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ABSTRACT

We study consistent query answering with respect to key depen-
dencies. Given a (possibly inconsistent) database instance and a set
of key dependencies, a repair is an inclusion-maximal subinstance
that satisfies all key dependencies. Consistent query answering
for a Boolean query is the following problem: given a database
instance as input, is the query true in every repair? In [Koutris
and Wijsen, ICDT 2019], it was shown that for every self-join-free
Boolean conjunctive query and set of key dependencies containing
exactly one key dependency per relation name (also called the pri-
mary key), this problem is in FO, L-complete, or coNP-complete,
and it is decidable which of the three cases applies. In this paper,
we consider the more general case where a relation name can be
associated with more than one key dependency. It is shown that
in this more general setting, it remains decidable whether or not
the above problem is in FO, for self-join-free Boolean conjunctive
queries. Moreover, it is possible to effectively construct a first-order
query that solves the problem whenever such a query exists.
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1 INTRODUCTION

Key dependencies (or “keys” for short) are the most prevalent in-
tegrity constraints in relational databases. In database theory, key
dependencies are usually introduced as a special kind of functional
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dependencies. In practice, however, it is generally sufficient to have
keys, because a relational database schema in Boyce-Codd Normal
Form (BCNF) uses no functional dependencies other than keys. SQL
provides the constructs PRIMARY KEY and UNIQUE for defining
keys. In this paper, we deal with a dirty data scenario where keys
are known, but violated by the database instance. This situation can
occur, for example, in data integration [2]. A common approach
to deal with the inconsistency is to repair the instance, i.e., find
an inclusion-maximal consistent subinstance. Given that there can
be many repairs, we are particularly interested in finding query
answers that are consistent, i.e., they are query answers in every
repair.

Assume a vocabulary of relation names, where every relation
name R is associated with an arity arity(R) and a set of keys. Every
key K of R is a subset of {1, ..., arity(R) }. We say that a database
instance db is consistent if for every relation name R and every
key K of R, the following holds: if db contains two distinct facts
R(d;) and R(dy), then d; and a; disagree on some position of K. A
repair of a database instance is any inclusion-maximal consistent
subinstance. Given a Boolean query g, we are interested in the (data)
complexity of the following problem:

INPUT: A database instance db.
QUESTION: Is g true in every repair of db?

We denote this problem by CERTAINTY(q), where it is understood
that the integrity constraints are the keys associated with the re-
lation names that occur in g. For the results in the current paper,
the distinction between Boolean and non-Boolean queries is not
theoretically fundamental; this will be explained in Section 8.2.

In [17, 19], the authors study consistent query answering (CQA)
for queries in sjfBCQ, the class of self-join-free Boolean conjunctive
queries. It is shown that when every relation name is equipped with
exactly one key dependency, which is called the primary key, every
problem in {CERTAINTY(q) | ¢ € sjfBCQ} is in FO, L-complete,
or coNP-complete, and it is decidable (in polynomial time), given
q € sjfBCQ, to which of these complexity classes CERTAINTY(g)
belongs. Moreover, whenever CERTAINTY(q) is in L, it can be
expressed in symmetric stratified Datalog with some aggregation
operator.

In this paper, we investigate the more general setting where
relation names can be equipped with more than one key dependency.
We argue next that the two-keys case is already fundamentally
different from the primary-key case. In the case of primary keys, two
distinct database facts R(d;) and R(d@z) conflict with one another if
d and dy have the same value for the primary key of R. The binary
relation “conflicts with” on the set of database facts is symmetric
and transitive. Thus, the reflexive closure of this binary relation is
an equivalence relation, whose equivalence classes are commonly


https://doi.org/10.1145/3375395.3387654
https://doi.org/10.1145/3375395.3387654

called blocks. Every repair is obtained by selecting exactly one fact
from each block. It follows that all repairs have the same cardinality,
and that every primary-key value occurs (exactly once) in every
repair. If a relation name can have two (or more) keys, a significant
difference emerges: the relation “conflicts with” is no longer always
transitive. Consider, for example, the instance shown next where
{A} and {B} are both keys.!

R|A B
c e
c f-
d f
The fact R(c,e) conflicts with R(c, f), and R(c, f) conflicts with

R(d, f), but R(c, e) does not conflict with R(d, f). This instance has
two repairs, i.e., consistent subsets that are maximal with respect

to set inclusion:
A B A B
¢ e and }7]( .
d f ¢

The two repairs have different cardinalities, and the right-hand
repair does not contain the A-value d nor the B-value e. An easy
yet significant observation is that every repair corresponds to an
inclusion-maximal matching of the undirected bipartite graph with
edges the tuples in R. In fact, we will show that in the presence of
two keys, there are queries g such that CERTAINTY(q) is equiva-
lent (under logspace reductions) to the complement of Bipartite
Perfect Matching (BPM), which is known to be NL-hard [5]. Con-
sequently, in the presence of two (or more) keys, it is possible that
CERTAINTY(q) is neither in L nor coNP-complete (under standard
complexity assumptions), which cannot occur if we have only a
single key per relation.

The difficulties that emerge for two keys will be captured by the
novel notion of bi-tanglement. As it will turn out, the addition of a
third key incurs some new difficulties, which will be captured by
the notion of tri-tanglement. For the results in the current paper, it
turns out that the addition of a fourth (fifth, sixth,...) key does not
create more complexity, and can be fully captured in terms of bi-
and tri-tanglements.

In the case of multiple key dependencies per relation name, an
ambitious research goal is to exhibit a fine-grained complexity
classification of all problems in the set {CERTAINTY(q) | g €
sjfBCQ}. This goal is currently unrealistic when one realizes that
the exact complexity of BPM is already a notorious open problem
(see, for example, [9, 10]). Nevertheless, in this paper we take a
first important step by establishing, in the above set, the boundary
between problems in FO and problems outside FO. By definition,
CERTAINTY(gq) is in FO if there exists a first-order query Q such
that for every database instance db, the following are equivalent:

(1) g is true in every repair of db; and
(2) Qis true in db.

Such a query Q, if it exists, is called a consistent first-order rewriting
of q. Since database systems are primarily founded on first-order

! As is common in database theory, we assume in this example that attribute names
can be used to denote positions.

queries, it is significant to ask which queries have a consistent first-
order rewriting. This question is answered in the current paper by
means of the following theorem.

THEOREM 1.1 (MAIN THEOREM). Let q be a self-join-free Boolean
conjunctive query, where each relation name is associated with one
or more key dependencies. It is decidable (in polynomial time in the
size of q and its associated set of key dependencies) whether or not
the problem CERTAINTY(q) is in FO. Moreover, if CERTAINTY (q)
is in FO, then a consistent first-order rewriting of q can be effectively
constructed.

Guiding Example. This example shows some of the intricacies
of our result, as well as our technical contributions. Consider the
following database instance for the Eurovision Song Contest.

Host | Year Country Results ‘ Year  Country Place
3017 Ukrains 2018  Portugal 26th

2018  Portugal 2019 Netherlands 1st

2019 Israel 2019 Ttaly 2nd
2019  Israel 23rd

The only key of Host is { Year}: the contest is organized in one
country every year. The keys of Results are {Year, Country} and
{Year, Place}. The former key expresses that a country cannot oc-
cupy different places in a same year; the latter key expresses that
there are no ties.

Consider now the following two queries:

Jy3u (Host(y, u) A Results(y, u, “1st”)) ; (1)
Jy3u3p (Host(y, u) A Results(y,u, p)) . (2)

q0
q1

The first query asks: “Did it happen that the hosting country was
also the winner?” The second query asks: “Did it happen that the
hosting country was also ranked?” (only countries reaching the
“grand final” are ranked).

We will show in this paper that the problem CERTAINTY (qo) is
equivalent under first-order reductions to CERTAINTY(q;), where

g, = Jy3u3p (Host(y,u) A Results(y,u, p) A P°(p)), (3)

a query that is constant-free. Here, P€ is an always consistent rela-
tion (as the superscript ¢ indicates) whose primary key is the empty
set; hence every instance of P€ can contain at most one tuple. As
we will see later, this elimination of constants turns out to be a very
helpful simplification in the technical treatment.

In order to decide whether a problem CERTAINTY(q) is first-
order rewritable, we show that the tool of attack graph [17, 22]
can be extended to deal with the case of multiple keys. For our
example, the attack graphs of both queries g and g; will turn out
to be acyclic. However, in contrast to the case of primary keys,
acyclicity of a query’s attack graph is only a necessary (but not
a sufficient) condition for the existence of a consistent first-order
rewriting. Informally, this is because attack graphs capture well
the interaction between keys belonging to different relation names,
but fall short in capturing the interplay between different keys of a
same relation name. We coin the term “tanglement” to refer to this
interplay between keys.

For our example, g; has a bi-tanglement (tanglement between
two keys; details will be given in Examples 5.2-6.3). Even if the at-
tack graph of g1 is acyclic, our results imply that CERTAINTY (q;) is
NL-hard, and hence not in FO. In contrast, g, has no bi-tanglement,



and CERTAINTY(qo) is in FO. In particular, a consistent first-order
rewriting of qq is:

JuHost(y, u)
Results(y, u, “1st”) A
Results(y,u’, p)A
W =unp+“ist”)
\%
(p="“1st” Au' #u)

3y \/ H
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The consistent first-order rewritings in our study can be easily en-
coded in SQL or Datalog. Nonetheless, it remains an open question
whether and when such queries can be executed more efficiently
than generic SAT-based implementations of CERTAINTY (g) [8].

Organization. The next section discusses related work. After that,
the paper step by step introduces new constructs and intermediate
results that are needed in the proof of the main Theorem 1.1. Sec-
tion 3 defines the basic concepts and terminology. Section 4 shows
that for every self-join-free Boolean conjunctive query g, the prob-
lem CERTAINTY(q) is equivalent under first-order reductions to a
problem CERTAINTY(q’) such that ¢’ has no atom containing con-
stants or repeated variables. Section 5 introduces the construct of
attacks among keys, and extends attack graphs to deal with multiple
keys. Section 6 introduces the notion of bi-tanglement (tanglement
of two keys), and Section 7 the notion of tri-tanglement (tangle-
ment of three keys), At that point, we have all ingredients to tackle
the proof of the main Theorem 1.1 in Section 8. While the main
focus of this paper is on consistent first-order rewriting, Section 9
gives a glimpse of what happens beyond first-order rewritability.
Section 10 discusses open problems for CQA with respect to keys,
and shows some relationships with notorious complexity problems
in theoretical computer science.

2 RELATED WORK

Consistent query answering (CQA) started with an article at PODS
1999 by Arenas, Bertossi and Chomicki [1]. Twenty years later,
the significance of their contribution was acknowledged through
a Gems of PODS session [3]. An overview of complexity results
in CQA appeared recently in the Database Principles column of
SIGMOD Record [24].

In CQA, the existence of consistent first-order rewritings, for dif-
ferent classes of queries and integrity constraints, is a recurrent re-
search problem. For self-join-free conjunctive queries and primary
keys, the problem has been studied in depth since 2005 [12, 13]. In
this setting, the problem was first solved in [22, 23], albeit under the
restriction that queries are a-acyclic; a solution without this restric-
tion appeared later in [17]. The latter solution was extended in [18]
to self-join-free conjunctive queries with clique-guarded negated
atoms. Negation is clique-guarded if whenever two variables oc-
cur together in some negated atom, they also occur together in
some non-negated atom. To the best of our knowledge, for primary
keys, it remains an open problem to determine the FO-boundary
in the set {CERTAINTY(q) | ¢ € BCQ}, where BCQ is the class of
Boolean conjunctive queries, possibly with self-joins.

The importance of first-order rewritings is also recognized in the
Description Logic (DL) community, where it was a major motivation

for the DL-Lite family of description logics [4]. The description
logic DLR-Lite # 1 even allows for the use of n-ary relations, rather
than binary roles, and key assertions. Given a DL-Lite TBox and a
conjunctive query q in the signature of the TBox, the certain answers
to g on an ABox can be obtained by issuing a first-order rewriting of
q against the ABox. Certain answers in DL are similar to consistent
answers: whenever there is more than one model, one is interested
in the intersection of query answers, where the intersection is
taken over all models. In [4], the study of first-order rewriting
of (unions of) conjunctive queries with respect to DLR-Lite.g
TBoxes assumes that key assertions are not violated, and therefore
is fundamentally different from our study.

The goal of the current paper is the effective classification of
problems CERTAINTY (q) as either in FO or outside FO. Another im-
portant problem is that of classifying problems CERTAINTY(q) as
either in PTIME or coNP-complete. A long line of work [12, 13, 15—
17] has shown that for self-join-free conjunctive queries and pri-
mary keys, CERTAINTY(q) is either in PTIME or coNP-complete.
In particular, this class of problems exhibits a stronger dichotomy,
because CERTAINTY(q) is either in L or coNP-complete [19]. Un-
fortunately, not much is known beyond this case.

Beyond CQA, related to this paper is recent work [21] that stud-
ied the problem of computing a cardinality-maximal subset repair
with respect to functional dependencies. For the binary relation
R in Section 1 with functional dependencies A — B and B — A,
every cardinality-maximal subset repair is a matching of maximal
cardinality (and vice versa). The proof of Lemma 6.4 reduces the
problem of finding such a matching to the problem of finding a
falsifying repair for a query with a bi-tanglement.

3 PRELIMINARIES

This section introduces basic concepts. For the sake of rigor, we
repeat some constructs that were already introduced, somewhat
informally, in Section 1.

Key Dependencies. We assume a schema with a fixed vocabulary
of relation names. Each relation name R has an associated arity
arity(R) and a non-empty set of key dependencies. A key depen-
dency (KD) is an expression [ R : K] where K is a (possibly empty)
subset of {1,...,arity(R)}.

An atom is an expression R(sy, . . ., sp) where n = arity(R), and
each s; is a constant or a variable. If A is an atom, then vars(A) is
the set of variables that occur in A. If vars(A) = 0, then A is a fact.
A database instance is a finite set of facts. A database instance db
satisfies [R : K] if it contains no two distinct R-facts that agree on
all positions in K. If R has only one key, then this key, called the
primary key, is usually underlined.

We will assume that for any two distinct KDs [R : K] and [R : L]
with the same relation name R, we have that K and L are not
comparable by set inclusion. The hypothesis that every relation
name is associated with at least one KD is without loss of generality.
Informally, this is because every set of R-facts is duplicate-free and
hence satisfies the trivial KD [[R: {1,...,arity(R)}]. If [R : K] is
associated with R, then we also say that [[R : K] is a KD of R.

A database instance db is consistent if it satisfies all KDs associ-
ated with the relation names that occur in db. A repair of db is an
inclusion-maximal consistent subset of db. We write rset(db) for



the set of repairs of db, and adom(db) for the active domain of db
(i.e., the set of all constants that occur in db).

The conflict graph of db is an undirected graph whose vertex-set
is db; two distinct vertices are adjacent if they violate some KD.

In the case that every relation name is associated with a single
key, then maximality with respect to set inclusion coincides with
maximality with respect to cardinality. This is no longer true if
two or more keys can be associated with a same relation name, as
illustrated in Section 1.

Consistent Query Answering. A Boolean query maps every data-
base instance to true or false. For a Boolean query ¢, CERTAINTY (g)
is the following problem:

INPUT: A database instance db.
QUESTION: Is g true in every repair of db?

Our results will be proved for self-join-free Boolean conjunc-
tive queries. A Boolean conjunctive query q is a closed first-order
sentence of the form 3% (Ry(¥1) A -+ A Rpp(X,)). In the techni-
cal treatment, such a query is identified with its set of atoms, i.e.,
q = {Ri(X;)}]2,. A conjunctive query is self-join-free if no relation
name occurs more than once in it, i.e., if i # j implies R; # R;.
We denote by sjfBCQ the set of self-join-free Boolean conjunctive
queries. We write vars(q) for the set of variables occurring in g.

Once a self-join-free query ¢ = {R;(X;)}2, is fixed in some
context, there is no ambiguity when we use a relation name at
places where an atom is expected: when we refer to the atom R;,
we mean the atom of g with relation name R;, that is, R; (X;).

To simplify our technical treatment, we associate with each rela-
tion name a mode, which is a value in {i, c}. Informally, i and ¢ stand
respectively for (possibly) inconsistent and (necessarily) consistent.
The notation R€ is used to indicate that R is a relation name of
mode c. For a Boolean query g, CERTAINTY(g) is then the follow-
ing problem:

INPUT: A database instance db such that for every relation name
R of mode c, the set of R-facts in db is consistent.
QUESTION: Is g true in every repair of db?

Lemma 3.1 shows that every problem CERTAINTY(q) is equiv-
alent under first-order reductions to a problem CERTAINTY(q")
such that ¢’ contains no atoms of mode c. Therefore, in the com-
plexity classification of CERTAINTY(q), atoms of mode ¢ can be
seen as (very convenient) syntactic sugar.

LEMMA 3.1 (MODE ¢ ELIMINATION). For every query q € sjfBCQ,
it is possible to compute in linear time (in the size of q) a query
q’ € sifBCQ such that

(1) q’ contains no atom of mode c; and
(2) CERTAINTY(q) and CERTAINTY(q’) are equivalent under
first-order reductions.

In the next section, we show that in the complexity classification
of {CERTAINTY(q) | g € sjfBCQ}, it can be assumed without loss
of generality that no atom contains constants or repeated variables.

4 ELIMINATION OF ATOMS WITH
CONSTANTS OR REPEATED VARIABLES

In this section, we show that for every q € sjfBCQ, there exists
some constant-free query g’ € sjfBCQ such that CERTAINTY(q)

and CERTAINTY(q’) are equivalent under first-order reductions,
and no atom of g’ contains repeated variables. Moreover, ¢’ can
be effectively computed, given g. The elimination of atoms with
constants or repeated variables allows for a significant syntactic
simplification, as explained in Section 4.2: it allows us to use vari-
ables as attribute names.

4.1 Elimination Lemmas

In the following lemma and elsewhere, it is understood that every
relation name is equipped with a set of KDs (instead of just one
primary key).

The following lemma explains how to eliminate repeated vari-
ables from an atom of a query. The lemma states, for example,
that an atom R(x, x, 3j) can be replaced with two atoms R(x, v, 1)),
S¢(x,v), where S¢ has two keys {1} and {2}. Informally, this means
that an instance of S is a one-one mapping which can be used to
capture equality between positions 1 and 2 in R.

LEMMA 4.1 (ELIMINATION OF REPEATED VARIABLES). Let q €
sifBCQ, and let F := R(ty,...,t,) be an atom of q in which the
variable x occurs more than once. Let i,j € {1,...,n} withi < j
be integers such that t; = tj = x. Let v be a fresh variable, and let
F’ = R(t,...,t;) be an R-atom such that tj’. =vandt; =ty for
¢ # j.Let p = {F/,S°(x,v)}, where S is a fresh relation name of
mode c whose set of KDs is the pair {[[S¢ : {1}],[[S¢ : {2}]]}. Then
CERTAINTY(q) and CERTAINTY((g \ {F}) U p) are equivalent un-
der first-order reductions.

The following lemma explains how to eliminate constants from
an atom of a query. The lemma states that an atom R(a, §) can be
replaced with two atoms R(v, 3j), C°(v), where the empty set is a
key of C€. Informally, this means that an instance of C® can contain
at most one value, which can be used to capture the occurrence of
a constant at position 1 in R.

LEMMA 4.2 (ELIMINATION OF CONSTANTS). Let g € sjfBCQ, and
let F == R(t1,...,tn) be an atom of q in which a constant occurs.
Let j € {1,...,n} such that t; is a constant. Let v be a fresh vari-
able, and let F' = R(t{, ..., t},) be an R-atom such that t/, = v and
t, =tp fort # j. Let p = {F',C°(v)}, where C is a fresh relation
name of mode ¢ whose only KD is [[C : 0]]. Then CERTAINTY(q)
and CERTAINTY((q \ {F}) U p) are equivalent under first-order re-
ductions.

COROLLARY 4.3. For every query q € sjfBCQ, there exists a query
q’ € sjfBCQ such that

® no constant occurs in q’;

e ¢’ contains no atom in which some variable occurs more than
once; and

e CERTAINTY(q) and CERTAINTY(q’) are equivalent under
first-order reductions.

Moreover, the query q’ can be computed in linear time in the size of q.

4.2 Syntactic Simplification

Let g € sjfBCQ be a query in which no atom contains constants or
repeated variables. Assume that q contains an atom R(x1, ..., xp).
We have that for all i, j € {1,...,n}, i # j implies x; # x; (the
converse holds vacuously). This allows for a far-reaching syntactic



simplification: for every i € {1,...,n}, we can use the variable
x; at all places where the position i is expected. For instance, if
we refer to the constant occurring at the position of x; in some
R-fact, we mean the constant occurring at position i. Formally,
for an R-fact F = R(ay, ..., an), we define the expression Fax; to
denote the constant a; (where the R-atom of the query g is implicitly
understood).

For example, if q contains R(x, y, z), then we can say that the
constant at the position of y in R(a, b, ¢) is b. Formally, we write
R(a,b,c)@y =b.

The blurring of variables and positions naturally extends to other
expressions: if we say that the R-facts A and B agree on some subset
X of {x1,...,xn}, then we mean that for every x; € X, we have
A@xi = Bex;j.

For example, if q contains R(x, y, z), then it is correct to say that
R(a,b,c) and R(a, b, e) agree on {x, y}.

Furthermore, if R is associated with the KD [[R : K], then we can
also refer to this KD as [[R : K’]] with K’ = {x; | i € K}. From here
on, to make the difference explicit, we will call [ R : K’ a key of g, or
alternatively, a key of R. That is, we will use the term key whenever
variables are used instead of positions. As a shorthand, we may also
say that K’ is a key of R, with the meaning that [R : K] is a key
of R.

For example, if g contains R(x,y, z) and [[R : {1,2}] is a KD of
R, then it is correct to say that [R : {x, y}] is a key of R. For short,
we can also say that {x, y} is a key of R.

5 ATTACKS AMONG KEYS

We extend the notion of attack graph, initially introduced in [23]
for primary keys, to the case with multiple keys per relation name.
We then show that if the attack graph of a query q contains a cycle,
then CERTAINTY(q) is L-hard, and therefore not in FO.

Let q € sjfBCQ be a query in which no atom contains constants
or repeated variables. A variable of vars(q) is called a join variable
if it occurs more than once in g. Since no atom contains repeated
variables, a join variable must necessarily occur in at least two
distinct atoms.

A functional dependency on q is an expression X — Y with X U
Y C vars(q). We define K(q) as the set of functional dependencies
on g containing K — vars(R) whenever [[R : K] is a key of g. For
every atom R of ¢, we define:

_ | K(g\{R}) ifRhasmode i
KlqoR) = { K(q) if R has mode ¢

Example 5.1. Let ¢ = {R°(x,y),S(y, x)} with keys [R : {x}] and
[S:{y}]. Then, K(g©R) = {x >y, y > x}and K(go S) =
{x - y}.

For every set V C vars(R), we define [R : V]®4 as the following
set of variables:

[R:V]®9:={x evars(q) | K(g&R) EV — x}.
Let [R : K] be a key of ¢, and v a variable of vars(q). We say that
[R: K] attacks v, denoted [[R : K] " v, if for some £ > 0, there
exists a sequence vy, vy, . . ., vp of variables, all belonging to vars(q) \

[R : K194, such that vy € vars(R), vy = v, and every two adjacent
variables occur together in some atom of g.

We write [R : K]| L [S: L] if[R: K] attacks some variable of
L, where it is understood that [S: L] is a key of ¢. If [R : K]| 4
[S: L], we also say that [R : K] attacks [[S : L].

Informally, an attack [[R : K]| ~ v means that there exists a
“yes”-instance db of CERTAINTY (q) containing distinct facts R(d1)
and R(dy) that agree on K, but join, through the variable sequence
09,01, . . ., Up = v, with different values of v.

Example 5.2. For qq in Equation (2), the keys are [ Host : {y}],
[Results : {y,u}]), and [[Results : {y, p}]. We have

K(g1©Host) = {{y,u} = {p}.{y.p} = {u}};
K(q1 © Results) {{y} — {u}}.
Since u belongs to vars(Host) but not to [Host : {y}]®9 = {y}, the

singleton sequence u shows that [ Host : {y}]] 2 4. The sequence
u, p shows that [ Host : {y}] L p. Consequently, the key of Host

attacks each key of Results.

Since p is in vars(Results) but not in [Results : {y,u}]®? =
{y,u}, the singleton sequence p shows that [Results : {y, u}] L,
p. From [Results : {y, p}]®% = vars(Results), it follows that no

variable is attacked by the key {y, p} of Results.

Example 5.3. For q; in Equation (3), the keys are [Host : {y}],
[Results : {y,u}], [ Results : {y, p}], and [ P : 0]. We have

K(qy © Host) Hy.u} = {ph{y.p} = {u}.0 = {p}};
K (qy © Results) {y} = {u}.0 - {p}}.

Since [Host : {y}]e’% = vars(Host), it follows that the key of
Host attacks no variable. Since [Results : {y, u}]e’% = [Results :
{y,p}] &4 = vars(Results), no variable is attacked by one of the
keys of Results.

LEMMA 5.4. Let q € sjfBCQ be a query in which no atom contains
constants or repeated variables. Let [R : K| be a key of q. Let S be
an atom of q such that S # R. If[R : K]| attacks some variable of
vars(S), then [ R : K] attacks every key of S.

Proor. Assume [[R: K]| L o witho € vars(S). Let [S: L] be a
key of S.

The desired result trivially holds if v € L. Assume v ¢ L from
here on. We can assume a sequence

00,01, ...,0¢

such thatvg € vars(R), vy = v,n0v; belongsto [R : K]®9, and every
two adjacent variables occur together in some atom of g. It must
be the case that L ¢ [R : K]®4, or else vy € vars(S) C [R : K],
a contradiction. Therefore, there is a variable x € L such that
x ¢ [R: K]®9. The sequence

00,01,...,0¢, X
shows that [R : K] ~% x, and therefore [R:K] L [s:L]. o

We will prove that CERTAINTY(q) is L-hard if two keys of dif-
ferent atoms attack one another. Now if two keys of different atoms
attack one another, then, by Lemma 5.4, every key of either atom
attacks every key of the other atom. Therefore, to detect mutual
attacks, we can use a granularity of atoms rather than individual
keys, which motivates the following definition.



The attack graph of a query q is a directed graph whose vertices
are the atoms of g. There is a directed edge from an atom R to an
atom S if R # S and some key of R attacks some (and therefore
every) key of S.

From Example 5.2, it follows that the attack graph of the query
q1 in Equation (2) contains a single edge from Host to Results. Ap-
pendix D contains a proof of the following result.

LEMMA 5.5. Let q € sifBCQ be a query in which no atom contains
constants or repeated variables. If the attack graph of q has a cycle,
then CERTAINTY(q) is L-hard.

6 BI-TANGLEMENT

Before giving the definition of bi-tanglement, we recall that Bipar-
tite Perfect Matching (BPM) is the following problem:

INPUT: An undirected bipartite graph G with the same number
of vertices in each partition.
QUESTION: Does G have a perfect matching?

Since the complexity of BPM is still unsettled as of today, we
introduce the following terminology. A decision problem P is said
to be coBPM-hard under first-order reductions if there exists a first-
order reduction from the complement of BPM to P. Since BPM
is NL-hard [5], and since NL is closed under complement, every
coBPM-hard problem is NL-hard.

We now define what it means that a query q has a bi-tanglement;
in the next section we will introduce the related concept of tri-
tanglement. These notions are used to show some complexity lower
bounds: we will prove shortly that if g has a bi-tanglement, then
CERTAINTY(q) is coBPM-hard. In Section 7, we will show that if
q has a tri-tanglement, then CERTAINTY(q) is L-hard.

Definition 6.1. (bi-tanglement) Let q € sjfBCQ be a query in
which no atom contains constants or repeated variables. We say
that q has a bi-tanglement if g has an atom R of mode i with two
distinct keys [R : K|, [R : L] such that vars(R) \ K contains a join
variable and K ¢ [R: K NL]®4.

Example 6.2. The query q; of Equation (2) has a bi-tanglement
between the keys [[Results : {y,u}] and [Results : {y, p}]. The in-
tersection of these keys is {y}. The variable u is a join variable.
Since the key {y, p} does not contain the variable u and is not in-
cluded in [Results : {y}]®9" = {y,u}, it is correct to conclude that
q1 has a bi-tanglement.

Example 6.3. The query q; of Equation (3) has no bi-tanglement
between the keys [ Results : {y, u}]| and [ Results : {y, p}]), because
[Results : {y}]e’% = vars(Results) includes both keys.

LEMMA 6.4 (BI-TANGLEMENT). Let q¢ € sjfBCQ be a query in
which no atom contains constants or repeated variables. If q has a bi-
tanglement, then CERTAINTY(q) is coBPM-hard (under first-order
reductions).

PRrRoOOF. Assume that g has a bi-tanglement. Therefore, we can
assume that g contains an R-atom of mode i with two distinct
keys [[R: K], [R : L] such that the following two conditions are
satisfied:

(A) some variable of vars(R) \ K is a join variable (i.e., occurs
alsoin g \ {R}); and

(B) K(goR) - KN L — K (or equivalently, K ¢ [R: K N L]®9).

The proofis a first-order reduction from BPM to the complement
of CERTAINTY(q). Let (Py, P, E) with |Py| = |P;| and E C Py X P,
be an instance of BPM. We construct a database instance db as
follows. Let V=[R: KNL]®9. ThusK ¢ V.

For every bipartite edge (a, b) in E, db contains an R-fact I,
such that for every x € vars(R),

ax ifxeK\V
N ifxeKNV
ab@x =1 4 ifxeL\K

(a,b)x otherwise

The subscripting with x is not essential, but has been added for clar-
ity to indicate that values can be typed according to their position.

Moreover, for every vertex a in Py, db contains 6,(q) where 6,
is the valuation over vars(q) such that for every x € vars(q),

| 1y ifxeV
Oalx) _{ ay otherwise
Let db := dby U db; where
dby = {T,p|(ab) €L}
dby = {0a(q) |ac€ P}

For edges (a,b), (a’,b’) in E, consider the set C := {T}, 5, Ty }.
Note that K \ V # 0, and since L ¢ K, also L \ K # (0. These two
observations imply that T,, j, = T,y ;s if and only if a = @’ and b = b’.
Also, the following hold:

(@) Ifa # @’ and b # b’, then C is consistent. Indeed, assume
for the sake of contradiction that the two facts of C agree
on some key [R : N]. By our construction, it must be that
N € KNYV.Since no two distinct keys are comparable by set
inclusion, it follows N = K, hence K € K NV, contradicting
KgV.

(b) If a = a’ and b # b’, then C is inconsistent. Indeed, in this
case, the two facts of C agree on K (by construction), but are
not equal. To see why the two facts of C are not equal, note
that there exists some variable x € vars(R) \ K such that
Tp@x € {bx,(a.b)x} and Ty py@x € {by,{(a b’)x}. From
b # b, it follows that the two facts of C disagree at the
position of x.

(c) If a # a’ and b = b’, then C is inconsistent. Indeed, in this
case, the two facts of C agree on L (by construction, using
that KN L € K N V), but are not equal. To see why the two
facts of C are not equal, note that there exists some variable
x € K\ V such that T, ,@x = ax and Iy py @x = aj. From
a # a’, it follows that the two facts of C disagree at the
position of x.

From the above, it is correct to conclude that any repair of dbgy
corresponds to a maximal matching of the bipartite graph.

Consider next the database instance db;. We first show that for
every relation name S distinct from R, the set of S-facts in db; is
consistent. For this purpose, take a key [[S : M] and assume that 6,
and 0, with a # b agree on M. Then, K(g©R) F KNL —> M,
and therefore, since K(q © R) contains M — vars(S), we have
K(ge R) E KNL — vars(S). By our construction, 8, and 6,
agree on vars(S).



For edge (a’,b) in E and vertex a € Py, consider the set D :=
{04(R),Ty p}. The following hold:

(a) If a = a’, then D is inconsistent. Indeed, by our construction
the two facts of D agree on K, but they will disagree on every
variable outside of K.

(b) If a # a’, then D is consistent. Indeed, assume N C vars(R)
such that [R : N is a key of R that is violated by D. By our
construction, it must be the case that N € KNV. Since no two
distinct keys are comparable by set inclusion, it follows N =
K, and consequently, K C V, contradicting condition (B).

We now consider the two possibilities for (P, P2, E).

Case that (P1, P2, E) is a “yes™instance of BPM. Let r( be a repair
of dbg that encodes a perfect matching. Then, we can extend rj to
a repair of db that contains no R-fact of dby, since any extension
with an R-fact from dby results in inconsistency. By condition (A),
such a repair will falsify q. Indeed, by condition (A), we can assume
a variable z € vars(R) \ K that also occurs in q \ {R}. All z-values
in dbg belong to {{a,b); | (a,b) € E} U {b; | b € P}, and none of
these values occurs in dby.

Case that (P1, P2, E) is a “no™-instance of BPM. Then, for every
repair ro of dbg, we can assume the existence of a vertex a € P;
such that for every x € K \ V, we have a, ¢ adom(rp). Informally,
a is an unmatched P;-vertex in the bipartite matching encoded by
ro. From our above observations, ro U6, (q) is consistent, and hence
every repair r of db contains one or more R-facts of db;. It is now
obvious that every repair r of db satisfies q. O

LEMMA 6.5. Let q € sifBCQ be a query in which no atom contains
constants or repeated variables. If ¢ has no bi-tanglement, then for
every atom R of q, one of the following holds true:

e there is no key of R that attacks another key of R; or
o every join variable of vars(R) belongs to the intersection of all
keys of R.

PRrROOF. Assume that g has no bi-tanglement. Assume that there
is a join variable in vars(R) that does not belong to the intersection
of all keys of R. We need to show that there is no key of R that
attacks another key of R. We can assume a join variable x € vars(R)
and a key [R : K] of R such that x ¢ K.

Let [R: L], [R : M] be two distinct keys of R. To conclude the
proof, it suffices to show K (g © R) = M — L, because this implies

q
[R: M] # [K : L]. We distinguish two cases:
Case that K = L. Since g has no bi-tanglement, it follows that
K(geR) EKNM — K, which implies K(g©&R) EM — L.

Case that K # L. Since ¢ has no bi-tanglement, it follows that
K(qgoR) EKNL — K.But then, there must exist a join variable
z € K'\ L. Since g has no bi-tanglement, this implies K (¢ © R) |=
LNM— L hence K(g6R) EM — L. O

7 TRI-TANGLEMENT

In this section, we introduce the notion of tri-tanglement, and show
that CERTAINTY(q) is L-hard if g has a tri-tanglement.

Definition 7.1. (tri-tanglement) Let g € sjfBCQ be a query in
which no atom contains constants or repeated variables. We say

that g has a tri-tanglement if g has an atom R of mode i and three
distinct keys [R: K|, [R : L], [R : M] such that:
(a) for every N C vars(R) such that [R : N] is a key, we have
KC[R:KNN]®%and M C [R: M N N]®9; and
(b) [R : KN LN M]®? includes no set among K N L, K N M,
LNM.

Note that the definition is symmetric in K and M (but not in L).

Example 7.2. Let g3 = {R(x,y, z), S°(x,y, z) } where the keys are
[R:{xyH [R: {y. 2}, [R: {x. 2}, [S€ = . [S° = {y}], and
[S€ : {z}] Since S has mode c, it cannot be the cause of a bi- or tri-
tanglement. Informally, S¢ encodes a set of vertex-disjoint tripartite
triangles. Every repair of R encodes a set of edge-disjoint tripartite
triangles: if a repair contains R(a, b, ¢), encoding triangle abc, then
it cannot contain another triangle with an edge among ab, bc, ac.
The query g3 has no bi-tanglement, because every two distinct
keys of R have a nonempty intersection, and [R : {x}]®% = [R:
{y}1®% = [R: {z}]®P = {x,y, 2z} includes every key of R.

On the other hand, g3 has a tri-tanglement. Indeed, satisfaction of
condition (a) in Definition 7.1 follows from the previous paragraph;
for condition (), note that the three keys of R have an empty
intersection, and [R : 0]®% = () does not include the intersection
of any two keys of R.

Definition 7.3. Let q € sjfBCQ be a query in which no atom
contains constants or repeated variables. Let R be an atom of ¢, and

N C vars(R). Let x,y € vars(R). We write R : N | x KR y if there
exists a sequence of variables xg, 1, . .., x, ¢ [R : N]®4 such that
Xo = X, Xp = y, and every two adjacent variables occur together in
some atom of g \ {R}. In particular, we have x,y ¢ [R : N]®4.

For example, for g3 in Example 7.2, we have R : 0 | x & y.

LEMMA 7.4. Let q € sjfBCQ be a query in which no atom con-
tains constants or repeated variables. If q has a tri-tanglement, then
CERTAINTY(q) is L-hard (under first-order reductions).

ProOF. Assume that q has a tri-tanglement with keys [R : K],
[R:L], and [[R: M] as in Definition 7.1. The proof is a first-order
reduction from the L-complete problem Undirected Forest Accessi-
bility (UFA) [6]:

INPUT: An acyclic undirected graph G = (V,E) consisting of
exactly two connected components; two vertices s, t.
QUESTION: Are s and ¢ connected in G?

Let (V,E,s,t) be an instance of UFA. We will assume that the
undirected edges of E are encoded in the input as ordered pairs,
where each undirected edge {a, b} of E is ordered as either (a, b) or
(b, a) (but not both). Furthermore, we will assume that {s,t} ¢ E,
and that every undirected edge of E that contains s or ¢ is ordered
such that the second position is s or ¢. The problem UFA obviously
remains L-hard under the restriction that there is no edge {s, t}. We
construct a database instance db as follows.

For every vertex a € V, db contains 0,(q) where 6, is the valua-
tion over vars(q) such that for every v € vars(q),

; . e,q9
ga(v):{ 1, ifve[R:KNLNM]

a, otherwise
Every fact 6,(R) will be called a vertex-fact.



04(R) 05(R) fc(R) fa(R)
o (o) Ty (b.a) Lee,s) La,d,s)
D (o) Qu(b0) Qs (c,s) Qs,(d,s)
65(R) f4(R) 0s(R) 0:(R)
| Lie,n)

Figure 1: Conflict graph for the R-facts entailed by an undi-
rected edge {a, b}, which is encoded in the input as the or-
dered pair (a,b) or (b,a). The edge {c,s} is ordered as (c,s).
The edge {d,t} is ordered as (d,t). For readability, vertex-
facts are depicted as 0, and edge-facts as o.

For every relation name S with S # R that occurs in g, we have
that the set of S-facts of db is consistent. Indeed, let a # b, and
let [S: N] beakey of gwithS # R IfN C [R: KNnLnNM]®Y,
then vars(S) C [R: K N L N M]®4 and therefore 0,(S) = 6,,(S). If
N ¢ [R: KN LNM|®4, then ,(S), 85 (S) do not agree on N.

Then, for every ordered pair (a, b) in the input, db contains R-
facts T (4,) and Qp (4,5 defined as follows: for every x € vars(R),

Ly ifxe[R:KNLNM|S9
r ) ax ifxeK\[R:KNLNM]>4
a(ab)@X =1 4 ifxe (MNL)\[R:KNLNM]4
{a,b)x otherwise
Ly ifxe[R:KNLNM|S4
o ] by ifxe M\ [R:KNnLnM|®4?
bab)@* =1 o ifx e (KNL)\ [R:KNLnNM]4

{a,b)x otherwise
We will call these edge-facts. Finally, db contains two special edge-
facts Iy (5 1) and Ty (4 1.

Note that edge-facts I'; (4 ) are well-defined, since the intersec-
tionof K\ [R: KNLNM]®?and (MNL)\[R: KNLNM]S9
is empty, because K NLNM C [R : KNLNM]4. Likewise,
edge-facts Qp, (4p) are well defined.

CLaM 7.1. No key of R is included in [R : KNLNM]®9 U
(KNL)yor[R:KNLNM]®1U (MNL).

Proor orF CraiM 7.1. Assume, for the sake of contradiction, a
key [R : N] such that for some K’ € {K, M}, we have N C [R :
KNLNM]®? U (K’ NL). We treat the case K’ = K (the case
K’ = M is symmetrical). Since N € [R: KNLNM]®9U (KNL),
we have, by intersecting with the set M and distributing intersection
over union:

NAMC (MN[R:KNLNM]®N)U(KNLAM).
Since MN[R:KNLNM]®4 C[R:KNLNM]®9and KN LN
MC[R:KNLNM]®9, wehave NN M C [R: KNLNM|®9.
Thus, K(g©&R) EKNLNM — NN M.

From condition (a) in Definition 7.1 of tri-tanglements, we have
K(qoR) EMNN — M. Therefore, K(qOR) EKNLNM — M,

that is, M € [R : K N L N M]®9. But then condition () in Defini-
tion 7.1 is obviously violated, a contradiction. This concludes the
proof of Claim 7.1. n

Here are some important observations that hold for every or-
dered edge (a, b):

(a) Ty (ap) and Qp (4p) agree on L.

Rationale: Let x € L. The desired result is obvious if x also
belongs to [R : K N L N M]®9. Assume next that x ¢ [R :
KNLNM]®4. Then, if x € K N L, we have l"a)(a’b)@x =
ax = Qp (ap)@x; and if x € M N L, we have T, (5 p)@x =
bx = Qp (ap)y@x. In all other cases, [, (qp)@x = (a,b)x =
Qp,(a,p) @X.

(b) Ty (ap) and 04 (R) agree on K.

Rationale: Let x € K. The desired result is obvious if x also
belongs to [R : K N L N M]®4. Otherwise, To(ap)@x = ax =
0q(R)@x.

(©) Qp,(a,b) and 0,(R) agree on M.

Rationale: Symmetric to the previous item.
(d) {0a(R), Qp, ()} is consistent.
Rationale: Consider any key [R: N]. From Claim 7.1, it
follows that N contains a variable x such that x ¢ KN L
and x ¢ [R : KNLNM]®4 We have 0,(R)@x = a and
Qp, (a,p)@x € {bx, (a b)x}, and therefore 0,(R) and Qp (45
disagree on some variable of N.

() {0(R), Ty (qp)} is consistent.
Rationale: Symmetric to the previous item.

() {04(R),0,(R)} is consistent.

(8) 0a(R), 0p(R), Ty (q,b)> and Qp (4p) are pairwise distinct.
Hence, the conflict graph of the set of R-facts resulting from edge
{a, b} is as in Figure 1.

Note that if a vertex a is adjacent with two distinct vertices, say b
and c, then the edges {a, b} and {a, c} can result in conflicting edge-
facts as follows. The orderings (b, a) and (¢, a) result in Qg (3.4
and Qg (¢,q), two distinct facts that agree on M. Symmetrically,
the orderings (a, b) and (a, ¢) result in I; (4 ) and I, (4.¢), two dis-
tinct facts that agree on K. Note incidentally that for the orderings
(c,a) and (a, ), the sets {T; (¢ 0y, Ly (a,0) } a0d {Qq (¢, Cb,(ab) }
are both consistent.

We now show that (V,E, s, t) is a “no”-instance of UFA (ie., s
and ¢ are not connected) if and only if db has a falsifying repair.

The construction of a falsifying repair proceeds as follows, with-
out loss of generality. Repeatedly pick a vertex a that is a leaf of
the UFA instance under consideration; we can assume a unique
vertex b that is adjacent to a. When picking vertices, we avoid
picking s, t, or any vertex adjacent to s or f, whenever possible.
The corresponding R-fact 6,(R) will be a leaf of the conflict graph,
conflicting with (and only with) I, (4 5) or Qg (p4) (depending on
whether {a, b} was ordered as (a,b) or as (b, a); only one of these
facts is in db). Since a falsifying repair cannot contain 0, (R), it must
contain Iy (44) Or Qg (b, q) (depending on whichever is in db). If a
falsifying repair contains I; (45, it cannot contain Qp, (45); and
if it contains Qg (p,4), it cannot contain I}, (3 4). By construction,
since a is a leaf, Ty (4 ) conflicts with no facts except for 6,(R)
and Qp, (4.p); and Qg (3, q) conflicts with no facts except for 0, (R)
and I}, ( 4)- We now remove the vertex a and the edge {a, b} from
the UFA instance, and remove the corresponding vertex-fact and



edge-facts from db. Clearly, the removal of a and {a, b} does not
change the connectedness (or non-connectedness) of s and t; and
the removal of the corresponding vertex-fact and edge-facts does
not change the existence (or non-existence) of a falsifying repair.

Assume that s and t are connected in the UFA instance. For
the connected component that does not contain s, ¢, the repeated
removal ends with some edge {a, b}. It can be seen that every repair
must contain a fact of the form 6.(R). A repair containing 0.(R)
satisfies 0. (q), and therefore satisfies g.

Assume that s and t are not connected in the UFA instance.
The repeated removal ends with edges {c, s} and {d, t}, ordered
as (c,s) and (d, t). By picking T¢ (¢.s)> Td,(ds)5 Ts, (s,1)> L1, (1,0)> We
claim that we obtain a falsifying repair. To prove the latter claim,
it suffices to show that for every valuation p(g) over vars(g) such
that (q) € db, we have that y1(q) contains no edge-facts (i.e., no
facts of the form T, (4 1) or Qp, (4,))- Informally, edge-facts cannot
make the query true.

CrLamm 7.2. There exist join variables y,z € vars(R) such that
ye (KNL)\M,ze (MNL)\K, andR:KNLNM |y o 2.

Proor orF CraiM 7.2. By condition (a) in Definition 7.1 of tri-
tanglements, we have K(¢ 6 R) E KNL — K and K(¢ ©R)
KNM — M. It follows that K(g© R) E KNL— MnN L. Since
MNL ¢ [R:KnLNM]®4 by condition (b) in Definition 7.1, we
can assume a variable z € M N L such thatz ¢ [R: K NL N M]S9.
Since [R : K N L N M]®4 includes KNLNM, we have z ¢ KNLNM,
and therefore z ¢ K. Since K(q© R) E K N L — z, there exists a
sequence of keys of g

[ M) [T Me], ... [T s Ma] (5)
with n > 1 such that z € vars(T,) \ My, and for every i € {1,...,n},

e T; # R; and

e M C(KNL)U ( ;;11 vars(Tj)).

Let My := K N L. Therefore, My ¢ [R: K N L N M]®4. We claim:
foreveryi > 1,if M; ¢ [R: KNLN M] ©.4 then
there exists j < i and variables x; € M;, xj € M; (©6)
suchthat R: KNLNM | x;j «Z’)xi.

To prove the latter claim, assume M; ¢ [R : K N L N M]®9 with
i > 1. There exists x; € M; such that x; ¢ [R : KN LN M]®9.
If x; € My, wehave R: KNLNM | x; < x;, the desired result.
Assume next x; ¢ Mo. By the construction of (5), there exists j < i
such that x; € vars(Tj). Since x; ¢ [R : KN LN M]®9, we have
M;j ¢ [R: KN LN M]®9. Therefore, there is some x; € M; such
thatx; ¢ [R: KN LN M]®9. The atom Tj shows R: KNLNM |

Xj < x;. The following transitivity property is straightforward,
for every V C vars(R):

ifR:V|x<~2»>yandR:V|y<~z»>z,then
R:V|x<\?v>z.

™

Since z € vars(T,) and z ¢ [R : KNLNM]®9 there exists
Xn € My such that x, ¢ [R : KNLNM]®9, and therefore R :

KNLNM| x, KR z. By (6) and (7), there exists y € K N L such

that R : KNLAM | y <» z Fromy ¢ [R : KNLNM]S9, it
follows y ¢ K N L N M, and therefore y ¢ M.

The proof of Claim 7.2 is concluded by noting that y and z are
join variables because they occur in R and in the sequence (5). =

Let p(q) be a valuation over vars(q) such that p(q) € db. We
need to show that y(R) € {6,(R) | a € V}. By Claim 7.2, there
exist join variables y, z € vars(R) such thaty € (KNL)\ M,z €

MNL)\K,andR: KNLNM |y KR z. Therefore, there exists a
sequence of variables o, y1,...,yn € [R : K N L N M]®9 such that
Yo = Y, Yn = z, and every two adjacent variables in the sequence
occur together in some atom of g \ {R}.

We can assume an atom S such that S # R and yo, y1 € vars(S).
We can also assume a vertex a € V such that p(S) = 0,4(S).
Consequently, u(yo) = ay, and p(y1) = ay,. By induction on
increasing i, it can be easily seen that for every i € {1,...,n},
u(yi) = ay,, and therefore u(yn) = ay,,. Thus, p(R)@y = pu(y) = ay
and p(R)@z = p(z) = az. It must be the case that y(R) = 04(R).
Indeed, there is no vertex-fact F such that both Fey = ay and
F@z = az, because for every edge (c, d), with ¢ # d, we have

o [ (cay@y=cy and Fc,(c)d)@z =d,; and
. Qd,(c,d)@y =cy and Qd,(c,d) @z =d,. O

8 FINALE

In the preceding sections, we established necessary conditions for
a query ¢ to have a consistent first-order rewriting: acyclicity of
the attack graph, and the absence of bi- and tri-tanglements. In this
section, we show that these necessary conditions are also sufficient
for the existence of a consistent first-order rewriting. An important
step in the construction of such a rewriting is the determination
of what we call reifiable variables; informally, these are variables
that can be existentially quantified outside the scope of any uni-
versal quantifier, like the variable y in the first-order rewriting (4)
of Section 1. This section contains three subsections. In the first
subsection, it is shown that if a query has no bi- or tri-tanglement,
then every unattacked variable is reifiable. After that, we elaborate
on the treatment of free variables, which will emerge during the
construction of a first-order rewriting. In the last subsection, we
provide the proof of the main Theorem 1.1.

8.1 Reification

Definition 8.1. (reifiable variables) Let q be a Boolean conjunc-
tive query, and let u € vars(q). If ¢ is a constant, then q[,)
denotes the query obtained from g by replacing every occurrence
of u by c. We say that u is reifiable if for every database instance
db that is a “yes”-instance of CERTAINTY(q), there exists a con-
stant ¢ (which depends on db) such that db is a “yes”-instance of
CERTAINTY (q[y—c])- For every database instance db, we define:

Reify(q, u,db) := {c | c is a constant and db [ gy }-

Although Reify is defined relative to any database instance, it will
only be used for database instances that are repairs. A fact A € db
is said to be relevant for q in db if there exists a valuation 6 over
vars(q) such that A € 6(q) C db.

LEmMMA 8.2. Let q € sjfBCQ be a query in which no atom contains
constants or repeated variables. Assume that q has no bi-tanglement
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Figure 2: Helping mnemonic for the proof of Lemma 8.2. We
have A,B € 1, A’ € 1y, and B’ € db \ ry. It is possible that
B’ ¢rs.

and no tri-tanglement. Let u € vars(q) be an unattacked variable,

q
that is, [S : L]| %> u for every key [S: L] of q. Let r; and rz be
repairs of a same database instance db. There exists a repair s of db
such that Reify(q,u,s) C Reify(q,u,r1) N Reify(q, u, r2).

Proor. In the first part of the proof, we show the following:

for every A € ry \ rz such that A is relevant for q in
ry, it is possible to construct a repair r; of db such 8)
that A ¢ r] and Reify(g, u, 1) C Reify(q, u, 7).

Assume a fact A € r1 \ r2 such that A is relevant for g in r;. Let
R be the relation name of A. We can assume a valuation « over
vars(q) such that A € a(q) C ry.

Since A ¢ rz, we can assume an R-fact A’ € r2 \ r; and a key K
of R such that A and A’ agree on K, with A # A’. Let r] be a repair
of db constructed from r; by means of the following three steps,
starting with r{ = ry:

(1) Shrinking step: delete from r{ all R-facts B for which {B, A"}

is inconsistent (in particular, A will be deleted);

(2) First growing step: insert the R-fact A” into r{; and

(3) Second growing step: insert R-facts from db into r{ as long

as consistency is preserved. This step is non-deterministic
and guarantees that eventually r] is an inclusion-maximal
consistent subset of db.

Obviously, all facts in r] \ 1y are R-facts. Let f : r{ \ r; —
#(r1 \ r7) be the total function such that for every fact C’ in the
domain of f, we have f(C’) := {C € r; | {C’,C} is inconsistent}.
For every C’ in the domain of f, the set f(C’) is a nonempty set of
R-facts. Indeed, if there is some C’ € 1] \ 11 such that f(C") = 0,
then r; U {C’} would be consistent, contradicting that r; is an
inclusion-maximal consistent subset of db. Note also that for every
C" ery\r, wehave f(C') C f(A") =11\ 1] .

Cram 8.1. For every fact B’ € v} \ 11, if B’ is relevant for q in 7,
then some fact of f (B’) is relevant for q in ry.

Proor oF CLaim 8.1. Let B’ € r] \ ry such that B is relevant
for q in r;. We can assume a valuation 8 over vars(g) such that
’ ’ ’
B' e f'(q) c 1.
For the sake of contradiction, assume that no fact of f(B’) is
relevant for g in r;. Since A is relevant for g inry, we have A ¢ f(B’).

Since A € f(A’), we have A’ # B’. Since f(B’) # 0, we can assume
the existence of a fact B € f(B’). From A ¢ f(B’), it follows A # B.
Since B € f(B’) C f(A’), we can assume a key L of R on which B
and A’ agree. We can also assume a key M of R on which B and
B’ agree. The situation is depicted in Figure 2. We have K # L, or
else {A, B} is an inconsistent subset of ry, contradicting that ry is
a repair. We also have L # M, or else {A’, B’} is an inconsistent
subset of r], contradicting that r] is a repair. Indeed, the Second
growing step never inserts a fact that agrees with A’ on some key.

Since B is not relevant for g in ry, but B’ is relevant for q in ri,
it must be the case that there exists a join variable v € vars(R) \ M
such that B@v # B’@v. Since g has no bi-tanglement, if follows
that:

for every key [R: N|, we have K(goR) EMNN — M. (9)

We now show that K # M. Assume for the sake of contradiction
that K = M. Since the valuations @ and f’ obviously agree on
KNLNM,they agreeon KNL.Since K(geR) EKNL—K
by (9) with N = L, « and ' must agree on K. Therefore, A and B’
agree on K. Then A’ and B’ also agree on K, a contradiction. We
conclude by contradiction K # M. Therefore, [R : K], [R : L], and
[R : M] are three distinct keys.

Next, we show that A’ is not relevant for g in r/. For the sake

1
of contradiction, assume that A’ is relevant for ¢ in r/. Then there

exists a valuation a’ over vars(q) such that A’ € o’ (ql) C rf. Since
K(qgoR) EMNL — Mby(9),and a’, B’ agree on MNL, it follows
that A’ and B’ agree on M, contradicting that {A’, B’} is consistent.

Since A is relevant for g in r1, but A’ is not relevant for g in r{,
it must be the case that there exists a join variable v € vars(R) \ K
such that A@v # A’@v. Since ¢ has no bi-tanglement, if follows

that:
for every key [R: N], we have K(¢g©oR) EKNN — K. (10)

It can be easily seen that all facts among A, A’, B, B’ agree on
K N LN M.It follows that « and 8’ agree on K N L N M. Since rq
and r{ contain the same set of S-facts for every S # R, it follows
that & and 8’ agree on [R: K N L N M]®4.

We next show that K(q© R) [ KNLNM — K. For the sake
of contradiction, assume K(q © R) E KNLNM — K. Then it
follows that « and f’ agree on K. Consequently, for every x € K,
we have A@x = B’@x. Since (i) A and B’ agree on K, and (ii) A and
A’ agree on K, it follows that A’ and B’ agree on K. Then {A’, B’}
is inconsistent, a contradiction. Using symmetrical reasoning, we
can show that K(q©R) F KNLNM — M.

It is now easy to see that none of KNL, KNM, or LNM is included
in [R : KN LN M]®4, which together with (9) and (10) implies
that g has a tri-tanglement, which contradicts the hypothesis of the
lemma. This concludes the proof of Claim 8.1. n

To finish the proof of (8), we show:
Reify(q, u,1]) C Reify(q u,r1). (11)

Recall that r] \ 11 is a set of R-facts. Let B’ € r{ \ r1, and let ¢’ be
a valuation over vars(q) such that B” € p’(q) € r]. Let ¢ := p’(u).
Therefore, ¢ € Reify(q, u, ri) It suffices to show ¢ € Reify(q, u,r1).
The reason why this suffices is that for every R-fact C € r{ Nry, for
every valuation y over vars(q),if C € y(q) € r] thenC € y(q) C r1.



By Claim 8.1, there is some fact B € f(B’) that is relevant for g
in r1. We can assume a key M of R such that B’ and B agree on M.
Notice that if B’ = A’, then B can be taken to be A, and M can be
taken to be K. We can assume a valuation yp over vars(q) such that
B € p(q) Cry. Clearly, s and p’ agree on M.

Let k be the valuation such that for every variable v € vars(q),

p(w) if[R:M] Lo
W () if[[R:M] 72» v

Clearly, k(u) = c. To conclude the proof of (8), it suffices now to
show x(q) C ry, which is done in the next two paragraphs.
Let S be an atom of g such that S # R. Assume there are two

variables vg, vy, € vars(S) such that [R : M]| s vg and [R : M]] 72»
vy (informally, the subscripts a and u stand for “attacked” and
“unattacked” respectively). Then it must be the case that K(¢©R)
M — vy. Since p and p’ agree on M, we have p(vy,) = ¢’ (vy), and
therefore x(S) = u(S) € r;. Furthermore, it is clear that if all vari-
ables of S are attacked, then x(S) = u(S) € r1 N r]. Symmetrically,
if no variable of S is attacked, then x(S) = p’(S) € ry N17.

Finally, consider the atom R itself. We need to show k(R) = p(R).

Assume that v, € vars(R) such that [R : M]| 72» vy. Here also, it
must be the case that K(q © R) E M — v,,. Since p and p’ agree
on M, we have u(vy) = p' (vy,), and therefore x(vy,) = p(vy). This
concludes the proof of (8).

To conclude the proof of Lemma 8.2, we show that there ex-
ists a repair s of db such that Reify(q,u,s) < Reify(q,u,r1) N
Reify(q, u, r2). For this purpose, construct a maximal sequence of
pairs of repairs of db:

k(v) =

O

(i+1) r(i+1)) is

where (rio),rgo)) = (r1,r2) and for every i > 1, (r1 R

constructed as follows (define 1 := 2 and 2 := 1):
(1) select £ € {1,2} and a fact A € rﬁi) \ rt(;i) such that A is
relevant for g in r{(,i). Let R be the relation name of A;

(2) select A’ € rtgi) such that {A, A’} is inconsistent. Such A’
must exist, or else rt(;i) U {A} would be consistent, contra-

dicting that r;f') is an inclusion-maximal consistent subset
of db;

(3) let rt(,H'l) be the repair obtained by executing the Shrinking
and growing steps specified at the beginning of the current
proof. In particular, in moving from i to i + 1, the fact A of
rt(,l.) is replz.iced with A’ (among other replacements). We let
ri.’“) = rt(;l), i.e., the other repair does not change.

We argue that for i > 0, we have rii) 8 rgi) c riiﬂ) al rgiH). This

holds true because (i) in moving from i to i + 1, the fact A’ is added

to the intersection, and (ii) once a fact belongs to the intersection
of a pair of repairs in (12), it will not be deleted later on. Therefore,
the sequence (12) is finite.

By repeated application of (11), Reify(q, u, rgn)) C Reify(q, u,r1)
and Reify(q,u, rgn)) C Reify(g,u,r2). We also have that for ev-

ery £ € {1,2}, if C is a fact of rt(,n) that is relevant for g, then

C € r}n). It follows that the set of facts of ri") that are rele-

(n)
2

vant for g is equal to the set of facts of r,”’ that are relevant

for q. Consequently, Reify(q, u, rgn)) = Reify(q, u, rgn) ). It follows
that both Reify(q, u, ri")) C Reify(q,u,r1) N Reify(q, u,ry) and
Reify(q, u, r(")) C Reify(q,u,r1) N Reify(q, u, r2). Therefore, both

rin) and rgn) are repairs with the desired property. This concludes
the proof of Lemma 8.2. O

COROLLARY 8.3 (REIFICATION). Let g € sjfBCQ be a query in
which no atom contains constants or repeated variables. Assume that
q has no bi-tanglement and no tri-tanglement. If u is a variable of
vars(q) that is not attacked by any key of q, then u is reifiable.

Proor. Let u be a variable of vars(q) that is not attacked by
any key of g. Let db be a database instance that is a “yes”-instance
of CERTAINTY(g). From Lemma 8.2, it follows that there exists a
repair s of db such that @ # Reify(q, u,s) = (N{Reify(q,u,r) | r €
rset(db)}. Clearly, for every c € Reify(q, u, s), for every repair r of
db, we have r £ ¢ O

Example 8.4 shows the existence of unattacked variables that
are not reifiable. Corollary 8.3 does not apply to the query of the
example, because it has a tri-tanglement.

Example 8.4. Take again the query g3 of Example 7.2, which
has a tri-tanglement. It can be verified that no variable is attacked,
and we claim that no variable is reifiable. Indeed, every repair of
the following database instance satisfies g3, by either satisfying

43 [xyz—aaa] OF 93 [xyzr>bbb] (but not both).

R z
R(a,a,a) a Slx y z
R(a,a,b) b a a a
R(b,a,b) b b b b
R(b,b,b) b
Conflict graph

8.2 Treatment of Free Variables

Let g be a self-join-free conjunctive query in which no atom con-
tains constants or repeated variables. Assume now that some vari-
able x of q is free, which is denoted by writing g(x). Our theory so
far has been developed for Boolean queries. Nevertheless, we will
show how it can be adapted to handle free variables.

We say that a constant b is a consistent answer to g(x) on a data-
base instance db if every repair of db satisfies q(b) (using the stan-
dard notion of satisfaction). Let g ] be the query obtained from
q by replacing every occurrence of x with b. Clearly, every repair of
db satisfies q(b) if and only every repair of db satisfies q[ 4. This
is an application of [20, Lemma 2.3] when constants are interpreted
by themselves. Obviously, q[p] is a Boolean query, and the con-
sistent answers to g(x) on db are the constants b of adom(db) for
which q[yp] holds true in every repair.

A technical difficulty is that g[4,,p] contains the constant b,
while most of our results are stated for constant-free queries. We
can however apply Lemma 4.2: if v is a fresh variable not oc-
curring elsewhere, then the problems CERTAINTY(q[p]) and



CERTAINTY (q[x0] Y {C;(v)}) are equivalent under first-order
reductions, where Cy, is a fresh relation name of mode ¢ with key de-
pendency [Cp, : 0], in which the subscript b indicates the constant
for which the new atom was introduced. Note here that we treat
q[xs0] Y {C,,(0)} as a Boolean query, and therefore v is not free
in this query. We could have reused x instead of v, but this would
lead to some name clashes in the treatment later on. In short, for
every database instance db, we have that q[y,,5] is true in every
repair of db if and only if g[,) U {C(0)} is true in every repair
of db U {C} ()}

Now let ¢ be a consistent first-order rewriting of the Boolean
query q[xo] Y {C} (0)}. It is possible that ¢, which is obviously
Boolean, contains some atom CZ (y). In any repair of db U {CZ(b)},
this atom is true if and only if y = b. A consistent first-order rewrit-
ing of CERTAINTY(q[xp]) is therefore obtained by replacing any
atom C; (y) in ¢ with the equality y = b.

Finally, since query evaluation is closed under renaming of con-
stants, if a is another constant, then a consistent first-order rewrit-
ing of q [ ] U{Cq(v) } can be obtained from a consistent first-order
rewriting of q[x] U {C} (¢0)} by renaming b into a. This means
that we could treat the free variable x as a generic constant (in-
stead of using b), and consider the Boolean query gy U{C5(0)}
(instead of q[yi-0] U {Cg(v)}).

Example 8.5. Let q(x) = JuR(u, x), where x is a free variable.
We have that b is a consistent answer to g(x) on some database
instance db if 3uR(u, b) is true in every repair. Elimination of b
yields the query Ju3v (R(g, v) A CZ(U)), which has the following

consistent first-order rewriting:
Ju ((HUR(E, v)) AVo (R(g, v) — CZ(U))) .

We obtain a consistent first-order rewriting of JuR(u, b) by replac-
ing Cli(v) with v = b:

Ju ((FvR(w,v)) A Vo (R(w,0) > v =1)).

The detour via b can be avoided by eliminating from g(x) the
free variable x as if it were a constant, resulting in the query
JuTo (R(u,0) A C$(v)), which has the following consistent first-
order rewriting:

Tu ((JoR(w,v)) A Yo (R(w,0) — CL(v))) .
We obtain a consistent first-order rewriting of JuR(u, x) by replac-
ing C$(v) with v = x:

Ju ((3vR(w,v)) A Vo (R(w,v) > v=x)).

The following helping lemma shows that Corollary 8.3, which
was stated for one unattacked variable u, extends to any set of
unattacked variables.

LEMMA 8.6. Let q € sifBCQ be a query in which no atom contains
constants or repeated variables. Assume that q has no bi-tanglement
and no tri-tanglement. Let x € vars(q) such that x is not attacked by
any key of q. Let ¢’ := q U {C(x)}, where C is a fresh relation name
of mode ¢ with key [[C€ : 0]. Then,

(1) q’ has no bi-tanglement and no tri-tanglement; and

(2) ifthereisakey[R : K] ofq’ and a variablev € vars(q’) such

that R : K] 3\»0, thenR # C and [R : K] Lo,

Proor. Note that x is a join variable in ¢’. The proof of the
second item is straightforward. For the first item, it suffices to show
the following:

(a) if ¢’ has a bi-tanglement, then ¢ has a bi-tanglement; and
(b) if ¢’ has a tri-tanglement and q has no bi-tanglement, then q
has a tri-tanglement.

Assume q’ has a bi-tanglement. Then g’ contains an atom R
of mode i with two distinct keys [R : K|, [R : L] such thatK ¢ [R:
KnNL] 64" and there is y € vars(R) \ K such that y is a join variable
in ¢’. Obviously, R # C. It is easily verified that [R: KN L]®9 C
[R: KNL]®Y, and therefore K ¢ [R : KNL]94. If y is a join
variable in g, then g obviously has a bi-tanglement. Assume, for the
sake of contradiction, that y is not a join variable in g. Then, it is
necessarily the case that y = x and x occurs only once in gq. Since

y € vars(R) \ K and [R: K] 7Za y by the lemma’s hypothesis, it
follows K'(q \ {R}) = K — y, which implies that y must be a join
variable in g, a contradiction.

Assume g’ has a tri-tanglement and g has no bi-tanglement.

By (a), ¢’ has no bi-tanglement. Then ¢’ contains an atom R of
mode i with three distinct keys [R : K], [R : L], [R : M] such that

(A) for every key [R : N]|, we have K C [R : KN N]®9 and
M C [R:MNN]®9; and

(B) [R: KNLNM)] ©.4" includes no set among K N L, K N M,
LN M.

Since [R: KNLNM]®4 C [R: KNLNM]®9, it follows that
[R : KN LN M]®? includes no set among KNL, KNM,LNM.
It remains to be shown that for every key [R : N, we have K C
[R: KNN]®? and M C [R : MN N]®4. To this end, assume
a key [[R: N]. We will show K C [R : KN N]®9 (the proof of
M C [R : MN N]®Y is symmetrical). Assume for the sake of
contradiction that K ¢ [R : KN N]24. Then there is w € K
such that w ¢ [R : KN N]®4, and therefore w € K \ N. Since
K(qg"\ {R}) E KN N — w by item (A), it follows K(q \ {R}) E
(KN N)U{x} > w. Consequently, if w # x, then w is necessarily
a join variable in ¢, and therefore w is also a join variable in ¢’. If
w = x, then w is obviously a join variable in q’. Therefore, for the
query q’, we have that w is a join variable in vars(R) \ N. Since g’
has no bi-tanglement, N € [R: N N K] ©.4" Since N and K are not
comparable by set inclusion, we can assume a variable v € N \ K.
Since K(q" \ {R}) E N NK — v, it follows that v is a join variable
in ¢’. If v # x, then v is obviously also a join variable in q. If v = x,

then sincev € N \ K and [R: K]| 724 o by the lemma’s hypothesis,
it must be the case that K'(q \ {R}) = K — v, and therefore v is a
join variable in g. So we conclude that v is a join variable in g such
that v € vars(R) \ K. From our hypothesis that K ¢ [R: K N N]®4,
it follows that q has a bi-tanglement, a contradiction. O

8.3 Proof of the Main Theorem

We can now give the proof of the main Theorem 1.1

Proor oF THEOREM 1.1. By Corollary 4.3, we can compute a
query p such that

e no atom of p contains constants or repeated variables; and



e CERTAINTY(g) and CERTAINTY(p) are equivalent under
first-order reductions.

The following statements hold true:

o if the attack graph of p is cyclic, then CERTAINTY(q) is
L-hard (and therefore not in FO) by Lemma 5.5;

e if p has a bi-tanglement, then CERTAINTY(p) is coBPM-
hard (and therefore not in FO) by Lemma 6.4; and

o if p has a tri-tanglement, then CERTAINTY(p) is L-hard (and
therefore not in FO) by Lemma 7.4.

From here on, assume that the attack graph of p is acyclic, that p
has no bi-tanglement, and that p has no tri-tanglement. We show
that under these assumptions, CERTAINTY(p) is in FO.

The proof is by induction on the number of atoms of p that are
of mode i. The desired result is trivial if this number is zero, i.e., if
all atoms of p are of mode c. Assume next that at least one atom of
p is of mode i. Note that atoms of mode ¢ have zero outdegree in
the attack graph of p.

Since the attack graph of p is acyclic, there is an atom R of p
such that R has mode i and has zero indegree in the attack graph
of g. Let U be the set of unattacked variables in vars(R). Note here
that even though R has zero indegree in the attack graph of p, it is
still possible that some key of R attacks some variable of vars(R).
Let J be the set of join variables of vars(R). By Lemma 6.5, either
every key of R is included in U, or J is included in every key of
R (or both). Consider these two cases, where we assume that the
R-atom is R(x1, ..., xn).

Case that every key of R is included in U. Let the keys of R be
[R:Ki], ..., [R: K], and let U = {x3,...,xm}, which includes
every key of R. By Corollary 8.3 and Lemma 8.6, the following are
equivalent for every database instance db:

(1) pis true in every repair of db;
(2) there exist constants cy, . . ., ¢ (Which depend on db) such
XmiC1,ecm | 18 tTUE in every repair of db.

.....

In the following consistent first-order rewriting, the negated
existential subformula expresses that there must be no fact that

both agrees with R(xy,...,x,) on some key, and disagrees with
R(x1,...,x,) on some of the unattacked variables:
dxq - Axm

(Fxmt1 -+ - IxpR(x1, ..., Xxn))

R(ui,...,un)
A =3uq -+ Juy A (\/IS[Sm Xe # u{’) A
A (\/15jsk (/\{i|x,-€Kj}xi = ul))

(13)

>

AVxma1 -+ Vxp (R(x1, ..., %) = @(x1,...,%n))

where ¢ is a consistent first-order rewriting of p \ {R} in which the
variables x1, . . ., x, are free.

Case that ] is included in every key of R. Let J = {x1,...,xm}.
Clearly, no variable in J is attacked. By Corollary 8.3 and Lemma 8.6,
the following are equivalent for every database instance db:

(1) pis true in every repair of db;

(2) there exist constants c, . . ., ¢; (Which depend on db) such

that q[y, . xioci,...cm] 1S true in every repair of db.

The consistent first-order rewriting is:
Fxy -3y (R(x1, ..o x0) A @(X1,. .., Xn)), (14)

where ¢ is a consistent first-order rewriting of p \ {R} in which the
variables x1, ..., xj are free.

To conclude the proof, we note that by Lemma 8.6, the induc-
tion hypothesis holds for the query obtained from p by treating
the variables of vars(R) as free variables. Therefore, the formulas
@(x1,...,xp) in (13) and (14) exist. O

We point out that the length of the consistent first-order rewrit-
ing in the previous proof is at most quadratic in the length of
the input, when we consider that the input consists of a query
q € sjfBCQ and a set of key dependencies. This length arises be-
cause formula (13) contains a disjunction ranging over all keys of
R, in which every disjunct is a conjunction ranging over all key
positions. Note incidentally that every relation name R can have a
number of keys that is exponential in the arity of R.

9 BEYOND FIRST-ORDER REWRITABILITY

In this section, we briefly look at queries that do not have a con-
sistent first-order rewriting. As we mentioned in the introduction,
for the case of primary keys, there exists a clean classification: if
CERTAINTY(q) is not in FO, then it is either L-complete or coNP-
complete. However, for the case of multiple keys, it is unlikely that
we can achieve such a classification. As the next proposition shows,
there exists a query g for which CERTAINTY(q) is equivalent (un-
der logspace reductions) to the complement of BPM, a problem
whose complexity is still unsettled.

PROPOSITION 9.1. Let qo = {R(x,y),S(y)}, where the keys are
[R:{x}]. [R:{y}], and [S€ : O]. Then CERTAINTY(qo) and the
complement of BPM are equivalent under logspace reductions.

Proor. For the one direction, note that go has a bi-tanglement.
Hence by Lemma 6.4, there exists a first-order reduction from the
complement of BPM to CERTAINTY (go)-

We next show a reduction from the complement of the problem
CERTAINTY(qo) to BPM. Let db be an instance of CERTAINTY (qo).
Since S€ is a relation name of mode c and its key is the empty
set, db contains at most one S®-fact. If db contains no S¢-fact
(which can be tested in FO), then it is obviously a “no”-instance of
CERTAINTY(qo) and the desired result obtains. Assume next that
db contains S(bg). We now construct a bipartite graph (Py, Py, E)
with |P1| = |P2| as follows. Let A = {a | R(a,bp) € db} and
B={b| 3Ja € A: R(ab) € db} \ {bo}. It is easy to see that if
|A] > |B| (which can be tested in L), then db is a “yes”-instance of
CERTAINTY(qo) and the desired result obtains.

Assume |A| < |B| from here on, and let k = | B|—|A|. Furthermore,

Py ::AU{al,...,ak} and P, := B
E:={(a,b) | R(a,b) edb,ac A,b e B} U{ay,...,ar} XB

where ay, . .., a are distinct fresh constants. We now claim that db
is a “no”-instance of CERTAINTY(qo) if and only if (Py, Py, E) has
a perfect matching.

Indeed, consider a perfect matching M. Letr = {R(a,b) | (a,b) €
M, a € A}.Ttis easy to see that r is a consistent subset of db. Observe



that any repair r’ 2 r does not contain facts of the form R(a, by),
and hence falsifies qq.

For the opposite direction, let r be a repair of db that falsifies qo.
Since r contains no fact of the form R(a, by), for every a € A, there
exists b € B such that R(a, b) € r. We can now construct a perfect
matching by taking these edges, and matching the remaining k
unmatched vertices in B with {ay, ..., ax}. O

10 CONCLUSION

For consistent query answering with respect to key dependencies,
we solved the following problem: given a self-join-free Boolean
conjunctive query g, decide whether g has a consistent first-order
rewriting, and construct such a rewriting if it exists.

We terminate this paper with discussing some open problems
in consistent query answering with respect to key dependencies.
We denote by BCQ the set of Boolean conjunctive queries, possibly
with self-joins. By UBCQ, we denote the set of queries of the form
q1V -+ V qn where each g; belongs to BCQ.

An open problem is to find an algorithm for the following prob-
lem: given g € BCQ, decide whether CERTAINTY(g) is in FO, and
if it is, construct a consistent first-order rewriting of q. Another open
problem is to prove that for every query g € BCQ, CERTAINTY(q)
is either in PTIME or coNP-complete. Both problems are open even
in the case where no relation name has more than one key

These problems could also be studied for larger query classes,
starting with UBCQ. A caveat here is that a PTIME-coNP-complete
dichotomy in {CERTAINTY(q) | ¢ € UBCQ} is probably very hard
to prove, as it is known that such a dichotomy implies Bulatov’s
complexity dichotomy for conservative CSPs [11]. In the light of this
relationship, it may be rewarding to study whether dichotomies in
CSPs can be used to prove dichotomies in CQA. Beyond UBCQ, it is
shown in [14, Theorem 1] that the following problem is undecidable,
even for primary keys: given a first-order query g, does q have a
consistent first-order rewriting?

It follows from our previous work that in the case where no
relation name has more than one key, the set {CERTAINTY(q) |
q € sjfBCQ} exhibits a dichotomy between L and coNP-complete.
From the current paper, it follows that if relation names can have
more than one key, the set {CERTAINTY(q) | ¢q € sjfBCQ} contains
problems that are neither in L nor coNP-complete (under standard
complexity assumptions). It is an open problem to obtain a more
fine-grained complexity classification of problems in this set, which,
as we have seen, contains problems equivalent to the complement
of BPM under logspace reductions. The complexity of BPM is a
notorious open problem as of today.

A final open problem is to move from key dependencies to more
general functional dependencies. It is currently not clear to us
whether and how the techniques in the current paper can be ex-
tended to account for functional dependencies.
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A PROOF OF LEMMA 3.1

PrOOF OF LEMMA 3.1. Let R°(#1,...,t,) be an atom of g such
that R is a relation name of mode c. For every KD [[R: K] of R,
Let Rk 1(t1,...,tn) and Rx(f1, ..., tn) be two atoms, where for
i € {1,2}, we have that Rk ; is a fresh relation name of mode i
whose set of KDs is the singleton {[Rk ; : K] }. Let

¢ = (q\{R(tr,....ta)})
U{Rk,i(t1,....tn) | 1 <i < 2and [R:K] isaKD of R}.

We show that CERTAINTY(q) and CERTAINTY(q’) are equivalent
under first-order reductions.

Reduction from CERTAINTY(q) to CERTAINTY(q’). Let db an
instance of CERTAINTY(q). By definition, the set of R-facts of db is
consistent. Construct an instance db” of CERTAINTY(q’) as follows:
for every R-fact R°(d) € db and KD [[R : K[|, db’ contains Rk 1 ()
and Rg (d). Clearly, for i € {1,2}, the set of Rg ;-facts of db’ is
consistent. It is now easy to see that db is a “yes”-instance of q if
and only of db’ is a “yes”-instance of CERTAINTY(q’).

Reduction from CERTAINTY(g’) to CERTAINTY(q). Let db” be
an instance of CERTAINTY(q’). For every KD [[R : K] of R, let Qg
be the following first-order query:

Ok(x1,...,xp) =
Ri1(x1,...,%n) ARk 2(x1,...,Xn)
R (Y1, yn) A (ANjek Xi = i) )
AVyp---V (R, !
L = (A1<i<n i = yi)
A VY-V (Re2(y1, - - > yn) A (Aiek Xi = Y1)

= (Nisisnxi=vi) |’
Let Q be the following first-order query:

Q(x1,...,xp) = /\{QK(xl,...,xn) | [R:K] isaKD of R}.

Let db = db’ U {R°(ay,...,a,) | db” E QO(ay,...,an)}. By our
construction, the set of R-facts of db is consistent, and therefore db
is a legal instance of CERTAINTY(g). Indeed, for assume that db
contains two R-facts R°(d) and Rc(l_;) that agree on K for some KD
[R:K] of R. Let i € {1,2}. Since db E Q(d) and db E Q(E), we
have that db’ = Qg (@) and db’ |= QK(I;) Consequently, we have
Rk i(a), RK’i(E) € db’, and the universally quantified subformula
of Qk that contains Rk ;(y1,...,yn) states that d = b. We show
next that db is a “yes”-instance of CERTAINTY(q) if and only if db’
is a “yes”-instance of CERTAINTY(q’).

By our construction of Q, the following are equivalent for every
a of length arity(R):

(1) R°(a) € db;

(2) for every i € {1,2} and every KD [[R : K] of R, we have that

Rk 1(d) and Rg 2(d) belong to every repair of db’.

It is now obvious that if db is a “yes”-instance of CERTAINTY(q),
then db’ is a “yes”-instance of CERTAINTY(gq’). For the opposite
direction, assume that db is a “no”-instance of CERTAINTY(q). Let

r be a repair of db that falsifies g. Let ry be the set of all facts of r
that are not R-facts.

We need to show that rj; can be extended into a repair of db” that
falsifies q’. Assume that for some KD [[R: L] of Rand i € {1,2},
we have Ry ;(d@) € db’ but R°(a) ¢ db. Then, for some KD [[R : K]
of R, there exist £,m € {1, 2} with £ # m such that Rk ¢(a) € db’
and one of the following cases holds:

(1) Rg.m(@) ¢ db’; or
(2) there exists b such that Rk m(d) and RK,m(I;) are distinct
facts of db’ that agree on K.
Then, we extend rj with Rk (@), and in the second case, also with

Rikm (5) It is clear that in this way, ry can be extended into a repair
of db’ that falsifies q’. m|

B PROOF OF LEMMA 4.1

ProoF oF LEMMA 4.1. The reduction from CERTAINTY(q) to the
problem CERTAINTY((gq \ {F}) U p) is straightforward. Let db be
an instance of CERTAINTY(q). Let db” = db U {S(a,a) | a €
adom(db)}. Then, db is a “yes™-instance of CERTAINTY(q) if and
only if db” is a “yes”-instance of CERTAINTY((g \ {F}) U p). Infor-
mally, we use the S-facts to encode equality.

For the reduction from CERTAINTY((g \ {F}) U p) to the prob-
lem CERTAINTY(g), we establish a first-order definable function
f that maps instances of the problem CERTAINTY((q \ {F}) U p)
to instances of CERTAINTY(g), such that for every instance db of
CERTAINTY((q \ {F}) U p), the following are equivalent:

e db is a “yes”-instance of CERTAINTY((q \ {F}) U p); and

e f(db) is a “yes”-instance of CERTAINTY(q).
Let db be an instance of CERTAINTY((q \ {F}) U p). The variable
v occurs exactly twice in (q \ {F}) U p: once in the atom F’ =
R(t{, ... t) with tl.’ = x and t/ = v, and once in the atom S(x, v).

As argued in [17, page 9:7], we can assume that db is typed,
which in particular means that for all (not necessarily distinct) facts
R(ai,...,an), R(by,...,bn), S°(c,d) in db, we have d # a; # bj
and ¢ # a;j # b;. Informally, columns that correspond to distinct
variables have no constants in common. Let f map every R-fact
R(ai,...,an) indb to

R(ay,...,aj-1,t,aj+1, ..., an),
where t is as follows:

e if for some constant c, the database instance db contains
5%(c,aj), then t = c. Since S has mode c, this constant c, if it
exists, is unique;

e otherwise t = a;.

The following claim has a straightforward proof.

CramM B.1. Let A, B be two R-facts in db. For everyK C {1,...,n},
the following are equivalent:

(1) A and B agree on every position in K; and
(2) f(A) and f(B) agree on every position in K.

From Claim B.1, it follows in particular that f is injective, i.e., f
maps distinct R-facts to distinct R-facts. Furthermore, let f be the
identity on facts whose relation name is not R. Finally, we define
f(db) :={f(A) | A € db}. By Claim B.1,

rset(f(db)) = {f(r) | r € rset(db)}. (15)
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Clearly, the function f is first-order computable. The following
equivalence holds by construction, for every typed database in-
stance s that is a legal input to CERTAINTY((q \ {F}) U p):

f(s) contains R(ay, ..., an) with a; = a;j
)
there exists ¢ such that s contains both
R(ay,...,aj-1,¢ aj,...,an) and S°(aj, c).

(16)

It is now straightforward to show, using (15) and (16), that db is
a “yes”-instance of the problem CERTAINTY((q \ {F}) U p) if and
only if f(db) is a “yes™-instance of CERTAINTY(q). O

C PROOF OF LEMMA 4.2

Proor oF LEMMA 4.2. There is an obvious first-order reduction
from CERTAINTY(q) to CERTAINTY((q \ {F}) U p): db is a “yes”-
instance of the problem CERTAINTY (q) if and only if dbU {C(¢;)}
is a “yes”-instance of the problem CERTAINTY((g \ {F}) U p).In
the remainder of the proof, we establish a first-order reduction from
CERTAINTY((q\ {F}) U p) to CERTAINTY(q).

For every constant c, let g. be the query obtained from q by
replacing the atom R(#1, ..., t,) with R(1,...,ti—1,¢, tis1, - - -, tn)-
In particular, g = gy,.

Let db be a legal instance (either a “yes”-instance or a “no”-
instance) of CERTAINTY((q \ {F}) U p). Obviously, db is a “yes”-
instance if and only if the following two conditions are satisfied:

(A) for some constant ¢, we have that C¢(c) is a (necessarily

unique) C-fact of db; and

(B) db is a “yes”-instance of CERTAINTY (gc).

Our first-order reduction first checks whether db satisfies (A), i.e.,
whether db = 3x (C(x)). If db [£ Ix (C°(x)), then db is a “no”-
instance. In the remainder, assume db | 3x (C°(x)). We can as-
sume a constant ¢ such that db contains C(c). The reduction con-
sists in a renaming h of constants that occur at the jth position
of some R-fact. This renaming is needed because we have to re-
duce to CERTAINTY(qy, ), rather than to CERTAINTY(g.). We can
use the renaming h = {(t},¢c), (c, tj)} for this purpose: for every
fact R(ay,...,an) € db such that a; € {c,t;}, replace the fact
R(ai,...,an) with the fact R(ay, ..., aj-1,h(aj), aj+1, ..., an). Call
the result db’. Clearly, db’ can be computed from db in FO. It is
obvious that db is a “yes”-instance of CERTAINTY((q \ {F}) U p)
if and only if db’ is a “yes”-instance of CERTAINTY(q). ]

D PROOF OF LEMMA 5.5
We first show that every cyclic attack graph contains a cycle of size

two.

LEmMA D.1. Letq € sjfBCQ be a query in which no atom contains

constants or repeated variables. Let [R : K] and [[S : L] be keys of
q such that R # S. Letv € vars(q). If [R: K] s [S:L] and
[S:L] L v, then either [R : K] L v or [S:L] s [R:K] (or
both).

Proor. Assume [R: K] " [S:L] 5 0. There is a sequence

X1,X2, s Xp—1, X0, Y1, Y25 - - > Ym
such that
e xj €vars(R), x; € L,y; € vars(S), ym = v;

e 10 x; belongs to [R : K]®Y;
e no y; belongs to [S : L]®9; and
e every two adjacent variables occur together in some atom
of q. We have, in particular, {x,,y1} C vars(S).
The desired result holds obviously true if no y; belongs to [R : K]®+4.
In the remainder, we assume that some y; belongs to [R : K]®9.
Let k be the smallest index such that y; € [R : K]®9. The desired

result is obvious if y; € K (because [S : L] 5 Yr). Assume yi € K
from here on. There exists a sequence of keys of g

[T : M [T Mz, - [T - Mi]] (17)
such that y; € vars(T,) \ My, and for every i € {1,...,n},
e T; # R;and
e M; CKU ( ]_11 vars(Tj)).

For every variable u € I, vars(T;), we have u € [R : K] ©4 and

q
therefore [R : K] #» u. Since [[R: K] o x¢ with x; € vars(S), it
follows that for every i € {1,...,n}, T; #S.
Define [Ty : My] :=[R : K]. We claim:

for every i > 1,if [[S: L] attacks some variable

of M;, then there exists j < i such that [S:L]  (18)
attacks some variable of M;.

To prove this claim, assume that [S: L] b x with x € M; and
i > 1. The desired result is obvious if x € My = K. We now treat
the case that x ¢ My. By the construction of (17), there exists j < i
such that x € vars(Tj) \ M;. By Lemma 5.4, [[S : L] attacks some
variable in Mj.

From [[S: L] " yr and Lemma 5.4, it follows that [S : L] at-
tacks some variable in M,,. The desired result follows by repeated
application of (18). O

CoroLLARY D.2. Let q € sjfBCQ be a query in which no atom
contains constants or repeated variables. If the attack graph of q has
a cycle, then it has a cycle of length two.

Proor. Assume that the attack graph of g has a cycle. We can
assume that [Ro : Ko}, ..., [Re=1 : Kp-1] is a sequence of keys of
q such that forall i, j € {0,...,¢ -1},

e i # jimplies R; # R, and
q
o [Ri: Ki] » [Ris1 mod ¢ : Kit1 mod ell-
The proof runs by induction on ¢, the length of the cycle. The
desired result is obvious if £ = 2.

Assume ¢ > 3. We have [Ry : Ko L [R: : K1 L [Rz : K2]-

The desired result obtains vacuously if [R; : K1 ]| L [Ro : Ko]-
q

Assume [[R; : K1 ]| # [[Ro : Ko] from here on. Since [R; : K] g,

[R: : K3 ]|, there exists a variable v € K3 such that [R; : Ki ] -

By Lemma D.1, we have [Ry : Kp]| & v, and therefore [Ry : Ko | N

[Rz : K2]. Then the attack graph has a cycle of length ¢ — 1, and
the desired result follows from the induction hypothesis. O

ProoF oF LEMMA 5.5. Assume that the attack graph of q has a
cycle. By Corollary D.2, the attack graph of q has a cycle of length
two. We can assume that [R : K] and [S : L]] with R # S are keys of



q that mutually attack one another. The proof is a first-order reduc-
tion from CERTAINTY(qo) with qo = {Ro(x, y), So(y, x)}, which is
an L-hard problem [17]. -
For every pair (a, b) of constants, define G)Z as the valuation over

vars(q) such that for every x € vars(q),

a ifxe [R:K|®9\ [S:L]®1

b ifxe[S:L]®9\ [R:K]®Y

1 ifxe[R:K]®IN[S:L]®Y
(a,b) otherwise

0, (x) =

Cramm D.1. {@Z (R), e (R)} is inconsistent if and only if a = a’
andb # b’.

Proor or Cramm D.1. By contraposition, it suffices to
show the following:

(A) ifa # a’, then {@‘; (R), ®% (R)} is consistent; and

(B) if b = b’, then {G)Z (R), % (R)} is consistent.

For (A), assume a # a’. We have that K # 0, or else [R : K] would
have no incoming attack, a contradiction. Since K C [R : K]®9, it
is obvious that {©¢(R), 0% (R)} E [R: K].

Let [R: M] be another key of g. By our definition of ©f,
suffices to show M ¢ [S : L]®9. Assume, toward a contradlctlon,
M C [S: L]®9, that is, K(¢g© S) E L — M. Since K(g© S)
M — K is obvious, we have K(qg© S) E L — K. But then [[S: L]
cannot attack [[R : K]}, a contradiction.

For (B), assume b = b’. If a # a’, then the desired result follows
from (A). If a = a’, then G)Z (R) = @Z: (R), and the desired result
follows vacuously (because a database instance that is a singleton
satisfies every KD).

Assume a=a andb # b’.From K C [R : K]®4, it
follows that © and @Z: agree on K. Since [ R : K] has an outgoing
attack, vars(R) ¢ [R : K]®9Y, and the desired result obtains because
@Z and @Z: disagree on variables in vars(R) \ [R : K]®4. [

CramD.2. IfO;(R) = G)Z: (R), thena=a’ andb=1b’.

Proor oF CLamv D.2. Assume O} (R) = ©%(R). As argued in
the proof of Claim D.1, ® # K C [R : K]®4. It obviously follows
a=ad’.

Since {@Z (R), e (R)} is consistent, Claim D.1 implies a # a’ or
b =1"b’.Since a = d’, if follows b = b’. n

Cramv D.3. For every atom T € q \ {R,S}, for all constants
a,a’,bb’, {@Z(T), 0% (T)} is consistent.

Proor oF CLamm D.3. Let [T : M] be a key of g. Assume that
@“ and 8“, agree on M. We need to show G)Z(T) = G)Z:(T)A We
have that both K(q©eR) and K(q© S) contain M — vars(T). The
desired result is obvious if a = @’ and b = b’. Three other cases can
occur:

e Casea=a’and b # b’. Then M C [R: K]®9, hence K(q ©
R) E K — M. It follows K(q © R) E K — vars(T), and
therefore vars(T) C [R : K]®9. The desired result follows
from the definition of ©7.

e Case a # a’ and b = b’. This case is symmetrical to the
previous item.

e Casea#a’andb # b’. ThenM C [R: K|S9 N [S:L]®Y,
hence K (qoR) E K —» Mand K(geS) E L — M.Itfollows
K(q6R) E K — vars(T) and K(geS) | L — vars(T), and
therefore vars(T) C [R : K]®? N [S : L]®9. The desired
result follows from the definition of @Z.

This concludes the proof of Claim D.3. n

For every instance db of CERTAINTY(qo), we define f(db) as
the following database instance:
o for every Ro(a,b) € db such that So(b,a) ¢ db, f(db) in-
cludes G)Z(q \ {S});
e for every Ro(a,b) € db such that So(b,a) € db, f(db) in-
cludes @‘;(q); and
o for every So(b,a) € db such that Ry(a,b) ¢ db, f(db) in-
cludes @Z(q \ {R}).
Let F(db) be the subset of f(db) that contains all facts that are
neither R-facts nor S-facts. By Claims D.1, D.2, and D.3 (and their
symmetric versions),

rset(£(db)) = {£(r) U F(db) | r € rset(db)}.

Let db be an instance of CERTAINTY(qp). It suffices to show that
for every repair r of db,

r | qo if and only if f(r) U F(db) = q.

To show the latter equivalence, let r be an arbitrary repair of db.

Assume r = qo. There exist constants a,b such that
Ro(a,b),S0(b,a) € r. It follows that f(r) includes @Z(q), hence
F(x) UF(db) E g

Assume f(r)UF(db) [ q. There is a valuation p such that
u(g) € f(r) U F(db). Then, there are Ry(a, b), So(b’, a’) € r such
that p(R) = @)Z(R) and p(S) = ®Z:(S). It suffices to show a = a’
and b = b’. We show a = a’; the proof of b = b’ is symmetrical.
Since [[R : K] s [S: L], there is a sequence

Fo,U],Fl,Uz,Fz ey

where {Fi}fzo C g, Fp =R Fp =S, and for every i € {1,...,¢},
v; € vars(q) \ [R : K]®9 such that v; occurs in both F;_; and
F;. For every i € {0,...,¢}, there are constants a;, b; such that
u(Fp) = G)Z; (Fi). We show by induction on increasing i that for

Fi,viv1, Fiv1, ..., 0e Fp

every i € {0,...,¢},b; =b.
Basis i = 0. Since @Z(R) =u(R) = @ZE (R), it follows by Claim D.2
that by = b.

Stepi — i + 1. The induction hypothesis is b; = b. We have that
1, @ , and @ "1 agree on vj41. Then, from @ (vl+1) €
{b, (aub>} and 9“'“ (vi+1) € {bir1,{ai+1, bir1)}, 1t follows
b= b1+1

Consequently, by = b. Since @“ (S) = p(S) = @a‘ (S), it follows

from (the symmetrical of) Clalm D.2 that b = b’. ThlS concludes

the proof of Lemma 5.5. m]
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