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Computer Science and Engineering

The need to analyze and understand big data has changed the landscape of data manage-
ment over the last years. To process the large amounts of data available to users in both
industry and science, many modern data management systems leverage the power of massive
parallelism. The challenge of scaling computation to thousands of processing units demands
that we change our thinking on how we design such systems, and on how we analyze and
design parallel algorithms. In this dissertation, I study the fundamental problem of query
processing for modern massively parallel architectures.

I propose a theoretical model, the MPC model (Massively Parallel Computation), to
analyze the performance of parallel algorithms for query processing. In the MPC model, the
data is initially evenly distributed among p servers. The computation proceeds in rounds:
each round consists of some local computation followed by global exchange of data between
the servers. The computational complexity of an algorithm is characterized by both the
number of rounds necessary, and the maximum amount of data, or mazimum load, that each
processor receives. The challenge is to identify the optimal tradeoff between the number of
rounds and maximum load for various computational tasks.

As a first step towards understanding query processing in the MPC model, we study
conjunctive queries (multiway joins) for a single round. We show that a particular type of

distributed algorithm, the HYPERCUBE algorithm, can optimally compute join queries when



restricted to one communication round and data without skew.

In most real-world applications, data has skew (for example a graph with nodes of large
degree) that causes an uneven distribution of the load, and thus reduces the effectiveness
of parallelism. We show that the HYPERCUBE algorithm is more resilient to skew than
traditional parallel query plans. To deal with any case of skew, we also design data-sensitive
techniques that identify the outliers in the data and alleviate the effect of skew by further
splitting the computation to more servers.

In the case of multiple rounds, we present nearly optimal algorithms for conjunctive
queries for the case of data without skew. A surprising consequence of our results is that
they can be applied to analyze iterative computational tasks: we can prove that, in order to
compute the connected components of a graph, any algorithm requires more than a constant
number of communication rounds. Finally, we show a surprising connection of the MPC

model with algorithms in the external memory model of computation.
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Chapter 1

INTRODUCTION

Over the last decade, there has been a large increase in the volume of data that is
being stored, processed and analyzed. In order to extract value from the large amounts of
data available to users in both industry and science, the collected data is typically moved
through a pipeline of several data processing tasks, which include cleaning, filtering, joining,
aggregating [32]. Improving the performance of these tasks is a fundamental problem in big
data analysis, and many modern data management systems have resorted to the power of
parallelism to speed up the computation. Parallelism enables the distribution of computation
for data-intensive tasks into hundreds, and even thousands of machines, and thus significantly
reduces the completion time for several crucial data processing tasks.

The motivating question of this dissertation is the following: How can we analyze the
behavior of query processing algorithms in massively parallel environments? In this disserta-
tion, we explore the parameters that influence system behavior in this scale of parallelism,
and present a theoretical framework, called the Massively Parallel Model, or MPC. We then
apply the MPC model to rigorously analyze the computational complexity of various parallel
algorithms for query processing, with a primary focus on join processing. Using the MPC
model as a theoretical tool, we show how we can design novel algorithms and techniques for

query processing, and how we can prove their optimality.

1.1 DMotivation

Query processing for big data is typically performed on a shared-nothing parallel architec-
ture [76]. In a shared nothing architecture, the processing units share no memory or other

resources, and communicate with one another by sending messages via an interconnection



network. Parallel database systems, pioneered in the late 1980s by GAMMA [38], have been
using such a parallel architecture: an incomplete list of these systems includes Teradata [6],
Netezza [5], Vertica [7] and Greenplum [2].

The use of the shared nothing architecture and the scaling to an even larger number of
machines became prevalent following the introduction of the MapReduce framework [37], its
open source implementation Hadoop [3], and the rich ecosystem of extensions and languages
that has been built on top (PigLatin |44, [66], Hive [74]).

Several other big data management systems were developed after the introduction of
the MapReduce paradigm: for example, Scope [31], Dryad [52, 84] and Dremel [60]. More
recently big data analysis systems have been built to support efficient iterative computing
and machine learning tasks, in addition to standard query processing: Spark [85] and its
SQL-extension Shark [81], Hyracks [28] and the software stack of ASTERIX that is built on
top [19], Stratosphere [39], and the system that has been developed by the Database group
at the University of Washington, Myria [4]. We should also mention two systems based on
the Bulk Synchronous Parallel (BSP) model [77]: Pregel [59], developed for parallel graph
processing, and Apache Hama [1]. [f]

Reasoning about the computational complexity of algorithms in such massively parallel
systems requires that we shift from our thinking of traditional query processing. Typically, a
query is evaluated by a sufficiently large number of servers such that the entire data can be
kept in the main memory of these servers; hence, the complexity is no longer dominated by
the number of disk accesses. Instead, the new complexity bottleneck becomes the amount of
communication, and how this communication is distributed among the available computa-
tional resources. Indeed, as we increase the number of machines to which the computation
is distributed, more communication is required. Even though the interconnection networks
are often faster than accessing the local disk, managing the communication cost becomes a

major concern for both system and algorithm designers.

!GraphLab [58] and Grappa [62], although they run on shared nothing architectures, hide the underlying
architecture from the programmer and expose instead a shared-memory logical interface.



In addition, in most systems (such as MapReduce and Pregel), synchronization is guaran-
teed at every step of the computation. Any data reshuffling requires global synchronization
of all servers, which comes at a significant cost; synchronizing requires additional compu-
tational resources and communication. Moreover, in synchronous computation we often see
the phenomenon of stragglers, which are machines that complete a computational task slower
than others E| In the context of MapReduce framework, this phenomenon is commonly re-
ferred to as the curse of the last reducer [73]. Since we have to wait for every machine to finish
at every synchronization step, limiting the number of synchronization steps is an important

design consideration in such parallel systems.

An additional reason for the appearance of stragglers is the uneven distribution of the
computational or data load among the available resources. Consequently, apart from the
communication cost and the amount of synchronization, a fundamental rule when we par-
allelize at scale is that the computational and data load must be distributed as evenly as
possible between all the available machines. Thus, we have to communicate as little as
possible, while simultaneously making sure that the data is partitioned evenly among the
servers. This means that we have to account for a common phenomenon that occurs in every
data partitioning or computation-balancing method, the presence of skew. Data skew, in
particular, appears when certain parts of the data are more ‘hot’ than others. As an exam-
ple, consider the Twitter follower graph, where we store an edge for each ‘follows’ relation
between two users: in this case, the Justin Bieber node results in skew, since a dispropor-
tionate amount of edges in the graph will refer to it. Parallel systems can either detect the
presence of skew in runtime and rebalance dynamically [57], or use data statistics to deploy

skew-resilient algorithms.

In summary, the parameters that are dominating computation in massively parallel sys-
tems are the total communication, the number of synchronization steps, and the maximum

data load over all machines (instead of the average load). The MPC model that we intro-

2Stragglers appear for many reasons, such as hardware heterogeneity or multi-tenancy.



duce captures all these three parameters in a simple but powerful model that allows us to
not only analyze the behavior of parallel algorithms, but also show their optimality through

lower bounds.
1.2 Contribution

In this dissertation, we introduce the Massively Parallel Computation model, or MPC, as
a theoretical tool to analyze the performance of parallel algorithms for query processing on
relational data.

In the MPC model, the data is initially evenly distributed among p servers/machines.
The computation proceeds in rounds, or steps: each round consists of some local computation
followed by global exchange of data between the servers. The computational complexity of
an algorithm is characterized by both the number of rounds r necessary, and the maximum
amount of data, or mazimum load, L, that each machine receives. An ideal parallel algorithm
would use only one round and distribute the data evenly without any replication, hence
achieving a maximum load M /p, where M is the size of the input data. Since this is rarely
possible, the algorithms need to use more rounds, have an increased maximum load, or both.

Using the MPC model as a theoretical framework, we then identify the optimal tradeoff
between the number of rounds and maximum load for query processing tasks, and in particular
for the computation of conjunctive queries (join queries). Join processing is one of the
central computational tasks when processing relational data, and a key component of any
big data management system. Understanding this tradeoff equips system designers with
knowledge about how much synchronization, communication and load the computation of a
query requires, and what is possible to achieve under specific system constraints. Our results

in this setting are summarized below.

Input Data without Skew. We establish tight upper and lower bounds on the maximum

load L for algorithms that compute full P join queries in a single round. We show that a

3By full join queries we mean join queries that return all possible outputs, 4.e. there are no projections.



particular type of distributed algorithm, the HYPERCUBE algorithm, which was introduced
in [15] as the SHARES algorithm, can optimally compute join queries when the input is

restricted to having no skew.

More formally, consider a conjunctive query ¢ on relations Sy, ..., Sy, of size My, ..., M,
respectively. Let u = (uy,...,us) be a fractional edge packing [35] of the hypergraph of
the query ¢: such a packing assigns a fractional value u; to relation S;, such that for every
variable z, the sum of the values of the relations that include x is at most 1. Then, we show

that any (randomized or deterministic) algorithm that computes ¢ in a single round must

¢ Uj 1/Zjuj
L=0Q <—Hj=1Mj )

p

have load

Moreover, we show that the HYPERCUBE algorithm matches this lower bound asymptotically
when executed on data with no skew. As an example, for the triangle query Cs(x,y,z2) =
Si(x,y), Sa(y, 2), S3(z, z), when all relations have size equal to M, we have an MPC algorithm
that computes the query in a single round with an optimal load of O(M /p*3). (The optimal
edge packing in this case is (1/2,1/2,1/2).) Our analysis of the HYPERCUBE algorithm
further shows that it is more resilient to skew than traditional parallel join algorithms, such

as the parallel hash-join.

For multi-round algorithms, we establish upper and lower bounds in a restricted version of
the MPC model that we call the tuple-based MPC model: this model restricts communication
so that only relational tuples can be exchanged between servers. Both our upper and lower
bounds hold for matching databases, where each value appears exactly once in any attribute
of a relation (and so the skew is as small as possible). We show that to achieve a load L in r
rounds for a given query, we have to construct a query plan of depth r, where each operator
is a subquery that can be computed by the HYPERCUBE algorithm in a single round with
load L. For example, to compute the query Lg = Si(z1,x2),...,Ss(rs, x9), we can either
use a bushy join tree plan of depth 3, where each operation is a simple join between two

relations, which will result in a load of O(M/p). Alternatively, since we can compute the



4-way join Ly in a single round with load O(M /p'/?), we can have a plan of depth 2; thus,
we can have a 2-round algorithm with load O(M /p'/?). We prove that this type of plan
is almost optimal for a large class of queries, which we call tree-like queries. To the best
of our knowledge, these are the first lower bounds on the load of parallel query processing

algorithms for multiple rounds.

Input Data with Skew. In many real-world applications, the input data has skew; for
example, a node in a graph with large degree, or a value that appears frequently in a relation.
In this dissertation, we present several algorithms and techniques regarding how we handle

skew in the context of the MPC model, mostly focusing on single-round algorithms.

We show first that the HYPERCUBE algorithm, even though it is suboptimal in the
presence of skew, is more resilient to skewed load distribution than traditional parallel join
algorithms. We then present a general technique of handling skew when we compute join
queries; this technique requires though that we know additional information about the out-
liers in the data and their frequency (we call these heavy hitters). We show how to apply this
technique to obtain optimal single-round algorithms for star queries and the triangle query
C5. Our algorithms are optimal in a strong sense: they are not worst-case optimal, but are

optimal for the particular data distribution of the input.

For general join queries, we present a single-round algorithm, called the BINHC algo-

rithm, which however does not always match our lower bounds.

Beyond Query Processing. Our techniques for proving lower bounds on the round-
load tradeoff for computing join queries imply a powerful result on a different problem, the
problem of computing connected components in a graph. We prove that any algorithm that
computes the connected components on a graph of size M with load that is o(M) cannot
use a constant number of rounds. To the best of our knowledge, this is the first result on

bounding the number of rounds for this particular graph processing task.



External Memory Algorithms. We show a natural connection of the MPC model with
the External Memory Computational model. In this model, there exists an internal memory
of size M, and a large external memory, and the computational complexity of an algorithm
is defined as the number of input/output operations (I/Os) of the internal memory. The
main result is that any MPC algorithm can be translated to an algorithm in the external
memory model, such that an upper bound on the load translates directly to an upper bound
on the number of I/Os.

We show surprisingly that we can apply this connection to obtain an (almost) optimal
algorithm for C3 in the external memory model. This result hence implies that designing
parallel algorithms in the MPC model can lead to advancement in the current state-of-the-art

in external memory algorithms.
1.3 Organization

We begin this thesis by providing some background and terminology, along with the expo-
sition of some technical tools, in Chapter We then formally define the MPC model in
Chapter |3| and present a detailed comparison with previous models for parallel processing.

In Chapter [4] we present our results for computing join queries in a single round for
data without skew, and we discuss both the algorithms and lower bounds. We study query
processing in the presence of skew in Chapter [, where we introduce new algorithms to handle
the outliers present in the data. In Chapter [6] we present algorithms and lower bounds for
multiple rounds, both for data with and without skew.

In Chapter [7] we discuss the surprising connection between the MPC model and the

external memory model. We finally conclude in Chapter [



Chapter 2
BACKGROUND

In this chapter, we present some background that will be necessary to the reader to
follow this dissertation. We present in detail the class of conjunctive queries, which will be
the queries this dissertation focuses on. We then lay some notation and useful mathematical

inequalities that will prove handy throughout this work.
2.1 Conjunctive Queries

The main focus in this work is the class of Conjunctive Queries (CQ). A conjunctive query

q will be denoted as
q(xl,...,xk) = Sl(i’l),...,Sg(fg) (21)

The notation we are using here is based on the Datalog language (see [8] for more details).
The atom ¢(z1, ..., ) is called the head of the query. For each atom S;(z;) in the body of
the query, S; is the name of the relation in the database schema. We denote the arity of

relation S; with a;, and also write a = Zé

j—1 @; to express the sum of all the arities for the

atoms in the query.

Definition 2.1.1. A CQ q s full if every variable in the body of the query also appears in
the head of the query. A CQ q is boolean if k = 0, i.e. the head of the query is q().

For example, the query ¢(z) = S(z,y) is not full, since variable y does not appear in the

head. The query ¢() = S(z,y) is boolean.

Definition 2.1.2. A CQ q is self-join-free if every relation name appears exactly once in the

body of the query.



The query ¢(z,y,2) = R(z,y),S(y,z) is self-join-free, while the query ¢(x,y,z) =

S(z,y),S(y, z) is not self-join-free, since relation S appears twice in the query.

The result ¢(D) of executing a conjunctive query g over a relational database D is ob-
tained as follows. For each possible assignment « of values to the variables in Z1, ..., Z, such
that for every j = 1,...,¢ the tuple «(Z;) belongs in the instance of relation S;, the tuple
a(xy,...,xzx) belongs in the output ¢(D).

Definition 2.1.3. The hypergraph of a CQ q is defined by introducing one vertex for each
variable in the body of the query and one hyperedge for each set of variables that occur in a

single atom.

We say that a conjunctive query is connected if the query hypergraph is connected. For ex-
ample, the query ¢(x,y) = R(z), S(y) is not connected, whereas ¢(z,y) = R(x), S(y), T(x,y)
is connected. We use vars(S;) to denote the set of variables in the atom S}, and atoms(z;) to
denote the set of atoms where x; occurs; k and ¢ denote the number of variables and atoms

in ¢, as in (2.1)). The connected components of q are the maximal connected subqueries of g.

We define below three important classes of full self-join-free conjunctive queries that will

be seen frequently throughout this work.

Li(xo, 21, ..., z) = Si(xo, 1), Sa(x1, x2), . . ., Sk(Th—1, T)
Ck(ili'l, ce ,l’k) = Sl(ilfl, fL'Q), SQ(ZL’Q,.CEg), ey Sk(xk, xl)
Ti(z, 21, ..., xx) = S1(z,21), S22, x2), . .., Sk(2, xk)

The first class is the class of line queries, the second of cycle queries, and the third of star

queries, and examples of their hypergraphs are in [Fig. 2.1]
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S1 T
S
Zo T T —1 T
S1
So
Sy .
Ty z 2
T S3 24 Sy So Sy
/ Ss
Ty ———
Xq 54 * Sq 3 xr3
(a) Hypergraph of Ly (b) Hypergraph of Cy (c¢) Hypergraph of T}

Figure 2.1: Examples for three different classes of conjunctive queries: (a) line queries Ly, (b) cycle queries
Cy and (c) star queries T. The hypergraphs are depicted as graphs, since all relations are binary.

2.1.1 The Characteristic of a CQ

We introduce here a new notion, that of the characteristic of a conjunctive query, which will
be used later in this work in order to count the number of answers for queries over particular
input distributions. The characteristic of a conjunctive query ¢ as in (2.1 is defined as
x(q) = a—k—{+c, where a = >, a; is the sum of arities of all atoms, £ is the number of
variables, ¢ is the number of atoms, and c¢ is the number of connected components of q.

For a query ¢ and a set of atoms M < atoms(q), define ¢/M to be the query that results
from contracting the edges in the hypergraph of q. As an example, for the line query Ls; we
have that Ls/{S2, Ss} = Si(xo, x1), S3(x1, x3), S5(x3, 5).

Lemma 2.1.4. The characteristic of a query q satisfies the following properties:

(a) If q1,...,q. are the connected components of q, then x(q) = X_, x(q:).
(b) For any M < atoms(q), x(q/M) = x(q) — x(M).

(c) x(q) = 0.
(d) For any M < atoms(q), x(q) = x(q/M).

Proof. Property (a) is immediate from the definition of y, since the connected components of

q are disjoint with respect to variables and atoms. Since ¢/M can be produced by contracting
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according to each connected component of M in turn, by property (a) and induction it
suffices to show that property (b) holds in the case that M is connected. If a connected M
has kj, variables, £, atoms, and total arity a,s, then the query after contraction, g/M, will
have the same number of connected components, ky; — 1 fewer variables, and the terms for
the number of atoms and total arity will be reduced by ay; — £y, for a total reduction of
ay — kyr — Oy + 1 = x(M). Thus, property (b) follows.

By property (a), it suffices to prove (c) when ¢ is connected. If ¢ is a single atom S;
then x(S;) = 0, since the number of variables is at most the arity a; of the atom. If ¢ has
more than one atom, then let S; be any such atom: then x(q) = x(¢/S;) + x(S;) = x(¢/S;),
because x(S;) = 0. Property (d) follows from (b) using the fact that x(M) > 0. O

For a simple illustration of property (b), consider the example above Ls/{S, S}, which
is equivalent to L. We have x(Ls) =10—6—-5+1=0, and x(L3) =6—-4—-3+1=0,
and also x(M) = 0 (because M consists of two disconnected components, Sa(xq,x2) and
Sa(xs,x4), each with characteristic 0). For a more interesting example, consider the query

K, whose graph is the complete graph with 4 variables:

Ky = 51(3?17 $2)> 52(1’17 333), Ss(-fﬁz, 333), 54(371, 374), 55(562, 5704)7 56(1’37 334)

and denote M = {5}, Sy, S3}. Then Ky/M = Sy(x1,x4), S5(x1,x4), S¢(x1, x4) and the charac-
teristics are: x(K,) = 12—4—6+1 =3, x(M) =6—-3—-3+1 =1, x(Ky/M) = 6—2—-3+1 = 2.
Finally, we define the class of tree-like queries, which will be extensively used in Chapter [§]

for multi-round algorithms.
Definition 2.1.5. A conjunctive query q is tree-like if q is connected and x(q) = 0.

For example, the query L, is tree-like; in fact, a query over a binary vocabulary is tree-
like if and only if its hypergraph is a tree. An important property of tree-like queries is that

every connected subquery will be also tree-like.
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2.1.2  The Fractional Edge Packing of a CQ

A fractional edge packing (also known as a fractional matching) of a query ¢ is any feasible

solution u = (uy,...,uy) of the following linear constraints:

Viel[k]: > w<1 (2.2)

j:xievars(S;)

V]E[K]UJZO

The edge packing associates a non-negative weight u; to each atom S; such that for
every variable x;, the sum of the weights for the atoms that contain x; do not exceed 1. If all
inequalities are satisfied as equalities by a solution to the LP, we say that the solution is tight.
The dual notion is a fractional vertex cover of g, which is a feasible solution v = (vq, ..., vg)

to the following linear constraints:

Viel: > w=1

i:x;evars(S;)

Viel[k]:v; =0

At optimality, max, ). juj = miny > vi; this quantity is denoted 7* and is called the frac-

tional verter covering number of q.

Example 2.1.6. An edge packing of the query Ls = S1(x1,x2), Sa(xa, x3), S3(x3, 24) is any
solution to uy <1, ug +us < 1, ug + uz < 1 and uz < 1. In particular, the solution (1,0,1)

15 a tight edge packing; it is also an optimal packing, thus 7 = 2.

We also need to refer to the fractional edge cover, which is a feasible solution u =
(u1,...,ue) to the system above where < is replaced by > in Eq.(2.2)). Every tight fractional
edge packing is a tight fractional edge cover, and vice versa. The optimal value of a fractional
edge cover is denoted p*. The fractional edge packing and cover have no connection, and

there is no relationship between 7* and p*. For example, for ¢ = Si(z,y), S2(y, z), we have
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Vertex Covering LP Edge Packing LP
Viel: > vzl (2.3) Viel[k]: D> u <1 (24)
i:x;evars(S;) j:xi€vars(S;)
VZE[IC]UZZO VJE[K]UJZO
minimize Y | v; maximize Z§:1 U

Figure 2.2: The vertex covering LP of the hypergraph of a query ¢, and its dual edge packing LP.

7* = 1 and p* = 2, while for ¢ = Si(z), S2(z,y), S3(y) we have 7* = 2 and p* = 1. The
two notions coincide, however, when they are tight, meaning that a tight fractional edge
cover is also a tight fractional edge packing and vice versa. The fractional edge cover has
been used recently in several papers to prove bounds on query size and the running time of
a sequential algorithm for the query [22] [63] [64]; for the results in this paper we need the

fractional packing.

2.1.8 The Database Instance

Throughout this work, we will often focus on specific types of database instances with dif-
ferent properties.

Let R be a relation of arity r. For a tuple ¢ over a subset of the attributes [r] that exists
in R, we define d;(R) = |o4(R)| as the degree of the tuple ¢ in relation R. In other words,
di(R) tells us how many times the tuple ¢ appears in the instance of relation RE]

A matching database restricts the degrees of all relations such that for every tuple t over
U < |r], we have d;(R) = 1; in other words, each value appears at most once in every relation.
To see an example of a matching database, consider a binary relation R, and assume that
each of the attributes contains the values 1,2,...,n. In this scenario, a matching instance

of R contains n tuples, and essentially defines a permutation on [n], since each value of the

'Notice that our definition of the degree considers only tuples that exist in the relation, and thus the
degree can never be zero.
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1 1 1

2 2 2

3 3 3

4 1 ! 4

5 5 5

6 6 6
(a) A depiction of a matching instance for rela- (b) A depiction of a (maximally) skewed instance
tion R(zx,y) as a bipartite matching for relation R(z,y)

Figure 2.3: Examples for two different instances for a binary relation R(x,y): (a) a matching instance over
a domain of size 6, (b) a skewed instance.

first attribute maps to a unique value of the second attribute. Notice also that in a matching

relation every attribute is a key.

Matching databases are instances without data skew. Instances with skew typically have
some value, or tuple of values, that appear frequently in the instance. In this work, we do
not define an absolute notion of when a relation is skewed, since the measure of skew will be
relative to the parallelism available. To give an example of skew for the binary relation R,
consider the instance {(1,1),(1,2),...,(1,n), and observe that the degree of the value 1 is

n, since 1 appears in all n tuples.

2.2 Entropy

Let us fix a finite probability space. For random variables X and Y, the entropy and the

conditional entropy are defined respectively as follows:

ZP )-log, P(X = z) (2.5)

H(X|Y) ZP H(X|Y =y) (2.6)
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The entropy satisfies the following two basic inequalities:

H(X |Y) < HX)
HX,Y)=H(X |Y)+ H(Y) (2.7)

Assuming additionally that X has a support of size n, we have:

H(X) <logyn (2.8)

2.3 Yao’s Principle

The lower bounds that we show in this work apply not only to deterministic algorithms, but
to randomized algorithms as well. To prove lower bounds for randomized algorithms, we use
Yao’s Principle [83]. In the setting of answering conjunctive queries, Yao’s principle can be
stated as follows.

Let P be any probability space from which we choose a database instance I, such that
every deterministic algorithm fails to compute ¢(I) correctly with probability = 1—4. Then,
for every randomized algorithm, there exists a database instance I’ such that the algorithm
fails to compute ¢(I") correctly with probability > 1 — §, where the probability is over the
random choices of the algorithm.

In other words, if we want to prove a lower bound for randomized algorithms, it suffices to
construct a probability distribution over instances for which any deterministic algorithm fails.
As we will see, Yao’s principle allows us to prove strong lower bounds for the communication

load, even in the case where we allow communication to take arbitrary form.
2.4 Friedgut’s Inequality

Friedgut [41] introduces a powerful class of inequalities, which will provide a useful tool for
proving lower bounds. Each inequality is described by a hypergraph, but since we work with

conjunctive queries, we will describe the inequality using query terminology (and thus the
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hypergraph will be the query hypergraph). Fix a query ¢ as in (2.1)), and let n > 0. For every
atom S;(Z;) of arity a;, we introduce a set of n% variables w;(a;) = 0, where a; € [n]%. If

a € [n]*, we denote by a; the vector of size a; that results from projecting on the variables

of the relation S;. Let u = (uy,...,us) be a fractional edge cover for ¢q. Then:
¢ ‘ “
Z nw] (aj) < H Z wj (aj)l/u] (2.9)
ae[n]k j=1 J=1 \a;e[n]*

We illustrate Friedgut’s inequality on the queries C'3 and Lg:

CB(xuyaz) = Sl(l‘,y),SQ(y,Z),S;;(Z,x)
Ls(z,y,z,w) = S1(z,y), S2(y, 2), S3(z, w) (2.10)

Consider the cover (1/2,1/2,1/2) for Cs5, and the cover (1,0, 1) for Ls. Then, we obtain the

following inequalities, where «, 8,y stand for wy, wsy, w3 respectively:

Zazy : 6yz " Vex < Z Z 6 Z ’7,2:]0

z,y,2€[n] z,y€[n y,2€[n z,XE[n
Z Qg - Byz : 7210 = Z Qg - max ﬁyz ’ Z V2w
z€[n]
z,y,2,we[n] z,y€[n] . zweln

where we used the fact that lim, (> By%z)“ = max f3,.

Friedgut’s inequalities immediately imply a well known result developed in a series of
papers [46], 22] 63, 64] that gives an upper bound on the size of a query answer as a function
on the cardinality of the relations. For example in the case of (5, consider an instance

S1,S2, 53, and set oy, = 1if (x,y) € Sy, otherwise a,, = 0 (and similarly for 3,.,7.,). We

obtain then |C3| < 4/|S1| - |Sa| - |S3]. Note that all these results are expressed in terms of a
fractional edge cover. When we apply Friedgut’s inequality in Chapter |4/ to a fractional edge
packing, we ensure that the packing is tight.
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Chapter 3
THE MASSIVELY PARALLEL COMPUTATION MODEL

In this chapter, we introduce the Massively Parallel Computation model (MPC), a the-
oretical model that allows us to analyze algorithms in massively parallel environments. We
first give the formal description of the model in [Section 3.1} where we also discuss some
observations and simplifying assumptions. In [Section 3.2] we present a comparison of the
MPC model with previous parallel models, and discuss our modeling choices along various
axes. Finally in [Section 3.3 we study the connections of the MPC model with the area of

communication complexity.
3.1 The MPC Model: Computation and Parameters

In the MPC model, introduced in [23], 24], computation is performed by p servers, or pro-
cessors, connected by a complete network of private channels. Each server can communicate
with any other server in an indistinguishable way. The servers run the parallel algorithm in

communication steps, or rounds, where each round consists of two distinct phasesE]:

Communication Phase: The servers exchange data, each by communicating with all other

servers (both sending and receiving data).

Computation Phase: Each server performs computation on the local data it has received

during all previous rounds.

The input data of size M (in bits) is initially uniformly partitioned among the p servers,

i.e. each server stores M /p bits of the data: this describes the way the data is typically par-

n earlier versions of our work on parallel processing [55, 12], we had a third phase called the broadcast
phase.



18

titioned in any distributed storage system, for example in HDFS [71]. We do not make any
particular assumptions on whether the data is partitioned according to a specific scheme.
Thus, any parallel algorithm must work for an arbitrary data partition, while any lower
bound can use a worst-case initial distribution of the data. We should note here that spe-
cific partitioning schemes (for example hash-partitioning a relation according to a specific
attribute) can help design better parallel algorithms, but this is not something we consider
in this dissertation.

After the computation is completed, the output data is present in the union of the output
of the p servers.

The complexity of a parallel algorithm in the MPC model is captured by two basic

parameters in the computation:

The number of rounds r. This parameter captures the number of synchronization barri-
ers that an algorithm requires during execution. A smaller number of rounds means

that the algorithm can run with less synchronization.

The maximum load L. This parameter captures the mazximum load among all servers at
any round, where the load is the amount of data (in bits) received by a server during
a particular round. Let L,j; denote the number of bits that server s receives during

round k. Then, we define formally L as:

L= max { max L}

The reader should notice that the MPC model does not restrict or capture the running
time of the computation at each server; in other words, the servers can be as computationally
powerful as we would like. This modeling choice means that our lower bounds must be
information-theoretic, since they are based on how much data is available to each server and
not on how much computation is needed to output the desired result. On the other hand,

the algorithms that we present throughout this work are always polynomially bounded and
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Figure 3.1: Figure of the execution model for MPC. The data is initially distributed among the p servers.
In each of the r rounds, the servers perform some local computation and then globally exchange data with
each other. The output is the union of the server outputs at the end of round r.

thus can be implemented in practice.
Before we discuss how the parameters we introduced interact with each other, let us give

an example of an algorithm in the MPC model and its analysis of the maximum load.

Example 3.1.1 (Set Intersection). The input consists of two sets R, S, each with m elements,
and the goal is to compute the intersection RN S of these two sets. To distribute the elements
across the p servers, we will use a hash function h : Dom — {1,...,p}. The algorithm will
run in a single round. During the communication phase, each element R(a) will be sent
to server h(a), and each element S(b) to server h(b). During the computation phase, each
server s will perform a local intersection of the elements received from relation R and S.
Clearly, an element a € R n S will be in the output, since both R(a),S(a) will be received by
the server h(a).

To compute the maximum load L, we will use a probabilistic argument to analyze the

behavior of the hash function. Indeed, if we assume that h is a perfectly random hash function,
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it can be shown that the load (in number of elements, not bits) will be O(m/p) with high

probability when m > p.

Let us now discuss the interaction between the number of rounds, the input size and
the load to provide some intuition on our modeling choices. Normally, the entire data is
exchanged during the first communication round, so the load L is at least M /p. Thus, the
set intersection algorithm from the above example is asymptotically optimal. On the other
hand, if we allowed a load L = M, then any problem can solved trivially in one round by
simply sending the entire data to server 1, then computing the answer locally. In this case
though, we failed to exploit the available parallelism of the p machines. The typical loads in

most of our analyses will be of the form M /p'~¢, for some parameter 0 < & < 1 that depends

on the query (we call the parameter ¢ the space exponent, see [Subsection 4.4.2)).

Observe also that if we allowed the number of rounds to reach r = p, any problem can
be solved trivially in p rounds by sending at each round M /p bits of data to server 1, until
this server accumulates the entire data. In this thesis, we will mostly focus on algorithms

that need a constant number of rounds, r = O(1), to perform the necessary computation.

3.1.1  Computing Queries in the MPC model

In this dissertation, the main focus will be the computation of full conjunctive queries, as
defined in (2.1). As an example, for the triangle query R(z,y),S(y,2),T(z,z), we want
to output all the triangles. It is straightforward that an MPC algorithm that computes all
triangles will be able to answer the corresponding boolean query, i.e. whether there exist any
triangles, but the opposite does not hold, since computing the decision version may require
a more efficient algorithm. Computing all answers further allows us to count the answers
(for example count the number of triangles), but again the counting version of a query may
allow for a better parallel algorithm.

We discuss next two assumptions that will allow us to simplify the treatment of conjunc-

tive queries in the MPC model: the first one concerns the existence of self-joins, and the
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second the initial partitioning of the input.

Self-Joins. Instead of studying the computation of any full conjunctive query, we can focus
only on algorithms and bounds for self-join-free queries without any loss of generality.

To see this, let ¢ be any conjunctive query, and denote ¢’ the query obtained from g
by giving distinct names to repeated occurrences of the same relations (hence ¢ is self-
join-free). For example, consider the query q = S(z,y), S(y, 2), S(z, ), which computes all
triangles in a directed graph with edge set S. Then, ¢’ will be the self-join-free triangle query
Si(x,y), Saly, 2), S3(z, ).

Clearly, if we have an MPC algorithm A’ for ¢’, we can apply this algorithm directly to
obtain an algorithm for ¢ by essentially ‘copying’ the relations that appear multiple times in
the body of the query. The new algorithm will have the same load as A’ when executed on
an input that is at most ¢ times larger than the original input (recall that ¢ is the number
of relations). In our example, we would copy relation S of size M to create three replicas
St, Ss, S3, each of size M, then execute the triangle query on an input 3 times as large, and
finally obtain the output answers.

Conversely, suppose that we have an algorithm A for the query ¢ with self-joins. We
construct an algorithm A’ for ¢ as follows. Suppose that relation S has k occurrences in
g and has k distinct names Si,...,Sk in ¢. For each atom S;(z,y,z,...), algorithm A’
renames every tuple S;(a,b,c,...) into S({a,z),{b,y),{c,z),...). That is, each value a in
the first column is replaced by the pair {a,z), where z is the variable occurring in that
column, and similarly for all other columns. This copy operation can be performed locally
by all servers, without any additional communication cost. The resulting relation S will be
essentially a ‘union’ of the k relations, but where we remember the variable mapping for each
value. We can execute then A on the constructed input, which will be exactly the same size
as the original input. In the end, we have to perform a filtering step to return the correct
output for ¢ if the head variables of ¢ are z,y, ... and an output tuple is ({a, u),{b,v),...),
then the algorithm needs to check that x = u,y = v, ..., and only then return the tuple.
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Input Partitioning. The MPC model assumes an arbitrary initial distribution of the
input relations in the p servers. Our algorithms in the next sections are able to operate with
any distribution, since they operate per tuple (and some possibly side information). In order
to show lower bounds, however, it will be convenient to use the assumption that initially
each relation S is stored in a separate server, called an input server. During the first round,
the input servers send messages to the p servers, but in subsequent rounds they are no longer
used in the computation. All lower bounds in this paper assume that the relations S; are
given on separate input servers.

We next show that if we have a lower bound on the maximum load for the model with
separate input servers, the bound carries over immediately to the standard MPC model for

the class of self-join-free conjunctive queries.

Lemma 3.1.2. Let q be a self-join-free conjunctive query q with input sizes M =
(My,...,My). Let A be an algorithm that computes q in r rounds with load L(M,p) in
the standard MPC model. Then, there exists an algorithm A’ that computes q in the input
server model in r rounds and load L(M,p) + M /p, where M = Zﬁ:l M; is the total size of
the input.

Proof. We will construct an algorithm A’ over the input server model as follows. The input
server j will take the input relation S;, and simply split it into pA/;/M chunks: each chunk
now contains M /p data, so we can simulate each of the p servers in the first round of the
MPC model. Notice that during the first round we also have to send the initial chunk of the
input relation to the corresponding server (which is the data that the server would contain
during initialization for A). In subsequent rounds > 2, algorithm A’ behaves exactly the
same as algorithm A. We can observe now that algorithm A’ requires r rounds, and achieves

a load of L(M,p) + M /p. O

Say that we show a lower bound L(M, p) for the input server model such that L(M,p) >
2M /p (this assumption holds for every lower bound that we show, since intuitively the input

must be distributed once among the servers to do any computation). From the above result,
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this implies that every algorithm for the standard MPC model using the same number of
rounds requires a load of at least L(M,p)/2. Thus, it suffices to prove our lower bounds
assuming that each input relation is stored in a separate input server. Observe that this
model is even more powerful, because an input server has now access to the entire relation
S;, and can therefore perform some global computation on S;, for example compute statistics,

find outliers, etc., which are common in practice.

3.1.2  The tuple-based MPC model

The MPC model, as defined in the previous sections, allows arbitrary communication among
the servers at every round, which makes the theoretical analysis of multi-round algorithms
a very hard task. Thus, in order to show lower bounds for the case of multiple rounds, we
will need to restrict the form of communication in the MPC model; to do this, we define a
restriction of the MPC model that we call the tuple-based MPC model. More precisely, the
tuple-based MPC model will impose a particular structure on what kind of messages can be
exchanged among the servers.

Let I be the input database instance, ¢ be the query we want to compute, and A an
algorithm. For a server s € [p], we denote by msgj , (A, I) the message sent during round 1
by the input server for S; to the server s, and by msg®_ (A, I) the message sent to server
' from server s at round k = 2. Let msgl(A,I) = (msgi_, (A, I),...,msg;_ (A, 1)) and
msgh (A, I) = (msgh (A, I),...,msgk (A, 1)) for any round k > 2.

<k
S

the first k rounds, and msg=F(A, 1) = (msgi"(A, ), ..., msgs*(A,1)).

Further, we define msgS"(.A,7) to be the vector of messages received by server s during

Define a join tuple to be any tuple in ¢'(I), where ¢’ is any connected subquery of
g. An algorithm A in the tuple-based MPC model has the following two restrictions on

communication during rounds k > 2, for every server s

e the message msg® (A, ) is a set of join tuples.

e for every join tuple ¢, the server s decides whether to include ¢ in msg® | (A, I) based
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only on the parameters t, s, s’,r, and the messages msg}_,s(A, I) for all j such that ¢

contains a base tuple in S;.

The restricted model still allows unrestricted communication during the first round; the
information msg!(A, I) received by server s in the first round is available throughout the
computation. However, during the following rounds, server s can only send messages con-
sisting of join tuples, and, moreover, the destination of these join tuples can depend only on
the tuple itself and on msg!(A, I).

The restriction of communication to join tuples (except for the first round during which
arbitrary, e.g. statistical, information can be sent) is natural and the tuple-based MPC
model captures a wide variety of algorithms including those based on MapReduce. Since
the servers can perform arbitrary inferences based on the messages that they receive, even a
limitation to messages that are join tuples starting in the second round, without a restriction
on how they are routed, would still essentially have been equivalent to the fully general MPC
model. For example, any server wishing to send a sequence of bits to another server can
encode the bits using a sequence of tuples that the two exchanged in previous rounds, or
(with slight loss in efficiency) using the understanding that the tuples themselves are not
important, but some arbitrary fixed Boolean function of those tuples is the true message
being communicated. This explains the need for the condition on routing tuples that the

tuple-based MPC model imposes.

3.2 Comparison of MIPC to other Parallel Models

In this section, we present several theoretical models that have been developed for parallel
computation, and compare them with the MPC model, noting both the modeling similarities
and differences. We will discuss only models that capture shared-nothing architectures [76]:
in such an architecture, every machine has its own memory and there is no shared memory
available. This does not include for example the first parallel model, the Parallel Random-

Access Machine (PRAM) model, where a number of processors share an unbounded memory
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and can operate in a synchronous way on a shared input. ] Further, we discuss models
that are synchronous, in the sense that the computation and communication proceeds in

well-defined rounds. The comparison will be across five different axes:

1. Number of servers. The number of servers can be an explicit parameter (as in the
MPC model), or it can be chosen by the algorithm according to the input data.

2. Number of rounds. This parameter counts the number of rounds, or synchronization
barriers, during computation. Reducing the number of steps is important in terms of
performance, because of the overhead of synchronization and the presence of stragglers,
which are machines that finish slower than the rest.

3. Memory bound. This parameter models how much memory is available to each server,
or how much data (load) each server is allowed to receive during computation. This
restriction captures the parallelism in computation: the smaller the amount of data
each server receives, the more parallel the task is.

4. Communication. This parameter captures how much data is exchanged during the
communication between servers. There are many different ways communication is
modeled: one can choose to count the total amount of data exchanged, or model it
indirectly by looking at the number of servers and the memory bound.

5. Computation. Some models require that the computation is polynomial, or that the

running time is counted towards measuring the parallel complexity.

The BSP Model. To address some of the issues of the PRAM model, Valiant [77] intro-
duced the Bulk Synchronous Parallel (BSP) model. A BSP algorithm runs in supersteps:
each superstep consists of local computation and asynchronous communication, followed by
a synchronization barrier. The BSP model abstracts the communication in every superstep
by introducing the notion of the h-relation, which is defined as a communication pattern

where the maximum number of incoming or outgoing messages per machine is h. The cost

2Immerman showed in [51] that computing an expression in first-order logic (and thus evaluating con-
junctive queries) requires constant time in PRAM, earning the name ”embarrassingly parallel”.
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of a superstep ¢ consists of three components: the cost of synchronization (a constant ¢), the
communication cost h; (the size of the h;-relation) and the computation cost w; (measured
as the longest running local computation). The cost of a BSP algorithm is computed as a
weighted sum of these terms over all steps: Y .(w; + gh; + £).

The MPC model is similar to the BSP model, but we remove the computation cost from
consideration, and also do not allow any form of asynchronous communication; this allows
us to prove lower bounds on the cost by using information-theoretic arguments. Moreover,
instead of measuring the total communication }, h; over all supersteps, the MPC model
considers the largest value of h;, which the load L.

Related to the BSP model is the CONGEST model [42] for distributed computing; the
difference between the two models is that the CONGEST model considers a communication

graph that may not be a full clique, as in the BSP model.

The LogP Model. The LogP model, introduced in [36], builds on the BSP model by
using more system parameters to model the execution. L denotes the latency of the com-
munication medium, o the overhead of sending and receiving a message, g denotes the gap

required between two send /receive operation, and finally P is the number of processing units.

Following the introduction of the MapReduce model [37], several theoretical models were
introduced in the literature to capture computation in this setting. MapReduce is a restricted
version of the BSP model, where synchronization occurs at every step, and uses a simple
programming model inspired by functional programming. In its vanilla version, the user
defines two functions: map and reduce. The map function is applied on a single data item
x of the input and returns a key-value pair (k,v). The reduce function is applied to a list of
items with the same key, (k, [v1,...,v,]) and returns a new list of values. During runtime,
the system applies in parallel the map function, then performs a shuffle step that collects all
key-value pairs with the same key to the same location (reducer); finally, the reduce function

is applied in parallel to each key-group.
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The MRC model. In order to capture computation in the MapReduce framework, the
authors in [54] define the MapReduce class (MRC) of algorithms. Denoting by M the size of
the input in bits, the model restricts both the memory per reducer/machine and the number
of machines/reducers to O(M*~¢), for some constant € > 0. Observe that this means that
the number of machines (or reducers in their case) is not explicitly defined. The machines
can perform only polynomial time computations, and further the number of rounds must
be limited to O(log®(M)) for some constant c. In a related work [45], the authors use an
explicit parameter B to bound the memory of each reducer, and use the total amount of
communication C' and number of rounds R as parameters that capture the complexity of a
MapReduce algorithm.

Both works do not consider problems related to query processing, but tasks such as
sorting or the Minimum Spanning Tree problem. Moreover, they provide no lower bounds

on the communication or round complexity.

The Afrati-Ullman model. In [14], Afrati and Ullman develop a model for MapReduce
where the main parameter is an upper bound ¢ on the number of input tuples a reducer
can receive, called reducer size; this is the same as the memory per node. Given an input
of size M, a MapReduce algorithm is restricted to deterministically send each input tuple
independently to some reducer, which will then produce all the outputs that can be extracted
from the received tuples. If ¢; < ¢ is the number of inputs assigned to the i-th reducer, where
i = 1,...,p, the replication rate of the algorithm is r = >, ¢;/M. The replication rate
captures the communication cost of the algorithm.

In previous works [15], [10], the authors considered the total communication as the com-
plexity measure instead of the memory per machine, and studied the problems of multiway
joins and enumeration of subgraph patterns in a graph. The authors study the tradeoff
between r and ¢ for various settings, including Hamming distance (see also [13] for a deeper
investigation of Hamming distance algorithms), matrix multiplication, triangle finding, and

multiway joins. In particular, the problem of enumerating and/or counting triangles has



28

MPC BSP MRC Afrati/Ullman
#servers p p O(M*') N/A
#rounds r r O(log®(M)) 1or2
memory bound | bits received L | N/A | O(M'™) reducer size ¢
communication < rpL Y hi | O(M* %) | replication rate r
computation N/A > w; | polynomial N/A

Table 3.1: Side-by-side comparison of several parameters for the theoretical parallel models.

been one of the most common problems studied in parallel environments. Suri and Vassil-
vitskii [73] present two algorithms for triangle counting in a MapReduce environment. We
should also mention here the work in [I1], where the authors use the same MapReduce model

to study multi-round algorithms for join processing.

To complete the discussion on parallel models, we should finally mention the MUD
model [40] (which stands for Massive, Unordered and Distributed). The MUD model defines
a general distributed computational model that attempts to capture computation in the
MapReduce framework; the main result of [40)] is that any deterministic streaming algorithm
that computes a symmetric function can be simulated by a MUD algorithm with the same

total communication cost.

3.3 Communication Complexity

We discuss here the relation of the MPC model with the theoretical study of communication
complexity; we refer to [50] for a detailed treatment of this area. Communication complex-
ity considers the following scenario: a number of cooperating agents, each with unlimited
computational power, need to solve some specific computational problem, but initially know

only a part of the input. The goal is to find the optimal amount of communication needed
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(in bits) to solve the problem.

There are many versions of this problem, depending on the number of agents, whether
randomization is used or how the input is distributed among the agents, but the model
closer to MPC is Number-In-Hand (NIH) multiparty communication complexity (see [68] for
example), where initially each agent receives a part of the input that is not shared with any
other agent. Although several computational tasks have been considered in this model, such
as set-disjointness or string equality, query processing has not been much studied. It should
be noted here that lower bounds for NIH communication complexity are extensively used
to obtain results in other areas, such as lower bounds on the space requirements for data
streaming algorithms (e.g. [18§]).

There are three variations on the communication mode that is being used. In the black-
board model, any message sent by an agent is written to a blackboard visible to all other
agents. In the coordinator model, an additional agent, called the coordinator, receives no
input, but all agents can communicate only with the coordinator and not with each other
directly. In both of these modes, at least one agent has access to all communication among
agents; hence, any computational task with input of size M and output of size O can be
computed using no more than M + O bits of communication. The third mode is the message-
passing model, where there is a private 2-way communication channel connecting any two
agents, and every message is privately sent to a specific agent. There has been a recent line
of work ([80}, [30]) investigating the communication complexity of several tasks in this setting.
In [80], the authors investigate various statistical and graph problems (such as connectivity,
bipartiteness, degree computation), and show that for most tasks the simple algorithm of
communicating all data to a single location is almost optimal. In [30], the authors study the
problem of set intersection, which can be seen as a case of join computation.

Since the communication in the MPC model is point-to-point private communication,
the more related mode is the message passing model. However, there is still a key difference:
the MPC model measures the communication per agent/machine and per round instead of

measuring the total communication. As a result, in many of the computational tasks we
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analyze in the next sections, we obtain lower bounds were the total communication is of the
form M'*9, which is much larger than a protocol in the NIH model would require. Thus, by
measuring communication in a more fine-grained way, we can obtain stronger lower bounds.

To complete the discussion on communication complexity, we should also mention the
work in [47], where the authors examine the 2-party NIH communication complexity for

distributed set-joins, which includes multiway joins as a special case.
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Chapter 4

COMPUTING JOIN QUERIES IN ONE STEP WITHOUT
SKEW

In this chapter, we present the main result of this dissertation. We study the complexity
of computing conjunctive queries in the MPC model for a single communication round under
the assumption that the input data has no skew. We show that under this assumption, there
exists an algorithm, called the HYPERCUBE algorithm, that computes any conjunctive query
by achieving the optimal load.

Recall that we represent a full conjunctive query q as:

q(a:l, . ,l’k) = 51(1_31), ey Sg(fg)

where k is the number of variables and /¢ is the number of atoms. Throughout this chapter,
we will assume that the input servers know the cardinalities mq,..., m, of the relations
Si,...,Se. We denote m = (my, ..., my) the vector of cardinalities, and M = (M, ..., My)
the vector of the sizes expressed in bits, where M; = a;m;logn, n is the size of the domain
of each attribute, and a; the arity of each atom.

Given the size information, how well can an algorithm do in a single communication
round? The central result we show is that a particular type of algorithm, which we call the
HyPERCUBE algorithm, if parametrized correctly can achieve optimal load for any conjunc-
tive query g. However, our result does not hold for any input data, but for data without
skew. We will give a precise definition of skew later in this chapter, but intuitively no skew
means that no value in the input data appears many times.

Recall that a database is a matching database if each relation has degree bounded by 1

(i.e. the frequency of each value is exactly 1 for each relation). Our lower bounds hold for
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an input distribution that consists of such matching databases. One can view a matching
database as input with the least amount of skew possible. The upper bound, and in particular
the load analysis for the HYPERCUBE algorithm, hold not only for matching databases,
but in general for databases with a small amount of skew, which we will formally define
in[Section 4.1l This means that the HYPERCUBE algorithm has some resilience in skew, and

we can quantify exactly how much this resilience is.
4.1 The HyperCube Algorithm

We describe here the HYPERCUBE algorithm, which we will use to compute any conjunctive
query in one round. This algorithm was introduced by Afrati and Ullman [9] in a MapReduce
setting, and is similar to an algorithm by Suri and Vassilvitskii [73] to count the number
of triangles in graphs. The idea though can be traced much earlier in time, to a work by
Ganguly [43] on parallel processing of Datalog programs. We call this the HYPERCUBE
(HC) algorithm, following [23], but it can also be found in the literature as the SHARES
algorithm [9].

The algorithm is simple in principle, and the core idea is to perform communication by
doing a smart routing of the input tuples. The communication phase of the algorithm is
highly distributed, since the destination of each input tuple depends only on the content of
the specific tuple, the size M of the relations and the query ¢. Thus, the algorithm can be

easily implemented in almost any distributed or parallel computing environment.

The HC Algorithm. We initially assign to each variable x;, where ¢+ = 1,...,k, a share
p;i, such that Hle p; = p. Each server is then represented by a distinct point y € P, where
P = [p1] x -+ x [p2]; in other words, servers are mapped into points of a k-dimensional

hypercube/T]

e Communication: We use k independently chosen hash functions h; : [n] — [p;] and

IThis is where the algorithm takes its name from.
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send each tuple ¢ of relation S; to all servers in the destination subcube of ¢:

Dt)={yeP|Vm=1,...,a;: hi,,(t[im]) = ¥i,.} (4.1)

e Computation: Each server locally computes the query ¢ for the subset of the input

that it has received.

The correctness of the HC algorithm follows from the observation that, for every potential
tuple (ai,...,ax), the server (hi(ay),...,hi(ax)) contains all the necessary information to
decide whether it belongs in the answer or not. Observe also that the choice of py, ..., p

gives a different parametrization of the HC algorithm.

Example 4.1.1. We illustrate how to compute the triangle query
C3($17$2,$3) = 51($17$2)752($27$3),53($3,$1).

Consider the following choice of shares: p1 = ps = p3 = pY3. Each of the p servers is
uniquely identified by a triple (y1,vs,ys), where yi,ys,ys € [p/?]. In the first communica-
tion round, the input server storing Sy sends each tuple Sy(a1, ag) to all servers with index

13 times. The

(hi(ay), halaw),ys), for all ys € [p'/?]: notice that each tuple is replicated p
input servers holding Sy and Ss proceed similarly with their tuples. After round 1, any three
tuples Si(an, ag), Sa(ag, as), Ss(ag, ay) that contribute to the output tuple Cs(av, g, ag) will
be seen by the server y = (hi(ay), ha(ag), hs(as)): any server that detects three matching

tuples outputs them.

Analysis of the HC algorithm. In order to analyze the load of the HC algorithm, we first
have to study how a relation R is partitioned among the p servers during communication.
Our first analysis of the HC algorithm in [23] was only for the special case of matching
databases, where the degree of each value is exactly one. In a later work [24], the analysis

was extended for relations with larger degrees. We present here the most general result, in



34

other words we specify the largest possible degree for which the distribution of the tuples
will not be influenced by skew. The analysis is based on the following lemma about hashing,

which we prove in detail in [Section A.2|

Lemma 4.1.2. Let R(Ay, ..., A,) be a relation of arity r of size m. Let py,...,p, be integers
and let p = [ [, pi. Suppose that we hash each tuple (a1, ..., a,) to the bin (hy(a1), ..., h-(a,)),
where hy, ..., h. are independent and perfectly random hash functions from the domain n to

Pi,-- ., D respectively. Then:

1. The expected load in every bin is m/p.

2. Suppose that for every tuple J over U < [r] we have dj(R) < - for some

alVl I_TieU p
constant o > 0. Then the probability that the mazimum load exceeds O(m/p) is expo-

nentially small in p ]

Using the above lemma, we can now prove the following statement on the behavior of

the HC algorithm.

Corollary 4.1.3. Let p = (p1,...,px) be the shares of the HC algorithm. Suppose that for

every relation S; and every tuple J over U < [a;] we have d;(S;) < - for some

my
alll [Lieup

constant a > 0. Then with high probability the maximum load per server is

- M,
J Hi:iesj Di

Choosing the Shares. We have not discussed yet how to choose the best shares for the
HC algorithm. The above analysis provided us with a tool that allows us to make the best
possible choice. Afrati and Ullman in [9] compute the shares by optimizing the total load
225 M;/ I iies, pi subject to the constraint []; p; = 1, which is a non-linear system that can
be solved using Lagrange multipliers. Our approach is to optimize the maximum load per

relation, L = max;m;/ Hi:ieSj p;; the total load per server is < /L. This leads to a linear

2The notation O hides log(p) factors.
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optimization problem, as follows. First, write the shares as p; = p® where ¢; € [0, 1] is called
the share exponent for x;, denote A = log, L and p; = log, M; (we will assume w.l.o.g. that

M; = p, hence p; > 1 for all j). Then, we optimize the LP:

minimize A
subject to Z —e; = —1

1€[k]

Vje[é]:Zei—i—)\;,uj

iGSj

Viel|k]we; =0, A=0 (4.2)

Theorem 4.1.4 (Upper Bound). For a query q and p servers, with statistics M, let e =
(€1,...,ex) be the optimal solution to (4.2)) and e* its objective value.
Let p; = p® and suppose that for every relation S; and every tuple J over U < [a;] we

have d;(S;) < - for some constant o > 0. Then the HC algorithm with shares p;

my
alUl [Lievp

achieves O(L“pp”) mazimum load with high probability, where L'PPer = pe* .

A special case of interest is when all cardinalities M; are equal, therefore 1y = ... = py =
p. In that case, the optimal solution to Eq. can be obtained from an optimal fractional
vertex cover v* = (v, ..., v}) by setting e; = v}/7* (where 7% = ). vf). To see this, we note
that any feasible solution (A, e1,...,e;) to Eq.(#.2) defines the vertex cover v; = ¢;/(1n — X),
and in the opposite direction every vertex cover defines the feasible solution e; = v;/(>; v;),
A = p—1/(3; vi); further more, minimizing A is equivalent to minimizing » . v;. Thus, when
all cardinalities are equal to M, at optimality \* = p — 1/7*, and L“PPe" = M /p'/™".

We illustrate more examples in [Section 4.3

4.2 The Lower Bound

In this section, we prove a lower bound on the maximum load per server over databases with

statistics M.
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Fix a query ¢ and a fractional edge packing u of ¢g. Denote:

L U 1/ u4
[Ty M )

. (4.3)

L(u, M, p) = <
Further denote L!°“*" = max, L(u, M, p), where u ranges over all edge packings for ¢. In
this section, we will prove that Eq. is a lower bound for the load of any algorithm
computing the query ¢, over a database with statistics M. We will prove in
that Llewer = LupPer  showing that the upper bound and lower bound are tight. To gain
some intuition behind the formula , consider the case when all cardinalities are equal,
M, =...= M, = M. Then L'v" = M /pl/ 2% and this quantity is maximized when u is a
maximum fractional edge packing, whose value is 7%, the fractional vertex covering number

for . Thus, L'over = M /p/ ™ which is the same expression as L“Pe"

To prove the lower bound, we will define a probability space from which the input
databases are drawn. Notice that the cardinalities of the ¢ relations are fixed: myq, ..., my.
We first choose a domain size n = max; m;, to be specified later, and choose independently
and uniformly each relation S; from all matchings of [n]% with exactly m; tuples. We
call this the matching probability space. Observe that the probability space contains only
databases with relations without skew (in fact all degrees are exactly 1). We write E[|q(I)]]

for the expected number of answers to g under the above probability space.

Theorem 4.2.1 (Lower Bound). Fiz statistics m, and consider any deterministic MPC
algorithm that runs in one communication round on p servers. Let u be any fractional edge

packing of q. If s is any server and Ly is its load, then server s reports at most

L&

(35, us/ 9> [Tjy M

-E[q(1)]]

answers in expectation, where I is a randomly chosen from the matching probability space

2

with statistics m and domain size n = (max; m;)*. Therefore, the p servers of the algorithm
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report at most

25U
4L
<<2j w) - Llu, M,p>> Ellg(1)]

answers in expectation, where L = maxXgepy) Ly is the mazimum load of all servers.
Furthermore, if if all relations have equal size my = ... = my = m and arity a; = 2, then

one can choose n = m, and strengthen the number of answers reported by the p servers to:

L 25U
<(2j u;) - L(u, M,p)> ~Eflq(7)[]

Therefore, if u is any fractional edge packing, then (3;u;) - L(u,M,p)/4 is a lower

bound for the load of any algorithm computing ¢. Up to a constant factor, the strongest
such lower bound is given by u*, the optimal solution for Eq., since for any u, we have
(2 us) - L(w, M, p) /4 < [(3u5)/ (0 wn)] - [(5; wp) - Lwer /4], and (3 uy)/ (3, uf) < 7 =
O(1) (since >}, u; < 7" and, at optimality, },;u > 1).

Before we prove the theorem, we show how to extend it to a lower bound for any ran-

domized algorithm. For this, we start with a lemma that we also need later.

Lemma 4.2.2. The expected number of answers to q is E[|q(I)]] = nF@ 1_[5:1 m;. In par-
ticular, if n = my = --- = my then E[|q(I)[]] = n® X9, where ¢ is the number of connected

components of q.

Proof. For any relation S;, and any tuple a; € [n]%, the probability that S; contains a; is
P(aj € S;) = m;/n%. Given a tuple a € [n]* of the same arity as the query answer, let a;

denote its projection on the variables in S;. Then:

E[|q(I)]] = Z /\a]eS = > [[P@es)

ae[n]* ag[n]k j=1

¢
= % [ =[],
7j=1 7j=1

~
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O

We now can prove a lower bound for the maximum load of any randomized algorithm,

on a fixed database instance.

Theorem 4.2.3. Consider a connected query q with fractional vertexr covering number 7.
Fiz some database statistics M. Let A be any one round, randomized MPC algorithm A
for q, with mazimum load L < & - L', for some constant § < 1/(4-97"). Then there
exists an instance I such that the randomized algorithm A fails to compute q(I) correctly

with probability > 1 — 9(40)"/™ = Q(1)

Proof. We use Yao’s principle, which we defined in [Section 2.3l To apply the principle,
we need to choose the right probability space over database instances I. The space of
random matchings is not useful for this purpose, because for a connected query with a large
characteristic x(q), E[|¢(I)|] = O(1/n) and therefore P(q(I) # &) = O(1/n), which means
that a naive deterministic algorithm that always returns the empty answer with fail with
a very small probably, O(1/n). Instead, denoting u = E[|¢([)|], we define C, the event
lg(I)| > ap, where a > 1 is some constant. We will apply Yao’s principle to the probability
space of random matchings conditioned on C,,.

We prove that, for « = 1/3, any deterministic algorithm A fails to compute ¢(I) correctly

with probability = 1 — 9(46) /7% over random matchings conditioned on C} /3- Let u* be an

5, ut
edge packing that maximizes L(u, M, p), and denote f = (W) "7 [Lemma 4.2.2
7 7

implies that that, for any one-round deterministic algorithm with load < L, E[|A(])]] <

fE[|q(1)|]. We prove the following in [Section A.1}

Lemma 4.2.4. If A is a deterministic algorithm for q (more precisely: Y1, A(I) < q(I)),
such that, over random matchings, E[|A(I)|] < fE[|q(I)|] for some constant f < 1/9, then,
denoting fail the event A(I) # q(I), we have
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The proof of the theorem follows from Yao’s principle and the fact that f <

/3 u¥
(245*) "7 < (46)V7" because Y. u* < 7* and, at optimality, 1. u* > 1.
G W 7 T 7 )

In the rest of this section, we give the proof of [I'heorem 4.2.1]

Let us fix some server s € [p], and let msg(/) denote the function specifying the message
the server receives on input I. Recall that, in the input-sever model, each input relation S;
is stored at a separate input server, and therefore the message received by s consists of ¢
separate message msg; = msg;(S;), for each j = 1,...,£. One should think of msg; is a bit
string. Once the server s receives msg; it “knows” that the input relation S; is in the set
{S; | msg;(S;) = msg;}. This justifies the following definition: given a message msg;, the set

of tuples known by the server is:
Kmsg,(5;) = {t € [n]* | for all instances S; < [n]*, msg;(5;) = msg; = ¢ € S}

where a; is the arity of \S;.

* as answer to the query ¢ iff, for

Clearly, an algorithm A may output a tuple a € [n]
every j, a; € Kmsgj(Sj) for all j = 1,...,¢, where a; denotes the projection of a on the
variables in the atom S;.

We will first prove an upper bound for each [Kmsg (S;)| in Section 4.2.1L Then in

Section [4.2.2] we use this bound, along with Friedgut’s inequality, to establish an upper

bound for |Kmsg(g)| and hence prove [Theorem 4.2.1}

4.2.1 Bounding the Knowledge of Fach Relation

Let us fix a server s, and an input relation S;. Recall that M; = m;logn denotes the number

of bits necessary to encode S;. An algorithm A may use few bits, M, by exploiting the fact

that S; is a uniformly chosen a;-dimensional matching. There are precisely (T::v)aj (mj)e—1
J

different a;-dimensional matchings of arity a; and size m; and thus the number of bits N
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necessary to represent the relation is given by the entropy:

M; = H(S;) = ajlog ( " ) + (a; — 1) log(m;!) (4.4)
J
We will prove later that M; = Q(M;). The following lemma provides a bound on the

expected knowledge Ky, (S;) the server may obtain from S;:

Lemma 4.2.5. Suppose that the size of S; is m; < n/2 (or m; = n), and that the message
msg;(S;) has at most f; - M; bits. Then E[|Kmsg (5;)[] < 2f;-m; (or < f;-m;), where the

expectation is taken over random choices of the matching S;.

It says that, if the message msg; has only a fraction f; of the bits needed to encode 5j,
then a server receiving this message knows, in expectation, only a fraction 2f; of the m;
tuples in S;. Notice that the bound holds only in expectation: a specialized encoding may
choose to use very few bits to represent a particular matching S; < [n]%: when a server
receives that message, then it knows all tuples in \S;, however then there will be fewer bit

combinations left to encode the other matchings 5.

Proof. The entropy H(S;) in Eq.([4.4) has two parts, corresponding to the two parts needed
to encode S;: for each attribute of S; we need to encode a subset < [n] of size m;, and for
each attribute except one we need to encode a permutation over [m;]. Fix a value msg; of
the message received by the server from the input S;, and let k = |Kmsg, (S;)|. Since msg;

fixes precisely k tuples of S;, the conditional entropy H (S;|msg;(S;) = msg;) is:

n—k
log |{S, | msg,(S;) = msg,}| < a; log (
m]’ — k‘

) + (a; — 1) log((m; — k)

We will next show that

g (5, | sy (5,) = s )| < (1= 50 ) My (45)

2mj
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In other words, we claim that the entropy has decreased by at least a fraction k/(2m;). We

show this by proving that each of the two parts of the entropy decreased by that amount:

Proposition 4.2.6. log ((m — k)!) < (1 — £) log(m!)

Proof. Since log(z) is an increasing function, it holds that Y *(log(i)/(m — k)) <

> (log(i)/m), which is equivalent to:

log((m — k)!) _m= k
log(m!) — m

This proves the claim.

Proposition 4.2.7. For any k < m <n/2, ork <m =n:

lo n—k < 1—i lo "
& m—k) = 2m & m

Proof. If m = n then the claim holds trivially because both sides are 0, so we assume

m < n/2. We have:

and therefore:

log (;:Z) < log (:1) — klog(n/m) = (1 — %&i@) log (;)

To conclude the proof, it suffices to show that log (') < 2mlog(n/m). For this, we

use the bound log () < nH(m/n), where H(z) = —zlog(z) — (1 — x)log(l — z) is the
binary entropy. Denote f(x) = —xlog(z), therefore H(z) = f(z) + f(1 — x). Then we have
f(z) < f(1 —x) for x < 1/2, because the function g(z) = f(z) — f(1 — x) is concave (by

direct calculation, ¢"(z) = —1/z + 1/(1 —x) < 0 for x € [0,1/2]), and ¢g(0) = ¢(1/2) = 0,
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meaning that g(x) = 0 on the interval = € [0,1/2]. Therefore, H(z) < 2f(x), and our claim

follows from:

log (:1) <nH(m/n) < 2nf(m/n) = 2mlog(n/m)

This concludes the proof of [Proposition 4.2.7] n

Now we will use Eq. to complete the proof of We apply the chain
rule for entropy, H(S;, msg;(S;)) = H(msg;(S;)) + H(S;/msg;(S;)), then use the fact that
H(S;,msg;(S;)) = H(S;) (since Sj completely determines msg;(S;)) and apply the definition
of H(Slmsg, (S)))

H(S;) = H(msg;(5;)) + Y. P(msg;(S;) = msg;) - H(S;|msg;(S5;) = msg)

msg,

< fj-H(S;) + Z P(msg;(S;) = msg;) - H(S;|msg;(S5;) = msg;) assumption

msg,
Kmsg Sj
< fi-H(S) + ) P(msg;(S;) = msg;) - (1 - %N)H(Sj) Eq.((L.5)
msg; J
= f;-H(S;)) + (1= > P(msg;(S;) = msg) %N)H(Sj)
msg; J
=y H(sy) + (1 - s, (4.6

2mj

where the first inequality follows from the assumed upper bound on |[msg;(.S;)|, the second
inequality follows by (4.5)), and the last two lines follow by definition. Dividing both sides of
(4.6) by H(S;) since H(S;) is not zero and rearranging we obtain the required statement. [

4.2.2  Bounding the Knowledge of the Query

We use now [Lemma 4.2.5[to derive an upper bound on the number of answers to ¢(I) that a
server s can report. Recall that [Lemma 4.2.5 assumed that the message msg;(S;) is at most
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a fraction f; of the entropy of S;. We do not know the values of f;, instead we know that
the entire msg(7) received by the server s (the concatenation of all £ messages msg;(.S;)) has

at most L bits. For each relation S}, define

_ maXg, cin]® |msgj(sj)|

J Mj

Thus, f; is the largest fraction of bits of S; that the server receives, over all choices
of the matching S;. We immediately derive an upper bound on the f;’s. We have
Z§=1 maxg, [msg;(S;)| < L, because each relation S; can be chosen independently, which
implies Z§=1 fiM; < L.

For a; € [n]%, let w;(a;) denote the probability that the server knows the tuple a;.
In other words w;(a;) = P(a; € Kmsg(s;)(5;)), where the probability is over the random

choices of §.

Lemma 4.2.8. For any relation S;:
(a) Ya; € [n]* : w;(a;) <m;/n%, and

(b) Dasepnys wilag) < 2f;-my.

Proof. To show (a), notice that w;(a;) < P
fact Zaje[n]aj wj(aj) = E[|Kmsg](57)(sj)|] < fj . TTLJ' Lemma 425 ) D

Since the server receives a separate message for each relation S;, from a distinct input

(a; € S;) = mj/n%, while (b) follows from the

server, the events a; € Kmsg, (51),...,ar € Kmsge(Sg) are independent, hence:
¢
E[|[Kmsgn(@)ll = Y, Plae Kmsgy(a) = >, | Jwi(ay)
a€[n]* aeg[n]k j=1

We now use Friedgut’s inequality. Recall that in order to apply the inequality, we need to

find a fractional edge cover. Let us pick any fractional edge packing u = (uy,...,u,). Given
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q, defined as in (2.1)), consider the extended query, which has a new unary atom for each

variable z;:

G (x1,...,x) = S1(Z1),. .., Se(Te), Th(x1), ..., Ti(xy)

For each new symbol T;, define u, =1 — ) u;. Since u is a packing, u; = 0. Let us

j:x;evars(S;)

define u’ = (u), ..., u}).

Lemma 4.2.9. (a) The assignment (u,’) is both a tight fractional edge packing and a tight
fractional edge cover for q'. (b) Z§:1 a;u; + Zle u, =k

Proof. (a) is straightforward, since for every variable z; we have u} + )] jasevars(s;) Ui = 1-

Summing up:

k k ¢
k:Z 'LL;—F Z Uj :Z’U/;—FZCL]'U,]'
i—1 i=1 j=1

7 j:xievars(S;)

which proves (b). O

We will apply Friedgut’s inequality to the extended query ¢'. Set the variables w(—) used

in Friedgut’s inequality as follows:

wj(aj) ZP(aj S Kmng(Sj)(Sj)) for Sj, tuple a; € [n]“ﬂ'
wi(a) =1 for T;, value « € [n]

Recall that, for a tuple a € [n]*

we use a; € [n]% for its projection on the variables in S;;
with some abuse, we write a; € [n] for the projection on the variable x;. Assume first that

u; >0, for j =1,...,¢ Then:

E[[Kmsg(q)|] = Z ij(aj)

ae[n]k j=1
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ae[n]k j=1 =1
¢ Yk “

<TI 3 w ) TT{ 3 vl
Jj=1 \ a€e[n]% =1\ a€[n]
¢ Y

=11 wj(a) | [t
J=1 \ ae[n]? i=1

Note that, since wi(a) = 1 we have w)(a)/% = 1 even if u, = 0. Write w;(a)/% =

w;(a)Y% 1w, (a), and use [Lemma 4.2.8| to obtain:

3 w@M < ()N wy(a)

a€[n]? a€[n]?
< (myn= )12 5 my

=2f;-m 1/“J . plai—ai/ug)

Plugging this in the bound, we have shown that:

:]N

E[|Kmsg(q) 2f;-m 1/u7 - plai—ailui)) Hn i
7j=1
¢ ‘
— H(ij) i Hmj i ajug—a) | N
J=1 J=1

Il
I~ T

(2f]) J . Hm] .niaJr(Zj 1a]uJ+Zz 1 U

<.
Il
—

Il
1~

¢
(2f;)" 'Hmj S

<.
Il
—_

Il
1~

(2f;)" - Ellg(D)]] (4.7)

<.
Il
—_

If some u; = 0, then we can derive the same lower bound as follows: We can replace each u;

with u; 46 for any § > 0 still yielding an edge cover. Then we have Zj ajuj+ Y, u = k+ad,
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and hence an extra factor n® multiplying the term n‘**~“ in (4.7); however, we obtain the
same upper bound since, in the limit as § approaches 0, this extra factor approaches 1.

Let f, = H§:1(2 fj)%; the final step is to upper bound the quantity f, using the fact that

Z§:1 fiM; < L. Recall that u = >; u;, then:

Here, the first inequality comes from the weighted version of the Arithmetic Mean-Geometric
Mean inequality. The last inequality holds since u; < 1 for any j.

Finally, we need a lower bound on the number of bits M, needed to represent relation

S;. Indeed:

Proposition 4.2.10. The number of bits M needed to represent S; are:
(a) If n=m3, then M; < M;/2
(b) If n =m; and a; = 2, then M; < M;/4

Proof. For the first item, we have:

n
M, = ajlog (m

J

) > ajm; log(n/m;) > (1/2)ajm; log(n) = M;/2
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For the second item, we have:

1 1
M; = (a; — 1) log(m;!) = % 5 m; log(m;) > %MJ‘ > M;/4
)

where the last inequality comes from the assumption that a; > 2. O

Applying the above bound on M, we complete the proof of [Theorem 4.2.1] Recall that

our L denotes the load of an arbitrary server, which was denoted L; in the statement of the

theorem.
4.3 Proof of Equivalence

Let pk(q) be the extreme points of the convex polytope defined by the fractional edge packing
constraints in . Recall that the vertices of the polytope are feasible solutions uy, us, . . .,
with the property that every other feasible solution u to the LP is a convex combination of
these vertices. Each vertex can be obtained by choosing m out of the £+/ inequalities in ,
transforming them into equalities, then solving for u. Thus, it holds that |pk(q)| < (*°).

We prove here:

Theorem 4.3.1. For any vector of statistics M and number of processors p , we have:

Llower = [YPPET — max L(U,Mvp)
uepk(q)

Proof. Recall that L*Per = p¢* where e* is the optimal solution to the primal LP problem
(4.2)). Consider its dual LP:

maximize Z wifi — f

Jele]
subject to Z fi <1

Jjele]

Viel[k]: > fj—f<0

j:iESj
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viell:; =0, f>0 (4.8)

By the primal-dual theorem, its optimal solution is also e*. Writing u; = f;/f and
u = 1/f, we transform it into the following non-linear optimization problem:

. 1
maximize o Z piu; — 1
Jjele]

subject to Z uj < U
jeld]

Vie[k]:Zuj<1

j:iESj

Vie[f]w; =0 (4.9)

Consider optimizing the above non-linear problem. Its optimal solution must have u =
> i Wi otherwise we simply replace u with ;U and obtain a feasible solution with at least
as good objective function (indeed, p; > 1 for any j, and hence > ; pju; = 355 u; > 1, since
any optimal u will have sum at least 1). Therefore, the optimal is given by a fractional
edge packing u. Furthermore, for any packing u, the objective function % (pyuj — 1) is
log, L(u, M, p). To prove the theorem, we show that (a) e* = u* and (b) the optimum is
obtained when u € pk(g). This follows from:

Lemma 4.3.2. Consider the function F : R — REL where F(xg,z1,...,2) =

(1/zo, x1/x0, ..., Tx/x0). Then:

o [ is its own inverse, ' = F~1.
e F' maps any feasible solution to the system (4.8) to a feasible solution to (4.9), and
conversely.

e I maps a convex set to a convex set.

Proof. If yo = 1/x¢ and y; = xj/, then obviously zy = 1/yo and z; = y;/y. The second

item can be checked directly. For the third item, it suffices to prove that F' maps a convex
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combination Ax + A'x” where A + X' = 1 into a convex combination puF(x) + u'F(x'), where

A+ = 1. Assuming x = (xg, x1,...,xx) and x' = (2, 2], ...,z ), this follows by setting
= xo/(Axo + Azj) and p' = xf/(Axo + Azj). O
This completes the proof of [I'heorem 4.3.1] O

4.4 Discussion

We present here examples and applications of the theorems proved in this section.

4.4.1 The Speedup of the HyperCube

Denote u* the fractional edge packing that maximizes L(u, M, p) (4.3). When the number
of servers increases, the load decreases at a rate of 1 /pl/ M , which we call the speedup of
the HC algorithm. We call the quantity 1/’ ; uj the speedup exponent. ldeally, we want to
compute a query with linear speedup, which is in this case is equivalent to having >’ jui =1,

but as we have seen this holds only for very few queries.

We have seen that, when all cardinalities are equal, then the speedup exponent is 1/7%,

but when the cardinalities are unequal then the speedup exponent may be better.

Example 4.4.1. Consider the triangle query
C3 = S1(w1,12), S2(x2, 23), S3(w3, 71)

and assume the relation sizes are My, My, M3. Then, pk(Cs) has five vertices, and each gives

a different value for L(u, M, p) = (M M3> M3 /p)V/(u+uatus) .
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u L(u, M, p)
(1/2,1/2,1/2) | (My Mo Ms)V/3 /p%/3
(1,0,0) M /p
(0,1,0) Ms/p
(0,0,1) Ms3/p
(0,0,0) 0

(The last row is justified by the fact that L(u, M, p) < max(M;, My, Mz)/pt/(tuztus) 5
when uy + us + uz — 0.) The load of the HC algorithm is given by the largest of these
quantities, in other words, the optimal solution to the LP that gives the load of the
HC algorithm can be given in closed form, as the maximum over these five expressions. To
compute the speedup, suppose My < My = M3 = M. Then there are two cases. When
p < M/M;, the optimal packing is (0,1,0) (or (0,0,1)) and the load is M /p. HyperCube
achieves linear speedup by computing a standard join of S > S3 and broadcasting the smaller
relation Sy ; it does this by allocating shares p1 = ps = 1, ps = p. When p > M /M then the
optimal packing is (1/2,1/2,1/2) the load is (M, MyMs)'/3 /p*?, and the speedup decreases to

1/p2/3.

The following lemma sheds some light into how the HyperCube algorithm exploits unequal

cardinalities.

Lemma 4.4.2. Let q be a query, over a database with statistics M, u* = argmaz,L(u, M, p),

and L = L(u*, M, p). Then:

1. If for some j, M; < L, then uj = 0.
2. Let M = maxy, My. If for some j, M; < M/p, then ui =0.
3. When p increases, the speedup exponent remains constant or decreases, eventually

reaching 1/7*.
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Proof. We prove the three items of the lemma.

(1) If we modify a fractional edge packing u by setting u; = 0, we still obtain a fractional
edge packing. We claim that the function f(u;) = L(u, M, p) is strictly decreasing in u; on
(0,00): the claim implies the lemma because f(0) > f(u;) for any u; > 0. The claim follows

(ujlog, M;+b)/(u;+¢) where a,b, ¢ are positive constants, hence f is

by noticing that f(u;) = p
monotone on u; € (0,90), and f(u;) = L > M; = f(o0), implying that it is monotonically

decreasing.

(2) This follows immediately from the previous item by noticing that M /p < L; to see the
latter, let k be such that M, = M, and let u be the packing u; = 1, u; = 0 for j # k. Then
M/p = L(u,M,p) < L(u*,M,p) = L.

(3) Consider two edge packings u, u’, denote u = » ; u;, u' = >} uj, and assume u < u’. Let
f(p) = L(u, M, p) and g(p) = L(w', M, p). We have f(p) = ¢/p"* and g(p) = ¢//p"/*, where
¢, are constants independent of p. Then f(p) < g(p) if and only if p > (c/c/)//v1/¥)
since 1/u — 1/u’ > 0. Thus, as p increases from 1 to oo, initially we have f(p) < g(p),
then f(p) > g(p), and the crossover point is (c/c/)//#=1/«) " Therefore, the value >,
can never decrease, proving the claim. To see that the speedup exponent reaches 1/7%,
denote u* the optimal vertex packing (maximizing Y| i u;) and let u be any edge packing s.t.
u =2 ;u; <7* Then, when p/etTt > (11 M;;:)l/T*/(Hj M;‘j)l/“, we have L(u*, M, p) >
L(u, M, p). ]

The first two items in the lemma say that, if M is the size of the largest relation, then the
only relations S; that matter to the HC algorithm are those for which M; > M /p; any smaller
relation will be broadcast by the HC algorithm. The last item says that the HC algorithm

can take advantage of unequal cardinalities and achieve speedup better than 1/ P e.q. by

allocating fewer shares to the smaller relations, or even broadcasting them. As p increases,

the speedup decreases until it reaches 1 /pl/T*.
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4.4.2  Space Exponent

Let [I| = > ; M; denote the size of the input database. Sometimes it is convenient to study
algorithms whose maximum load per server is given as L = O(|I|/p' ™), where 0 < ¢ < 1 is

a constant parameter € called the space exponent of the algorithm. The lower bound given

by [Theorem 4.2.1| can be interpreted as a lower bound on the space exponent. To see this,

consider the special case, when all relations have equal size My = ... = M, = M; then the

load can also be written as L = O(M/p'~¢), and, denoting u* the optimal fractional edge

packing, we have Zj ui = 7% and L(u*, M, p) = M /pH/T*. |Theorem 4.2.1{ implies that any

algorithm with a fixed space exponent € will report at most as many answers:

u*, M, p

L T* TH#[e—(1-1/7%
O ((ﬁ) ) -E[lg(D)[] = O™ ==Y - E[jg(1)]]

Therefore, if the algorithm has a space exponent € < 1 — 1/7%, then, as p increases, it will
return a smaller fraction of the expected number of answers. This supports the intuition
that achieving parallelism becomes harder when p increases: an algorithm with a small space
exponent may be able to compute the query correctly when p is small, but will eventually

fail, when p becomes large enough.

4.4.3  Replication Rate

Given an algorithm that computes a conjunctive query ¢, let L be the load of server s, where
s =1,...,p. The replication rate r of the algorithm, defined in [14], is r = >*_, L;/|I|. In
other words, the replication rate computes how many times on average each input bit is
communicated. The authors in [I4] discuss the tradeoff between r and the maximum load
in the case where the number of servers is not given, but can be chosen optimally. We show
next how we can apply our lower bounds to obtain a lower bound for the tradeoff between

the replication rate and the maximum load.

Corollary 4.4.3. Let q be a conjunctive query with statistics M. Any algorithm that com-
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Conjunctive Query Share Value | Lower Bound for
Exponents 7*(q) | Space Exponent

Cr(1, -, xk) = AS_y Si(25, () mod y+1) .. k/2 1—2/k

Tk(z,xl,...,xk)Z/\;LIS]'(Z,I]') 1,0,...,0 1 0

Li(wo, w1, .., x) = Ni_y Sj(xj—1, ;) 0, a7 O g -+ | [R/2] 1—1/[k/2]

By (@1, -+, 26) = Nrcpgrj-m S1(Z1) Er k/m 1—m/k

Table 4.1: Query examples: C} = cycle query, L, = linear query, T, = star query, and
By, = query with (:l) relations, where each relation contains a distinct set of m out of the
k head variables. The share exponents presented are for the case where the relation sizes are
equal.

putes g with maximum load L, where L < M; for every SjEI must have replication rate

l (Mj)uj
=1 L

where u ranges over all fractional edge packings of ¢ and ¢ = maxu(Zj uj/4)2j v,

cL
r=
M

Proof. Let f, be the fraction of answers returned by server s, in expectation, where [ is a

randomly chosen matching database with statistics M. Let u be an edge packing for ¢ and

c(u) = (X u;/4)%"; by [Theorem 4.2.1} f, < ﬁ Since we assume all answers are
returned,
PP Tl Y0 P S

P IR HMJ\ L7 e(w) [T 07

where we used the fact that )| ; uj = 1 for the optimal u. The claim follows by noting that
|| =>; i M. O

3if L > M;, we can send the whole relation to any processor without cost
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Our lower bounds match the tradeoff for the queries that are discussed in [14], and
generalize the tradeoff analysis for all conjunctive queries.

In the specific case where the relation sizes are all equal to M, the above corollary tells
us that the replication rate must be r = Q((M/L)™ ). Hence, the ideal case of 7 = o(1)
is achieved only when the maximum vertex cover number 7* is equal to 1 (which happens if
and only if a variable occurs in every atom of the query). Another example of the replication

rate analysis is presented below:

Example 4.4.4. Consider again the triangle query Cs and assume that all sizes are equal
to M. In this case, the edge packing that mazimizes the lower bound is (1/2,1/2,1/2), and
7 = 3/2. Thus, we obtain an Q+/M/L) bound for the replication rate for the triangle

query.
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Chapter 5
COMPUTING JOIN QUERIES IN ONE STEP WITH SKEW

In this chapter, we focus on the effect of data skew in parallel computation. A value
in the database is skewed, and is called a heavy hitter, when its frequency exceeds some
predefined threshold. Skew for parallel joins has been studied intensively since the early
days of parallel databases, see [19]. The standard parallel join algorithm that handles skew
is the skew join [66], which consists of first detecting the heavy hitters, then treating them
differently from the others values, e.g. by partitioning tuples with heavy hitters on the other
attributes; a detailed description is in [82]. However, none of these algorithms has been
proven to be optimal in any formal sense, and to the best of our knowledge there are no
lower bounds for the communication required to compute a join in the presence of skew.

In the previous chapter, we showed tight upper and lower bounds for the load restricted
to the case where each value in the input database appears relatively few times. Here we
answer the following question: how can we compute conjunctive queries in one round under
the presence of skew? We give different answers to this question, depending on what kind of
information is available to the algorithm that computes the queries. Most of the results in
this chapter originally appear in [24, 25].

To go into more detail, let us start by presenting an example where the HC algorithm

that uses the optimal shares from (4.2) fails to work when the data has skew.

Example 5.0.5. Let q(x,y, z) = Si(x, 2), Sa(y, 2) be a simple join query, where both relations
have cardinality m (and size in bits M ). The optimal shares are py = py = 1, and p3 = p.
This allocation of shares corresponds to a standard parallel hash-join algorithm, where both
relations are hashed on the join variable z. When the data has no skew (in particular, when

the frequency of each value of variable z in both Sy and Sy is at most m/p), the mazimum
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load is O(M /p) with high probability.

However, under the presence of skew the mazimum load can be as large as O(M). Indeed,
consider the case where relation Sy is of the form {(1,1),(2,1),...,(m,1)} and so is Sa. In
other words, the frequency of value 1 is m in both Sy and Ss. In this case, the HC algorithm

would give a mazimum load of O(M).

As we can see from the above example, the problem occurs when the input data contains
values with high frequency of occurrence, which we call outliers, or heavy hitters. In the rest

of this chapter, we will consider two different scenarios when handling data skew:

1. In the first scenario, in [Section 5.1 we assume that the servers have no information on
the input data apart from the size of the relations. We study what parametrization of

the HC algorithm gives the best maximum load over all possible distributions of data.

2. In the second scenario, presented in [Section 5.2 we assume that the algorithm knows
about the outliers in our data. In this case, we can do significantly better than the
no information case. We present tight algorithms for the class of star queries and the

triangle query, and a general algorithm for all conjunctive queries, which is not optimal.
5.1 The HyperCube Algorithm with Skew

We answer the following question: what are the optimal shares for the HC algorithm such that
the maximum load is minimized over all possible distributions of input data? In other words,

we limit our treatment to the HyperCube algorithm, but we consider data that can heavily

skewed, as in [Example 5.0.5l Notice that the HC algorithm is oblivious to the values that

are skewed, so it cannot be modified in order to handle these cases separately. Our analysis

is based on the following lemma about hashing, which we prove in detail in

Lemma 5.1.1. Let R(Aq,...,A,) be a relation of arity r with m tuples. Let py,...,p,
be integers and p = [[;pi. Suppose that we hash each tuple (ay,...,a,) to the bin

(hi(ay),...,h.(a.)), where hy, ..., h, are independent and perfectly random hash functions.
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Then, the probability that the mazimum load exceeds O(m/(min; p;)) is exponentially small

mm.

Corollary 5.1.2. Let p = (p1,...,px) be the shares of the HC algorithm. For any relations,

with high probability the mazximum load per server is

M.
O (max —])
J - IMNjes; Pi

The above bound is tight: we can always construct an instance for given shares such that
the maximum load is at least as above. Indeed, for a relation S; with i = arg Minges; pi, We
can construct an instance with a single value for any attribute other than x;, and M; values
for x;. In this case, the hashing will be across only one dimension with p; servers, and so the
maximum load has to be at least M;/p; for the relation S;.

As in the previous section, if L denotes the maximum load per server, we must have that
M;/mines, p; < L. Denoting A = log, L and u; = log, M;, the load is optimized by the
following LP:

minimize A
subject to Z —e; = —1
ie[k]
Vjell] thj+ A= p;
Vje|l],ieS;:e;—h; =0
Vielk]:; >0, Vje[l]:h; =20 A=0 (5.1)

Following the same process as in the previous section, we can obtain the dual of the
above LP, and after transformations obtain the following non-linear program with the same

optimal objective function:

Zje[e] g —1
Zje[é] uj

maximize
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subject to Vie [k] : Z wi; <1
Vj € [f] Uy < Z Wi 5

Vj € [ﬁ] Uy =0

Example 5.1.3. We continue the example of the join query q(z,y,z) = Si(z,2),S2(y, 2),
where both relations have m tuples. The optimal solution of will give us shares p, =
py = p. = 1/3, and mazimum load of O(M/p'/®). Observe that this load guarantee is for
any possible data distribution, so even with a highly skewed input distribution, like the one

in|Example 5.0.5, the HC algorithm will still achieve a load of O(M /p'/?) instead of O(M).

It is possible that some other algorithm than the HC algorithm can do better without
any skew information, but we leave this as an open question. Instead, we will next look at
how we can do much better when we are provided with information about the highly skewed

values in our data.

5.2 Skew with Information

We discuss here the case where there is additional information known about skew in the
input database. We will present a general lower bound for arbitrary conjunctive queries, and

show an algorithm that matches the bound for star queries

q=51(z,21),5(2,22),...,S0(z, )

which are a generalization of the join query. We will also present a 1-round optimal algorithm
for the triangle query. Finally, we will describe a general algorithmic technique, which we
call the BINHC algorithm, presented first in [24], which can be used to compute arbitrary

conjunctive queries. However, there is a remaining gap between the upper and lower bounds
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in the general case.

We first introduce some necessary notation. For each relation S; with |S;| = m;, and
each assignment h € [n] for variable z, we define its frequency as m;(h) = |o,-,(S;)|. We
will be interested in assignments that have high frequency, which we call heavy hitters. In
order to design algorithms that take skew into account, we will assume that every input
server knows the assignments with frequency > m;/p for every relation 5}, along with their
frequency. Because each relation can contain at most p heavy hitters, the total number over
all relations will be O(p). Since we are considering cases where the number of servers is
much smaller than the data, an O(p) amount of information can be easily stored in the input
server with a minimal increase of the load.

To prove the lower bound, we will make a stronger assumption about the information
available to the input servers. Given a conjunctive query ¢, fix a set of variables x and let
d = |x| Also, let x; = x N vars(S;) for every relation S;, and d; = |x;|. A statistics of type
X, or X-statistics is a vector m = (my, ..., my), where m; is a function m; : [n]* — N. We
associate with m the function m : [n]* — (N), where m(h) = (my(hy),...,me(h,)), and h;
denotes the restriction of the tuple h to the variables in x;. We say that an instance of \S;
satisfies the statistics if for any tuple h; € [n]* , its frequency is precisely m;(h;). When
x = (7, then m simply consists of £ numbers, each representing the cardinality of a relation;

thus, a x-statistics generalizes the cardinality statistics. Recall that we use upper case M =

(M, ..., M) to denote the same statistics expressed in bits, i.e. M;(h) = a;m;(h)log(n).

5.2.1 Warmup: an Optimal Algorithm for Star Queries

For the case of the star query, we will assume that the input servers know the z-statistics;
in other words, for every assignment h € [n] of variable z, we know that its frequency
in relation S;(z,z;) is precisely m;(h). Observe that in this case the cardinality of S; is
|Si1 = 2nerng M5 ().

The algorithm uses the same principle popular in virtually all parallel join implementa-

tions to date: identify the heavy hitters and treat them differently when distributing the
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data. However, the analysis and optimality proof is new, to the best of our knowledge.

Let H denote the set of heavy hitters in all relations. Note that |H| < ¢p. The algorithm
will deal with the tuples that have no heavy hitter values (light tuples) by running the vanilla
HC algorithm, which runs with shares p. = p and p,, = 1 for every j = 1,...,¢. For this
case, the load analysis of will give us a maximum load of O(max; M;/p) with high
probability, where O hides a polylogarithmic factor that depends on p. For heavy hitters,

we will have to adapt its function as follows.

To compute ¢, the algorithm must compute for each h € H the subquery
q[h/z] = Si(h,x1),...Sk(h, zx)

which is equivalent to computing the cartesian product ¢, = Sj(z1),...,5.(zx), where
S1(z1) = Si(h,71) and Sy(w2) = Sz(h, z2), and each relation S has cardinality m;(h) (and
size in bits M;(h)). We call ¢, the residual query. The algorithm will allocate pj, servers to
compute g[h/z] for each h € H, such that >, _,, pn = O(p). Since the unary relations have

no skew, they will be of low degree and thus the maximum load L, for each h is given by

L, =0 < max L(u,M(h):ph)>

uepk(q:)

For the star query, we have pk(q.) = {0,1}%\(0,0,...,0). At this point, since p, is not
specified, it is not clear which edge packing in pk(q,) maximizes the above quantity for each
h. To overcome this problem, we further refine the assignment of servers to heavy hitters:
we allocate py,,, servers to each h and each u € pk(q.), such that p, = > ppu. Now, for a
given u € pk(q.), we can evenly distribute the load among the heavy hitters by allocating
servers proportionally to the "heaviness” of executing the residual query. In other words we

want ppu ~ [[; M;(h)" for every h € H. Hence, we will choose:

[1, M,(h)*
Phu = |P- Nus
Zh’eH Hj Mj(h ) ’
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Since [z] < x + 1, and |H| < ¢p, we can compute that the total number of servers we need
is at most (¢ + 1) - |pk(q.)| - p, which is O(p). Additionally, the maximum load Lj, for every
h e H will be

uepk(q:) p

0 g (Bl

Plugging in the values of pk(q.), we obtain the following upper bound on the algorithm for

the heavy hitter case:

0 (max (ZheH Ljer Mj(h)) W') (5.3)

1<) p

Observe that the terms depend on the frequencies of the heavy hitters, and can be much
larger than the bound O(max; M;/p) we obtain from the light hitter case. In the extreme, a

single heavy hitter h with m;(h) = m; for j = 1,...,¢ will demand maximum load equal to

O((I'l; M;/p)'").

5.2.2  An Optimal Algorithm for Triangle Queries

We show here how to compute the triangle query,

q= R(5E7y)’ S(yvz)’T(Z’w)

when all relation sizes are equal to m (and have size in bits M). As with the star query, the
algorithm will deal with the tuples that have no heavy hitter values, i.e. the frequency is
less than m/p'/3, by running the vanilla HC algorithm. For this case, we apply the standard

analysis to obtain a maximum load of O(M /p*?).

Next, we show how to handle the heavy hitters. We distinguish two different cases.
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Case 1. In this case, we handle the tuples that have values with frequency > m/p in at
least two variables. Observe that we did not set the heaviness threshold to m/p'/3, for reasons

that we will explain in the next case.

Without loss of generality, suppose that both z,y are heavy in at least one of the two
relations they belong to. The observation is that there at most p such heavy values for each
variable, and hence we can send all tuples of R(z,y) with both x,y heavy (at most p?) to
all servers. Then, we essentially have to compute the query S’(y, z), T"(z, x), where z and y
can take only p values. We can do this by computing the join on z; since the frequency of

z will be at most p each relation, the maximum load from the join computation will be at

most O(M /p).

Case 2. In this case, we handle the remaining output: this includes the tuples where one

1/3

variable has frequency = m/p'/?, and the other variables are light, i.e. have frequency < m/p.

Without loss of generality, assume that we want to compute the query ¢ for the values of x

that are heavy in either R or T. Observe that there are at most 2p'/?

of such heavy hitters.
If H, denotes the set of heavy hitter values for variable z, the residual query g[h/x] for each

he H is:
Q[h/x] = R(hv y)? S(ya Z)v T(Z7 h)

which is equivalent to computing the query ¢, = R'(y),S(y,z),T'(z) with cardinalities
mpg(h), m, mr(h) respectively. As before, we allocate p;, servers to compute g[h/x] for each

h € H. If there is no skew, the maximum load Ly, is given by the following formula:

L,=0 <max (M,4 /—MR(h)MT(h))>
Dn bn

Notice now that the only cause of skew for ¢, may be that y or z are heavy in S(y, 2).
However, we assumed that the frequencies for both y, z are < m/p, so there will be no skew

(this is why we set the heaviness threshold for Case 1 to m/p instead of m/p/?).
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We can now set p, = pp1 + pr2 (for each of the quantities in the max expression), and

choose the allocated servers similarly to how we chose for the star queries:

Ms(h)w phz:[p Mp(h) Mz (h) w

”F%'M S er, Ma(l) My (h)

We now get a load of:

L—0 <m (M, \/Zh MR<h>MT<h>>>
p p

Summing up all the cases, we obtain that the load of the 1-round algorithm for computing

triangles is:

L:@<WM<M'¢Zﬂhwﬂh@)¢ZM@MM@M)JZM@mm@mv>
p2/3’ P ) D ) D

5.2.3 The binning algorithm

We now generalize some of the ideas for the simple join to an arbitrary conjunctive query
q. Extending the notion for simple joins, for each relation S; with |S;| = m; we say that a
partial assignment h; to a subset x; < vars(S;) is a heavy hitter if and only if the number of
tuples, m;(h;), from S; that contain h; satisfies m;(h;) > m;/p. As before, there are O(p)
such heavy hitters. We will assume that each input server knows the entire set of heavy
hitters for all relations.

For simplicity we assume that p is a power of 2. We will not produce quite as smooth a
bound as we did for the simple join, but we will show that the bound we produce is within
a log®M p factor of the optimal. To do this, for each relation S; and subset of variables x;,
we define log, p bins for the frequencies, or degrees of each of the heavy hitters. The b-th
bin, for b = 1,...,log, p will contain all heavy hitters h; with m;/2°=! = m;(h;) > m;/2°.
The last bin, a bin of light hitters with b = log, p + 1, will contain all assignments h; to x;
that are not heavy hitters. Notice that, when x; = ¢J, then the only non-empty bin is the
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first bin, the only heavy hitter is the empty tuple h; = (), and m;(h;) = m;.

For a bin b on x; define 8, = logp(Qbfl); observe that for each heavy hitter bin, there
are at most 2p® heavy hitters in this bin, and for the last bin we have 8, = 1. Instead of
identifying each bin using its index b, we identify each bin by [, called its bin exponent,
along with the index of the relation S; for which it is defined, and the set x; < vars(S;).

Note that 0 = 31 < By <+ < Blog,p+1 = 1.

Definition 5.2.1 (Bin Combination). Let x © V' = vars(q), and define x; = x n vars(S;).
A pair B = (H,(B;);) is called a bin combination if (1) B; = 0 for every j where x; = &,
and (2) there is some consistent assignment h to x such that for each j with x; # & the
induced assignment h; to x; has bin exponent B; in relation S;. We write C(B) for the set

of all such assignments h.

Our algorithm allocates p virtual processors to each bin combination and handles asso-

ciated inputs separately. There are O(logp) bin choices for each relation and therefore at

o p bin combinations in total, so at most plogo(l) p virtual processors in total.

most log
Let Ny be the number of possible bin combinations. As in the star join algorithm (Subsec-]
tion 5.2.1)), within each bin combination we partition the p servers among the heavy hitters,

1= gervers for heavy hitter h (independent of h, since we have ensured complete

using pp = p
uniformity within a bin combination). However, we can only process p® < p heavy hitters in
every bin combination: in general, we may have C'(B) > p, e.g. when x contains a variable
xy in S7 and a variable x5 in Ss, then there may be up to p x p heavy hitters in this bin
combination.

For a bin combination B and assignment h € C(B), write m;(h) for m;(h;). For each B
we will define below a set C'(B) < C(B) with |C'(B)| < p and sets Sj(-B) c S; of tuples for

j € [¢] that extend h; for some h e C’'(B).
S

The algorithm for B will compute all query answers that are joins of (S;

);, by executing
the HC algorithm for a particular choice of exponents given. The share exponents for the HC

algorithm will be provided by a modification of the vertex covering primal LP (4.2]), which
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describes an algorithm that suffices for all light hitters. Recall that in this LP, p; = log, M;
and A is log, L for the load L. That LP corresponds to the bin combination By which has
x = ¢ and all §; = 0. In this case C'(Bg) = C(Bg) has 1 element, the empty partial
assignment. More generally, write o = log,, [C"(B)|, the LP associated with our algorithm

for bin combination B is:

mininimize A (5.4)
subject to

V]E[ﬁ] A+ Z 61'Zuj—ﬂj

zi€vars(S;)—x;

Z e;<1l—«o

eV —x

VieV—-—x: =20 A=0

Thus far, this is only fully specified for B = By since we have not defined C’(B) for other
choices of B. We define C’(B) inductively based on optimal solutions (A&, (eEB/))iev_xr) to
the above LP applied to bin combinations B’ with x’ < x as follows. (Such solutions may
not be unique but we fix one arbitrarily for each bin combination.)

For h' e C"(B'), we say that a heavy hitter h; of S; that is an extension of h’ to x; is

!
B'-i-z- o /'6(8) .
TS elements of S; consistent

overweight for B’ if there are more than Ny - m;/p
with h;. C'(B) consists of all assignments h € C'(B) such that there is some j € [¢], some bin
combination B’ on set x’ < x such that x —x’ < vars(S;), and some h' € C'(B’) such that h
is an extension of h’ and h; is an overweight heavy hitter of S; for B’. The following lemma,

which is proved in the appendix, shows that e < 1 and thus that the LP for B is feasible.
Lemma 5.2.2. For all bin combinations B, |C'(B)| < p.

Let Ag < [{] be the set of all j such that x; # ¢J. For each j € [(] — A, let S](-B) consist
of all tuples in S; that do not contain any heavy hitter h7 of S; that is overweight for B.
For each j € Ag, and h e C'(B) let Sj(-B) (h) consist of all tuples in S; that contain h; on x;
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(with bin exponent ;) but do not contain any heavy hitter h7 of S; that is overweight for
B and a proper extension of h;. S](-B) will be the union of all S](.B)(h) for all h e C'(B).

 vyirtual

For each of the p® heavy hitter assignments h € C’(B) the algorithm uses p'~
processors to compute the join of the subinstances Sj@(h) for j € [¢]. Those processors will

be allocated using the HC algorithm that assigns pez('B) shares to each variable z; € V — x.

o(1 A(B)

It remains to show that the load of the algorithm for B is within a log®® p factor of p»,

where A is given by the LP for B.

Lemma 5.2.3. Let h be an assignment to x that is consistent with bin combination B. If
we hash each residual relation S](-B)(h) on vars(S;) — x; using peEB) values for each x; €

vars(S;) — x;, each processor receives
/ min(3; : (B)
@) ((Nbc -Inp)" - my/p (Bi+ Lievara(s;)—; ’1))
values with high probability, where ' = max;(r; — |x;|).

Proof. For j e [l] — Ag, S ](B) only contains tuples of S; that are not overweight for 3, which
means that for every x7 < vars(S;) and every heavy hitter assignment h” to the variables

of x7, there are at most

18.7+Zi€x’(—x ; e'EB)

Bi+ S )
e = Ny - m;/p 7

Ny - m;/p
elements of S; consistent with h”. Every other assignment h” to the variables of x7 is a
light hitter and therefore is contained in at most m;/p consistent tuples of S;. For j € Ag,
we obtain the same bound, where the only difference is that we need to restrict things to

extensions of h;. This bound gives the smoothness condition on SJ(-B)(h) necessary to apply

Lemma 4.1.2[ to each relation Sj(-B) (h) and yields the claimed result. O

As a corollary, we obtain:
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Corollary 5.2.4. Let L,;, = max;(m;/p). The mazimum load of our algorithm using p
(virtual) processors for B is O((Npe - Inp) == - max(Lypin, ")) with high probability, where
A = B s the optimum of the LP for B and ryax is the mazimum arity of any S;.

Proof. There are p'=® processors allocated to each h and p® such assignments h so that the
maximum load per h is also the maximum overall load. Given the presence of the L,,;,

term, it suffices to show that the maximum load per h due to relation S;B)(h) is at most

(Inp)k=X . max(m;/p,p*) for each j € [¢]. Observe that by construction, p* is the smallest
B

, (B)
value such that p* - pBJJrZ’“'iE””S(SJ')"‘j “ = mj for all j and Y]

iex 658) < 1—«. Lemma [5.2.3

then implies that the load due to relation S ](-B)(h) is at most a polylogarithmic factor times

j (B)
maX(mj/p, mj/pﬁj +Zzievars(sj),Hj e; )

which is at most max(m;/p, p*). O

Lemma 5.2.5. Every tuple in the join of (S))jeqq is contained in a join of subrelations

(S](.B))je[g] for some bin combination B.

Proof. Observe first that every join tuple is consistent with the empty bin combination Bg.
Therefore the join of (S](-Bg ))je[g] contains all join tuples that do not contain an overweight
heavy hitter h; for any relation S; with respect to By (and therefore contains all join tuples
that are not consistent with any heavy hitter). Now fix a join tuple t that is overweight for
Bgs. By definition, there is an associated relation S;, and x' < vars(S;,) such that h! = (t,1)
is an overweight heavy hitter of S;, for Bg. Let By be the bin combination associated with
h'. By definition h' € C"(B;). Now either t is contained in the join of (S](Bl))je[g] and we are
done or there is some relation Sj, and x? such that x? —x' < vars(S;,) such that h? = (t,2)
has the property that h?Q is an overweight heavy hitter of S;, for B;. Again, in the latter
case, if By is the bin combination associated with h? then h? € C'(B,) by definition and we
can repeat the previous argument for B, instead of B;. Since the number of variables grows

at each iteration, we can repeat this at most k times before finding a first B, such that t is
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not associated with any overweight heavy hitter for B,. In this case t will be computed in
the join of (SJ(-BT))jE[z]. O

We can now prove the main theorem.

Theorem 5.2.6. The algorithm that computes the joins of (S](B))je[g] for every bin combina-

tion B using the HC algorithm as described above has mazximum load L < logo(1> p-maxg p’\(B)

Proof. There are only log®® p choices of B and for each choice of B, by [Corollary 5.2.4] the

B . . .
Al )). To derive our claim it suffices to

load with p virtual processors is logo(l) p-max(Lyin, p
show that we can remove the L,,;, term. Observe that in the original LP which corresponds
to an empty bin combination B, we have A\ + Ziesj e; = p; for each j e [{] and Y e; < 1.

This implies that A > p1; — 1 and hence p > m,;/p for each j, so P = Lopin. O

5.2.4  Lower Bound

The lower bound we present here holds for any conjunctive query, and generalizes the

lower bound in [T'heorem 4.2.1] which was over databases with cardinality statistics M =

(M, ..., M), to databases with a fixed degree sequence. If the degree sequence is skewed,
then the new bounds can be stronger, proving that skew in the input data makes query
evaluation harder.

Let us fix statistics M of type x. We define ¢y as the residual query, obtained by removing
all variables x, and decreasing the arities of S; as necessary (the new arity of relation S; is
a; —d;). Clearly, every fractional edge packing of ¢ is also a fractional edge packing of gx,
but the converse does not hold in general. If u is a fractional edge packing of ¢, we say that

u saturates a variable z; € x, if )] yu; = 1; we say that u saturates x if it saturates

j:xi€vars(S;

all variables in x. For a given x and u that saturates x, define

W 1/ w5
Zhe[n]x Hj M;(hy) ])>

D

Ly(u,M,p) = <
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Theorem 5.2.7. Fiz statistics M of type x such that a; > d; for every relation S;. Consider
any deterministic MPC' algorithm that runs in one communication round on p servers and
has mazimum load L in bits. Then, for any fractional edge packing u of q that saturates X,

we must have

d
minM - Ly(u, M, p).
J 4Clj

L

\%

Note that, when x = &f then Ly(u, M, p) = L(u, M, p), as defined in (4.3)). However, our

theorem does not imply [T'heorem 4.2.1] since it does not give a lower bound on the expected

size of the algorithm output as a fraction of the expected output size.

Proof. For h € [n]* and a; € S;, we write a; || h to denote that the tuple a; from S; matches
with h at their common variables x;, and denote (S;)n the subset of tuples a; that match
h: (S;)n = {a; | aj € S;,a; || h}. Let I denote the restriction of I to h, in other words
In = ((S)n,---, (So)n)-

We pick the domain n such that n = (max;{m;})? and construct a probability space for
instances I defined by the x-statistics M as follows. For a fixed tuple h € [n]*, the restriction

I, is a uniformly chosen instance over all matching databases with cardinality vector M (h),

which is precisely the probability space that we used in the proof of [heorem 4.3.1] In partic-

ular, for every a; € [n]*, the probability that S; contains a; is P(a; € S;) = m;(h;)/n% %,

immediately gives:

Bljo(h)] = n* ]  2o0)

Let us fix some server and let msg(7) be the message the server receives on input /. As
in the previous section, let Kmsgj(Sj) denote the set of tuples from relation S; known by
the server. Let wj(a;) = P(a; € Kmsg (s;)(5;)), where the probability is over the random
choices of S;. This is upper bounded by P(a; € S;):

wj(a;) < mj(hy)/m“~%, ifa;| h (5.6)
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We derive a second upper bound by exploiting the fact that the server receives a limited

number of bits, in analogy with

Lemma 5.2.8. Let S; a relation with a; > d;. Suppose that the size of S; is m; < n/2 (or

m; = n), and that the message msg;(S;) has at most L bits. Then, we have E[[Kmsg, (S;)|] <

4L
(aj—d;)log(n) "

Observe that in the case where a; = d; for some relation S, the x-statistics fix all the

tuples of the instance for this particular relation, and hence E[|Kmsg, (S;)|] = m;.

Proof. We can express the entropy H(S;) as follows:

H(S;) = H(msg;(S;) + Y, P(msg;(S;) = msg;) - H(S; | msg;(S;) = msg;)

msg,
<L+ Z P(msg;(S;) = msg;) - H(S; | msg;(S;) = msg;) (5.7)

msg,

For every h € [n]*, let Kmsg, ((S;)n) denote the known tuples that belong in the restric-
tion of S; to h. Following the proof of [Lemma 4.2.5] and denoting by M, (h;) the number

of bits necessary to represent (S;)n, we have:

Kmsg ((Sj)n
H(S; | msg;(S;) = msg;) < > (1 ] 277%;2;1] ) )|> M;(hy)

he[n]*

)
Kmsg ((S))n
= H(S)) = ), | 275%2;)) LV
he[n]x AN
Kmsg ((Sj)n a
< H(Sj) — | QE;E;j)) )|mj(hj) ’ 5 ~ log(n)

where the last inequality comes from [Proposition 4.2.10f Plugging this in ([5.7]), and solving
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for B[ K, (5,11

AL

E[|Kmsg, (S;)]] < (a; — d;) log(n)

This concludes our proof. O

Let gx be the residual query, and recall that u is a fractional edge packing that saturates
x. Define the extended query gx' to consist of gy, where we add a new atom S}(x;) for every
variable z; € vars(gx). Define u] = 1 —2jiies, Uj- In other words, uj is defined to be the slack
at the variable z; of the packing u. The new edge packing (u,u’) for the extended query
¢, has no more slack, hence it is both a tight fractional edge packing and a tight fractional

edge cover for gx. By adding all equalities of the tight packing we obtain:

(aj—dj)uj—i—Zu;:k—d

¢ k—d
=1 i=1

J

We next compute how many output tuples from ¢(I) will be known in expectation by

the server. Note that ¢(In) = ¢x(In), and thus:

E[|Kmsg(¢(In)[] = E[[Kmsg(gx(/n))]]

= > ] Jwi(a)

allh j=1
0 k—d
=2 | [witap) [ [wita)
alh j=1 i=1
Uj
k—d L
!
T 1T 2 wta
=1 Jj=1 \aj|h

By writing w;(a;)"/% = w;(a;)Y*“w;(a;) for a; || h, we can bound the sum in the above
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quantity as follows:

ma . 1/u;—1
D wi(a) < (ﬂ) D wilay) = (my(hy)n% )/ L;(h)
ajl|h

naj_dj
ajh

where L;(h) = >, wj(a;). Notice that for every relation S;, we have >3, o Lj(hy) =

Daseln) Wi(a;). We can now write:
k—d d .
B[ Kunsg(a(n)[] <m0 [ T (L (b)m (hy) - - iy

= [T 25 - [ Tmy(0y)™ - Ellg()]] (5.8)

Summing over all p servers, we obtain that the expected number of answers that can be
output for ¢(/y) is at most p- E[|Kmsg(q(/n))[]. If some h € [n]* this number is not at least
E[|q(In)|], the algorithm will fail to compute ¢(I). Consequently, for every h we must have
that H§:1 Li(hj)% = (1/p) - H§:1 m;(h;)*. Summing the inequalities for every h € [n]*:

% [Imiy < 3 [TLm)

he[n]* j= he[n]* j=1
¢ “
< H L;(h;) by Friedgut’s inequality
j=1 \ hje[n]i
<ﬁ( AL >uj by [Lemma 5.2.8
S L\ (0 — dy) log(n) '

Solving for L and using the fact that M; = a;m;log(n), we obtain that for any edge packing

u that saturates x,

i 1/Zj“j
L> (mn a; — dj) _ (Zhe[n]x [1; M;(hy) >
4aj

j p
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which concludes the proof. O

To see how [I'heorem 5.2.7| applies to the star query, we assume that the input servers

know z-statistics M; in other words, for every assignment h € [n] of variable z, we know
that its frequency in relation S; is m;(h). Then, for any edge packing u that saturates z, we

obtain a lower bound of

p

u;\ V25U
L= (1/8) (Zhe[n] L1; M;(h) )

Observe that the set of edge packings that saturate z and maximize the above quantity is

{0,1}(0,...,0). Hence, we obtain a lower bound

<l

Zhe[n] Hje] Mj (h)> i

p

L=(1/8)- max (

A similar argument proves the optimality for the triangle query Cj.
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Chapter 6
COMPUTING JOIN QUERIES IN MULTIPLE ROUNDS

In this chapter, we analyze the computation of conjunctive queries in the MPC model for
algorithms with multiple rounds. We show that there exists a tradeoff between the number
of rounds and the load when computing queries, at least for the case where the input data
has no skew: using more rounds, and hence more synchronization, it is possible to achieve a
better load per round.

We mainly focus on the following question: given a query ¢ over input data without skew,
what is the optimal load to compute ¢ in 7 rounds, where r > 2?7 In we provide
both upper and lower bounds for the case of matching databases. In order to prove lower
bounds for the case of multiple rounds, we restrict to the tuple-based MPC model, where it
is easier to analyze how communication is performed. A surprising consequence of our lower
bounds is that computing connected components in a graph of size M cannot be done in a
constant number of rounds with load less than M.

In [Section 6.2 we briefly explore the computation of conjunctive queries in multiple
rounds for any input data. In particular, we present an algorithm for computing the triangle
query in 2 rounds with worst-case load that is better than the load that can be achieved in

a single round.

6.1 Input Data without Skew

To present and analyze the behavior of multi-round algorithms, we restrict both the structure
of the input and the type of computation in the MPC model. In particular, our multi-round
algorithms will process only queries where the relations are of equal size and the data has no

skew. Additionally, our lower bounds are proven for a restricted version of the MPC model,
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called the the tuple-based MPC model, which limits the way communication is performed.

6.1.1 An Algorithm for Multiple Rounds

In Chapter [ we showed that in the case where all relations have size equal to M and
are matching databases (i.e. the degree of any value is exactly one), we can compute a

conjunctive query ¢ in one round with maximum load
L= 0(M/p!/"")

where 7%(q) denotes the fractional vertex covering number of ¢q. Hence, for any ¢ > 0, a
conjunctive query ¢ with 7*(¢) < 1/(1 —¢) can be computed in one round in the MPC model
with load L = O(M/p'~¢); recall from that we call the parameter ¢ the space
exponent.

We define now the class of queries I'7 using induction on r. For r = 1, we define

Fe={q|m"(g) <1/(1—¢)}

For r > 1, we define I'] to be the set of all conjunctive queries g constructed as fol-
lows. Let qi,...,¢n € I'""! be m queries, and let ¢y € T'! be a query over a different
vocabulary V,...,V,,, such that |vars(g;)| = arity(V;) for all j € [m]. Then, the query
q¢ = wla1/Vi, ..., qn/Vm], obtained by substituting each view V; in go with its definition g;,
is in I'.. In other words, I'. consists of queries that have a query plan of depth r, where each
operator is a query computable in one step with maximum load O(M /p'~¢). The following

proposition is now straightforward.

Proposition 6.1.1. Every conjunctive query q € I'. with input a matching database where

each relation has size M can be computed by an MPC' algorithm in r rounds with maximum

load L = O(M /p*~).

We next present two examples that provide some intuition on the structure of the queries
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in the class I'7.

Example 6.1.2. Consider the query Ly, in[Table 4.1 with k = 16; we can construct a query
plan of depth r = 2 and load L = O(M /p'/?) (with space exponent € = 1/2). The first step
computes in parallel four queries, v = S, 59, 93,54, ..., vg = Si3, S14, S15, S16. Fach query
is isomorphic to Ly, therefore 7*(q1) = -+ = 7*(qs) = 2 and thus each can be computed in
one step with load L = O(M /p"/™" (@) = O(M /p*/?). The second step computes the query

qo = V1, Vo, V3, Vi, which is also isomorphic to Ly.

We can generalize the above approach for any query L. For any € = 0, let k. be the
largest integer such that Ly € I'{. In other words, 7*(Ly.) < 1/(1 — ¢) and so we choose
ke = 2|1/(1 —€)]. Then, for any k > k., Ly can be computed using Ly as a building
block at each round: the plan will have a depth of [log, (k)| and will achieve a load of
L =0(M/p'~e).

Example 6.1.3. Consider the query SP, = N5, Ri(z, %), Si(xi,y:). Since 7*(SP,) = k,
the one round algorithm can achieve a load of O(M /p'/*).

However, we can construct a query plan of depth 2 for SPy with load O(M /p), by com-
puting the joins q; = Ri(z,x;), Si(x;,y;) in the first round and in the second round joining

all q; on the common variable z.

We next present an upper bound on the number of rounds needed to compute any query
if we want to achieve a given load L = O(M/p'~¢); in other words, we ask what is the
minimum number of rounds for which we can achieve a space exponent ¢.

Let rad(¢) = min, max, d(u,v) denote the radius of a query ¢, where d(u,v) denotes
the distance between two nodes in the hypergraph of ¢. For example, rad(L) = [k/2] and
rad(Cy) = |k/2].

Lemma 6.1.4. Fize >0, let k. = 2|1/(1 —€)|, and let q be any connected query. Define
[log,,_(rad(q))| + 1 if q is tree-like,

r(g) =
\log,._(rad(q))] +2  otherwise.
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q € r r= f(e)
query | space exponent | rounds to achieve | rounds/space
for 1 round load O(M /p) tradeoff
Ch 1-2/k [log k| ~ oo biy
Lk 1— ﬁ [lOg ]{] ~ %
Ty 0 1 NA
S Py 1-1/k 2 NA

Table 6.1: The tradeoff between space and communication rounds for several queries.

Then, q can be computed in r(q) rounds on any matching database input with relations of

size M with mazimum load L = O(M /p*~¢).

Proof. By definition of rad(q), there exists some node v € vars(q), such that the maximum
distance of v to any other node in the hypergraph of ¢ is at most rad(q). If ¢ is tree-like
then we can decompose ¢ into a set of at most |atoms(q)[*4 % (possibly overlapping) paths
P of length < rad(q), each having v as one endpoint. Since it is essentially isomorphic to

Ly, a path of length ¢ < rad(g) can be computed in at most [log,_(rad(g))| rounds using the

query plan from [Proposition 6.1.1] together with repeated use of the one-round HyperCube

algorithm for paths of length k.. Moreover, all the paths in P can be computed in parallel,
because |P| is a constant depending only on ¢. Since every path will contain variable v, we

can compute the join of all the paths in one final round with load O(M /p).

The only difference for general connected queries is that ¢ may also contain atoms that
join vertices at distance rad(q) from v that are not on any of the paths of length rad(q) from
v: these can be covered using paths of length rad(¢) + 1 from v. To get the final formula,

we apply the equality [log, (b + 1)] = [log,(b)]| + 1, which holds for positive integers a,b. O

As an application of the above lemma, shows the number of rounds required
by different types of queries.
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6.1.2 Lower Bounds for Multiple Rounds

We present here a general lower bound for connected conjunctive queries in the tuple-based
MPC model.

We first introduce a combinatorial object associated with every query ¢, called the (e, r)-
plan, which is central to the construction of the multi-round lower bound. We next define
this notion, and also discuss how we can construct such plans for various classes of queries.

Given a query ¢ and a set M < atoms(q), recall that ¢/M is the query that results from
contracting the edges M in the hypergraph of ¢. Also, we define M = atoms(q)\M.

Definition 6.1.5. Let q be a connected conjunctive query. A set M < atoms(q) is e-good

for q if it satisfies the following two properties:

1. Ewvery connected subquery of q that is in T! contains at most one atom in M.

2. X(M) =0 (and thus x(q/M) = x(q) by[Lemma 2.1.4).

For e € |0,1) and integer r = 0, an (,r)-plan M is a sequence M, ..., M,, with My =
atoms(q) > My > --+ M, such that (a) for j = 0,...,r — 1, M; is e-good for q/M;, and
(b) g/M, ¢T..

We provide some intuition about the above definition with the next two lemmas, which

shows how we can obtain such a plan for the query L, and C} respectively.

Lemma 6.1.6. The query Ly admits an (¢, [log, (k)] — 2)-plan for any integer k > k. =
2|1/(1 —¢)].

Proof. We will prove using induction that for every integer r > 0, if ¥ > k7™! + 1 then L
admits an (g, r)-plan. This proves the lemma, because then for a given & the smallest integer
r we can choose for the plan is r = [log, (k —1)] — 1 = [log,_ (k)| — 2. For the base case
r =0, we have that k > k. + 1, and observe that L;/My = Ly, ¢ T'..

For the induction step, let kg > k™' + 1; then from the inductive hypothesis for every

k = kI + 1 the query Ly has an (¢,r — 1)-plan. Define M to be the set of atoms where we
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include every k.-th atom Ly,, starting with Sy; in other words, M = {S1, Sk.+1, Sok. <1, - - -}-
Observe now that Ly, /M = Si(z0,21), Sk.+1(21, Th.11)s Sok 11(Thov 1, T2k 1), - - -, Which is
isomorphic to Ly .-

We will show first that M is e-good for Ly,. Indeed, x(Ly,/M) = x(Lkosr.) = X(L,)
and thus property (2) is satisfied. Additionally, recall that T'! consists of queries for which
7*(q) < 1/(1—¢); thus the connected subqueries of Ly, that are in 'l are precisely queries of
the form S;(z;-1,%;), Sj41(xj, Tjs1), -, Sjsk—1(Tjrh—2, Tjrk—1), Where k < k.. By choosing
M to contain every k.-atom, no such subquery in I'! will contain more than one atom from
M and thus property (1) is satisfied as well.

Finally, we have that [ko/k.] = [kl + 1/k.] = kI + 1 and thus from the inductive hy-
pothesis the query Ly,/M admits an (g,7 — 1)-plan. By definition, this implies a sequence
My, ..., M, q; the extended sequence M, My, ..., M, ; will now be an (e, r)-plan for Ly,. O

Lemma 6.1.7. The query Cy admits an (e, |log,_(k/(m. + 1))])-plan, for every integer k >
me = [2/(1 —¢)].

Proof. The proof is similar to the proof for the query L, since we can observe that any set
M of atoms that are (at least) k. apart along any cycle Cy is a e-good set for C, and further
C’k/ﬂ is isomorphic to Cixk,.|. The only difference is that the base case for r = 0 is that
k = m. + 1. Thus, the inductive step is that for every integer r = 0, if k = kZ(m. + 1) then

C admits an (g, r)-plan. O

The above examples of queries show how we can construct (e, r)-plans. We next present
the main theorem of this section, which tells us how we can use such plans to obtain lower

bounds on the number of communication rounds needed to compute a conjunctive query.

Theorem 6.1.8 (Lower Bound for Multiple Rounds). Let ¢ be a conjunctive query that
admits an (e,r)-plan. For every randomized algorithm in the tuple-based MPC model that
computes q in r + 1 rounds and with load L < cM/p'~¢ for a sufficiently small constant c,
there ezists a (matching) instance I with relations of size M where the algorithm fails to

compute q with probability Q(1).
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The constant ¢ in the above theorem depends on the query ¢ and the parameter . To

state the precise expression the constant ¢, we need some additional definitions.

Definition 6.1.9. Let q be a conjunctive query and M be an (g,7)-plan for q. We de-
fine (M) to be the minimum of 7*(q/M,) and 7*(¢'), where ¢’ ranges over all connected

subqueries of ¢/M;_y, j € [r], such that ¢’ ¢ T'..

Proposition 6.1.10. Let g be a conjunctive query and M be an (,r)-plan for q. Then,
T*(M) > 1/(1 —¢).

Proof. For every ¢’ ¢ T'!, we have by definition that 7*(¢') > 1/(1 — ). Additionally, by the
definition of an (g, r)-plan, we have that 7*(q/M,) > 1/(1 — ¢). O

Further, for a given query q let us define the following sets:

C(q) =1{q | ¢ is a connected subquery of ¢}
C.(q) ={q' | ¢ ¢TL, ¢ is a connected subquery of ¢}

S.(q) =1{d' | ¢ ¢!, ¢ is a minimal connected subquery of ¢}.

and let

k=1 g'eS.(q/My_1)

We can now present the precise statement.

Theorem 6.1.11. If g has an (,7)-plan M then any deterministic tuple-based MPC algo-

rithm running in r + 1 rounds with mazimum load L reports at most

. (M)
ta. M- (S5 PE) Bl

correct answers in expectation over a uniformly at random chosen matching database I where

each relation has size M.
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The above theorem implies [I'heorem 6.1.8] by following the same proof as in [T'heo-
. Indeed, for L < c¢M/p'~¢ we obtain that the output tuples will be at most
f - E[lg(D)|], where f = (g, M) - ((r + 1)c)” ™). If we choose the constant ¢ such that
f < 1/9, we can apply to show that for any randomized algorithm we can find

an instance I where it will fail to produce the output with probability 2(1).

In the rest of this section, we present the proof of Theorem 6.1.11] Let A be an algorithm

that computes ¢ in r + 1 rounds. The intuition is as follows. Consider an e-good set M;
then any matching database ¢ consists of two parts, i = (i, ZM)D where i), are the relations
for atoms in M, and i; are all the other relations. We show that, for a fixed instance iy,
the algorithm can be used to compute ¢/M (iy;) in 7 + 1 rounds; however, the first round
is almost useless, because the algorithm can discover only a tiny number of join tuples with
two or more atoms S; € M (since every subquery ¢’ of ¢ that has two atoms in M is not in
I'!). This shows that the algorithm can compute most of the answers in ¢/M (i) in only r
rounds, and we repeat the argument until a one-round algorithm remains.

To formalize this intuition, we need some notation. For two relations A, B we write Ax B,
called the semijoin, to denote the set of tuples in A for which there is a tuple in B that has
equal values on their common variables. We also write A > B, called the antijoin, to denote
the set of tuples in A for which no tuple in B has equal values on their common variables.

Let A be a deterministic algorithm with r 4+ 1 rounds, k € [r + 1] a round number, s a

server, and ¢’ a subquery of ¢q. We define:

Kf;‘llsfgs( "y = {a’ € [n]"**(@) | ¥ matching database i, msg="(A,i) = msg = a’ € ¢'(i)}

Aks
msg U Kinsg (g q)

Using the above notation, K72%*_, “ )( ¢) and K2 (¢') denote the set of join tuples

msgs msg<k(A )
from ¢’ known at round k by server s, and by all servers, respectively, on input ¢. Further,

"'We will use i to denote a fixed matching instance, as opposed to I that denotes a random instance.
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A(i) = Ké{%irﬂm Z.)(q) is w.l.o.g. the final answer of the algorithm A on input ¢. Finally,

let us define

. A,
J-A,q (7/) = U Km;g<1(A7i) (ql)
q'€C(q)

Aq(: Al
JE q(z) - U Kmsgsl(AJ)(ql)
7'€Ce(q)
JA4(4) is precisely the set of join tuples known after the first round, but restricted to those
that correspond to subqueries that are not computable in one round; thus, the number of

tuples in JA9(4) will be small.

We can now state the two lemmas we need as building blocks to prove [I'heorem 6.1.11}

Lemma 6.1.12. Let q be a query, and M be any £-good set for q. If A is an algorithm with
r + 1 rounds for q, then for any matching database iz; over the atoms of M, there eists
an algorithm A" with r rounds for q/M wusing the same number of processors and the same
total number of bits of communication received per processor such that, for every matching

database iy defined over the atoms of M :
(A (in, ixp)] < la(in, ixg) % T2 (in, igg)] + A (i) -

In other words, the algorithm returns no more answers than the (very few) tuples in
JA4 plus what another algorithm A’ that we define next computes for ¢/M using one fewer

round.

Proof. We call ¢/M the contracted query. While the original query ¢ takes as input the
complete database ¢ = (iy,i37), the input to the contracted query is only iy, Observe also
that for different matching databases iy;, the lemma produces different algorithms A’. We
fix now a matching database iy;.

The construction of A’ is based on the following two constructions, which we call con-

traction and retraction.
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Contraction. We first show how to use the algorithm A to derive an algorithm A for q/M
that uses the same number of rounds as A.

For each connected component q. of M, we choose a representative variable z. € vars(q.).
The query answer ¢.(i37) is a matching instance, since q. is tree-like (because x(M) = 0).
Denote mo = {0, | = € vars(q)}, where, for every variable = € vars(q), o, : [n] — [n] is the
following permutation. If x ¢ vars(M), then o, is defined as the identity, i.e. o.(a) = a for
every a € [n]. Otherwise, if g. is the unique connected component such that x € vars(q.)
and a € ¢.(i37) is the unique tuple such that a, = a, we define o,(a) = a,_. In other words,
we think of mo as permuting the domain of each variable z € vars(q). Observe that mo is
known to all servers, since i3; is a fixed instance.

It holds that mo(q(i)) = ¢(mo(i)), and mo(iy;) = idy;, where idy; is the identity
matching database (where each relation in M is {(1,1,...),(2,2,...),...}). Therefore

Q/M(lM) = mo-_l (Hvars(q/ﬁ) (q(ma(zM), idﬁ)))
Using the above equation, we can now define the algorithm A° that computes the query

q/M(iy). First, each input server for S; € M replaces S; with mo(S;). Second, we run A

1

unchanged, substituting all relations S; € M with the identity. Finally, we apply mo~! to
the answers and return the output. Hence, we have:
AC(ZM) = mo-il (Hvars(q/ﬁ) (A(mU(ZM)7 idﬁ))) (61)

Retraction. Next, we transform A¢ into a new algorithm A", called the retraction of A€,

that takes as input i,; as follows.

e In round 1, each input server for S; sends (in addition to the messages sent by A°)

2We assume vars(q/M) € vars(q); for that, when we contract a set of nodes of the hypergraph, we replace
them with one of the nodes in the set.
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every tuple in a; € S; to all servers s that eventually receive a;. In other words,

the input server sends ¢ to every s for which there exists k € [r + 1] such that a; €

K.A‘,k,s

mSgs( AC,iM)(Sj)' This is possible because of the restrictions in the tuple-based MPC

model: all destinations of a; depend only on S;, and hence can be computed by the
input server. Note that this does not increase the total number of bits received by any
processor, though it does mean that more communication will be performed during the
first round.

e In round 2, A" sends no tuples.

e In rounds k£ > 3, A" sends a join tuple ¢ from server s to server s if server s knows t

at round k, and also algorithm A¢ sends ¢ from s to s’ at round k.

Observe first that the algorithm A" is correct, in the sense that the output A" (ip) will
be a subset of ¢/M(ip;). We now need to quantify how many tuples A" misses compared to

the contracted algorithm A°. Let Qu = {¢' | ¢’ subquery of ¢/M, |¢'| = 2}, and define:

A Ac 1
J+ (ZM) = U Kmsgl(Ac,i)(q,)'
q7€Qum
The set JA (i) is exactly the set of non-atomic tuples known by A° right after round 1:

these are also the tuples that the new algorithm A" will choose not to send during round 2.
Lemma 6.1.13. (A°(ips) > J2 (i) S A" (ing)

Proof. We will prove the statement by induction on the number of rounds: for any subquery
¢ of g/M, if server s knows t € (¢'(ips) > J2 (ipr)) at round k for algorithm A°, then server
s knows t at round k for algorithm A" as well.

For the induction base, in round 1 we have by construction that K;rllcs’gf( Ac,z‘M)(Sj) c
Kr?fs’gf(Ar,z‘M)(Sj) for every S; € M, and thus any tuple ¢ (join or atomic) that is known by
server s for algorithm A¢ will be also known for algorithm A".

Consider now some round k + 1 and a tuple ¢ € (¢'(ip) > J2 (ipr)) known by server s

for algorithm A°. If ¢’ is a single relation, the statement is correct since by construction all
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atomic tuples are known at round 1 for algorithm A”. Otherwise ¢’ € Q. Let tq,...,t,
be the subtuples at server s from which tuple ¢ is constructed, where ¢; € ¢;(ip) for every
j =1,...,m. Observe that t; € (q;(ins) > J* (ipr)). Thus, if ¢; was known at round k by
some server s’ for algorithm A¢, by the induction hypothesis it would be known by server s’

for algorithm A" as well, and thus it would have been communicated to server s at round

kE+1. [l

From the above lemma it follows that:
Ac(inr) = A" (iar) © (¢/M(ing) w J{ (i) (6.2)

Additionally, by the definition of e-goodness, if a subquery ¢’ of ¢ has two atoms in M, then

M VaIS(q/M) € 6

Since A" send no information during the second round, we can compress it to an algorithm
A’ that uses only 7 rounds. Finally, since M is e-good, we have x(q/M) = x(q) and thus
|A(inr)| = | A(inr, i57)]. Combining everything together:

| Al ix7)| =

A(in)]

< A" (ian)| + 1(a/M (ing) % T3 (i)
< A ()] + 1(g/M (ing) ¢ mo (T g (J2 (mo (0))))]
< A ()] + [Marogamy (a(0) x JZ(0))]

< A'(iar)] + la (i) = J4(3)]

This concludes the proof. O O

Lemma 6.1.14. Let q be a conjunctive query and q' a subquery of q. Let B be any algorithm
that outputs a subset of answers to ¢’ (i.e. for every database i, B(i) < ¢'(i)). Let I be a
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uniformly at random chosen matching database for q, and I' = Iyoms(q) ils Testriction over

the atoms in ¢'.

FENBUNN <~ -Ellg ()], then Ellg(I) x B < - Ellg(/)[].

Proof. Let y = vars(¢') and d = |y|. By symmetry, the quantity E[|oy_a(q(/))|] is indepen-
dent of a, and therefore equals E[|¢(I)[]/n?. Notice that by construction oy_,(B(i')) < {a}.

We now have:

Ellg() x BUI')[1 =}, Elloy-a(a(])) x oy—a(BI)]]

a[n]

= D Elloy=ala(D)]] - P(a€ B(I"))
a[n]*

= (Ellg(D[]/n") - > PlaeB(I'))

<7-E[lg(1)]]

where the last inequality follows from the fact that E[|¢’(I")]] < n? (since for every database
i', we have |¢'(i")| < n?). O

Proof of[Theorem 6.1.11 Given an (g, r)-plan atoms(q) = My o M; > ... D> M,, we define

M, = M, — My 1, for k = 1. Let A be an algorithm for ¢ that uses (r + 1) rounds.

We start by applying [Lemma 6.1.12] for algorithm A and the e-good set M;. Then, for

every matching database iy, = iy , there exists an algorithm Az(g for q/Ml that runs in r
1

rounds such that for every matching database i,;, we have:
A < la(i) s T+ AL (iasy)|

We can iteratively apply the same argument. For k = 1,...,r — 1, let us denote B* = AE’“M)
k
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the inductively defined algorithm for query q/M}, and consider the e-good set Mj;. Then,

for every matching database iy, there exists an algorithm BFL = A%H) for q/M 1 such
k+1

that for every matching database iy, ,,, we have:

1B (ia)| < la/Mliag) % T2 (iag )| + 1B (ing,.)|

We can now combine all the above inequalities for £k = 0,...,r — 1 to obtain:
LA < lg(i) % T2 g, gy i)
+a/Miingy) o T2 gy,
+ ...
o la/M o (g, ) 5 JET 0 g )|
+ 1B (iar,)| (6.4)

We now take the expectation of (6.4]) over a uniformly chosen matching database I and

upper bound each of the resulting terms. Observe first that for all £ = 0,...,r we have
x(q/My) = x(q), and hence, by [Lemma 4.2.2, we have E[|q(I)|] = E[|(¢/M)(I)]]-

We start by analyzing the last term of the equation, which is the expected output of an
algorithm B" that uses one round to compute ¢/M,. By the definition of 7*(M), we have
7*(q/M,) = 7*(M). Since the number of bits received by each processor in the first round
of algorithm B” is at most r + 1 times the bound for the original algorithm A, we can apply

[[’heorem 4.2.1 to obtain that:

r m*(¢/My) o
i () <p () Bl )

(r+1)L \TM
<r(Z25) R

We next bound the remaining terms. Note that Ia,_, = (In,, Ly, -, Iy ) and consider
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the expected number of tuples in J = Jfkil’Q/ﬁk_l(IMk_l). The algorithm BF 1 = Aﬁ’“ﬁ‘:)l
itself depends on the choice of I3z, ; still, we show that J has a small number of tuples. Eve;y
subquery ¢ of ¢/Mj_; that is not in I'! (and hence contributes to J) has 7*(¢') = 7*(M).
For each fixing I7, = i37,_,, the expected number of tuples produced for subquery q by

B, , where By is the portion of the first round of AZ(-%_U that produces tuples for ¢', satisfies
k—1
E[|By (In,_)|1 < 7(¢') - Ell¢'(Ing,_,)|], where

() =p (%)T*(M)

. . k-1 . .
since each processor in a round of Al(-ﬁ ) (and hence By) receives at most r 4+ 1 times the
k=1

communication bound for a round of A. We now apply [Lemma 6.1.14] to derive

E[|q(I) % By(In, )] = E[l(¢/Mi—1)(Ins,_,) % By (Ing, )]
<(¢) - Ell(¢/My—1)(Ing,_,)]]
=(¢) - Ellg(D)]]-

Averaging over all choices of I3, = = i3, and summing over the number of different
queries ¢' € S(q/M},_1), where we recall that S.(q/M, 1) is the set of all minimal connected

subqueries ¢' of ¢/M}_, that are not in '}, we obtain

k=1 /77 /
E[lg(D)xJX MLy < Y A(d) - Ellg(D)]]
q'€Sc(q/Mp_1)

Combining the bounds obtained for the r + 1 terms in (6.4)), we conclude that E[|A(])[] is

at most

(W)TW)*E 2 <T*2qf>)7*w) (%)T*(M)anmu

k=1g'€S.(q/My_1)
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. (M)
= sta)- (5PE) el

which proves [['heorem 6.1.11} O

6.1.3 Application of the Lower Bound

We show now how to apply [I'heorem 6.1.8/to obtain lower bounds for several query classes,

and compare the lower bounds with the upper bounds.

The first class is the queries L, where the following corollary is a straightforward appli-

cation of [I'heorem 6.1.8 and [Lemma 6.1.6l

Corollary 6.1.15. Any tuple-based MPC algorithm that computes the query Ly (on matching
databases) with load L = O(M /p'~*) requires at least [log,,_ k| rounds of computation.

Observe that this gives a tight lower bound for L, since in the previous section we showed
that there exists a query plan with depth [log,_k| and load O(M /p'~¢).
Second, we give a lower bound for tree-like queries, and for that we use a simple obser-

vation:

Proposition 6.1.16. Let q be a tree-like query, and ¢’ be any connected subquery of q. Any
algorithm that computes ¢' with load L needs at least as many rounds to compute q with the

same load.

Proof. Given any tuple-based MPC algorithm A for computing ¢ in r rounds with maximum
load L, we construct a tuple-based MPC algorithm A’ that computes ¢’ in r rounds with at
most load L. A’ will interpret each instance over ¢’ as part of an instance for ¢ by using the
relations in ¢’ and using the identity permutation (S; = {(1,1,...),(2,2,...),...}) for each
relation in ¢\¢’. Then, A’ runs exactly as A for r rounds; after the final round, A’ projects
out for every tuple all the variables not in ¢. The correctness of A’ follows from the fact

that ¢ is tree-like. O



90

Define diam(q), the diameter of a query ¢, to be the longest distance between any two
nodes in the hypergraph of ¢. In general, rad(q) < diam(q) < 2 rad(q). For example,
rad(Ly) = |k/2|, diam(Lg) = k and rad(C}) = diam(Cy) = |k/2].

Corollary 6.1.17. Any tuple-based MPC' algorithm that computes a tree-like query q (on
matching databases) with load L = O(M /p'~¢) needs at least [log,_(diam(q))| rounds.

Proof. Let ¢’ be the subquery of ¢ that corresponds to the diameter of ¢q. Notice that ¢’ is a

connected query, and moreover, it behaves exactly like Lgjam(g). Hence, by [Corollary 6.1.15]

any algorithm needs at least [log;_(diam(g))] to compute ¢'. By applying|Proposition 6.1.16]

we have that ¢ needs at least that many rounds as well. O

Let us compare the lower bound 7y, = [log,_(diam(q))] and the upper bound r, =
[log,_(rad(¢))] + 1 from [Lemma 6.1.4] Since diam(q) < 2rad(q), we have that gy < rup.
Additionally, rad(q) < diam(g) implies 7y, < 7w + 1. Thus, the gap between the lower
bound and the upper bound on the number of rounds is at most 1 for tree-like queries.
When £ < 1/2, these bounds are matching, since k. = 2 and 2rad(q) — 1 < diam(q) for
tree-like queries.

Third, we study one instance of a non tree-like query, namely the cycle query Cj. The

lemma is a direct application of [Lemma 6.1.7

Lemma 6.1.18. Any tuple-based MPC' algorithm that computes the query Cy (on matching
databases) with load L = O(M /p'~¢) requires at least [log,_(k/(m. + 1))] + 2 rounds, where

me = [2/(1 —¢)].

For cycle queries we also have a gap of at most 1 between this lower bound and the upper

bound in [Lemma 6.1.4l

Example 6.1.19. Let ¢ = 0 and consider two queries, Cs and Cg. In this case, we have
ke = m. =2, and rad(C5) = rad(Cg) = 2.
For query Cs, the lower bound is then |logy(6/3)| + 2 = 3 rounds, while the upper bound

is [logy(3)| + 1 = 3 rounds. Hence, in the case of Cs we have tight upper and lower bounds.
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For query Cs, the upper bound is again [logy(3)]+1 = 3 rounds, but the lower bound becomes
|log,(5/3)] + 2 = 2 rounds. The exact number of rounds necessary to compute Cs is thus

open.

Finally, we show how to apply |Corollary 6.1.15 to show that transitive closure requires

many rounds. In particular, we consider the problem CONNECTED-COMPONENTS, for which,
given an undirected graph G = (V, E) with input a set of edges as a relation R(z,y), the
requirement is to label the nodes of each connected component with the same label, unique
to that component. More formally, we want to compute an output relation O(x, ¢), such that
any two vertices z,y have the same label ¢ if and only if they belong in the same connected

component.

Theorem 6.1.20. Let G be an input graph of size M. For any ¢ < 1, there is no algorithm
in the tuple-based MPC model that computes CONNECTED-COMPONENTS with p processors

and load L = O(M /p'~¢) in fewer than o(log p) rounds.

The idea of the proof is to construct input graphs for CONNECTED-COMPONENTS whose
components correspond to the output tuples for Ly for k = p? for some small constant &
depending on ¢ and use the round lower bound for solving L,. Notice that the size of the

query Lj; is not fixed, but depends on the number of processors p.

Proof. Since larger € implies a more powerful algorithm, we assume without loss of generality
that e = 1 — 1/t for some integer constant ¢t > 1. Let § = 1/(2t(¢t + 2)). The family of input
graphs and the initial distribution of the edges to servers will look like an input to L, where
k = |p°]. In particular, the vertices of the input graph G will be partitioned into k + 1 sets
Py, ..., P, each partition containing m/k vertices. The edges of G will form permutations
(matchings) between adjacent partitions, P;, P, for i = 1,... k. Thus, G will contain
exactly k- (m/k) = m edges. This construction creates essentially k binary relations, each
with m/k tuples and size My, = (m/k)log(m/k).

Since k < p, we can assume that the adversary initially places the edges of the graph so

that each server is given edges only from one relation. It is now easy to see that any tuple-
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based algorithm in MPC that solves CONNECTED-COMPONENTS for an arbitrary graph G of
the above family in 7 rounds with load L implies an (r + 1)-round tuple-based algorithm with
the same load that solves L; when each relation has size M. Indeed, the new algorithm runs
the algorithm for connected components for the first  rounds. It then uses an additional
round to perform a k-way star join on the labels of the vertices so as to obtain the output
of the join query Ly (Since each tuple in L, corresponds exactly to a connected component
in G, the join will recover all the tuples of L;.) This can be achieved in a single round by
hashing each tuple O(z, ¢) according to ¢; because each label occurs exactly p° times, there

will be no skew during hashing and the load for the final round will be O(M /p).

Since the query size is not independent of the number of servers p, we have to carefully
compute the constants for our lower bounds. Consider an algorithm for L; with load L <
cM/p'~¢, where M = mlog(m). Let r = [log, k] —2. Observe also that k. = 2¢ since
e=1-1/t.

We will use the (g,7)-plan M for Lj; presented in the proof of , apply
[Theorem 6.1.11 and compute the factor 5(Ly, M). First, notice that each query Ly /M for

j =0,...,r is isomorphic to L, ,;. Then, the set SE(Lk/k,g) consists of at most k/k! paths
q of length k. + 1. By the choice of r, Lk/MT is isomorphic to L, where k. + 1 </ < kf
Further, we have that 7*(M) = 7*(Li.41) = [(k- + 1)/2] = t + 1 since k. = 2t.

Thus, we have

- (=) % 2 ()

I=1q'eS.(¢/My_1)

" ok
< (1 - 8)7— e <1 + Z ]{Zj_1>
Jj=1"¢

<2k+1)(1—e)" W,

Observe now that M /M, = 1/(1/k — log(k)/(klog(m))) < 2k, assuming that m > p*.

Consequently, [['Theorem 6.1.11| implies that any tuple-based MPC algorithm using at most
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[log;. k] — 1 rounds reports at most the following fraction of the required output tuples for

the L; query:

(r + l)L)T*(M)

o < (2% + 1)(2ek(r + 1)/8)7 " pI=r(00-9
k

B(Lis M) -p(

< C/kt+2(log2 k)c” _pl—(1+t)(1—a)

(t+2)+1—-(1+t)(1—¢)

N

d(8logyp) - p°
_ CI((S 10g2p)c” . pé(t+2)71/t

= d(logyp)” - p~t*
where ¢, ¢ are constants. Since ¢ > 1, the fraction of the output tuples is o(1) as a function
of the number of processors p. This implies that any algorithm that computes CONNECTED-

COMPONENTS on G requires at least [log,_|p°]] — 2 = Q(log p) rounds. O

6.2 Input Data with Skew

In this section, we briefly discuss the case of input data with skew. We first present a back-of-
the-envelope calculation on the lower bound for the tuple-based MPC model, in the scenario
where all relations have size equal to M.

Given a query ¢, we can construct a worst-case instance I with the maximum possible
output, according to the construction of [22]. We know then that the output will be M?*,
where p* is the maximum edge cover for ¢q. Now, assume that algorithm A computes ¢
with load L (in tuples) in r rounds. Since each server receives at most r - L tuples from
each relation S;, we can use the AGM bound from [22] to argue that the total number of
output tuples will be at most p(r - L)?*. Hence, if A outputs all tuples, we must have that
p(r- L)* = M?*, or equivalently L > M/(rp"**). We should note here that this is not a
formal proof, and that also we have considered only deterministic algorithms; we present this
idea in order to give the reader some intuition about what kind of lower bounds one should

expect in the worst case. For the example of the triangle query C}, since the maximum edge
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cover is p* = 3/2, we obtain a lower bound Q(M /p?/?) for a constant number of rounds.

We will next show that we can in fact match this informal bound for the triangle query
C3 = Si(w1, 72), S2(x9, 73), S3(73, 71)

in 2 rounds, up to logarithmic factors. We will present an algorithm that achieves an
O(M /p*?) load under any input distribution, in the case where all relations have the same
size M. This is a worst-case analysis, in the sense that there will be inputs where we will be
able to do better (in the previous section we showed that we can compute C3 on matching
databases in 2 rounds with load O(M /p)), but we can guarantee that with any input we can
do at least as well as the upper bound of O(M /p*?).

To build the algorithm, we need a result on computing the join Si(z,z), S2(y, z) in a

single round, for the case where skew appears only in one of the two relations.

Lemma 6.2.1. Let ¢ = Si(x, 2), S2(y, 2), and let My and My be the relation sizes of Si, So
respectively. Let M = max{M, Ms}. If the degree of every value of the variable z in Sy is
at most M /p, then we can compute q in a single round with load O(M /p).

Proof. The algorithm is based on the ideas that we presented in [Subsection 5.2.1| for com-

puting star queries with skew. We say that a value h is a heavy hitter in Sy if the degree of
his Mg,(z) = M/p. By our assumption, there are no heavy hitter values in 5.

For the values h that are not heavy hitters in S5, we can compute the join by applying
the vanilla HC algorithm; the load analysis of will give us a load of O(M/p) with
high probability in this case.

For every heavy hitter h, the algorithm computes the subquery ¢[h/z] = S (z, h), Sa(y, h),
which is equivalent to computing the residual query q. = Si(z),...,S5(y), where S|(x) =
Si(z,h) and Si(y) = Sa(y,h). We know that |S5| = Ms,(h) and |S]| < M/p by our
assumption. The algorithm now allocates py, = [p - Mg, (h)/M] exclusive servers to compute

q|h/z] for each heavy hitter h. To compute g|h/z] with p, we simply use the simple broadcast
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join that assigns a share of 1 to x and 0 to y. A simple analysis will give us that the load

for each heavy hitter h is

O (|§i| + ISH) =0 (]% +M/p)) = O(M/p)

Finally, observe that >, p, < 2p, hence we have used an appropriate amount of available

servers. O

Hence, we can optimally compute joins in a single round, even in the presence of one-sided

skew. We can now present the main algorithm for computing triangles.

Proposition 6.2.2. The triangle query Cs = Si(x1,22), So(xa, x3), S3(x3, x1) on input with
sizes My = My = My = M can be computed by an MPC algorithm in 2 rounds with

O(M /p*3) mazimum load, under any input data distribution.

Proof. We say that a value h is heavy if for some relation S;, we have M;(h) > M /p'/3. We
first compute the answers for the tuples that have no heavy values. Indeed, if for every value
we have that the degree is at most M /p'/3, then the load analysis of tells us that
we can compute the output in a single round with load O(M /p*?) using the HC algorithm.

Thus, it remains to output the tuples for which at least one variable has a heavy value.
Without loss of generality, consider the case where variable x; has heavy values and observe
that there are at most p'/3 heavy x;-values. Let R} (x1, ) be the subset of relation R; where
x1 takes only heavy values.

In the first round, the algorithm computes the simple join R(z1,xs), Re(za,x3). By
construction, the degree of any value of x5 in R} is at most p'/3. Thus, assuming that p'/? <
M /p (equivalently M > p*?), we can apply [Lemma 6.2.1|to obtain that we can compute the
join with load O(M/p). The resulting relation Ryy(x1, 29, 23) = R)(z1,xs), Ro(22, x5) has
size at most p/3M.

In the second round, we compute the join Rio(21, 2o, z3), Rs(x1, r3), where |Rys| < p'/2M

and |R3| = M. Notice that the join is on the pair of variables (z1,x3), which has a degree
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of 1 in relation Rj (since we use set semantics). Hence, we can apply again [Lemma 6.2.1{ to
obtain that we can compute the join in one round with load O(p'/3M /p) = O(M /p*?). O

The reader may notice that the 2-round algorithm achieves a better load than the 1-
round algorithm in the worst-case scenario. Indeed, in the previous section we proved that
there exist instances for which we can not achieve load better than O(M /p'/?) in a single
round. By using an additional round, we can beat this bound and achieve a lower load. This
confirms our intuition that with more rounds we can reduce the maximum load, even in the
case of data with skew.

It is an intriguing question to explore whether this approach can be extended to other
conjunctive queries. What is the minimum number of rounds that are needed for any query

to achieve a worst-case optimal load?
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Chapter 7
MPC AND THE EXTERNAL MEMORY MODEL

In this chapter, we explore the connection of the MPC model with the external memory

model, which is a computational model first introduced in [I7] by Aggarwal and Vitter.

7.1 The External Memory Model

In the external memory model, we model computation in the setting where the input data
does not fit into main memory, and the dominant cost is reading the data from the disk into
the memory and writing data on the disk.

Formally, we have an external memory (disk) of unbounded size, and an internal memory
(main memory) that consists of M words. The processor can only use data stored in the
internal memory to perform computation, and data can be moved between the two memories
in blocks of consecutive B words. The I/O complexity of an algorithm is the number of
input/output blocks that are moved during the algorithm, both from the internal memory
to the external one, and vice versa.

We will use the result from [78] that the I/O complexity for sorting n elements in the

nlog(n/B)
Blog M + %)

external memory model is sort(n) = O(

The external memory model has been recently used in the context of databases to analyze
algorithms for large datasets that do not fit in the main memory, with the main application
being triangle listing [34), 49, 67, [48]. In this setting, the input is an undirected graph, and
the goal is to list all triangles in the graph. In [67] and [48], the authors consider the related
problem of triangle enumeration, where instead of listing triangles (and hence writing them

to the external memory), for each triangle in the output we call an emit() function. The best

result comes from [4§], where the authors design a deterministic algorithm that enumerates



98

triangles in O(|E[>?/(v'M B)) 1/Os, where E is the number of edges in the graph. The
authors in [48] actually consider a more general class of join problems, the so-called Loomis-
Whitney enumeration. We should also mention [72], where the author presents external
memory algorithms for enumerating subgraph patterns in graphs other than triangles.

The problem we consider in the context of external memory algorithms is a generalization
of triangle enumeration. Given a full conjunctive query ¢, we want to enumerate all possible
tuples in the output, by calling the emit() function for each tuple in the output of query g.

We assume that each tuple in the input can be represented by a single word.
7.2 From MPC to External Memory Algorithms

In this section, we will show how a parallel algorithm in the MPC model can help us construct
an external memory algorithm. The idea behind the construction is that the distribution
of the data to the servers can be used to decide which input data will be loaded into the
memory; hence, the load L will correspond to the size of the internal memory M. Similarities
between hash-join algorithms used for parallel processing and the variants of hash-join used
for out-of-core processing have been already known, where the common theme is to create
partitions and then process them one at a time. Here we generalize this idea to the processing
of any conjunctive query in a rigorous way.

Let A be an MPC algorithm that computes query ¢ over input I using r rounds with
load L(I,p). We assume that the communication for algorithm A takes a particular form:
each tuple ¢ during round k is sent to a set of servers D(t, k), where D depends only on the
data statistics that are available to the algorithm from the start. Such statistical information
can be the size of the relations, or even information about the heavy hitters in the datall]
Observe that this is the tuple-based MPC model, with the additional assumption that we
restrict the communication in the first round to be tuple-based as well. All of the algorithms

that we have presented in this dissertation satisfy the above assumption. We will show how

!Even if this information is not available initially to the algorithm, we can easily obtain it by performing
a single pass over the input data, which will cost O(|I|/B).
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to construct an external memory algorithm B based on the algorithm A.

Simulation. The external memory algorithm B simulates the computation of algorithm
A during each of the r rounds: round k, for k = 1, ..., r simulates the total computation of
the p servers during round k of A. We pick a parameter p for the number of servers that we
show how to compute later. The algorithm will use the tuple structure (¢, s) to denote that
tuple ¢ resides in server s = 1,...,p.

To initialize the algorithm B, we will first assign the input data to the p servers (we can
do this in any arbitrary way, as long as the data is equally distributed). More precisely, we
read each tuple ¢ of the input relations and then produce a tuple (t,s), where s = 1,...,p
in a round-robin fashion, such that in the end each server is assigned |I|/B data items. To
achieve this, we load each relation in chunks of size B in the memory.

After the initialization, the algorithm B, for each round k = 1,...,r, performs the

following steps:

1. All tuples, that will be of the form (¢, s) are sorted according to the second attribute

s, which is the destination server.

2. We load the tuples (¢, s) in memory in chunks of size M, in the order by which they
were sorted in the external memory. If we choose p such that r- L(I,p) < M, we can fit
in the internal memory all the tuples of any server s at round k. Hence, we first read
into the internal memory the tuples for server 1, then server 2, and so on. For each
server s, we perform the computation in the internal memory replicating the execution

of algorithm A in server s at round k.

3. For each tuple ¢ in server s (including the ones that are newly produced), we compute
the tuples {(¢, ") | s € D(t, k)}, and we write them into the external memory in blocks

of size B.
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In other words, the writing into the internal memory and to the external memory sim-
ulates the communication step, where data is exchanged between servers. The algorithm B
produces the correct result, since by choosing p in the right way we have guaranteed that we
can load enough data in the main memory to simulate the local computation of A at each
server. Observe that we do not need to write the final result to the external memory, since
at the end of the last round we can just call emit() for each tuple in the output.

Let us now look at the choice for p; recall that we must make sure that r - L(I,p) < M.

Hence, we must choose p, such that
Po = min{L(I,p) < M/r}.
p

We next analyze the 1/O cost of algorithm B for this choice of p,.

Analysis. The initialization cost for the algorithm is |I|/B. Let us now analyze the cost
for a given round £k =1,... 7.

To analyze the cost, we will measure first the size of the data that will be sorted and then
loaded into memory at round k. For this, observe that at every round of algorithm B, the
total amount of data that is communicated is at most p, - L(I, p,). Hence, the total amount
of data that will be loaded into memory will be at most k - p, - L(I,p,) < poM, from our
definition of p,.

Thus, the first step of sorting the data has a cost of sort(p,M) in I/Os. The second step
of loading the tuples into memory has a cost of p,M /B, since we are loading the data using
chunks of size B; we can do this since the data has been sorted according to the destination
server. As for the third step of writing the data into the external memory, observe that the
total number of tuples written will be equal to the number of tuples communicated to the
servers at round k + 1, which will be at most p,L(I,p,) < p,M/r. Hence, the cost will be
poM /(rB) 1/O0s.

Summing the I/O cost of all three steps and over the r rounds, we obtain that the I/O
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cost of the constructed algorithm B will be at most:

|I| - 2p, M poM  poM IOg(poM/B)
O(B +Z B B " Blog(M)

k=1

_0 | N (2r + D)poM  rp,M log(p,M/B)
-~ "\ B B Blog(M)

We have thus shown the following theorem.

Theorem 7.2.1. Let A be a tuple-based MPC' algorithm that computes query q over input
I using r rounds with load L(I,p). Then, there exists an external memory algorithm B that

computes q over the same input I with 1/O cost:

0 1] N (2r + 1)p,M  rp,M log(p,M/B)
B B Blog(M)

where p, = min,{L(I,p) < M/r}.

To make sense of the above formula, we can simplify the above 1/O cost in the context
of computing conjunctive queries. In all of our algorithms we used a constant number of
rounds 7, and the load is typically L(I,p) > |I|/p. Hence, we can rewrite the I/O cost as
O (poM/B), where the O notation hides some polylogarithmic factors.

We next present two applications of [['heorem 7.2.1| to query processing in the external

memory model.

Example 7.2.2. Recall that we have showed in Chaoter[]] that we can compute any CQ q on
input without skew in a single round with load L = O((H] m}”/p)l/zj %) for any fractional

neo([16))

Jj=1

edge packing u. By choosing

the application of|Theorem 7.2.1| gives an algorithm in the external memory model where the

number of 1/0s is:
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For example, if we apply this to the cycle query Cy when all relation sizes are equal to m, we

obtain an algorithm with 1/0 cost ON(%)

Example 7.2.3. In we presented a 2-round algorithm that computes triangles

for any input data with load L = O(m/p*?), in the case where all relations have size m. By

applying |Theorem 7.2.1, we obtain an external memory algorithm that computes triangles

with O(m*?/(BMY?)) I/O cost. Notice that this cost matches the I/O cost for triangle

computation from [07] up to polylogarithmic factors.

We will end this section with some observations and discussion. First, notice that the
above two examples obtain an algorithm that has an I/O cost with polylogarithmic factors,
which are not present when we design directly external memory algorithms, as in [67,48]. One
reason for this discrepancy is that in our design of parallel algorithms, we apply randomized
hashing to distribute the load, hence the maximum load can exceed the expected load by
some logarithmic factor. On the other hand, in the external memory model we can monitor
the load because of the centralized nature of computation and hence we can make sure
that the load always fits in memory. An interesting direction for future research is whether
there is a generic mechanism for load distribution that translates better between the two
computational models.

A different question is whether we can obtain optimal algorithms for the external mem-
ory model by simulating MPC algorithms. A 1-round algorithm cannot give an optimal
external memory algorithm, as in the case of triangle computation the 1-round algorithm
with worst-case input has optimal load O(m/\/ﬁ), which implies a O(m?/(BM)) external
memory algorithm. However, we showed in the example that a 2-round algorithm implies
a better algorithm with load O(m??/(BMY?)), which is essentially optimal over worst-case
inputs. But can we obtain an optimal external memory algorithm using the simulation of a
multi-round MPC algorithm for r > 27

This question is also tied to whether there exists a reverse simulation: given an external

memory algorithm B, can we construct an MPC algorithm A that simulates the execution
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of B? Given the centralized and sequential nature of the external memory model, it is hard
to imagine that such a reduction exists. However, the computational task of answering
conjunctive queries is highly parallel (since the complexity is in ACj), which means it is
possible that the optimal algorithm for the external memory model can have highly parallel
structure that mimics the execution in the MPC model. We leave this question as an exciting

direction for future research.
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Chapter 8
CONCLUSION AND FUTURE OUTLOOK

In this dissertation, we propose a new approach in order to model query processing in
modern massively parallel systems, and introduce the MPC model. This model captures
the basic parameters of parallel query processing algorithms: the number of synchronization
steps, and the communication complexity, which we measure as the maximum amount of
data, or load, that can be received by any processor. Using the framework of the MPC
model, we explore the tradeoff between the number of rounds and maximum load for the
computation of multiway joins. Our results include novel algorithms and techniques to
handle data skew, as well as lower bounds that match our upper bound for several classes of
queries and input distributions. We have thus painted a large part of the landscape for join
processing in massively parallel systems, even though several questions still remain open,
especially regarding computing queries on input data with skew and worst-case analysis of
the load.

In the next few sections, we discuss some of the open questions in this work, and describe

some exciting directions for research that this dissertation has opened.

8.1 From Theory to Practice

Several of the algorithmic ideas presented in this work are already implemented as part of
the Myria data management system [4]. In [33], the authors show how to implement the
HYPERCUBE algorithm in a modern parallel system, and demonstrate that it outperforms
in several cases traditional query plans that decompose the execution into pipelined hash-
joins, or use semi-join methods. Transitioning from the theory to a practical algorithm

presents several challenges, such as rounding the shares to integer numbers, and handling
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the communication efficiently.

An interesting research direction is whether the idea of computing multiple joins in a
single step can be incorporated in a parallel query optimizer, in which case the HYPERCUBE
algorithm will function as a new operator in the query plan. Additionally, one can ask
whether the vanilla HYPERCUBE algorithm can handle the skew in a practical setting with
real-world data, or it is necessary to employ our skew-handling techniques to reduce the

maximum load and avoid stragglers.

8.2 Beyond Joins

The focus of this work was the study of the class of full conjunctive queries in the MPC
model. However, such queries cover only a relatively small (although important) class of data
processing tasks. Investigating the computation of larger classes of queries, such as queries
with projections, unions, aggregation and negation is an interesting direction to explore in
the future. For example, when computing queries with projections (such as boolean queries),
one can use known techniques such as tree-decompositions of queries, which translate to early
projection of variables: this can potentially reduce communication and achieve a better load
than just the naive algorithm of computing the answer to the full query and then performing
a final step that aggregates all the tuples and projects out the other variables. As another
example, consider the query ¢ = R(x,y),—S(y), and notice that one can use the vanilla
HYPERCUBE algorithm and obtain a correct algorithm for ¢; but now is this algorithm
optimal or can we use some other technique? Several other interesting classes of queries,

where some work has already been done, include:

e Theta-joins: these are a non-natural joins of the form R(z,z), S(x,z"), where an ar-
bitrary condition 0(z,2’) is imposed, such as z # 2’ or z < 2’ (see [65] for parallel
algorithms for theta joins in the context of MapReduce). A common application in
this context is the band-join, where the condition is of the form |z — 2| < ¢ for some

constant c.
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o Skyline queries: given a multidimensional set, we want to find the points for which no
other point exists that is at least as good along every dimension [29]. In [12], we study
skyline computation in a model very similar to the MPC model (where each round has
an additional phase where a small amount of data can be communicated). We show
that one can compute the skyline of M points with load O(M /p) using two rounds, but
we leave open whether the skyline can be computed in one round for any dimension
bigger than 3.

e Datalog queries: this class of queries adds iteration/recursion to relational algebra,
which as we have seen is often a desired property for modern data management systems.
The parallel evaluation of Datalog has been studied in the context of the PRAM model
and circuit complexity [75, 53] and other models [43]. More recently, [70, [16] shed
some light in the computation of recursive queries in the MapReduce framework. The
fundamental question is again to identify the tradeoff between the load and the number
of rounds in the MPC model. Recall here that we have showed in Chapter [6] that we
need €(logp) rounds to compute the connected components with a non-trivial load;
hence, we have a non-constant number of rounds, which implies that we need different

techniques to analyze the behavior of such recursive tasks.
8.3 Beyond the MPC model

The MPC model captures the computation for systems that have a synchronous model,
where the computation is split into well-defined rounds followed by a synchronization barrier.
However, not all systems choose this architecture; systems like GraphLab [58], or Myria [4]
can run asynchronously. In an asynchronous system, the lack of coordination means that the
data is exchanged without any bottleneck, but on the other hand makes proof of correctness
and analysis of complexity more challenging tasks.

There have been recent efforts [20, 21] to describe the class of queries that can be ex-
pressed in such a distributed asynchronous system; however, this line of work focuses on

the correctness of the algorithms, while ignoring the cost of communication. A fascinating
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research direction is to look at how how we can design and analyze asynchronous algorithms
that are not only provably correct, but also provably efficient in terms of the communication

complexity.
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Appendix A
ADDITIONAL MATERIAL

A.1 Probability Bounds

In this section, we show how to obtain lower bounds on the probability of failure using
bounds on the expected output. We start by proving a lemma regarding the distribution of

the query output for random matching databases.

Lemma A.1.1. Let I be a random matching database for a connected conjunctive query q,

and let p = El|q(I)]]. Then, for any o € [0,1) we have:

7
w+1

P(la(D)] > ap) = (1 - a)’

Proof. To prove the bound, we will use the Paley-Zygmund inequality for the random variable
lq(D)]:
1
P(lg(D] > ap) = (1 — @)’ =

To bound the quantity E[|q(I)[*], we construct a query ¢ that consists of ¢ plus
a copy of ¢ with new variables. For example, if ¢ = R(z,y),S(y,z), we define ¢ =
R(z,y),S(y,z), R(z',y'), S(y', 2'). We now have:

Ell¢()F] = E[ld(D]] = Z np a; € Sj A aj € 5;)
a,a’e[n]k j=1

L

= Z nPajeS Aaj e S;) + Z nP(ajeSj)

aza’e[n]k j=1 ag[n]k j=1

= Z nP aeSj|ajeSj)+u

a#a’e[n]k j=1
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Now, observe that when a,a’ differ in all positions, since the database is a matching,
the event a’ € S; is independent of the event a; € S; for every relation Sj; in this case,
P(a) € S| a; € Sj) = P(a) € 5;) for every S;. On the other hand, if a,a’ agree in at least
one position, then since ¢ is connected it will be that P(a) € S; | a; € ;) = 0 for some

relation S;. Thus, we can write:

E[l¢(1)"] < [[P(a; e S;)P(aje 8;) +p

aza’e[n]k j=1

= (0™ —n*) [ [(my/n)* +

J
=(1-n")p’+p

<+ p

O

For a deterministic algorithm A that computes the answers to a query g over a randomized
instance I, let fail denote the event that |¢(I)\A(I)| > 0, i.e. the event that the algorithm
A fails to return all the output tuples. The next lemma shows how we can use a bound on

the expectation to obtain a bound on the probability of failure.

Lemma A.1.2. Let I be a random matching database for a connected query q. Let A be a
deterministic algorithm such that E[|A(I)|] < fE[|q(I)|], where f < 1. Let p = E[|q({)]]
and let C, denote the event that |q(I)| > au. Then,

P(fail | Cys) 2 1=9f
Proof. We start by writing

P(fail | Co) = P(lg(INA(D)| > 0 | Ca)
= P(IA(D] < o | Co)
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= 1= P(AD] > an| Ca)
Additionally, we have:

E[lA(D] = E[JAWD] | Ca] - P(Co) + E[JA()] | =Ca] - P(=Ca)
E[JA(D] [ Ca] - P(Ca)

ee)

= P(Ca) D, t-PAD)|=t]Ca)

t=|op|+1

= P(Co)(lap] + D) P(JA)] > a | Ca)

Combining the above two inequalities, we can now write

P(ail |Gy =1 BUADD i

(lop] + DP(Co) = (lon] + D P(Ca)

We can now apply [Lemma A.1.1] to obtain P(C,) = P(lq(I)| > ap) = (1 —a)?*u/(n + 1).
Thus,

P(fail |Gy =1 — A _#FL St ])

lop] +1 p(1 —)? (lops] + 1)(1 = @)?

We can now choose a = 1/3 to obtain that

w+1

P(fail | Cyj3) =1 — (9/4)fm

The final step is to show that the quantity TEIEs] is upper bounded by 4 for any (positive)

/3J+1

value of . We distinguish here two cases:

o If 4 <3, then |p/3] = 0. Thus, [fsrg = p+1<4.

o If u > 3, we use the fact /3 < |u/3] + 1 to obtain that % < (p+1)/(n/3) =
3(1+1/p) <3(1+1/3) = 4.
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This concludes the proof of the lemma. O

A.2 Hashing

In this section, we present a detailed analysis of the behavior of the HyperCube algorithm
for input distributions with various guarantees. Throughout this section, we assume that a
hash function is chosen randomly from a strongly universal family of hash functions. Recall
that a strongly universal set of hash function is a set H of functions with range [p] such that,
for any n > 1, any distinct values aq,...,a, and any bins By, ..., B, € [p], we have that
P(h(ay) = By A -+ A h(a,) = B,) = 1/p", where the probability is over the random choices
of h e H.

A.2.1 Basic Partition

We start by examining the following scenario. Suppose that we have a set of weighted
balls which we hash-partition into p bins; what is the maximum load among all the bins?
Assuming that the sum of the weights is m, it is easy to see that the expected load for each
bin is m/p. However, this does not tell us anything about the maximum load. In particular,
in the case where we have one ball of weight m, the maximum load will always be m, which
is far from the expected load.

In order to obtain meaningful bounds on the distribution of the maximum load, we thus
have to put a restriction on the maximum weight of a ball. The following theorem provides

such a tail bound on the probability distribution.

Theorem A.2.1 (Weighted Balls in Bins). Let S be a set where each element i has weight w;

and Y, cqw; < m. Let p > 0 be an integer. Suppose that for some o > 0, max;es{w;} < o
We hash-partition S into p bins. Then for any d > 0
: - : m —ah(6)
P(mazimum weight of any bin > (1+90)—)<p-e (A.1)

p

where h(z) = (1 +2)In(1 + z) — .
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[Theorem A.2.1|immediately follows from the following lemma (which implies the bound

for a single bin), together with a union bound over all p bins.

Lemma A.2.2. Let [ be an index set. Let p = 2. Let w € R satisfy w = 0, ||w||; < my,
and |[|wl]]e < Mo = my/(ap). Let (Y;)ier be a vector of i.i.d. random indicator variables with
P(Y;=1)=1/p. Then

PO wY; > (1+8)0) < e
P

el

where h(z) = (1 + z)In(1 + z) — .

We prove [Lemma A.2.2| using Bennett’s inequality [27].

Theorem A.2.3 (Bennett’s Inequality). Let X; be random variables such that E[X;] = 0
and | X;| < d for all i € [n]. Then, for allt = 0,

Z X;>1t) <exp (_Zi @;(Xi) h <Zi ;aci(Xi)>)

where h(z) = (1 + z)In(1 + z) — .

of [Lemma A.2.3. Let Z; = Y; — 1/p and X; = w;Z;. Then E[X;] = wE[Z;] = 0 and
[Xi| = wi|Zi| < wi(l=1/p) < JJwllo(1 = 1/p) = (1= 1/p)%L. Also, Var(X;) = E[X?] =
wiE[Z7] = w}(E[Y?] — 2E[Y]/p + 1/p*) = wi(1/p — 1/p%).

Observe that the probability of the event ., w;Y; > (1 + §)my/p is precisely the prob-
ability that >,c; X; > dmu/p. By setting d = (1 —1/p)%+ all the variables X; satisfy the

el

condition |X;| < d in Bennett’s theorem, and therefore:

t h(z) td
X;>1t) < h - @
P eXp( A > T T e Var(X)

el

We set t = dmy/p. Then we have x > § because:

Z\/ar Zw (1/p — 1/p?) Zwl\%

i€l i€l ZEI
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Observe that the derivative of h(z) is h'(x) = In(1+x). The function h(z)/z is increasing,
because (h(x)/z) = (zh'(z) — h(z))/2? = (xIn(1 +2) — (1 + 2)In(1 + z) + x)/2* = (v —
In(1 + z))/z* = 0, and therefore h(x)/x = h(5)/d. This implies that

P(Y,Xi > 1) <exp (—2 : @) = exp (—% : h(5)> < ek

as required. N
We also will find the following extension of to be useful.

Theorem A.2.4. Let I be an index set and p = 2. Let (w'9); be a sequence of vectors
in RY satisfying w? = 0, [[wD]|; < my, and [ w9 ]| < Mo = mi/(ap). Suppose further
that || X; wD||y < kmy. Let (Yi)ier be a vector of i.i.d. random indicator variables with

P(Y; =1)=1/p. Then

PEi YV > (1+ 6™ ; L) < 2k - e M)

el
where h(zx) = (1 + z)In(1 + z) — .
The proof of this theorem follows easily from the following lemma.

Lemma A.2.5. Let (w\); be a sequence of vectors in R satisfying w) = 0, |wD||; <
my, and ||[w|| < me. Suppose further that 1> wW||y < kmy. Then, there exists a
sequence of at most 2k vectors uV ... u®®) e R! such that each u'9 = 0, [[uP||; < my,
and |[u®]| < M, and for every j, there is some { € [2k] such that w9 < u'®, where the

inequality holds only if it holds for every coordinate.

Proof. The construction goes via the first-fit decreasing algorithm for bin-packing. Sort the
vectors w) in decreasing order of ||w\||;. Then greedily group them in bins of capacity m;.
That is, we begin with w(» and continue to add vectors until we find the largest j; such that

) ()

glzl |wP|]; < my. Define u) by uj’ = max;<j<j, w;” for each i € I. Now |[uV|| < my
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and [|[uV|]e < max; |[wP || < me. Moreover, for each j € [1, 1], w¥) < u) by definition.
Then repeat beginning with w+? until the largest j, such that 222 - lw ), < my,
and define u(? by ul( ) = max;, 41<j<j, W ) for each ¢ € I as before, and so on. Since the
contribution of each subsequent |[w?||; is at most that of its predecessor, if it cannot be

included in a bin, then that bin is more than half full so we have ||u®|; > m,/2 for all /.

Since Y, |[u?|]; < h [[w@||; < kmy, there must be at most 2k such u(®. O

of [Theorem A.2.7. We apply [Lemma A.2.5 to the vectors w¥) to construct u(®, ... u®.
We then apply a union bound to the application of [Lemma A.2.2] m to each of the vectors u(®.
Oy, > (14 §)mq/(ap)

The total probability that there exists some ¢ € [2k] such that )]

iel z

oh(8) - Now for each j, there is some ¢ such that w(J) < u® and hence

g W Y > (14 0)my/p
Oy, > (1+8)my/p. O

is at most 2k - e~
Dier w@Y- < et u( )Y;. Therefore if there exists a j such that >
then there exists an ¢ such that )|

iel z

A.2.2  HyperCube Partition

Before we analyze the load of the HC algorithm, we present some useful notation. Even
though the analysis in the main paper assumes that relations are sets, here we will give a
more general analysis for bags.

Let a U-tuple J be a function J : U — [n]IV!, where [n] is the domain and U < [r] a set
of attributes. If J is a V-tuple and U < V then my(J) is the projection of J on U. Let S be
a bag of [r]-tuples. Define:

m(S) =|9] the size of the bag S, counting duplicates
Ny (S) ={my(J) | J € S} duplicates are kept, thus |y (S)| = |5]
0;(8)={KeS|my(K)=J} bag of tuples that contain J
d;(S) =|os(5)] the degree of the tuple J
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Given shares py,...,p,, such that [ [,p. = p, let py = | ],y pu for any attribute set
U. Let hy,...,h, be independently chosen hash functions, with ranges [pi],...,|p:], re-
spectively. The hypercube hash-partition of S sends each element (iy,...,4,) to the bin

(hi(i1), .-, he(in)).
HyperCube Partition without Promaise

We prove the following:

Theorem A.2.6. Let S be a bag of tuples of [n]|" such that each tuple in S occurs at most

m/(a"p) times, for some constant o > 0. Then for any § > 0:

S
P (maximum size any bin > (1 + 5)M) <r-p- e~ h(9)
min, py,

where the bin refers to the HyperCube partition of S using shares py,...,p,.

Notice that there is no promise on how large the degrees can be. The only promise is
on the number of repetitions in the bag S, which is automatically satisfied when S is a set,

since it 1s at most one.

Proof. We prove the theorem by induction on r. If » = 1 then it follows immediately

from[Theorem A.2.1|by letting the weight of a ball ¢ be the number of elements in S containing

it. Assume now that r > 1. We partition the domain [n] into two sets:

Dgpman = {i | drsi(S) < m/(ap,)} and Digrge = {1 ]| drsi(S) > m/(ap,)}

Here r — i denotes the tuple (¢); in other words o,.,;(S) returns the tuples in S whose last (-
th) attribute has value i. We then partition the bag S into two sets Sgmai; Siarge, Where Sgmau

consists of tuples ¢t where 7,(t) € Dypau, and Sjqrge consists of those where 7,.(t) € Djgrge. The

intuition is that we can apply [I'heorem A.2.1|directly to show that Sy, is distributed well

by the hash function h,. On the other hand, there cannot be many i € D44, in particular
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| Diarge| < ap,, and hence the projection of any tuple in Si,ge onto [ — 1] has at most Djgrge
extensions in Sjgrg.. Thus, we can obtain a good inductive distribution of Sjg.ge onto [r — 1]
using hy, ..., hye 1.

Formally, for U < [r] and T < S, let My(T') denote the maximum number of tuples
of T' that have any particular fixed value under hy = Xjeyh;. With this notation, M (S)
denotes the the maximum number of tuples from S in any bin. Hence, our goal is to show

that P(Mp1(S) > (1 + 8)m(S)/ minyeppu) < 7 - p-e ", Now, by [Theorem A.2.1|

P(M{T} (Ssmall) = (1 + 5)m(ssmall)/pr) < p - e_o‘h(‘s)
and consequently
P(M[T](Ssmall) > (1 + 5)m(55ma”)/mﬁpu) <p- e—ah((S)'
ue|r

Let S = M_17(Siarge). Since projections keep duplicates, we have m(S”) = m(Sjarge) and
Mp,—1)(S") = Mp—11(Siarge). By the assumption in the theorem statement, each tuple in S,
and hence in Sjgge, Occurs at most m/(a”p) times. Then, since |Digrge| < ap,, each tuple

r—1,/

in S’ occurs at most m/(a"~'p’) times where p' =[] pu. Therefore we can apply the

u€[r—1]

inductive hypothesis to S’ to yield

P(My_(S") > (1 +6)m(S")/ min_p,) < (r—1) -p-e "

ue[r—1]
and hence
P(M[T](Slarge) > (1+ 5)m(5large)/m%r]lpu) <(r—1)-p- e o),
uelr
Since m(S) = m(Ssma”) + m(SlaTge) and M[r](S) = M[T](Ssma”) + M[r](Slarge),

P(M[T] (S) > (1 + 6)m(5)/ mlnpu)) <p- e—ah(é) + (7" _ 1) . e—och(é) —r.p- e_ah((;)

ug[r]
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as required. O

HyperCube Partition with Promise

The following theorem extends |[T'heorem A.2.6|to the case when we have a promise on the

degrees in the bag (or set) S.

Theorem A.2.7. Let S be a bag of tuples of [n]", and suppose that for every U-tuple J we
have d;(S) < ﬁ where o > 0. Consider a hypercube hash-partition of S into p bins.

Then, for any 6 = 0:
S
P <ma:m'mum size of any bin > (1 + 5)Tm) <f(p,r, ) - ()
p

where the bin refers to the HyperCube partition of S using shares p1,...,p, and

(a+e)—1

A2
at+e—1" (A-2)

f(p,r,0) =2p Z [] (e+1/pu) <2p

J=1uelj-1]
where € = 1/ miNyep—1) Pu-
We will think of r as a constant, p, as being relatively large, and « as logo(l) .

Proof. We prove the theorem by induction on r. The base case r = 1 follows immediately

from [Theorem A.2.1|since an empty product evaluates to 1 and hence f(p,1,a) = 2p.

Suppose that r > 1. There is one bin for each r-tuple in [p;] x -+ x [p,]. We analyze

cases based on the value b € [p,]. Define

ST_)b = U UTHi(S) and Sl(b) = I_I[Tfl](ST—)b)
i€[n]:h,(3)=b

Here 7 + i denotes the tuple (i). S"~? is a random variable depending on the choice of the

hash function h, that represents the bag of tuples sent to bins whose first projection is b.
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S’(b) is essentially the same bag where we drop the last coordinate, which, strictly speaking,
we need to do to apply induction. Then m(S’(b)) = m(S"™?).

We will handle the bins corresponding to each value of b separately via induction. How-
ever, in order to do this we need to argue that the recursive version of the promise on
coordinates holds for every U < [r — 1] with S'(b) and m’ = (14 §)m(S)/p, instead of S and
m. More precisely, we need to argue that, with high probability, for every U < [r — 1] and
every U-tuple J,

m' m

d;(S'0h) < —— =1+ ——— A.
J(S( )) CY‘U|]?U ( + )Oz‘U‘pUpr ( 3)
Fix a subset U < [r — 1]. The case for U = ¢J is precisely the bound for the size
m(S'(b)) of S'(b). Since the promise of the theorem statement with U = {r} implies that

diry (S) < m/(ap,), by [Theorem A.2.1|we have that P(m(S’(b)) > m') < e~

Assume next that U # . Observe that d;(S’(b)) is precisely the number of tuples

of S consistent with (J,4) such that h,(i) = b. Using [Theorem A.2.4] we upper bound
the probability that there is some U-tuple .J such that (A.3)) fails. Let k(U) = alYIpy.

For each fixed (J,1), the promise for coordinates U u {r} implies that there are at most

m — m
alUltlpyp, — aprk(U)

tuples in S consistent with (J, 7). Further, the promise for coordinates

. _m

U implies that there are at most ﬁ = 50y tuples in S consistent with J. For each such

J define vector w”) by letting wg‘]) be the number of tuples consistent with (.J,4). Thus

||| < aphy for all J and [Jw|; < wy for all J. Finally note that since there are

m = m(S) tuples in S, ¥, [|w||; < m. We therefore we can apply [Theorem A.2.4] with

k=Fk(U), mi =m/k(U) and mq = my/(ap,) to say that the probability that there is some
U-tuple J such that d;(S"(b)) > (14 8)my/p1 = (14 0)m/(p,k(U)) is at most 2k(U) - e~
For a fixed b, we now use a union bound over the possible sets U < [r — 1] to obtain a

total probability that (A.3) fails for some set U and some U-tuple J of at most

2 Z alVlpy - e=oh®) = 9 n (1+ ap,) - e~*"®
Uvclr—1] u€[r—1]
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2(p/pr) H (a+1/p,) - e @)
uelr—1]
If m(S'(b)) < m’ and holds for all U < [r — 1] and U-tuples J, then we apply
the induction hypothesis to derive that the probability that some bin that has b in
its last coordinate has more than (1 + §)"'m'/(p/p.) = (1 + §)"m/p tuples is at most
fp/pr,r = 1,0) - e,

Since there are p, choices for b, we obtain a total failure probability at most g - e=**(?)

where

g=p | 20011 || (@+1/p)+ f0/prr —1,0)
ue[r—1]

=2p |[ (a+1/p) +pr f0/pr,7 = 1,0)

ue[r—1]

=2p H (o + 1/pu) + pr(2p/py) 2 n (a+1/py)

u€[r—1] j=1

=2p Z [ (a+1/p)

i=1uefj—1]

= f(p,T,Oé)

The final bound uses geometric series sum upper bound. O
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