at time τ since its buffer is full.

Lemma 7.8. At time n+1, the buffer of 2bl contains only advice blocks of type comp.

Proof. By the definition of the advice, the last item of every advice block is comp and,

at time n+ 1, all the items have entered the buffer which implies that the comp item

of each advice block has entered the buffer. If there is an advice block in the buffer of

2bl without a comp item, this means that a comp item was served before an older

item which contradicts the definition of 2bl.

Based on the order of precedence for the colour switches of 2bl, the first priority

are advice blocks of type comp and, by the definition of the advice, the youngest item

89



7. REORDERING BUFFER MANAGEMENT

of the advice block is in the buffer and all the items of the advice block that have

not yet been output can be output on a single colour switch. The second priority are

advice blocks of type list such that at least two list items have entered the buffer

(and possibly have been output). The following two lemmas show that there can be

at most one advice block of type list in the buffer of 2bl for which at least two list

items have entered the buffer and that the remaining items of the advice block can be

output on a single colour switch. The first lemma also shows that the second colour

switching priority is well defined.

Lemma 7.9. At any time, the buffer of 2bl contains at most one advice block B of

type list such that at least two list items of B have entered the buffer of 2bl.

Proof. At time some time τ , consider a buffer of 2bl with two advice blocks, B′ and

B′′, both of type list such that at least two list items of B′opt and B′′opt have entered

the buffer. Since B′ and B′′ are of type list neither block contains an item of type

comp. At time τ , the definition of the advice implies that opt is serving both B′opt
and B′′opt which is a contradiction.

Lemma 7.10. At time τ ′, let B be an advice block of type list such that at least two

list items of B have entered the buffer of 2bl. With a single colour switch, at time τ ′

or later, 2bl can serve all the items of B that have not yet been output.

Proof. At time τ ′, let ei be the oldest item of Bopt in the buffer of 2bl, where i is

the index of ei in Bopt when the items are sorted by decreasing age. At time τ ′, by

Lemma 7.9, there is only one advice block of type list with at least two list items

that have entered the buffer and, from the definition of the algorithm and the advice,

all the other advice blocks have type list or hold, and their items are output after τ ′

by opt.

Let ej be the oldest item of Bopt in the buffer of opt at time τ ′, where j is the

index of ej in Bopt when the items are sorted by decreasing age. The item ej must not

be older than ei otherwise, at time τ ′ the buffer of Bopt would contain all the items in

the buffer of 2bl at τ ′ plus i− j + 1 items which is more than k. Therefore, j ≥ i and

τ ′ = τ + j− 1 ≥ τ + i− 1, where τ is the time that opt starts serving Bopt. The claim

then follows from Lemma 7.5.

The third priority are advice blocks that are of type list with only one list item in

the buffer. 2bl will only switch to the colour of such a block if its buffer does not contain

advice blocks of a higher priority which implies that the buffer of 2bl only contains
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advice blocks of the third priority or hold advice blocks. The following lemma shows

that, in this case, by switching to the colour of the largest cardinality list advice block

either all items in corresponding opt block are output, or an item of list or comp of

another list advice block in the buffer will enter the buffer, ensuring a higher priority

advice block for the subsequent colour switch.

Lemma 7.11. At time τ , let Blist be the set of list advice blocks in the buffer of 2bl.

If, at time τ , all the advice blocks are of type hold or list such that, for all blocks,

at most a single list item has entered the buffer, then switching to the colour of the

largest advice block B∗ ∈ Blist at τ guarantees that either all the items of B∗ are output

before the next colour switch, or a list or comp item from another list advice block

in Blist enters the buffer.

Proof. By the definition of the advice, the algorithm and the assumption of the lemma

regarding the state of the buffer of 2bl, 2bl is at least at the same time step as opt

when opt begins outputting one of the blocks, B′opt, that correspond to B′ ∈ Blist

and, for all B ∈ Blist, the oldest item of B (and Bopt) is in the buffer of 2bl. By

Lemma 7.5, if B∗ is B′, all the items of B∗ will be output. Otherwise, B∗ is at least as

large as B′, for which 2bl is at least at the same time step as opt when opt begins

outputting B′opt. Therefore, 2bl must bring in the next item e of B′ otherwise opt

would not be able to serve B′opt with a single colour switch. By the definition of the

advice, e must be of type list or comp.

Essentially, from the previous lemma and Lemma 7.10, we see that, every time 2bl

makes two colour switches to serve an optimal block Bopt, there is another block that

is output by 2bl with a single colour switch, giving a competitive ratio of 1.5.

Theorem 7.12. 2bl is 1.5-competitive.

Proof. Let bcomp be the colour blocks of opt without a list item. By the definition

of the algorithm and the advice, 2bl will perform bcomp colour switches to serve those

blocks.

Consider the colour blocks of opt that contain a list item. Let blist1 be the colour

blocks of opt that 2bl serves with a single colour switch, and let blist2 be the colour

blocks of opt that 2bl serves with more than a single colour switch. Each colour block

Bopt counted in blist2 will be served with two colour switches by 2bl. The first colour

switch occurs after the first list item of Bopt enters the buffer of 2bl and the second

colour switch occurs after the second list item of Bopt enters the buffer of 2bl. By
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Lemma 7.10, the items of Bopt not yet output will be output by the second colour

switch by 2bl. Hence, for 2bl, the blocks counted in blist2 take 2blist2 colour switches.

From the definition of the advice, the algorithm and Lemma 7.11, the blist2 blocks

can only occur when a colour switch is made to the largest advice block B of type

list in a buffer containing only list advice blocks, where at most single list item has

entered the buffer, and hold type advice blocks. By Lemma 7.11, after serving B,

when all the items of Bopt are not output, either a list or a comp type item e from

another list advice block B′ enters the buffer of 2bl. If te is comp, all the items of

B′opt are in the buffer and 2bl will output all of them on the next colour switch to the

colour of e. If te is list, then 2bl will output the all the items of colour block B′opt on

the next colour switch to the colour of e by Lemma 7.10. Therefore, every time there is

a colour block counted in blist2 , there is a colour block that 2bl will serve in its entirety

that is counted in blist1 which implies blist2 ≤ blist1 .

From Observation 7.2, the cost of opt is the number of colours blocks which is

bcomp + blist1 + blist2 . From this and the fact that blist2 ≤ blist1 , we get that blist2 ≤
opt(σ)/2. Therefore, the number of colour switches of performed by 2bl is bcomp +

blist1 + 2blist2 ≤ 3
2opt(σ).

In the following theorem, we complement the previous result by showing that the

upper bound on 2bl is tight.

Theorem 7.13. The competitive ratio of 2bl is at least 1.5.

Proof. Let R(c1, c2) =

〈
c
d k2e
1 , c

b k2c
2 , c

d k2e
2 , ck1

〉
be a request sequence where xy denotes a

item of colour x requested y times in a row and c1, c2 are different colours. Arbitrarily

long request sequences can be created from R by alternatively swapping the colours c1

and c2 for c3 and c4. That is,

σ = 〈R(c1, c2), R(c3, c4), R(c1, c2), R(c3, c4), . . .〉 .

For each R, 2bl will make three colour switches while opt will make only 2.

7.3 An Optimal Algorithm with 2 + dlog ke Bits of Advice

per Request

In this section, we consider the 1.5-competitive algorithm from the previous section and

enhance it by giving it access to the order in which opt serves the list colour blocks.
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This enables the algorithm to serve σ with no more colour switches than opt. However,

at any given time step, there could be k− 1 other list advice blocks in the buffer. So,

encoding the position of an advice block in an ordered list of list advice blocks requires

at worst dlog ke bits which is actually enough to run the trivial algorithm with advice

that indicates the colour switch at each time step. The ordered list of list advice

blocks is called the waiting list and the algorithm described in this section is called 2

bit lazy with waiting list (2bwl). In the two subsequent sections, we will modify

the advice string of the algorithm so as to obtain a (1 + ε)-competitive algorithm with

constant bits of advice per request. That is, we will allow for a multiplicative factor of

ε more colour switches but generate the item types such that the position of the list

advice blocks in the waiting list can be encoded with O(log 1
ε ) bits.

7.3.1 The Advice, the Waiting List and the Algorithm

The Advice. Given a σ and a fixed lazy opt, each item e ∈ σ is assigned a type

te ∈ {hold, list,comp} as defined in the previous section, i.e. T2bwl(σ) = T2bl(σ).

Consider the advice blocks of σ as described by T2bwl(σ). Each advice block B

with an item of type list is assigned a value uB that is a number from 0 to k− 1. The

value uB is defined based on the oldest list item in each block with an item of type

list. For the oldest list item e ∈ B, uB is defined to be the position of Bopt in an

ordering (beginning at position 0), from the first colour block output by opt to the

last colour block output by opt, of the corresponding colour blocks of opt to the list

advice blocks present in the buffer of 2bwl at the time step that e enters the buffer.

For the sake of analysis, we define another sequence, U2bwl(σ), to be the sequence of

the values of uB ordered, from oldest to youngest, by the age of the oldest list item

in each advice block with an item of type list in σ.

The Waiting List. The algorithm maintains a waiting list of advice blocks of type

list. This list contains only advice blocks that have, at some time, type list. At the

beginning of the algorithm, the waiting list is empty. Whenever an advice block B of

type list appears (i.e. the first item of type list for some advice block is read from

the input), it is inserted into the waiting list. The initial position of the block on the

waiting list, i.e., the position where the block is inserted, is defined by the value uB of

the block. A value of 0 denotes the head of the list. Note that when a new advice block
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is inserted into or removed from the waiting list, the position of the other advice blocks

on the list can change and, whenever an advice block on the waiting list is output, that

advice block is removed from the waiting list.

The Algorithm 2 bit lazy with waiting list. 2bwl is a lazy algorithm that

runs just as 2bl. The difference is the manner in which 2bwl will choose the next

colour for each colour switch. At time step τ , the next colour is chosen based on

the advice blocks in the buffer of 2bwl as defined for 〈r1, . . . , rτ−1〉, according to the

following rules arranged in order of precedence.

1. If there is an advice block B with type comp, then switch to the colour of the

oldest comp advice block,

2. else, if there is an advice block with type list, switch to the advice block B at

the front of the waiting list and remove B from the waiting list.

7.3.2 The Analysis

For the analysis, unless explicitly stated, we will always consider the advice blocks

as defined with respect to the entire request sequence, σ, and their types, T2bwl(σ).

2bwl uses an advice sequence T2bwl(σ) = T2bl(σ) and processes items in essential

same manner as 2bl. That is, 2bl and 2bwl switch to the colour of a comp or a

list advice blocks in the same order of precedence. The difference being the way in

which each algorithm will choose which colour of which list blocks to use for the next

colour switch. Therefore, Lemma 7.7 and Lemma 7.8 hold for 2bwl as they held for

2bl which implies that 2bwl is well defined for any request sequence.

Theorem 7.14. 2bwl is optimal.

Proof. Let bcomp be the colour blocks opt without a list item. By the definition of

the algorithm and the advice, 2bwl will perform bcomp colour switches to serve those

blocks.

Let blist be the colour blocks of opt with a list item. By the definition of the

algorithm and the advice, 2bwl will only serve list advice blocks if the buffer contains

only hold and list items and, for every list advice block B in the buffer, the oldest

item of Bopt is in the buffer. From this and the fact that the algorithm serves the list

advice blocks in the same order as opt serves the corresponding colour blocks, 2bwl
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will be at the same time step or further ahead than opt when 2bwl begins outputting

B as compared to when opt begins outputting Bopt. With Lemma 7.5, this implies

that 2bwl will output every block in blist with a single colour switch.

Therefore, the number of colour switches of 2bwl is bcomp + blist = opt(σ).

7.4 A (1 + ε)-Competitive Algorithm with 2 + dlog ke Bits

of Advice per Request

In this section, we modify the 2bwl algorithm and the advice from the previous section

and present an algorithm that is (1 + ε)-competitive and uses 2 + dlog ke bits of advice

per request. This algorithm has a worse competitive ratio than 2bwl, but, for a cost

of an additional multiplicative factor of ε colour switches, the number of list advice

blocks that are placed in the waiting list is significantly reduced. In the next section,

we will modify the algorithm presented in this section such that the position of the

advice blocks in the waiting list will be encoded in a constant number of bits.

7.4.1 The Advice and the Algorithm

A New Item Type. Given a σ and a fixed lazy opt, each item e ∈ σ is a assigned

a type te ∈ {hold, list,ready,comp}, where hold, list and comp are defined as in

Section 7.2. ready is a new item type that is used along with comp to split an advice

block with an item of type list into two separate advice blocks such that the algorithm

can output both advice blocks with a single colour switch or to delay the time when an

advice block with an item of type list will be output (see below for the details). Note

that the four item types can still be encoded in 2 bits.

We extend the notion of an advice block for items of type ready. The definition

remains the same except that the string produced by the concatenation of the types of

the items in advice block is in the language hold∗(list∗ ∪ ready∗)comp?. With the

addition of the type ready as detailed below, the advice blocks are still disjoint, but

there can be more advice blocks than colour blocks of opt. Specifically, there could

be two advice blocks that are the prefix and the suffix of the items of a colour block of

opt.

An advice block B in the buffer of the algorithm that contains an item of type

ready is of type ready if the comp item of B is not yet in the buffer. At time τ , for
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two advice blocks of type ready in the algorithm’s buffer, we say that B1 is older than

B2 if the oldest ready item in B1 is older than the oldest ready item in B2.

The Algorithm 2 bit lazy with reduced waiting list. 2 bit lazy with

reduced waiting list (2brwl) is a lazy algorithm that runs just as 2bl and 2bwl.

The difference is the manner in which 2brwl will choose the next colour for each colour

switch. At time step τ , the next colour is chosen based on the advice blocks in the

buffer of 2brwl as defined for 〈r1, . . . , rτ−1〉, according to the following rules arranged

in order of precedence.

1. If there is an advice block B with type comp, then switch to the colour of the

oldest comp advice block,

2. else, if there is an advice block with type ready, then switch to the colour of the

oldest ready advice block,

3. else, if there is an advice block with type list, switch to the advice block B at

the front of the waiting list and remove B from the waiting list.

7.4.1.1 Building the Advice Sequences

The advice sequence containing the types of the items, T2brwl(σ), and the advice se-

quence containing the waiting list positions, U2brwl(σ), are constructed offline, based

on an optimal lazy solution opt for the instance σ. The idea of the construction is as

follows. We initially assign each input item e type te ∈ hold, list,comp as it is as-

signed for 2bl. That is, initially, T2brwl(σ) = T2bl(σ) and U2brwl(σ) = U2bwl(σ). This

means that opt is the number of advice blocks initially described by σ and T2brwl(σ).

Then, 2brwl is simulated on σ with the advice sequences T2brwl(σ) and U2brwl(σ).

Given some constant C (defined later), whenever the waiting list of 2brwl contains at

least C advice blocks of sizes that differ by given multiplicative factor, they are removed

from the waiting list at a cost of 2 additional colour switches. This is accomplished by

replacing list type items with type ready and type comp in T2brwl(σ). This modi-

fication introduces items of type ready and increases the number of advice blocks as

defined by σ and T2brwl(σ) (and updates U2brwl(σ) as advice blocks with ready items

are not put into the waiting list). The number of colour switches performed by 2brwl

increases as the number of advice blocks defined for σ by T2brwl(σ) increases, but the
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number of advice blocks in the waiting list at any given time will be bounded by a

constant and this will allow us, in the next section, with one more alteration, to encode

the position of the blocks in the waiting list with a constant amount of advice.

In order to formally define the procedure to generate T2brwl(σ) and U2brwl(σ), we

will first define three procedures that are used to modify the advice data. The input

to the procedures are the full advice blocks, i.e. the advice blocks defined with respect

to the entire request sequence σ and T2brwl(σ).

The first procedure removes an advice block B from the waiting list and adjusts the

position information for the advice blocks that are inserted behind B in the waiting

list.

Procedure Remove(B)

• Remove uB from U2brwl(σ).

• For each advice block B′ that was inserted into the waiting list, at a position

behind B, after B was inserted but prior to B being output, decrease uB′ by one.

The next procedure will split an advice block B into two advice blocks such that

both will end with an item of type comp by reassigning the oldest list item to type

comp. Additionally, the other items in B with list type are changed to ready. This

ensures that neither of the new blocks will be placed on the waiting list (see Figure 7.2).

The first advice block is called an early block and the second advice block is called a

late block.

Procedure Split(B)

• Run Remove(B).

• Reassign type comp to the first item of block B which has type list assigned.

• Reassign type ready to the remaining items of B which have type list assigned.

Let B be an advice block that is processed by the Split procedure that produces an

early block B′ and a late block B′′. The colour block of opt that corresponds to B,

Bopt, is the same block that corresponds to both B′ and B′′, i.e. Bopt = B′opt = B′′opt.
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hold hold hold list list list comp

hold hold hold comp ready ready comp

Figure 7.2: An example of the procedure Split(B) as applied to an advice block B (top)

of items with types hold, list and comp. B is split into two new advice blocks (bottom).

The early block (bottom left) is made up of the hold items and the first list item of B

which is changed to comp. The late block (bottom right) has the rest of the items of B

with all the list items changed to ready.

The procedure Split(B) makes 2brwl output the items from the early block of B

before they are output by opt, generating free space in the buffer of 2brwl. This

allows some advice blocks to stay in the buffer until the next item of the advice block

is read from the input, and only then to be output by 2brwl. These are the advice

blocks for which we run procedure Postpone(B) (see Figure 7.3).

Procedure Postpone(B)

• Run Remove(B).

• Reassign type hold to the first item of B which has type list assigned.

• Reassign type ready to the remaining items of B which have type list assigned.

Advice blocks processed in this way are called postponed blocks. Note that no additional

advice blocks are produced by the procedure Postpone. For a block B, that is processed

by the Postpone procedure, B remains the only advice block that corresponds to Bopt.

An advice block B that is removed from the waiting list by these procedures will

never be inserted into the waiting list of 2brwl. This is the reason, for both procedures

Split(B) and Postpone(B), that the procedure Remove(B) is run.

For this algorithm, the goal is to ensure that there are not too many advice blocks

of a similar size in the waiting list. To formalize the notion of similar size, we define

the class of a list advice block. In the definition, s(B) is the number of items in the

buffer of opt when opt starts serving Bopt. That is, one list item and all the hold

items of B. Note that, for an early block B′ resulting from Split(B), we have that the

number of items in B′ is s(B).
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hold hold hold list list list comp

hold hold hold hold ready ready comp

Figure 7.3: An example of the procedure Postpone(B) as applied to an advice block B

(top) of items with types hold, list and comp. The first list item of B is changed to

hold and the remaining list items are changed to ready as shown in the postponed block

(bottom).

Definition 7.15 (Class of an Advice Block). The class of an advice block B of type

list is blog s(B)c, where s(B) is one more than number of items in B of type hold.

From the definition of a class of a list advice block B, we have that, for class i,

s(B) ∈ [2i, 2i+1). Therefore, for a buffer of size k, there are blog kc+ 1 possible classes,

i.e. classes run from 0 to blog kc.
We are now ready to formally define T2brwl(σ) and U2brwl(σ). Initially, T2brwl(σ) =

T2bl(σ) and U2brwl(σ) = U2bwl(σ). Simulate 2brwl on σ with T2brwl(σ) and U2brwl(σ).

Let nτi be the number of advice blocks of class i in the waiting list at time τ . Let

(τ∗, i∗) = arg max
τ∈[1,n],i∈[0,blog kc]

nτi .

If nτ
∗
i∗ ≥ C, let B1 and B2 be the two last advice blocks of class i∗ in the waiting list at

time τ∗, and perform the two following operations.

• Run Split(B1) and Split(B2).

• For all remaining advice blocks, B′, of class i∗ in the waiting list at τ∗, run

Postpone(B′).

By running these procedures, the advice sequences are updated such that 2brwl will

not insert these nτ
∗
i∗ blocks into the waiting list. This process is repeated using the

updated advice sequences until, for all 1 ≤ τ ≤ n and 0 ≤ i ≤ blog kc, nτi < C.

7.4.2 The Analysis

For the analysis, unless explicitly stated, we will always consider the advice blocks as

defined with respect to the entire request sequence, σ, and their types, T2brwl(σ). The
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definition of 2brwl and the two following lemmas show that 2brwl is well defined for

any request sequence. The proof of the first lemma follows that of Lemma 7.7 for the

items of type hold in both T2bl(σ) and T2brwl(σ) plus a second case for those items

of type hold in T2brwl(σ), from running the procedure Postpone, that are type list

in T2bl(σ). The proof of the second lemma is analogous to that of Lemma 7.8.

Lemma 7.16. Whenever 2brwl has a full buffer, it contains a list, ready or comp

type item.

Proof. Assume for contradiction that at some time τ , k < τ ≤ n + 1, the buffer of

2brwl is full and all the items have type hold and the original type of these items was

hold. That is, the type of the items in T2bl(σ) is hold. By the definition of the advice

sequence T2brwl(σ), for the advice blocks currently in the buffer of 2brwl, the items of

type list, ready and comp are younger than the hold items and, by the definition of

2brwl, the hold items will be served before the list and comp items. Therefore, for

all the blocks in the buffer, the list, ready and comp items arrive at a time greater

than τ . By the definition of the advice, the items of type hold are kept in the buffer of

opt and are present in the buffer of opt at time τ . So, at time τ , opt cannot remove

any of the items in its buffer before it reads another item with a matching colour from

the input sequence. This is a contradiction, as opt has to remove an item at time τ

since its buffer is full.

If the buffer contains hold items that were originally of type list (list in T2bl(σ)),

then the procedure Postpone was run on the blocks containing these items which re-

assigned the type from list to hold. Hence, these blocks are postponed blocks. If at

time τ , opt has already finished outputting the items of any postponed block B in the

buffer of 2brwl, the item of B of type comp would have been already read from the

input and it would be in the buffer of 2brwl which contradicts the fact that the buffer

is full of hold items. That means that at time τ , opt is outputting the items of one

of the postponed blocks B, and all the k − s(B) other items from the buffer of 2brwl

are still in the buffer of opt and have type hold. As B is a postponed block, from the

definition of T2brwl(σ), B is postponed after two blocks, B1 and B2 of the same class

as B are split. Since s(B), s(B1) and s(B2) ∈ [2i, . . . , 2i+1), the two early blocks are of

size greater than s(B)/2 each. At time τ , B1 and B2 are still in the buffer of opt while

the early blocks are already output by 2brwl. This is a contradiction as opt does not

have enough buffer space to keep at least k − s(B) + 2(s(B)/2 + 1) = k + 2 items in

the buffer.

Lemma 7.17. At time n+ 1, the buffer of 2brwl contains only blocks of type comp.
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Lemma 7.16 leaves open the possibility that 2brwl may be able to serve only part

of an advice block. This could only happen if all the items of the entire block do not

enter the buffer while 2brwl is serving its colour. In such a case, 2brwl would have

to return to this colour several times, and its cost would be higher than the number

of advice blocks given by the advice sequence T2brwl(σ). We will show that this does

not happen, and 2brwl always outputs the complete advice blocks as defined for the

entire request sequence σ and T2brwl(σ). Then, we will bound the competitive ratio of

2brwl.

First, we present the following technical lemma on the item types contained in an

advice block of T2brwl(σ) that shows that each block is 0 or more hold items followed

by 0 or more list or ready items followed by a comp item.

Lemma 7.18. In the advice sequence T2brwl(σ), the string produced by the concatena-

tion of types of the items in an advice block when ordered from oldest to youngest form

an expression in the language defined by the regular expression,

hold∗(list∗ ∪ ready∗)comp .

Proof. Initially, in the definition of T2brwl(σ), T2brwl(σ) = T2bl(σ). So, from Observa-

tion 7.6, initially, all the advice blocks in T2brwl(σ) are of the form hold∗list∗comp.

In the process to generate the final T2brwl(σ), only the advice blocks of this form are

run through the procedures Split and Postpone. Let B be an advice block of the form

hold∗list∗comp. Applying the procedure Split(B) generates an early block of the

form hold∗comp and a late block of the form ready∗comp as, for the early block,

the list item is changed to comp and, for the late block, all the list items are changed

to ready. Applying the procedure Postpone(B) generates an advice block of the form

hold∗ready∗comp as the oldest list item is changed to hold and the remaining list

items are changed to ready.

Now, we consider all the types of advice blocks which 2brwl outputs before they

become complete and show that opt cannot keep all the items of such advice blocks

longer in the buffer. For the various cases where this situation can occur, applying

Lemma 7.5 gives us the following result.

Lemma 7.19. When the algorithm 2brwl starts outputting an advice block, the entire

advice block will be output with no additional colour switches.
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Proof. The only advice blocks which 2brwl will start outputting before reading all the

items of the advice block from the input are: ready blocks and list blocks. All the

ready blocks are either postponed blocks from the Postpone procedure or late blocks

from the Split procedure.

First, consider the postponed blocks of type ready. From the construction of

T2brwl(σ), we know that 2brwl starts outputting a postponed block B later than

opt. That is, opt begins outputting Bopt strictly before reading the block item f that

follows the first item e of type list, but the advice for e gets modified to hold in the

Postpone procedure and, therefore, 2brwl only begins outputting B after reading f

of type ready into the buffer. Also, we know that the oldest item of Bopt is in the

buffer of 2brwl at that time. Hence, from Lemma 7.5, 2brwl can finish outputting

all the items of the block with a single colour switch.

Now, consider the late blocks of type ready. These blocks were produced by the

Split procedure. Let τ ′ be the time when 2brwl starts outputting a late ready block

B. From the definition of the Split procedure, the first ready item of a late block B

is the second list item of the original advice block. Let τ be the time that opt starts

outputting Bopt. By the definition of the advice, τ < τ ′ and, since the comp item

is not in the buffer at τ ′, opt is still outputting the items of Bopt at time τ ′. The

buffer of 2brwl at time τ ′ only contains list advice blocks and hold advice blocks

that contain items that are served after τ ′ by opt. The early block that corresponds

to Bopt has been output by 2brwl before τ ′. Therefore, τ ′ ≥ τ + i, where i is the

number of items in the early block that corresponds to Bopt. By Lemma 7.5, 2brwl

can output all the items of the block without a colour change at time τ ′.

Finally, consider the advice blocks of type list. Let τ ′ be the time when 2brwl

starts outputting an advice block B of type list. By the definition of the advice, advice

block B was not processed by the procedures Split or Postponed and is, therefore, an

advice block as defined for σ, using T2bl(σ). Also, the oldest item of Bopt is in the

buffer of 2brwl at the time that 2brwl begins outputting B. By showing that opt

starts outputting Bopt at some time τ ≤ τ ′, the claim follows from Lemma 7.5.

Assume that opt starts outputting Bopt at a time τ > τ ′. As B has type list at

time τ ′, we get that at time τ ′ there are no advice blocks of type ready or comp in

the buffer of 2brwl. All the advice blocks in the buffer of 2brwl at time τ ′ are

(1) original advice blocks of type hold as defined for σ, using T2bl(σ),

(2) original advice blocks of type list as defined for σ, using T2bl(σ),

(3) postponed blocks of type hold.
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By the definition of the advice, opt still has the items of the advice blocks of (1) in

the buffer at time τ ′. The advice blocks of (2) are in the waiting list behind B. This

implies that opt still has the items of the the advice blocks of (2) in its buffer at time

τ ′. The advice blocks of (3) are postponed blocks and, because of the reassignment of

the type in the Postpone procedure, opt can be in the process of outputting the first

of them at time τ ′. In this case, opt would have the items of two early blocks, s(B1)

and s(B2), of the same class as B in its buffer which have a total size greater than s(B)

since s(B), s(B1) and s(B2) ∈ [2i, . . . , 2i+1). The early blocks have already been output

by 2brwl at time τ ′. This is a contradiction as opt does not have enough buffer space

to keep at least k − s(B) + 2(s(B)/2 + 1) = k + 2 items in the buffer at time τ ′.

In the remaining part of this section, we will bound the competitive ratio of 2brwl.

For this, we will need a lower bound on the cost of opt, as well as an upper bound

on the cost of 2brwl. From the construction of the advice sequence, we have that the

number of advice blocks defined for σ by T2brwl(σ) is at least the number of advice

blocks defined for σ by T2bl(σ). We get the following two observations.

Observation 7.20. The cost of 2brwl is at most the number of advice blocks defined

with respect to σ and T2brwl(σ).

Observation 7.21. The cost of opt is at least the number of non-late blocks defined

with respect to σ and T2brwl(σ).

Therefore, to bound the competitive ratio, it is enough to bound the number of late

blocks defined with respect to σ and T2brwl(σ) as compared to the number of advice

blocks of other types. Let late2brwl denote the set of late blocks created by generating

T2brwl(σ) and U2brwl(σ).

Lemma 7.22. Let postponed and early denote the sets of postponed and early blocks

created when constructing T2brwl(σ). Hence, |late2brwl| ≤ 2
C (|postponed|+|early|).

Proof. Advice blocks from the set late2brwl are a result of the Split procedure. The

Split procedure is run on 2 blocks out of a set of blocks of size at least C. This procedure

produces a total of two early blocks and two late blocks. The remaining advice blocks

of which there are at least C − 2 become postponed blocks. The inequality follows as

there are at least C early and postponed blocks for every two late blocks.

Using Lemma 7.22 above and setting C = d2/εe, gives the following theorem.
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Theorem 7.23. For any ε > 0, 2brwl is (1 + ε)-competitive for the reordering buffer

management problem.

Proof. Let C = d2/εe. From Lemma 7.22 and Observation 7.21, we get that

|late2brwl| ≤
2

C
opt(σ) ≤ εopt(σ) .

Therefore, 2brwl(σ) ≤ (1 + ε)opt(σ).

7.5 A (1 + ε)-Competitive Algorithm with O(log(1/ε)) Bits

of Advice per Request

In this section, we modify the 2brwl algorithm and the advice in such a way so as to

be able to encode the position of the list blocks in the waiting list, using a constant

number of bits of advice per request. This is the main upper bound result of the

chapter.

The idea to the final modification is the following. Let B be an advice block with

an item of type list, and let time τ be the time that the first list item of B enters

the buffer of the algorithm. It is at time τ that the algorithm needs to know the value

uB and there are at least s(B) items in the buffer at this time. Recall that s(B) for an

advice block with an item of type list is defined to be the number of hold items plus

one list item which is exactly the number and types of the items in the buffer when

the position of B in the waiting list is required. Let D be a constant to be defined later.

If uB < Ds(B), then uB can be encoded in base D with at most s(B) digits. These

digits can be sent as advice with each one of the first s(B) items of the advice block

B. If uB ≥ Ds(B), then uB cannot be encoded in base D with s(B) digits. So, the

advice block B is removed from the waiting list by splitting B into an early and late

block, using the Split procedure define previously. The latter case will not happen too

often as the number of list advice blocks was significantly reduced going from 2bwl

to 2brwl.

7.5.1 The Advice and the Algorithm

The Advice. Given a σ and a fixed lazy opt, each item e ∈ σ is a assigned a type

te ∈ {hold, list,ready,comp}, where hold, list, ready and comp are defined as

in Section 7.4.1.
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In addition, each item e will have a value ve ∈ [0, . . . , D − 1]. For an advice block

B with an item of type list, the first s(B) items of B encode a digit of uB in base D,

ordered from the most significant to the least significant digit, using dlogDe bits. For

all other items, ve is unused and set to 0.

The Algorithm constant advice with waiting list. constant advice with

waiting list (cawl) is defined in essentially the same manner as the algorithm 2brwl.

The only difference is the manner in which cawl determines the position in the waiting

list for the list advice blocks. For an advice block B of type list, when the first list

item enters the buffer it is placed in the waiting list. The position in which to insert B

is determined by the ve values of the first s(B) items of B. Each ve represents a digit

of a base D number that is the position of B in the waiting list.

7.5.1.1 Building the Final Advice Sequences

We construct the advice sequence containing the types of the items, Tcawl(σ), and the

advice sequence containing the waiting list positions, Ucawl(σ), offline in the following

manner. Initially, Tcawl(σ) = T2brwl(σ), Ucawl(σ) = U2brwl(σ) and τ = 0. In a

simulation of cawl using the advice sequences Tcawl(σ) and Ucawl(σ), let advice block

B be the first new advice block of type list after time τ . If uB < Ds(B), then set the

values of ve appropriately for each of the first s(B) items of B. Otherwise, uB ≥ Ds(B).

In this case, run Split(B). This creates an early block and a late block, and removes B

from the waiting list. Set τ to the time step when the first list item of B entered the

buffer in the current simulation and repeat this procedure, using the updated advice

sequences of Tcawl(σ) and Ucawl(σ).

7.5.2 The Analysis

For the analysis, unless explicitly stated, we will always consider the advice blocks

as defined with respect to the entire request sequence, σ, and their types, Tcawl(σ).

cawl is defined essentially as 2brwl. One difference is the encoding of the positions

of list advice blocks in the waiting list. The other difference is that some of the advice

blocks with an item of type list as defined for σ by T2brwl(σ) have been changed to

early and late blocks by the Split procedure when defining Tcawl(σ). This means that

cawl and 2brwl would process σ in the same manner if Tcawl(σ) = T2brwl(σ) and
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Ucawl(σ) = U2brwl(σ). Therefore, all the lemmas and observations of Section 7.4.2

hold for cawl as they held for 2brwl.

As with 2brwl, in order to bound the competitive ratio, we need to bound the

number of late blocks in T2brwl(σ) as compared to the number of advice blocks of other

types. Lemma 7.22 bounds the number of late blocks created by generating T2brwl(σ)

and U2brwl(σ) which is the initial state of Tcawl(σ) and Ucawl(σ). Let latecawl denote

the set of late blocks created by generating Tcawl(σ) and Ucawl(σ) that are not in the

set late2brwl.

Lemma 7.24. Let listed denotes the set of advice blocks which contain items of type

list as defined with respect to σ and T2brwl(σ). Hence, |latecawl| ≤ C
D−1 |listed|.

Proof. Let B′ ∈ latecawl be a late block produced by applying Split(B) to some list

advice block B when generating Tcawl(σ) and Ucawl(σ). This only occurs in the case

when uB ≥ Ds(B) ≥ D2i , where i is the class of B.

Let B(B) be the set of advice blocks in the waiting list at a position before uB when

the first list item of B enters the buffer. Therefore, |B(B)| = uB and each block from

the set B(B) belongs to the set listed.

Let B0 be an advice block in listed, and let τ be the time step when the first

item of B0 was output and B0 was removed from the waiting list. For any advice block

B′ ∈ latecawl such that B0 ∈ B(B), the advice block B must have been in the waiting

list at the time τ . From the construction of T2brwl(σ) and U2brwl(σ), the number of

advice blocks of class i which are in the waiting list at time τ is less than C. So, B0

belongs to less than C different sets of B(B), where B is in class i.

Now, for each advice block B′ ∈ latecawl, we charge a cost of 1
uB
≤ 1

D2i
to each of

the uB advice blocks from the set B(B). The total cost charged to all advice blocks in

listed equals |latecawl|. From the reasoning above, we know that each advice block

from the set listed belongs to less than C different sets of B(B) for each class i. For

a buffer of size k, there are blog kc classes of blocks. Therefore, each block in listed is

charged a total cost less than

blog kc∑
i=0

C

D2i
≤ C

D − 1
.

That gives us that |listed| · C
D−1 ≥ |latecawl|.

Combining Lemma 7.22 and Lemma 7.24, and setting C = d2/εe and D = dC/εe+1

gives us the main upper bound of the chapter.
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Theorem 7.25. For any ε > 0, cawl is (1 + ε)-competitive for the reordering buffer

management problem, using O(log(1/ε)) bits of advice per input item.

Proof. Let C = d2/εe and D = dC/εe + 1. From Lemma 7.22, Lemma 7.24 and

Observation 7.21, we get that

|late2brwl|+ |latecawl| ≤
(

max

{
2

C
,

C

D − 1

})
opt(σ) ≤ εopt(σ) .

Therefore, alg(σ) ≤ (1 + ε)opt(σ).

The number of advice bits per input item e is 2 bits to encode the item type (te)

and dlogDe to encode in binary a digit in the base D encoding of the position of a

block in the waiting list (ve). In total, that is 2 + dlogDe = O(log(1/ε)) bits of advice

per item.

7.6 Lower Bound on the Advice Required for a Compet-

itive Ratio of 1

In this section, we show that Ω(log k) bits of advice per request are needed for a

deterministic algorithm to be 1-competitive. That is, for a deterministic algorithm

alg that uses o(log k) bits of advice there is no constant α independent of the request

sequence σ such that alg(σ) ≤ opt(σ) + α.

Initially, we present a family of request sequences, denoted by Ψ, where every σ ∈ Ψ

is composed of a sequence of phases. Then, we consider a class of tidy algorithms and

show that, for Ψ, any online algorithm can be converted to an online tidy algorithm

without increasing the cost. Next, we present a subclass of tidy algorithms called

predetermined tidy algorithms, and show that, for Ψ, we can construct a predetermined

tidy algorithm, algpta from any tidy algorithm, algtidy, such that the number of times

algpta serves a phase of Ψ optimally is at least as often as algtidy. Finally, we are able

to reduce the q-SGKH problem (see Section 2.3.1) to the reordering buffer management

problem, using a predetermined tidy algorithm and Ψ. The lower bound follows from

this reduction and Theorem 2.11 from [BHK+13] that is a refinement of the lower

bound framework first proposed in [EFKR11] as discussed in Section 2.3.1.

Throughout this section, we assume without loss of generality that the algorithm is

lazy. Also, the buffer size is assumed to be at least 2.
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7.6.1 Ψ Request Sequences

For a buffer of size k ≥ 2 and an even r > 0, we define a family of request sequences

Ψ(r, π1, π3 . . . , πr−1) such that, for σ ∈ Ψ,

σ =
〈
c1, c2, . . . , ck,π1(1), ck+1, π1(2), ck+2, . . . , π1(k), c2k,

π2(1), c2k+1, . . . , π2(k), c3k,

...

πr−1(1), c(r−1)k+1, . . . , πr−1(k), crk,

πr(1), πr(2), . . . , πr(k)
〉
,

where c1, . . . , crk are distinct colours. A new colour is the first request to a colour ci

in the request sequence. If i is odd, πi is a random permutation of the k most recently

requested new colours. If i is even, πi is the identity permutation of the k most recently

requested new colours. Note that |σ| = 2rk.

In other words, a request sequence in Ψ, consists of r+ 1 phases. The initial phase,

phase 0, consists of k items with k new colours. For the next r − 1 phases, a phase

i, 1 ≤ i ≤ r − 1, alternates the k new colours from the (i − 1)-th phase with k new

colours. For an odd phase i, the k colours from phase i− 1 are ordered according to a

random permutation. For an even phase i, the k colours from phase i− 1 are ordered

according to the identity permutation. The final phase, phase r, is only one additional

request to each of the last k new colours. As shown below, the identity permutation

of the even phases from 1 to r − 2 is used to ensure that, for tidy algorithms (defined

below), the state of the buffer after every such even phase consists of the k most recent

new colours. This allows us to consider pairs of sequential odd and even phases when

constructing the lower bound.

In the following lemma, we show that an optimal algorithm with a full buffer must

switch to the colour ci when the colour of the next request waiting to enter the buffer

is ci, i.e. the items are served in exactly the same order as the permutations, for a cost

equal to the number of distinct colours.

Lemma 7.26. Given σ ∈ Ψ, let Sσ be a sequence of colours such that Sσ is, for i from

1 to r− 1, πi(1), . . . , πi(k). Sσ is the (r− 1)k prefix for all optimal sequences of colour

switches.
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Proof. Let off be an offline algorithm for σ that performs rk colour switches, denoted

by Coff
σ , such that the first (r − 1)k colour switches are those of Sσ and the last k

colour switches are πr(1), πr(2), . . . , πr(k).

The correctness proof for off is by induction on j over the indexes of Coff
σ . Initially,

off fills its buffer with the first k requests which are k distinct colours. By definition,

the request waiting to enter the buffer is π1(1) which is the colour switched to by off.

off serves both requests of colour π1(1) in σ with one colour switch and a new colour

enters the buffer. Assume that for every colour switch for j = 1 to u − 1, the two

requests of colour Coff
σ (j) are served. For the inductive step from u − 1 to u, let σu

be σ with the pairs of requests with the colours of Coff
σ (1, . . . , u − 1) removed. The

2 requests of colour Coff
σ (u) occur in the first k + 1 requests of σu. Therefore, both

requests will be served when off switches to Coff
σ (u). Since off correctly serves σ and

the number of colour switches is equal to the number of distinct colours in the request

sequence, then off is optimal by Observation 7.2.

Finally, we show by induction on j over the indexes of Sσ, that Sσ is the only

(r−1)k prefix for a sequence of colour switches that an optimal algorithm can perform.

Note that no algorithm can perform better than the number of distinct colour switches.

Therefore, by induction, we will show that any deviation from Sσ results in an additional

colour switch which implies more colour switches than off. At the point of the first

colour switch, the buffer of an algorithm will contain the first k distinct colours and

Sσ(1) is waiting to enter the buffer. If any other colour besides Sσ(1) is switched to

at this point, the algorithm will only serve the first request of that colour resulting in

an additional colour switch to serve the second request of the same colour. Therefore,

an optimal algorithm must switch to Sσ(1) initially. Assume that this is the case for j

from 1 to u − 1. For the inductive step from u − 1 to u, let σu be σ with the pairs of

requests with colours of Sσ(1, . . . , u−1) removed. The first k requests of σu will be the

first request to k distinct colours including Sσ(u) and the (k + 1)-th request will have

the colour Sσ(u). As in the base case, an optimal algorithm must switch to Sσ(u) at

this point.

7.6.2 Tidy Algorithm

In this section, we consider a class of algorithms called tidy algorithms. Informally, a

tidy algorithm will always switch to a colour that has the second item of that colour

in the buffer before other colours. For Ψ, that means switching to a colour when the

second request of that colour is sure to be served. Tidy algorithms are formally defined
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in the following.

Definition 7.27 (A tidy algorithm). For σ ∈ Ψ, when performing a colour switch, a

tidy algorithm will switch (in order of priority) to a colour c in the buffer such that:

1. the last request to c is in the buffer;

2. c = πi(j), where πi(j) is the first request outside the buffer and i is even;

3. c is any colour in the buffer.

The following lemma shows that we can, for σ ∈ Ψ, without loss of generality,

restrict our attention to tidy online algorithms.

Lemma 7.28. Any online algorithm A for σ ∈ Ψ can be converted to an online tidy

algorithm Â such that, for all σ ∈ Ψ, Â(σ) ≤ A(σ).

Proof. Let CAσ be the sequence of colour switches performed by A on σ, and let u be

the first index in CAσ that violates the colour switching rules of a tidy algorithm, and

let c be the colour that a tidy algorithm would switch to at u.

We define Â to be another algorithm that simulates A in an online manner. The

algorithm Â maintains a pointer p, which is initially 1, in the sequence CAσ which is

generated online as Â simulates A on the request received. For the first u − 1 colour

switches, Â performs the same colour switches as A and updates p each time. Since A

does not violate the tidy properties until u, Â is tidy until this point. Note that the

buffers of Â and A are in the same state at this point and that CÂσ (1, . . . , u − 1) =

CAσ (1, . . . , u − 1). For the u-th colour switch, Â will switch to colour c. For the u + 1

colour switch, Â will perform the CAσ (u) colour switch and update p to u+ 1. From the

(u+ 1)-th colour switch of A and Â, Â is at least as far into the input as A. From this

point on, Â performs the same colour switches as A, dropping any colour switches to

colours that are no longer in the buffer. The droped switches correspond to colours that

are served more efficiently by Â than A. In total, Â performs at most as many colour

switches as A. As defined, Â may not be tidy, however this process can be repeated on

Â until a tidy algorithm is produced.

More formally, we will define a sequence of algorithms such that A0 = A and

Aq = Â, where Â is an online tidy algorithm and Ai is define in an online manner

based on Ai−1. Let uAi−1 denote the first index of the colour switches of an algorithm

Ai−1, for 0 < i ≤ q, that violates a tidy rule. If uAi−1 is undefined, Ai−1 is an online

tidy algorithm and the process is done. Let cAi be the colour that would not violate

the tidy rule at uAi−1 . Define algorithm Ai as Âi−1. That is, at uAi−1 , the previous
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uAi−1 − 1 colour switches were served exactly as the online simulation of Ai−1 and Ai

switches to cAi . If uAi exists, the process is repeated to define Ai+1. Note that this

process is online over a single pass over σ since the colour switches CAi
σ (1, . . . , uAi−1) =

C
Aj
σ (1, . . . , uAi − 1) for all Aj , j ≥ i. In addition, uAi can be determined online by

simulating Ai and using the simulated colour switches until the simulated colour switch

would violate a tidy property. As shown previously, Ai(σ) ≤ Ai−1(σ). Therefore, the

claim follows since A(σ) = A0(σ) ≥ · · · ≥ Aq(σ) = Â(σ).

Since we can assume without loss of generality that any online algorithm processing

σ ∈ Ψ is tidy, the following lemma implies that the buffer of such an algorithm contains

the k most recently requested new colours after serving the last request of an even

permutation.

Lemma 7.29. For σ ∈ Ψ, after serving πi(k), where i is even, the buffer of a tidy

algorithm contains cik+1, . . . , cik+k.

Proof. Assume for the sake of contradiction, that, after serving πi(k), there exists a

colour c in the buffer such that c /∈ {cik+1, . . . , cik+k}. If c ∈ {c1, . . . , cik}, it would

imply that the algorithm served the first request of {cik+1, . . . , cik+k} over the last

request of c which violates the first rule of a tidy algorithm, contradicting the fact

that the algorithm is tidy. If c ∈ {cik+k+1, . . . , crk} for r > i, it would imply that the

algorithm had either served a colour in {cik+1, . . . , cik+k} over the next item in πi which

violates the second rule of a tidy algorithm or served a colour in {cik+1, . . . , cik+k} over

the last request of an item in πi which violates the first rule of a tidy algorithm. Either

case is a contradiction to the fact that the algorithm is tidy.

7.6.3 A Predetermined Tidy Algorithm

A predetermined tidy algorithm is a tidy algorithm that, prior to bringing in the first

request of some permutation πi ∈ σ ∈ Ψ, i odd, into its buffer, will decided on a fixed

order, π∗i , to serve the colours of πi. That is, setting a specific order for the third tidy

rule. The formal definition of a predetermined tidy algorithm is the following.

Definition 7.30 (A predetermined tidy algorithm). For σ ∈ Ψ, prior to a colour

switch that will bring πi(1), i odd, into the buffer, a predetermined tidy algorithm will

fix a π∗i . When performing a colour switch, a predetermined tidy algorithm will switch

(in order of priority) to a colour c in the buffer such that:

1. the last request to c is in the buffer;
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2. c = πi(j), where πi(j) is the first request outside the buffer and i is even;

3. c = π∗i (`), where π∗i (j) is in the buffer and, for all j < `, π∗i (j) is not in the

buffer.

In the following, for an arbitrary σ ∈ Ψ, we are going bound the number of times a

predetermined tidy algorithm algpta perfectly serves all the colours of a permutation

as compared to a given tidy algorithm algtidy. For σ ∈ Ψ, let malg(σ) be the number

of pairs of permutation πi and πi+1, for i odd, such that some tidy algorithm, algtidy,

performs more than 2k colour switches to serve the colours of πi and πi+1. Given the

definition of malg, we get the following fact.

Fact 7.31. For σ ∈ Ψ and any algtidy, algtidy(σ) ≥ 2kr +malgtidy(σ).

In the following lemma, we define a predetermined tidy algorithm, algpta, using b

bits of advice per request, that uses an arbitrary tidy algorithm, algtidy, with b bits

of advice per request, as a black box to determine π∗i , where i is odd.1 We will show

that algpta serves πi and πi+1 optimally (with 2k colour switches) when algtidy serves

them optimally.

Lemma 7.32. From any online tidy algorithm with b bits of advice per request for the

reordering buffer management problem, algtidy, that receives all the advice in advance,

a predetermined online tidy algorithm with b bits of advice per request, algpta, can be

constructed that receives all the advice in advance, such that, for all σ ∈ Ψ, mpta(σ) ≤
mtidy(σ).

Proof. We will define a predetermined tidy algorithm, algpta, using b bits of advice

per request that are received in advance, that uses any tidy algorithm, algtidy, using

b bits of advice per request that are received in advance.

For each request in σ, the b bits of advice received by algpta are defined to be the

bits of advice required by algtidy. This is feasible since both algorithms use b bits

advice per request.

Intuitively, to determine every π∗i (the order in which algpta attempts to serve πi),

for i odd, algpta will provide algtidy a permutation of the k most recent colours based

on the advice received in advance and the requests already processed. The permutation

1It should be noted that we assume that algpta receives all the advice in advance. This strengthens

the algorithm and, in the following, for the lower bound, we make the same assumption. This only

makes our result stronger.
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π∗i will be determined by the colour switches of algtidy. The idea is to provide algtidy

the only input instance for which it could serve the colours of πi and πi+1 with 2k

colour switches.

More formally, for i odd, to determine every π∗i , algpta defines a σ′i to be given as

input to a simulation of algtidy with the advice received by algpta and an input request

sequence σ′i defined in the following manner. The prefix of σ′i is σ(1), . . . , σ(2k(i−1)+k),

i.e. the request seen by algpta to this point. Since algtidy is tidy, by Lemma 7.29,

immediately after bringing σ(2k(i−1)+k) into the buffer, the buffer of algtidy contains

the k most recently requested new colours: C = {c2k(i−1)+1 . . . , c2ik−k}. For the next

1 ≤ j ≤ k subsequent colour switches of algtidy, if a colour switch cj is in C, we

append cj , c2ik−k+1 to σ′i, where c2ik−k+1 is a new colour, set π∗i (j) = cj and have

algtidy continue serving σ′i. If cj is not in C or algtidy is unable to make a colour

switch (e.g. due to an inconsistency between σ′ and the advice), then the simulation

stops. In this case, the remaining items of π∗i are defined in an arbitrary manner.

To show that mpta(σ) ≤ mtidy(σ), we need to show that every time algtidy serves

πi, πi+1, i odd, with 2k colour switches so does algpta. By Lemma 7.26, if algtidy

serves πi, πi+1 in σ with 2k colour switches, then the first k colour switches to serve the

colours in πi∪πi+1 must be πi. Let π′i be first k colour switches of algtidy to serve the

colours in πi∪πi+1. If π′i = πi, it follows from the construction of π∗i above that π∗i = πi

and, therefore, algpta will serve the colours of πi, πi+1 with 2k colour switches.

7.6.4 Reduction from the q-SGKH Problem

For the lower bound, we will assume that the algorithm receives all the advice in advance

and use the lower bound framework as discussed in Section 2.3.1. That is, we can

reduce the q-SGKH problem to the reordering buffer management problem. Further,

the σrbm produced by the reduction is in the set Ψ, as defined above, which, along

with the previous lemmas, allows us to assume that the reordering buffer management

algorithm is a tidy algorithm and use the algpta defined in Lemma 7.32.

Lemma 7.33. Suppose that there exists a ρ-competitive algorithm with b bits of advice

per request for the reordering buffer management problem with buffer of size k. Then,

there exists an algorithm with 5kb bits of advice per request for the q-SGKH problem

that is correct for more than (1− (ρ− 1)2k)n characters of the n length string, where

q = k!, k ≥ 2 and 1 ≤ ρ ≤ 1 + 1
2k .

Proof. Let algrbm be a ρ-competitive algorithm with b bits of advice per request for
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the reordering buffer management problem. We will design an algorithm algq-SGKH

that will generate a request sequence, σrbm, that can be processed by algrbm.

The first k request of σrbm are k different colours. The remaining requests of σrbm

are defined, as follows, in an online manner such that it belongs to the set Ψ. Let Π be

an enumeration of all the possible permutations of length k and let g : Σ→ {1, . . . , k!}
be a bijection between Σ, the alphabet of the q-SGKH problem, and an index of a k

length permutation in Π. Let c(2i−1)k+1, . . . , c2ik+k be 2k arbitrary new colours. After

receiving request σq-SGKH(i),〈
π2i−1(1), c(2i−1)k+1, . . . , π2i−1(k), c2ik, π2i(1), c2ik+1, . . . , π2i(k), c2ik+k

〉
is appended to σrbm, where π2i−1 is the permutation at Π(g(σq-SGKH(i))), π2i is the

identity permutation, and both permutations are a permutation of the newest k colours

immediately before the first request of each permutation.

For σq-SGKH(i), the actions of algq-SGKH are based on the permutation π∗2i−1 deter-

mined by algpta, as defined in Lemma 7.32, based on algrbm. Prior to the i-th guess,

algpta has determined π∗2i−1 based on the requests seen so far, i.e. σrbm(1), . . . , σrbm(4ik−
4k) as generated from σq-SGKH(1), . . . , σq-SGKH(i− 1). So, the i-th guess of algq-SGKH

is the inverse function of g on the index of π∗2i−1 in Π.

For each request in σq-SGKH, at most 5k requests are generated for σrbm which for

algrbm requires at most 5kb bits of advice. This is feasible since algq-SGKH has 5kb

bits of advice per request. The advice provided to algrbm is from the advice provided

to algq-SGKH.

From the definitions of σrbm and algq-SGKH, we get that

# of misses = mpta(σrbm)

≤ mrbm(σrbm) , from Lemma 7.32,

≤ algrbm(σrbm)− optrbm(σrbm) , from Fact 7.31,

≤ (ρ− 1)optrbm(σrbm) , as algrbm is ρ-competitive,

= (ρ− 1)2kn , since optrbm = 2kn.

We are now ready to prove the main lower bound theorem.

Theorem 7.34. A deterministic online algorithm with advice for the reordering buffer

management problem with buffer of size k ≥ 2 requires at least 1
10 ·((1−Hk!(1−α)) log2 k)

bits of advice per request to be ρ-competitive for 1 < ρ ≤ 1 + 1
2k −

1
2k·k! , where Hq is the

q-ary entropy function and α = 1− (ρ− 1)2k.
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Proof. For 1 < ρ ≤ 1+ 1
2k−

1
2k·k! , let algrbm be a ρ-competitive deterministic algorithm

for the reordering buffer management problem with b bits of advice per request. Define

q = k!. By Lemma 7.33, there exists an algorithm for the q-SGKH problem with 5kb

bits of advice per request that is correct for more than (1 − (ρ − 1)2k)n characters

of the n length string. The bounds on ρ and k imply that q ≥ 2 and 1/q ≤ α < 1.

Theorem 2.11 implies that 5kb ≥ (1−Hq(1− α)) log q and, therefore,

b ≥ (1−Hq(1− α))

5k
log q

≥ (1−Hk!(1− α))

10
log2 k , as q = k! ≥ kk/2.

From Theorem 7.34, we get the following corollary.

Corollary 7.35. A deterministic online algorithm with advice requires Ω(log k) bits

of advice per request to be 1-competitive for the reordering buffer management problem

with buffer of size k ≥ 2.

Proof. Let alg be a ρ-competitive deterministic online algorithm, using b bits of advice

per request, for the reordering buffer management problem with buffer of size k ≥ 2,

where 1 < ρ ≤ 1 + 1
2k −

1
2k·k! . Let α = 1− (ρ− 1)2k. From Theorem 7.34, we have

b ≥ (1−Hk!(1− α))

10
log2 k .

Note that 0 < 1−α ≤ 1−1/k!. Since Hk!(x) ≤ H2(x) for all k! ≥ 2 and x ∈ (0, 1−1/k!],

b ≥ (1−H2(1− α))

10
log2 k (7.1)

As approaches ρ approaches 1 from above, α approaches 1 from below and H2(1− α)

approaches 0. Hence, (7.1) approaches log2 k
10 as ρ approaches 1.
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8
The List Update Problem

In this chapter, we consider the list update problem (see Section 8.1 for a formal

definition). The main result in this section is to show that there is a multiplicative

gap of at least 13/12 between the cost of an offline optimal algorithm restricted to

free exchanges and an unrestricted offline optimal algorithm that can use both paid

and free exchanges. This question has implicitly been open since the work of Reingold

and Westbrook [RW96] showed that the gap was at least an additive constant with a

counter-example to the claim that there was no gap of Sleator and Tarjan in [ST85].

8.1 Preliminaries

The list update problem consists of a linked list of ` items and a finite request sequence

of accesses. Each request is to access an item of the list. Each item access begins at

the head of the list and there is a cost of 1 to the algorithm for each item accessed

until the requested item is found. This is, the cost to access the i-th item in the list

is i. Then, the requested item can be moved forward in the list at no cost and such a

move is called a free exchange. At any time, two adjacent items may be swapped at a

cost of 1 and the swaps are called paid exchanges. The goal is to dynamically rearrange

the list over the request sequence so as to minimize the total cost of accesses and paid

exchanges over the request sequence.

We will use opt to denote an unrestricted optimal offline algorithm, and we will use

opt free to denote an optimal offline algorithm restricted to using only free exchanges.
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For the request sequences, we will denote multiple requests in a row to the same item

by using exponents, e.g. xk would mean that x is requested k times in a row.

In [RW96], Reingold and Westbrook consider the offline version of the list update

problem and show several properties of an offline optimum using both paid and free

exchanges such as the following corollary.

Corollary 8.1. [RW96] If an item x is requested 3 or more times consecutively, then

an optimal algorithm must move it to the front before the second access.

Also, in [RW96], Reingold and Westbrook define the notion of a subset transfer and

show that there exists an optimal algorithm that only performs such moves.

Definition 8.2 (Subset Transfer). Let x be a requested item. A subset transfer is a

move of a subset of the items ahead of x in the list to the position immediately after x

such that the relative order of the items in the subset is maintained.

Theorem 8.3. [RW96] There is an optimal algorithm that does only subset transfers.

Using Corollary 8.1 and Theorem 8.3, we get the following theorem.

Theorem 8.4. Let σ =
〈
xk11 , . . . , x

kj
j

〉
, where, for all i, ki ≥ 3 and, for i < j, xi 6=

xi+1. For any initial list configuration, every opt free moves each xi, 1 ≤ i ≤ j, to

the front of the list immediately after the first access to xi of xkii in σ.

Proof. For σ, by Corollary 8.1, an optimal algorithm must move xi, i = 1 to j, to the

front before the second request to the item. Let opt be an optimal algorithm that only

performs subset transfers. By Theorem 8.3, such an optimal algorithm exists. Observe

that, after moving xi to the front by a subset transfer immediately before the first

access to xi, opt performs no other moves over the remaining consecutive requests to

xi by the fact that, for the remaining requests, xi is at the front of the list and the

property that opt only performs subset transfers.

The action by opt of moving xi to the front immediately before the first request

to xi can be accomplished for the same cost by either accessing xi and then moving

it to the front, or moving xi to the front with paid exchanges and then accessing xi.

Therefore, there exists an optimal algorithm that moves xi to the front immediately

after the first access of xi with a free exchange.

Informally, the next theorem shows that, for an arbitrary algorithm that only per-

forms free moves, denoted by alg free, and, for a sequence of consecutive requests
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to an item x, such that x is moved forward to the position β during these consecutive

requests, if alg free would move x to β immediately after the first request, it would

reduce its cost. This holds for both offline and online algorithms, but online algorithms

are not able take advantage of this fact given that they do not in general know the

subsequent requests.

Theorem 8.5. Let σ = 〈σ1, ν, σ2〉, where ν is at least two consecutive requests to the

same item x. Let β be the position of x immediately after ν for an arbitrary algorithm

alg free. There exists an algorithm alg free′ that moves x to β immediately after

the first request of ν such that alg free′(σ) ≤ alg free(σ), and alg free′ serves

σ1 and σ2 exactly as alg free.

Proof. The algorithm alg free′ is defined to serve σ1 in the same manner as alg free,

move x to position β immediately after the first request of ν and to serve σ2 in the same

manner as alg free. Note that the list configurations of alg free′ and alg free

match prior to and after serving ν. Therefore, the cost to both algorithms is the same

for σ1 and σ2.

Let α ≥ β be the position that alg free moves x immediately after the first

request of ν. Then, there is at least one request of ν that has an access cost of α

for alg free. The same request has an access cost of β for alg free′. Therefore,

alg free′(σ) ≤ alg free(σ)

8.2 Notes on Upper Bounds

In this section, we consider some natural algorithms with advice and provide some

upper bounds on the competitive ratio of these algorithm via known upper bounds

for randomized algorithms (without advice) whose performance is not better than the

algorithms with advice. Initially, we consider algorithms with advice that only perform

free exchanges and then consider an algorithm with advice, using paid exchanges.

In [Alb95], Albers describes the timestamp family of algorithms. The parameter-

ized version of timestamp is denoted by timestampp and works as follows. For a

request rj in σ to an item x, let ri be the previous request (if it exists) to x. Let y be

the item nearest to the front that was either not requested between ri and rj , or that

was requested once between ri and rj and that request was processed by the procedure

Stamp (defined below). With probability p, timestampp moves x to the front and,
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with probability 1− p, timestampp runs procedure Stamp(rj).

Procedure Stamp(rj)

• If rj is the first request to x, do not move x.

• Otherwise, x has been requested previously and y is well defined. Move x to the

position immediately in front of y.

The algorithm timestamp without the parameter p is equivalent to p = 0 and is

deterministic, i.e. timestamp = timestamp0. The optimal choice of p = 3−
√

5
2 gives

a Φ-competitive algorithm, where Φ = 1−
√

5
2 > 1.618 is the golden ratio. Also, this

algorithm can be implemented as barely random algorithm where the items are fixed

to the two different actions with a probability p and 1− p respectively, using ` random

bits, before serving the sequence [Alb95]. Therefore, implicit in the definition of this

algorithm is a Φ-competitive algorithm that uses 1 bit of advice per request or ` bits

of advice in total. These algorithms simply make the choices according to the advice

bits.

For the problem with advice, there is a very natural family of online algorithms to

consider. We denote this family of algorithms as mfP which stands for “move forward

to a position in the set P”. For a set of positions P, at most dlog |P|e bits of advice per

request are needed to encode the index of a position in an enumeration of P. The advice

is based on the algorithm that will optimally serve the request sequence when limited

to moving forward to one of the positions in P after each request. Some examples of

algorithms in the family mfP, are

mf{1,r}: For request r, 1 bit of advice indicates whether to move the item to the front

of the list (position 1) or not (position r).

mfgeo: geo is the set of positions of the head of sub-lists in a geometric partitioning

of the positions of the list into disjoint, contiguous sub-lists of increasing size

of 2i for i ∈ [0, . . . , dlog `e), where the first sub-list begins at position 1. These

positions can be encoded with dlog dlog `ee bits of advice.

mf[`]: dlog `e bits of advice indicate the position in the list to which the accessed item

is moved.
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Note that the performance of the mf[`] algorithm is equivalent to the optimal offline

algorithm restricted to free moves. Further, the lower bound for opt free presented

in Section 8.3 is a lower bound for the family of mfx algorithms.

Let mf⊇{1,r} be all of the mfP algorithms that contain, as a subset of possible

forward moves, the option to move the item to the front or to not move the item.

The counter algorithm, a randomized algorithm of Reingold et al. [RWS94] that is a

generalization of the bit algorithm that moves items to the front in a barely random

fashion, has an upper bound of
√

3 which holds for all mf⊇{1,r}. For opt free and

mf[`], the algorithm comb of Albers et al. [AvSW95] which randomly uses the bit

algorithm with a probability of 4/5 and the non-parameterized timestamp algorithm

with a probability of 1/5 implies an upper bound of 1.6. This is the currently the best

known upper bound for randomized algorithms, opt free and mf[`].

If we allow the algorithm with advice to use paid exchanges, at most ` − 1 bits of

advice per request or
∑n

i=1(ri − 1) bits of advice in total are required for an optimal

algorithm. This follows immediately from the subset transfer theorem of Reingold and

Westbrook of [RW96] (see Definition 8.2 and Theorem 8.3).

8.3 Lower Bound for opt free

In this section, we present a lower bound for the free move optimal offline algorithm

as compared to the unrestricted optimal offline algorithm. That is, we are comparing

the power of paid exchanges and free exchanges versus only free exchanges.1 We show

that, for the case of a list of length at least 3, the performance ratio between opt free

and opt is at least 13/12 > 1.083 in the worst case. More formally, there exists

an infinite family of finite request sequences σr, r > 0, where the cost of an offline

algorithm that uses paid exchanges, off, increases with r, such that opt free(σr)
opt(σr) ≥

opt free(σr)
off(σr) ≥ 13/12. This implies that, for any ε > 0 and any additive constant η that

does not depend on the length of the request sequence, there does not exist a free move

algorithm, alg free, such that alg free(σ) ≤
(

13
12 − ε

)
opt(σ) + η for all σ.

To prove the claim, we begin by defining a request sequence R(L). For a given

initial list configuration L, we define R(L) and a deterministic offline algorithm off

1In [RW96], Reingold and Westbrook show that free exchanges can be replaced by paid exchanges

without increasing the cost. So, an optimal offline algorithm restricted to only paid exchanges is not

weaker than an optimal offline algorithm that can use both paid and free exchanges.
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that uses paid exchanges. By relabelling the list of off after having served R(L) to

match L, we can define an arbitrarily long request sequence σ consisting of repeated

requests to R(L) based on a relabelling of the list state of off after each R(L). If the

list is of length more than 3, we ignore all but 3 items. In what follows, without loss

of generality, we consider a list of length 3.

For a list of length 3 with a starting list configuration L = y, x1, x2, we define the

request sequence R(L) =
〈
x2, x1, x

3
1, x

3
2

〉
. (Note that x1 is requested 4 times in a row.)

Offline Paid Exchange Algorithm. Let off be an unrestricted offline algorithm

defined as follows. Before the first request of R(L), using two paid exchanges, x1, x2

are moved to the front of the list. Then, immediately before the second request to any

xi, 1 ≤ i ≤ 2, off moves xi to the front.

Immediately from the definition of off, we have the following fact.

Fact 8.6. Given a starting list configuration of L = y, x1, x2, after serving R(L), the

list configuration of off is x2, x1, y.

The following lemma shows the cost of off for R(L), assuming the starting list

configuration is L.

Lemma 8.7. Given a starting list configuration of L = y, x1, x2, the cost of off to

serve R(L) is 12

Proof. The cost to bring x1, x2 to the front by paid exchanges is 2 and the list config-

uration is now x1, x2, y. The cost of the first access to x2 is 2, the cost to the next four

requests of x1 is 4. The second access to x2 costs 2 and then xi is brought to the front

and the remaining two accesses cost 2.

Overall, the cost to off is 12.

Arbitrarily Long Request Sequence. For an initial list configuration of L =

y, x1, x2, from Fact 8.6, the configuration of the list of off after serving R(L) is x2, x1, y.

Therefore, after serving R(L), with a relabelling of the list of off to that of L, R(L)

can subsequently be requested again, and this can be repeated to create arbitrarily long

request sequences.

Let σr = 〈R1(L1), R2(L2), . . . , Rr(Lr)〉 such that Rj(Lj) is based on Lj , where Lj is

the configuration of the list of off after serving R1, . . . , Rj−1 for 1 < j ≤ r and L1 = L
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is the initial configuration of the list. We will use the term round to signify an R(L) in

σr.

Offline Free Move Algorithm. Let L = y, x1, x2 be the initial list configuration.

Define mff1 to be an algorithm for the request sequence R(L) as follows. mff1 moves

x1 to the front of the list on the first request to the item, and moves x2 to the front of

the list only on the second request to the item.

Immediately from the definition of mff1, we have the following fact about the

configuration of the list after mff1 serves R(L).

Fact 8.8. Given a starting list configuration of L = y, x1, x2, after serving R(L), the

list configuration of mff1 is x2, x1, y.

Note that, when starting from the same initial list configuration and serving R(L),

the list configuration of mff1 is exactly that of off after serving R(L) which implies

the following observation.

Observation 8.9. mff1 is well defined for σr.

The Last 4 Requests of σ. In the following lemma, we show that any opt free

moves any item x to the front of the list immediately after the first access of three

consecutive requests to x in Rr(Lr) of σr, i.e. the last round of σr.

Lemma 8.10. For σr = 〈R1(L1), . . . , Rr(Lr)〉, every opt free moves any item x to

the front of the list immediately after the first access of three consecutive requests to x

in Rr(Lr), where L1 = y, x1, x2 and Lj, 1 < j ≤ r, is the list configuration of off after

serving 〈R1(L1), . . . , Rj−1(Lj−1)〉.

Proof. Let Lr = y, x1, x2 and let A be an arbitrary opt free algorithm. For the

sake of contradiction, assume that A does not move some xi ∈ Rr(Lr) to the front

immediately after the first request to x3
i ∈ Rr(Lr).

Let σ′ = 〈R1(L1), . . . , Rr−1(Lr−1), x2〉 and σ′′ =
〈
x4

1, x
3
2

〉
. Define Â to be a free move

algorithm that serves σ′ exactly as A and moves all xj ∈ σ′′ to the front immediately

after the first request to each item in σ′′.

SinceA and Â serve σ′ in the same manner, Â(σ′) = A(σ′) and the list configurations

of A and Â are the same immediately after σ′. From Theorem 8.4, given the list

configuration of both A and Â after serving σ′, Â is optimal over the remainder of the

sequence and A is not. That is, for the list configuration of both A and Â after serving
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σ′, Â(σ′′) = opt(σ′′) < A(σ′′). Therefore, Â(σr) = A(σ′) + opt(σ′′) < A(σr) which

contradicts the fact that A is an optimal free move algorithm.

For an initial configuration L = y, x1, x2 and R(L) =
〈
x2, x1, x

3
1, x

3
2

〉
, the following

lemma shows that mff1 is an optimal free move algorithm for R(L).

Lemma 8.11. For an initial list configuration L = y, x1, x2, mff1(R(L)) = 13 and

opt free(R(L)) = 13.

Proof. Irrespective of the free move algorithm, the access cost for the first request is

3 and there are 3 possible list configurations after the access. They are y, x1, x2 (this

corresponds to mff1); y, x2, x1; and x2, y, x1. By Theorem 8.4, after serving the first

request, every opt free moves x1 and x2 to the front of the list on the next request to

each item. Table 8.1, summarizes the costs of the 3 possible ways to serve R(L). The

actions of mff1 on R(L) correspond to the y, x1, x2 column which is a minimum.1

List Configuration

Request y, x1, x2 y, x2, x1 x2, y, x1

1 x2 3 3 3

2 x1 2 3 3

3 x3
1 3 3 3

6 x2 3 3 2

7 x2
2 2 2 2

Total: 13 14 13

Table 8.1: For an initial list configuration of L = y, x1, x2, this table summarizes the

potential optimal free move algorithms for R(L) =
〈
x2, x1, x

3
1, x

3
2

〉
. From Theorem 8.4,

we know that after the first request every opt free moves all the items to the front of

the list for the remaining requests. Therefore, the only variable is the configuration of the

list immediately after the first request. Columns 3 − 5 represent the three possible list

configurations. Column 1 is the index in R(L) of the request listed in column 2. From

the table, the first and third list configurations are optimal, and mff1 corresponds to the

first list configuration. The third list configuration corresponds to an algorithm that moves

items to the front on every request which also happens to be optimal for this R(L).

1The reason we consider mff1 over mtf is that we believe that this lower bound construction

can be extended to use a list of arbitrary length such that there are m x’s and k y’s, giving an

L = y1, . . . , yk, x1, . . . , xm and an R(L) =
〈
xm, . . . , x1, x

3
1, . . . , x

3
m

〉
, where the case considered here is

m = 2 and k = 1. In general, for such an initial list configuration and request sequence, mtf is not a

opt free, whereas it can be shown that mffk is an opt free for the general R(L).
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In the next lemma, we show that there exists an opt free that moves any item x

to the front after the first access of three consecutive requests.

Lemma 8.12. For σr = 〈R1(L1), . . . , Rr(Lr)〉, there exists an opt free that moves

any item x to the front of the list immediately after the first access of three consecutive

requests to x, where L1 = y, x1, x2 and Lj, 1 < j ≤ r, is the list configuration of off

after serving 〈R1(L1), . . . , Rj−1(Lj−1)〉.

Proof. In this proof, for σr, we consider an arbitrary opt free algorithm A and show

that, if the property does not hold for A, then there exists another opt free algorithm

A′ that moves item x to the front of the list immediately after the first access of three

consecutive requests to x such that A′(σr) ≤ A(σr). This will be done by defining

a sequence of algorithms Aq, starting with A0 = A, and by reverse induction on i

and j over all the x3
i ∈ Rj(Lj) ∈ σr. That is, we consider the rounds from Rr(Lr)

to R1(L1) and the consecutive three requests in each round from the last consecutive

three requests to the first. For each x3, if Aq does not move x to the front immediately

after the first request, we define Aq+1, based on Aq, such that the desired property

holds for x3 and all subsequent consecutive three requests, and we show that the cost

does not increase.

In the proof, we use the following notations. Let x3 be three consecutive requests in

Rj(Lj) for which Aq does not have the desired property. We will denote all the requests

in σr before x3 by σ1. The requests after x3 will be denoted by σ2. Note that σ2 could

be an empty sequence. For the analysis, we will often (Case 2 and Case 3 below) further

partition σ2 into disjoint partitions 〈σ3, . . . , σp〉 such that σr =
〈
σ1, x

3, σ3, . . . , σp
〉
. At a

risk of a slight abuse of notation, we will denote the cost of a subsequence of an arbitrary

σr to an algorithm, alg, that serves all of σr, as alg(ri, . . . , rj) = alg(r1, . . . , rj) −
alg(r1, . . . , ri−1), where the prefix and the suffix are understood implicitly. That is,

alg(ri, . . . , rj) is the cost accrued by alg over the requests ri, . . . , rj of σr given that

alg has served the prefix r1, . . . , ri−1 and will serve the remaining requests. Therefore,

we have that alg(σr) = alg(σ1)+alg(x3)+alg(σ3)+ · · ·+alg(σp). By Theorem 8.5,

we can assume without loss of generality that Aq does not move x further ahead in the

list on the second or third requests of x3.

For a list of length 3, there are two alternating list configurations for off (i.e.

values for Lj) before each Rj(Lj), y, x1, x2 and x2, x1, y (see Figure 8.1). Therefore, x1

is requested in every Rj(Lj), and x2 and y are requested in alternating Rj(Lj)s.

For xi ∈ Rj(Lj), which is the last point in σr for which Aq does not move xi

to the front immediately after the first request of three consecutive requests, we can
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y, x1, x2 x2, x1, y

Rj

Rj+1

Figure 8.1: An automaton describing the two possible list states of off for σ and a

list of length 3, where the initial list configuration is y, x1, x2, Rj =
〈
x2, x1, x

3
1, x

3
2

〉
and

Rj+1 =
〈
y, x1, x

3
1, y

3
〉
.

distinguish between three cases: (1) xi is never requested again in σr; (2) xi is requested

again in Rj+1(Lj+1), i.e. the next round; (3) xi is requested again in Rj+2(Lj+2), i.e.

in the round after the next round. Note that this partitioning is exhaustive.

At each inductive step such that Aq does not have the desired property, we define

an algorithm Aq+1 based on Aq, for q ≥ 0 as follows.

Definition of Âq. For σ =
〈
σ1, x

3
i , σ2

〉
and algorithm Aq as defined previously, let

Âq be an algorithm that serves σ1 in the same manner as Aq and then moves xi from

position α > 1 to the front of the list at the first request of xi. Immediately after

serving xi, the configuration of the list of Aq is B, xi, C and the configuration of the

list of Âq is xi, B,C, where B is the set of items ahead of xi in the configuration of Aq

at this point and C is the set of items behind xi in the configuration of Aq. As long

as the list configuration of Aq and Âq differ, for each xj ∈ σ2, if Aq moves xj to the

front, Âq moves xj to front. Otherwise, Âq does not move xj forward. Once the list

configurations of Aq and Âq match, Âq will serve the remaining requests exactly as Aq.

Note that it is possible that the list configuration of Âq may never match that of Aq

(see Case 1 below).

From the definition of Âq, and the fact that the list has length of 3, we have the

following useful properties.

Âq(σ1) = Aq(σ1) , (8.1)

|B| ≥ 1 , (8.2)

|C| = 2− |B| , (8.3)

β = |B|+ 1 , (8.4)

where β is the position to which xi is moved by Aq. Further, given that Aq moves xi

from α to β, 1 < β ≤ α, and Âq moves xi from α to the front of the list, we have the
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following properties.

Aq(x
3
i ) = α+ 2β , (8.5)

Âq(x
3
i ) = α+ 2 (8.6)

= Aq(x
3
i )− 2β + 2 , (8.7)

where (8.7) comes from replacing α in (8.6) by the value of α in (8.5).

Case 1: xi ∈ Rj(Lj) is never requested again in σr. Recall that σ =
〈
σ1, x

3
i , σ2

〉
.

When j = r, this case follows immediately from Lemma 8.10 by defining Aq+1 to be

the algorithm defined in the proof of Lemma 8.10.

When j < r, we define Aq+1 to be Âq as defined above. For a list of length

3, this only occurs when j = r − 1 and i = 2, where Lr−1 = y, x1, x2 and, hence,

Rr−1(Lr−1) =
〈
x2, x1, x

3
1, x

3
2

〉
. For Lr−1 = y, x1, x2, Rr(Lr) =

〈
y, x1, x

3
1, y

3
〉

and x2 is

not requested.

Let σ1 =
〈
R1(L1), . . . , Rr−2(Lr−2), x2, x

4
1

〉
,

σ2 =
〈
y, x1, x

3
1, y

3
〉
.

Cost for σ2 =
〈
y, x1, x

3
1, y

3
〉
. By the case j = r, for σ2, Aq will move x1 and y to

the front of the list on the first request to x1 and the second request to y after which

the configuration of the lists of Âq and Aq will match.

If y is in B, then the total cost to access y for Âq over σ2 is at most 2 more than

that of Aq over σ2. This follows from the fact that there are two requests to y before

Aq must move y to the front, according to the induction hypothesis and, if y is in B,

then Âq has x1 in front of y, whereas Aq does not.

If y is in C, the total cost to access y for Âq over σ2 is at most 1 more than that of

Aq over σ2. This can occur if, on the first access to y, Aq were to move y between x1

and x2 in its list. Then, on the second access, y is one item closer to the front in the

list of Aq as compared to the list of Âq.

By the induction hypothesis, Aq must move x1 to the front on the first request to

x1 in σ2. Therefore, if x1 is in B, the first access costs 1 more to Âq as compared to

Aq and, if x1 is in C, the cost for the first access is the same for both Âq and Aq.

This gives that for σ2,

Âq(σ2) ≤ Aq(σ2) + 2|B|+ |C| − 1

= Aq(σ2) + |B|+ 1 , (8.8)

where the last line comes from applying (8.3).
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Using (8.1), we get

Âq(σr) = Aq(σ1) + Âq(x
3
i , σ2)

≤ Aq(σr)− 2β + |B|+ 3 , using (8.7) and (8.8),

= Aq(σr)− |B|+ 1 , using (8.4),

≤ Aq(σr) , by (8.2).

Case 2: xi ∈ Rj(Lj) and xi ∈ Rj+1(Lj+1), i.e. xi is requested in the next

round. We define Aq+1 to be Âq. For Lj = y, x1, x2, Rj(Lj) =
〈
x2, x1, x

3
1, x

3
2

〉
and

Rj+1(Lj+1) =
〈
y, x1, x

3
1, y

3
〉
.

Let σ1 = 〈R1(L1), . . . , Rj−1(Lj−1), x2, x1〉,
σ3 =

〈
x3

2, y, x1, x
3
1

〉
,

σ4 =
〈
y3, Rj+2(Lj+2), . . . , Rr(Lr)

〉
.

Note that σ2 = 〈σ3, σ4〉.1

Cost for σ3 =
〈
x3

2, y, x1, x
3
1

〉
. After serving x3

1, the configuration of the list of Âq

is x1, B, C and the list of Aq is B, x1, C. According to the induction hypothesis, Aq will

move x2 to the front on its first request in σ3. This request and the request to y will

each cost 1 more to Âq than Aq if they are in B. If they are in C, there is no additional

cost to Âq as compared to Aq. Finally, on the first request to x1 in σ3, x1 is no further

from the front in Âq than it is in Aq. Then, by the induction hypothesis, Aq moves x1

to the front for the remaining requests to x1 in σ3 as does Âq. Therefore,

Âq(σ3) ≤ Aq(σ3) + |B| . (8.9)

List Configuration after σ3. By the induction hypothesis, Aq will move x2

and x1 to the front of the list immediately after the first access to each one in σ3.

Consider the state of the list of Aq and Âq immediately after serving σ3, depending

on whether or not Aq moves y to the front. If Aq does not move y to the front of

the list, the configuration of its list will be x1, x2, y, and, by the definition of Âq, its

list configuration will also be x1, x2, y. If Aq does move y to the front of the list, the

configuration of its list will be x1, y, x2, and, by the definition of Âq, its list configuration

will also be x1, y, x2.

1Since x1 is requested four times in a row, there is an x31 (the last three x1’s) and an x41 (all four

x1’s). We only consider the last x31 in Rj(Lj) as the x41 in Rj(Lj) is to the advantage of Âq given that

x1 is requested an additional time. The additional request to x1 gives an additional savings of β− 1 to

Âq over σ2 as compared to the case of the last three x1’s. So, if the claim holds considering only x31, it

must hold for x41.

128



8.3 Lower Bound for opt free

Cost for σ4 =
〈
y3, Rj+2, . . . , Rr

〉
. After serving σ3, the configurations of the lists

of Âq and of Aq are the same. Therefore,

Âq(σ4) = Aq(σ4) . (8.10)

Summing (8.1), (8.7), (8.9), and (8.10), we get that the cost for Âq over σr is

Âq(σr) ≤ Aq(σr)− 2β + 2 + |B|

= Aq(σr)− |B| , using (8.4),

< Aq(σr) , by (8.2).

Case 3: xi ∈ Rj(Lj) and xi ∈ Rj+2(Lj+2), i.e. xi is requested in the round

after next. We define Aq+1 to be Âq. For Lj = y, x1, x2, Rj(Lj) =
〈
x2, x1, x

3
1, x

3
2

〉
,

Rj+1(Lj+1) =
〈
y, x1, x

3
1, y

3
〉
, and Rj+2(Lj+2) =

〈
x2, x1, x

3
1, x

3
2

〉
.

Let σ1 =
〈
R1(L1), . . . , Rj−1(Lj−1), x2, x1, x

3
1

〉
,

σ3 =
〈
y, x1, x

3
1, y

3
〉
, and

σ4 = 〈Rj+2(Lj+2), . . . , Rr(Lr)〉.
Note that σ2 = 〈σ3, σ4〉.

Cost for σ3 =
〈
y, x1, x

3
1, y

3
〉
. After serving σ1, x

3
2, the configuration of the list

of Âq is x2, B,C and the configuration of the list of Aq is B, x2, C. By the induction

hypothesis, Aq will move y to the front of the list on the second request in σ3 and x1

to the front of the list on the first request to it in σ3. This is exactly the same scenario

as σ2 for Case 1. Similarly to (8.8) for Case 1,

Âq(σ3) ≤ Aq(σ3) + |B|+ 1 . (8.11)

Since both y and x1 are moved to the front of the list in σ3, the configuration of the

lists of Aq and Âq must be y, x1, x2 after σ3.

Cost for σ4 = 〈Rj+2(Lj+2), . . . , Rr(Lr)〉. After serving σ3, the configurations of

the lists of Âq and of Aq are the same. Therefore,

Âq(σ4) = Aq(σ4) . (8.12)

Summing (8.1), (8.7), (8.11), and (8.12), we get that the cost for Âq over σr is

Âq(σr) ≤ Aq(σr)− 2β + |B|+ 3

= Aq(σr)− |B|+ 1 , using (8.4),

≤ Aq(σr) , by (8.2).
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To conclude, for each of the three cases possible at each inductive step, we have shown

that there exists an algorithm with the desired property. Overall, we have shown that

A′(σr) = Aq(σr) ≤ · · · ≤ A0(σr) = A(σr) which concludes the proof.

For σr as defined above, Lemma 8.12 shows that there exists an opt free that

moves x to the front when x is requested at least three times in a row. Let opt free∗

be such an opt free. This guarantees that the list configuration of opt free∗ after

each Rj(Lj) ∈ σr is the same as off. For an initial list configuration of L = y, x1, x2,

Lemma 8.11 shows that the algorithm mff1 is an optimal free move algorithm for

R(L). Combined with the previous fact, this implies that mff1 is an optimal free move

algorithm for σr since the list configuration of mff1 after serving R1(L1), . . . , Rj(Lj),

1 ≤ j ≤ r, is the same as opt free∗. Hence, mff1 serves all Rj+1(Lj+1) at a cost no

more than that of opt free∗. This is formally stated in the following lemma.

Lemma 8.13. For σr = 〈R1(L1), . . . , Rr(Lr)〉, mff1(σr) = opt free(σr), where L1 =

y, x1, x2 and Lj, 1 < j ≤ r, is the list configuration of off after serving

〈R1(L1), . . . , Rj−1(Lj−1)〉.

Proof. By Lemma 8.12, there exists an opt free that will have the same configuration

as off and mff1 immediately before Rj(Lj), 1 ≤ j ≤ r. Let opt free∗ be such an

opt free. Since the list configuration of mff1 and opt free∗ match prior to serving

every Rj(Lj), Lemma 8.11 implies that mff1(σr) = opt free(σr).

In the following lemma and theorem, given that, for any r > 0, mff1 is an op-

timal free move algorithm for σr, we can lower bound the worst-case ratio between

opt free(σ) and opt(σ) by analysing the ratio between mff1(σr) and off(σr) for

σr = 〈R1(L1), . . . , Rr(Lr)〉, where L1 = y, x1, x2 and Lj , 1 < j ≤ r, is the list configu-

ration of off after serving 〈R1(L1), . . . , Rj−1(Lj−1)〉.

Lemma 8.14. For r > 0, opt free(σr)
opt(σr) ≥ opt free(σr)

off(σr) = 13
12 > 1.083.

Proof. Let σ = 〈R1(L1), . . . , Rr(Lr)〉, where L1 = y, x1, x2 and Lj , 1 < j ≤ r, is the

list configuration of off after serving 〈R1(L1), . . . , Rj−1(Lj−1)〉.
From Lemma 8.13 and Lemma 8.11, mff1 is an optimal free move algorithm for

σr with a cost of 13r and, from Lemma 8.7, the cost of off for σr is 12r. Therefore,
opt free(σr)

opt(σr) ≥ opt free(σr)
off(σr) = 13

12 .

Theorem 8.15. Let alg free be a free move algorithm such that alg free(σ) ≤
αopt(σ) + η. For any η not dependant on σ, α ≥ 13/12.
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8.3 Lower Bound for opt free

Proof. For the sake of contradiction, let α = 13
12−ε for an ε > 0. Hence, alg free(σr) ≤(

13
12 − ε

)
opt(σr) + η. Solving for ε and σr such that alg free(σr) > η,

ε ≤ 13

12
− alg free(σr)− η

opt(σr)

≤ 13

12
− alg free(σr)− η

off(σr)

≤ η

off(σr)
(8.13)

by the fact that off(σr) ≥ opt(σr) and Lemma 8.14. Since η does not depend on

r, alg free(σr) increases as r increases and off(σr) increases as r increases, a con-

tradiction is found by choosing a sufficiently large r such that alg free(σr) > η and

(8.13) is no longer true.
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9
Conclusion

In this thesis, we considered online computation with advice as a means to study the

impact of knowledge about the future on the competitive ratio of online algorithms.

Specifically, we focused on the online advice model of [EFKR11] over the semi-online

advice model of [BKK+09]. The advantage of the online advice model is that the advice

is provided in an online manner which is very natural in the online setting. The semi-

online advice model is stronger than the online model in that the advice is received

before any requests are seen. This allows for algorithms that use amounts of advice in

total that are sublinear in the length of the request sequence.

The problems we considered were the k-server problem, the bin packing problem,

the dual bin packing problem, the problem of scheduling on m identical machines, the

reordering buffer problem, and the list update problem. For the k-server problem, we

improved the upper bound for general metric spaces and presented a novel algorithm

for finite trees that uses advice that is, in the worst case, logarithmic in the height of

the tree. An open question is that of establishing better bounds on the competitive

ratio of the k-server problem as a function of the advice.

For the packing and scheduling problems, we showed that it is possible to approach a

competitive ratio of 1 with a constant amount of bits of advice per request, yet Ω(logN)

bits of advice per request are required to be optimal, where N is the (optimal) number

of bins or machines. A natural follow up to this work would be to explore more general

versions of these problems, e.g. multi-dimensional packing, variable sized bins, related

and unrelated machines, variable profits for items. Many of the offline versions of the

generalized problems have PTAS’(APTAS’), but not all. It would be interesting to
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9. CONCLUSION

see if our techniques here could be extended to the more generalized versions of the

problems. For the packing and scheduling problems considered here, except for the bin

packing problem [BKLLO12], only lower bounds on the amount of advice required for

optimality are known. It would be interesting to find lower bounds on the amount of

advice needed for a competitive ratio, where the amount of advice is a function of the

competitive ratio. In addition, for the dual bin packing problem, we showed that an

algorithm that uses 1 bit of advice per request has a competitive ratio of 3/2. This

algorithm ensures that the largest items are rejected and packs the remaining items in

a reasonably efficient manner (first fit). We conjecture that the competitive ratio

of this algorithm is actually 4/3 which is the competitive ratio of the offline first fit

increasing algorithm [JLT78].

For the reordering buffer management problem, we presented an algorithm that has

the flavour of a PTAS. It has a competitive ratio of 1 + ε and uses O(log 1
ε ) bits of

advice per request. We complimented this by providing a lower bound of Ω(log k) on

the number of bits of advice per request for an online algorithm to achieve a competitive

ratio of 1. Since no PTAS is known for the offline version of this problem which is NP-

hard, it would be interesting to try adapting our approach to the offline version of the

problem in hopes of developing a PTAS. As with the packing and scheduling problems,

it would be interesting to see how to extend our results to the more general cases, e.g.

when the cost to switch from colour c to colour c′ depends on c and c′.

The main result presented in this thesis for the list update problem shows that the

difference in performance between an offline optimal algorithm restricted to free moves

and an unrestricted offline optimal algorithm is at least a multiplicative factor of 13/12.

This question has essentially been open since 1996 [RW96]. Due to some preliminary

results and some computer simulations, we believe that the sequence which only uses 3

distinct items for the lower bound of 13/12 can be generalized to a sequence that uses

any number of distinct items such that a lower bound of 3 −
√

3 can be achieved. In

addition, we presented some natural online algorithms with advice for the list update

problem and remarked that known randomized algorithms provide immediate trivial

upper bounds for the online algorithms with advice. There are no known algorithms

with advice (aside from the trivial algorithm using ` bits of advice per request) that beat

the competitive ratio of the best known randomized algorithm comb of 1.6 [AvSW95].

134



This is an important open question that would also provide an upper bound for an

optimal free move algorithm.

In the wider context of online algorithms with advice as a whole, there remains

many online problems that have not yet been studied in the context of advice and, for

those that have been studied, still many questions remain open. Furthermore, on a

more fundamental direction, an important direction to study in the relation between

online algorithms with advice and online randomized algorithms without advice.
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Richard Královic. On the advice complexity of the k-server problem. In

Luca Aceto, Monika Henzinger, and Jiri Sgall, editors, ICALP (1), volume

6755 of Lecture Notes in Computer Science, pages 207–218. Springer, 2011.

Also as technical report at ftp://ftp.inf.ethz.ch/pub/publications/tech-

reports/7xx/703.pdf. 3, 5, 28, 33
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