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Abstract

High-dimensional auto-regressive models provide a natural way to model influence be-
tween M actors given multi-variate time series data for T' time intervals. While there has
been considerable work on network estimation, there is limited work in the context of infer-
ence and hypothesis testing. In particular, prior work on hypothesis testing in time series
has been restricted to linear Gaussian auto-regressive models. From a practical perspec-
tive, it is important to determine suitable statistical tests for connections between actors
that go beyond the Gaussian assumption. In the context of high-dimensional time series
models, confidence intervals present additional estimators since most estimators such as
the Lasso and Dantzig selectors are biased which has led to de-biased estimators. In this
paper we address these challenges and provide convergence in distribution results and confi-
dence intervals for the multi-variate AR(p) model with sub-Gaussian noise, a generalization
of Gaussian noise that broadens applicability and presents numerous technical challenges.
The main technical challenge lies in the fact that unlike Gaussian random vectors, for sub-
Gaussian vectors zero correlation does not imply independence. The proof relies on using
an intricate truncation argument to develop novel concentration bounds for quadratic forms
of dependent sub-Gaussian random variables. Our convergence in distribution results hold
provided T = Q((s V p)?log? M), where s and p refer to sparsity parameters which matches
existed results for hypothesis testing with i.i.d. samples. We validate our theoretical results
with simulation results for both block-structured and chain-structured networks.

1 Introduction

Vector autoregressive models arise in a number of applications including macroeconomics (see
e.g/Ang and Piazzesi| [2003] Hansen! [2003] [Shan| [2005]), computational neuroscience (see e.g/Goebel
ket al.| [2003],Seth et al.| [2015]/Harrison et al.| [2003], Bressler et al. [2007]), and many others (see
e.gMichailidis and dAlché Buc| [2013] Fujita et al| [2007]). Recent years has seen substantial
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development in the theory and methodology of high-dimensional auto-regressive models with
respect to parameter estimation (see e.g. |Song and Bickel [2011],Basu et al.| [2015]/Davis et al.
[2016],Medeiros and Mendes [2016], Mark B. and R. [2018]). In particular if there are M depen-
dent time series (e.g. voxels in the brain, actors in a social network, measurements at different
spatial locations), time series network models allow us to model temporal dependence between

actors/nodes in a network.

More precisely, consider the following time series auto-regressive network model with lag p,
P
Xip1 =Y A () Xep1-j +er, (1)
j=1

where {X;}1 , € RM is the time series data we have access to, {A*(j) € RM>*M j = 1,... p}
are the network parameters of interest and ¢; € RM is zero-mean noise. We are considering the
high-dimensional setting where the number of nodes M in the network is much larger than the
sample size T'. Prior work in [Basu et al.| [2015] has addressed the question of how to estimate the
network parameter A* with Gaussian noise €; under sparsity assumptions and various structural
constraints. In this paper, we focus on inference and hypothesis testing for the parameter A*
given the data (Xt)I,.

In high-dimensional statistics, there has recently been a growing body of work on confidence
intervals and hypothesis testing under structural assumptions such as sparsity. Since the widely
used Lasso estimator for sparse linear regression is asymptotically biased, one-step estimators
based on bias-correction have been studied in works such as/Zhang and Zhang| [2014], Van de Geer
et al. [2014] and [Javanmard and Montanari [2014] which are referred to as LDPE, de-sparsifying
and de-biasing estimator respectively. Low-dimensional components of these estimators have
asymptotic normality and thus can be used for constructing hypothesis testing and confidence

intervals.

In this paper, we adopt the framework of Ning and Liu (Ning et al.| [2017]) who propose a
high dimensional test statistic based on score function, called the decorrelated score function
which we briefly describe here. Formally, consider a statistical model P = {Pg : B € Q} with
high-dimensional parameter vector 8 = (§,v")" € R?. Suppose we are interested in the scalar
parameter 6 and v € R9"! is the nuisance parameter. Suppose data {U;,i = 1,...,n} are i.i.d.

data following distribution Pg, then the negative log-likelihood function is defined as
1 n
0(0,7) =—— ;bgf(UiS 0,7).
1=

It is known that the score function 1/nVyf(0,~*) is asymptotically normal if the true parameter
B* = (0,4*). If v* is substituted by some estimator 4, the estimation induced error can be

approximated as the following;:

VnVel(0,4) — V/nVel(0,7*) ~ \/ﬁvg,yf(07’y*)(ﬁ/ — %),



when 4 — v* is small enough. Although 4 — ~* converge to 0 with properly chosen ¥, e.g.
Lasso estimator, \/W§7£(0,~y*)(~} — ") would not vanish if Eg <V§7£(O,'y*)> # 0. This fact

motivates the decorrelated score function:
S(0,7) = Vel(0,7) — Toy 1AV, (0, 7),
with Fisher information matrix I = Eg (V2/(8)). One can check that
E(V45(6,7)) =0.

Both v and Ig_yl_ﬁ are substituted by some estimator, and it is shown in Ning et al.| [2017] that

the decorrelated score function is asymptotically normal.

In the linear regression case, the test statistic generated by the decorrelated score function in
Ning et al. [2017] is equivalent to that constructed by de-biased estimator in [Van de Geer et al.
[2014]. However, Ning et al.| [2017] allow a more general form, and thus is easier to adapt to
the time series case. In fact Neykov et al.Neykov et al. [2018] consider amongst other examples,
high-dimensional time series with Gaussian error innovations. While Gaussian error innovations
are widely used, many time series models include data that has bounded range or discrete data,
for which the Gaussian distribution is not a natural fit. In this paper, we address the more

general and technically challenging setting in which the noise ¢; is sub-Gaussian.

One of the important technical challenges in going from the Gaussian to the sub-Gaussian
case is that dependent Gaussian vectors can be rotated to be independent, while such a result
does not hold for sub-Gaussian vectors. Prior work in Wong et al.| [2016] addresses this challenges
by imposing stationarity and S-mixing conditions. In order to avoid these conditions, we develop

novel concentration bounds for sub-Gaussian random vectors.

In this paper, we investigate the hypothesis testing and confidence region with respect to a
low-dimensional component of parameter matrices {A*(j),j = 1,...,p} for sub-Gaussian data,

using the testing framework in Ning et al. [2017]. Our major contributions are as follows:

e Extending theoretical results in Ning et al. [2017] for high-dimensional hypothesis testing
from Gaussian to sub-Gaussian temporal dependent data (VAR model), both under null
and alternative hypothesis. We also show that our techniques lead to similar results to

Neykov et al.Neykov et al. [2018] in the Gaussian case but under less restrictive conditions;

e A novel concentration bound for quadratic forms of sub-Gaussian time series data. Note
that unlike Gaussian vectors which can be rotated to be independent, sub-Gaussian vectors
can not which present additional technical challenges. Our analysis also leads to estima-
tors for covariance and regression parameters for time series data under sub-Gaussian

assumptions which are of independent interest.



e We also construct semi-parametric efficient confidence region for multivariate parameters

with fixed dimension;

e Finally we support our theoretical guarantees with a simulation study on bounded noise,

which is sub-Gaussian but not Gaussian.

1.1 Related Work

In the literature on inference for high-dimensional VAR models, most work focuses on the
estimation problem. Song and Bickel (Song and Bickel [2011]) investigate penalized least squares
algorithms for different penalties, with some externally imposed assumptions on the temporal
dependence. Theoretical guarantees on Dantzig type and Lasso type estimators are studied
in Han et al.| [2015] and Basu et al| [2015], but with Gaussian noise. Barigozzi and Brownlees
(Barigozzi and Brownlees [2018]) consider the inference for stationary dependence structure built
among variables, other than the parameters in the VAR model. In our work, we control the
error bounds of Lasso and Dantzig type estimators for parameter matrices, with sub-Gaussian

noise. Then we establish asymptotic distribution of test statistic based on this.

In the high-dimensional hypothesis testing literature, there is some work regarding to test-
ing for high-dimensional mean vector (Srivastava [2009]), covariance matrices (Chen et al.
[2010]/Zhang et al. [2013]) and independence among variables (Schott| [2005]). While for testing
on regression parameters, most work assumes i.i.d samples. Lockhart et al. [2014], Taylor et al.
[2014] and Lee et al|[2016] proposes methods to test whether a covariate should be selected
conditioning on the selection of some other covariates. A penalized score test depending on the
tuning parameter X is considered in Voorman et al.| [2014]. Our work follows the a line of work
by |Zhang and Zhang| [2014], [Van de Geer et al| [2014], Javanmard and Montanari [2014] and
Ning et al.|[2017], the de-sparsifying or decorrelated literature. We construct a VAR version
of decorrelated score test proposed by Ning et al. [2017]. Chen and Wu (Chen and Wu [2018])
tackles the hypothesis testing problem for time series data as well, but they are testing the trend
in a time series, instead of the autoregressive parameter which encodes the influence structure

among variables.

As mentioned earlier, our work is most closely related to the prior work of Neykov et
al/Neykov et al.| [2018], which provides a hypothesis testing framework with high-dimensional
Gaussian time series as a special case. In our work, we consider the more general and techni-
cally challenging case of sub-Gaussian vector auto-regressive models. Throughout this paper,

we provide a comparison to results derived in this work for the Gaussian case.



1.2 Organization of the Paper

Section [2| explains the problem set up and proposes our test statistic. Theoretical guarantee is
shown in section Specifically, section [3.1] and present the weak convergence rate of test
statistic under the null and alternative hypothesis Hy and H 4. Section propose some feasible
estimators, which satisfy the assumptions required and can be plugged into the test statistic.
Section [3.4] considers the case when the variance of noise are unknown, and we construct a
confidence region for multivariate parameter vectors in Section We consider the special case
of the AR(1) model with Gaussian noise, a detailed comparison with Neykov et al.| [2018] is
provided in section Section [] provides simulation results and section [5| includes the proofs

for the two main theorems. Much of the proof is deferred to Appendices.

1.3 Notation

We define the following norms for vectors and matrices: For a vector u = (uq, ... ,ud)—r e R, we
1

define the p-norm where p > 1,[jul|, = (2?21 uf)g . For a matrix U € R™*", the ¢, norm and

1
Frobenius norm of U is defined as ||U]|, = sup, %, WU|lr = (Z:Zl Py Ué) * . We also

use notation |[U[1,1 to denote the ¢1 penalty on U, which is > i, > 7%, |U;;|. Furthermore, if
U is symmetric the trace norm of U is ||U||y, = tr(vVU?).

Throughout the paper, we assume that the entries of noise vectors {e;, 1 <i < M} are
independent sub-Gaussian variables with constant scale factor. A univariate centered random

variable X has a sub-Gaussian distribution with scale factor 7 if

Mx(t) £ E[exp(tX)] < exp(T°t?/2).

2 Problem Setup

We consider a general vector auto-regressive time series with lag p, where p is known and finite

and independent of T or other dimensions:

p
Xty1 = Z A(J)Xi—jy1 + e, (2)
=1

where X; € RM | ¢, € RM is zero-mean entry-wise independent sub-Gaussian noise with identity

c RMXM

covariance matrix, and A(j) ,j=1,--+  pare parameters of interest. Define the matrix

A* = (AQ1),--- , A(p)) € RM*PM and &y = (X, ,X;—_pﬂ)T € RPM | then we can also write

as

Xt+1 = A*Xt + €. (3)



For notational convenience, we assume that time series data X; has time range 1 —p <t < T.

Based on data (Xt)le_p, we test the hypothesis of whether a subset of entries in A* are 0.
Let A} be the ith row vector of A*. Without loss of generality, suppose the entries we test are
inrows 1,--- , k. Define D,, C {1,--- ,pM} as the columns we test in mth row with d,,, = |Dy,|,
and D ={(i,j) : 1 <i<k,j€ D;}, withd=|D|= Eﬁlzl dp,. We test the null hypothesis:

Ho: Ap =0 (4)

where Ap = ((A’{)El, e ,(A’,;)Bk)—r € R%. We also assume that d is finite and not increasing
with 7. In the work of of Neykov et al.Neykov et al.| [2018], d is assumed to be 1.

2.1 Stationary distribution

Since we are developing a hypothesis testing framework based on the decorrelated score test,
it is important to specify a stationary distribution for X; Using standard notation from auto-
regressive time series models, define the polynomial A(z) = I — 2;:1 A(j)#?, where Iy is an
M x M identity matrix, and z is a complex number. To guarantee the existence of a stationary
solution to , we assume

det(A(z)) #0, |z] <1.
Then we can write

(A(2) ™ =) 052,
j=0

where W;,j > 0 are all real valued matrices which are polynomial functions of A(i),1 < i < p.
Note that in the special case where p =1, ¥; = (A*)J.

It can be shown that the unique stationary solution to (2)) is

o0
X = g Vier—j-1,
Jj=0

and the covariance matrix > of X; satisfies

S =Cov(X;) =) ;] (5)
j=0

2.2 Decorrelated Score Function

Using the frameworks developed in Ning et al. [2017] for independent design, we consider the
decorrelated score test. First we define the score function S(A*) € RM*M  with each entry

defined as follows:

N
-

1 T-1

* * 1
(SN = =7 D (Xevny = a5 X)X = = >~ 0 X
t t=0

Il
o



As pointed out in Ning et al.| [2017], the standard score function is infeasible and we need to

consider the decorrelated score function
S=(S/,85,--,8 )" €RY,

with each S,, € R%" corresponding to the tested row (m, Dy,):

T-1
1 *
Sm = _T tz_; Et,m(Xt,Dm - meXt,D,%),

where &; p,, € Rm ig composed of the entries of X; whose indices are within set D,,. X; pe €
RPM=dm i5 also defined similarly and w}, € R(PM—dm)xdm i5 chosen to satisfy

Cov(X;,p,, — wy & e, Xi.pg,) = 0. (6)

Specifically, w}, is defined as a function of T = Cov(X;) € RPM*xPM.

* p—

wh, = (Ype, e ) " Toe D, (7)

2.3 Test Statistic

Based on the decorrelated score function .S,,, we first define the statistic Vo, € Rém
Vi 2 VT(X) 738,
with Y™ e Rém*dm heing defined as:
T(m) & Cov (X p,, — w;"nTXt,D;n)
= Cov(X,p,.| X pe.) (8)
=YD, — YDo,0s (Y0e, D) Te D, -
Let Vr be the d-dimensional vector concatenated by Vr ,,’s:
Vp = (VTT,la o »VTT,k)T-

One of the main results of the paper is to show that Vp is asymptotically Gaussian. Define
and T we later

define estimators for these quantities. Formally, we define our test statistic ﬁT as

Ur = ||Vr||3, then Ur is asymptotically X?l' Since we do not know ¢, w*

m)

Gr =1 85 (T) " G, )
m=1

—

where T(m) € RIm*dm ig an estimator for T(™ and §m € R is defined as

N

~ 1
Sm:_f
t

(Xm,m - (fAlm)zT)ant,DsJ (X0, — Wy Xi.Dg,);

Il
o



with A, € RPM and Wm € R(PM—dm)xdm ostimating A*, and w?,. Here we are not worried about
the invertible issue of Y(™), since Y™ is a low dimensional covariance matrix. To guarantee a
good estimation of the high-dimensional parameter A%, and w},, we impose sparsity conditions
upon them. Specifically, for each 1 <m < M, 1 < i < k define

pm = Ao, si = [[wllo, (10)
and note that they both depend on A*.

The sparsity of w, can be implied by the sparsity of Y=!, which is a common condition in
high-dimensional hypothesis testing literature (e.g. see |[Van de Geer et al. [2014]). Specifically,
the following Lemma shows that when lag p = 1 and A* is symmetric, the sparsity of wy, is

implied by the sparsity of A*:
Lemma 2.1. If p =1, A* € RM*XM s symmetric, then s, defined in (@ satisfies

sm < d2 max p; orl <m <k.
m —= mlSiSMp“ f = =

The proof for Lemma [2.1] is included in Appendix [E]

3 Theoretical guarantee

In this section, we present uniform convergence results for test statistic Ur under Ho and H 4,
with A* and estimators satisfying conditions. We also provide feasible estimators, and prove
that they satisfy corresponding conditions in Section [3.3] Unknown variance and confidence
region construction is discussed in Section and In Section we provide consequences
of our theory under AR(1) model with Gaussian noise and compare our results with Neykov et
alNeykov et al.| [2018].

Recall that the null hypothesis is
Ho: Ap =0, (11)

with Ap € R? being concatenated by (AY)Dys- -+, (AY)p,. While for the alternative hypothesis,
like in |[Ning et al.| [2017], we consider

Ha: Ap =T 2A, (12)
with some constant ¢ > 0 and constant vector A € RY. Write

A= (A]—f" 'Al—lc—)—r7



where each A,, € R%. The reason why T-?A instead of A is considered in is that we
expect the test to be more sensitive as sample size increases. We will see how the value of ¢

influences the convergence of ﬁT in Theorem

We still assume €;’s are i.i.d. sub-Gaussian random variables, and also consider a special
case, where ¢, ~ N(0,1). We compare our result in the Gaussian case to results in Neykov et
alNeykov et al.| [2018].

First we define the sets g and €y of feasible parameter matrices A* under Ho and H 4
respectively. To control the stability of {X;} in model , we impose the condition:

1
2

o o
S IwlE ] <8 (13)
i=0 \ j=0

for some constant > 0. In the case p = 1, condition (13) reduces to

D (2l ™, | <8 (14)
=0 \ j=0
which is implied by [[A*|l, < 1 — € for some 0 < e < 1, a typical condition assumed (see

e.g. Neykov et al.| [2018]). Then define sets Qy and ; for any 3, p,s, M,T,¢ > 0, set D of size
d and vector A = (A],--- ,A])T € R%:

Q={A%¢€ e RM*PM . =0, Z Z H\IIHJHQ < B,
=0 \ j=0 (15)

max p(A*) < p, max s, (4%) < s},

o o
Ql = {A* ERMXPM ;AD :T_(bA)Z ZH‘I’HJHg Sﬁv (16)
i=0 \ j=0

max pp, (A*) < p,max s, (A*) < s}.

Note here p,,(A*) and s,,(A*) are still functions of A*, since T is determined by A*. Clearly
we need reliable estimators for f/l\m, Wy, and % with 1 < m < k, to guarantee the weak
convergence of I?T. We present the following assumptions for these estimators, which we will
verify in section Note that constants C' may depend on p,d, 8 and 7, but do not depend on

either M or T
Assumption 3.1 (Estimation Error for A%)). For each A* € QpUQy,

log M

T * -~ « pm log M
R e S R
(A — A*) ( thxt) —A*)<Cpm1;gM,

9



hold for 1 <m < k, with probability at least 1 — c¢1 exp{—calog M }.

These are standard error bounds for Lasso estimator and Dantzig Selector with independent
design. In this paper we verify Assumption [3.1]in section and the remaining two assumptions
when we have dependent sub-Gaussian random variables, as we do for our vector auto-regressive

model setting.

Assumption 3.2 (Estimation Error for w},). For each A* € Qo U Q;:

R N log M
[ — wp, [y < Csm gT )
T-1 (18)
. X 1 . . Sm log M
tr [(wm —wh) " (T Z XLD%XJD%> (W, —wy,) | < C%,
t=0

hold for 1 < m < k, with probability at least 1 — c¢1 exp{—calog M }.

Similar to Assumption we will show that both Lasso estimator and Dantzig selector
under model satisfy Assumption

Assumption 3.3 (Estimation Error for T(™). For each A* € Qo UQy,
Hwn)é (T69) " xmi - IH <oV plog M
o vT

hold for 1 < m < k, with probability at least 1 — c¢1 exp{—calog M }.

Note that Y(™) e Rdm*dm ig  Jow-dimensional matrix, and thus it is computationally feasible
to use the sample covariance matrix of X; p,, — w,, Xy, pe, as an estimator for @ We show in
section that, as long as 1wy, is a reliable estimator for wy,, T(m) would satisfy a tighter bound
than . This looser bound in Assumption actually allows more choices for estimators for

(Y™~ as shown in section

3.1 Uniform convergence under null hypothesis

Based on these assumptions, we have the following main theorem.

Theorem 3.1. Consider the model @ with i.9.d. sub-Gaussian noise € with sub-Gaussian
parameter T. If Assumptions are satisfied, and (pV s)log M = o(\/T), then Ur defined
n @ satisfies

sup  [P(Tr < x) — Fula)|
z€R,A*€Qo
C (svp)logM\2 C (20)
1 sV p)log 3
<“ic
TS " 2( VT ) +MO4’

when T > C for some constant C. Here the constants C;’s depend on p,d, 3, T.

10



Theorem proves weak convergence of UT to Xi- The uniform convergence rate can be
understood as follows: the first term is due to the rate obtained by martingale CLT, where
we require T~5 rather than 7~ due to the dependence; the remaining two terms arise from
estimation error, with the second one being the error bounds, and third being the probability
that the error bounds do not hold. If we assume Gaussianity, we can improve the first term in
the rate of convergence from T5 to T~4+ for any « > 0. To the best of our knowledge, ours

is the first work that formally attempts to characterize the rates of convergence.

Remark 3.1. Compared to the theoretical result for independent design in |Ning et al. [2017],
1
the only additional condition we add is Y .~ (Z;‘;O H‘I’HJHS) * < B, which is used to control the

strength of dependence uniformly. Also, we consider multivariate testing which is more general,

and derive the explicit convergence rate.

Remark 3.2. The test statistic proposed in |Van de Geer et al. [2014] and |Javanmard and
Montanari [201)] for the independent design share similar ideas with our test statistic. Instead
of imposing a sparsity assumption upon w},, |Van de Geer et al. [2014)] assumes Y~! to be row
wise sparse. This is actually equivalent to the sparsity assumption on wy, in the univariate case.
Javanmard and Montanari [2014] does not require the sparsity condition on Y1, but it is hard

to extend their theory to the time series setting, due to a difficulty in applying the martingale
CLT.

Remark 3.3. The theoretical guarantee we obtained here, is more general and stronger than the

result achieved in|Neykov et al. [2018]. A more detailed comparison is presented in section .

3.2 Uniform convergence under alternative hypothesis

Recall the definition of 24 in . The following theorem establishes the asymptotic behavior
of ﬁT for A* € Q 4, with different values of ¢. First define

A=Al ADT, A, = (TM)3A,, (21)
where Y(™) is defined in .

Theorem 3.2. Consider the model @ with i.9.d. sub-Gaussian noise € and sub-Gaussian
parameter 7. If Assumptions are satisfied, and (p\ s)log M = o(\/T), then when T > C

for some constant C,

(1) ¢ =3
su P(U. <z)—F, % x‘
e, [PUT < @) = Fy 53()
C (sVp)logM\2 C (22)
1 sV p)log 3
STéJrCQ( T > e

11



(2) 0<¢<3

sup [P(Ur < 2))|
A*e

23)
C C L (
_é+Miés+C4eXp{—C5T2 ¢+ Cov/x}.
(3) >3
sup_ [P(Ur < x) — Fula)|
J?ER,A*EQl
C (s Vp)log M C (24)
1 sV p)log 2 3 1-2¢
<— T
<opro (SR g vors

Here C;’s are constants depending on p,d, 3, A, T.

Theorem shows the threshold value of ¢ for H 4 to be detectable. When ¢ > %, we cannot
distinguish Hy and H 4 since under both cases ﬁT converges to X?ﬁ When ¢ < %, ﬁT diverges
to 400 in probability, thus it would be very easy to detect H 4; When ¢ = %, UT converges to a
non-central x% with noncentrality parameter determined by constant vector A and Y = Cov(&;),
which implies the power of the test. Note here, holds also for the trivial case ¢ < 0, since
we do not use the fact ¢ > 0 in the proof.

Remark 3.4. Theorem[3.3 is also consistent with the threshold value of ¢ given by [Ning et al.
(2017] for linear regression with i.i.d samples. However, |Ning et al. [2017] assumes additional
conditions on the scaling of sample size, number of covariates and sparsity of w}, for proving
asymptotic power. Our conditions are exactly the same as the ones for Hy, due to a more specific

model and careful analysis.

3.3 Feasible Estimators

Both the estimation of w}, and A* can be viewed as high-dimensional sparse regression problems,

thus we can use the Lasso or Dantzig selector. Formally, define

T-1
~ 1
AT = argmin = > || X1 — AX[|3 + AallAllva, (25)
AERM xpM T =0

as the Lasso estimator for A*, and

T—1
~ 1
AP = argmin [All11, st (|5 D> (X — AX)A || < g, (26)
ACRM xpM T = .
as the Dantzig selector estimator for A*. Similarly, for 1 < m < k, define

=

@) = argmin =3 [Xip, — 0 g I3+ Al (27)
wER(PM —dm) xdm =0

12



and

wgnD) - arg min |lwlli1, st

wERPM —dm)Xdm

<. (28)

o0

T-1

1

T > (Xip, —w' Xy pe )X pe
t=0

While for estimating Y™, since this is a low dimensional covariance matrix for XDy —

—

w;‘;lTXt’ pe,, we can directly use sample covariance of &} p,, — uAJnXt, De, as Y m).
I
T = T > (Xip,, — WX 05 ) (XD, — ), Xeg,) T (29)
t=0
for 1 <m < k. Here 1, in the definition of is either wfnL ) or 11}7(,? ),
As shown in the following, estimators to all satisfy Assumptions to under
the model setting stated in (3)):

Lemma 3.1. If;l\ = X(L), or A= E(D), which are defined as in and with Aq < 4/ %,

then A satisfies Assumption when T > Cplog M.

Lemma 3.2. If w,, = w,ﬁ,f) or Wy, = uﬁﬁ,?), which are defined as in and (@ with A, =<

IO%FM, then 1, ’s satisfy Assumption when T > Cslog M.

Lemma 3.3. If Y(")’s are defined as in , where Wy, satisfies (@ with probability at least
1 — ¢y exp{—calog M}, then

log M
T )

—\ —1
R
with probability at least 1 — c1 exp{—calog M}, when T > Cs®log M.

Note here Lemma is stronger than Assumption The proof of these Lemmas are
deferred to Appendix[A] By these lemmas and Theorem [3.1],[3.2] we arrive at following Corollary.

Corollary 3.1. Under model (@) with i.i.d sub-Gaussian noise €;; with parameter T, ifﬁ = AD)
or K(D), Wy, = w,(,%) or 1137(7?), and Y(M)’s are defined as in for 1 <m <k with Ag < Ay <
logTM, then if (pV s)log M = o(\/T) and T > C' for some constant C > 0, bounds to

from Theorems and[3-9 hold.

3.4 Variance Estimation

In this section, we consider the case where 0** = Var(e;) is unknown under model (3)). Actually,
if 0* # 1 is known, it is straightforward to extend Theorem to Theorem for Uy defined

as follows: .
Ur=TY SL(Xt)8, /6% (30)

m=1

13



This follows since if we consider Y; = X; /0™, time series data Y; would satisfy the same model

but with unit variance noise.

When 0*? is unknown, we apply the estimator

T-1
R 1 ~
62 = T tzz(; 1 X1 — AXJ3, (31)
and define the test statistic
k
Upr=TY 85),(Ym)=5, /5% (32)
m=1

We show that Ur has the same convergence results we derive for the unit variance noise case.

Theorem 3.3. Consider the model with i.i.d. sub-Gaussian noise e; of variance o** =

Var(ey;) > o2 > 0 and scale factor To*. Then Theorem and hold for Ur under each

corresponding condition, and constants C;’s also depend on og.

Theorem [3.3| shows that when we have to estimate the unknown o*2, test statistic U7 main-
tains the same asymptotic behavior as ﬁT under the known variance case, given that all the

assumptions for estimation errors are satisfied and ¢* is lower bounded by some constant.

Remark 3.5. With sub-Gaussian noise €, if we still assume the scale factor To* of € to be
bounded by constant, then Lemma to would still hold. Thus the assumptions imposed on
estimation errors of //l\, W and Y are all satisfied. However, if we don’t assume o* to be

bounded, then the tuning parameters Aa and X\, have to scale with o*.

Remark 3.6. |[Neykov et al| [2018] proposes another estimator for the variance of €, based on
the fact that ¥ = AL AT +Couv(e;). Both these estimators are consistent and lead to convergence

i distribution results.

3.5 Semi-parametric Optimal Confidence Region

In this section, we construct a confidence region for A D, under model with unknown noise

variance o*2.

Similar to |[Ning et al. [2017], we consider the one-step estimator a(m) for each
(AX)p,,, based on the decorrelated score function:

—_— —1

a(m) = (An)p,, = (X0V) " S (33)

where A,, is any estimator satisfying the Assumptions on error bounds for A, — Ay, and
both the Lasso or Dantzig Estimator for A?, are suitable. T(™) takes the form:

T-1
—_— 1

T = T ; (Xt,Dm - @;Xt,Dfn) X,!p,. (34)

14



which is another estimator for T and

(Xts1m = A7) (X0, — ), s, )
We will show that a(m) — (A%,)p,, is asymptotically Gaussian with covariance matrix (Y(™))~1,
Thus we construct the following confidence region for A D, with asymptotic confidence coefficient

1—oa:

CR(a) = {0 =6),...,00)" : 0, e RIm,
(35)

—

(1) = 8,) " T0M (a(m) — 6,) < \3(1 - a>}'

q[\?,"ﬂ
M?r
=

m=1

This is a d dimensional elliptical ball with center vector (a(1)",...a(k)")T. The following

theorem shows the weak convergence result of

£ Z (a(m) — (A5)p,.) XM (a(m) — (45,)p,.). (36)

Theorem 3.4. Under model with i.i.d. sub-Gaussian noise e; with variance o*? = Var(ey) >
02 > 0 and sub-Gaussian parameter To*, then Theorem and hold for Ry under each cor-

responding condition, and the constants C;’s also depend on oy.

—~— —

Remark 3.7. In the definition of one-step estimator a(m), we use Y™ instead of Y(™) for
theoretical convenience. Theorem would still hold true if a(m) is defined as (;{m)Dm —

(W))‘l 3.

Remark 3.8. We have exactly the same theoretical result for Ur and }AET, and this is due to

the close relationship between these two quantities. In particular,
R k - — T -1 — ——\ —1
Rr=TY 5] (’r(m) > Y (m) <T(m)> S,./52,
m=1

compared to Up = sz 1ST(T( ))~18,,/62. We show in the proof of Theorem that

N -1 — _
(T(m) > Y (m) (T(m)> also satisfies Assumption as an estimator for (T(m))

Remark 3.9. The one-step estimator a(m) is asymptotically unbiased, and shares a similar
form to the de-biased estimator proposed by|Zhang and Zhang [2014)], Van de Geer et al. [2014).

The de-biased estimator in|Van de Geer et al.| [2014] would take the following form under our

setting:
T—1
~ 4 ~ 1 T
bm — (Am)Dm + @Dm,-f Z Xt <Xt+1,m - Xt Am) )
t=0

15



where © is computed by node-wise regression, as an estimator for Y=1. When dy, = |Dp| =
1, this is essentially the same as our estimator a(m), but would be slightly different in the
multivariate case. Note that the asymptotic covariance matriz for a(m) equals to the partial
information matriz I*(Ay, p,,|Am,De, ), and thus is semi-parametric efficient, while l;m s only

efficient when it is a scalar.

Remark 3.10. ET is also very similar to the test statistic proposed by |Neykov et al. [2018]
for VAR model with lag 1. The only difference lies in the estimation of Var(e;), and they only
consider Dantzig selector for estimating A* and w},. We will provide a detailed comparison

between their theoretical result with ours in section[3.8.

3.6 Special case: AR(1) with Gaussian noise

Our theoretical guarantee covers VAR models with lag p and sub-Gaussian noise, of which AR(1)
model and Gaussian noise are special cases. Here we explain the consequences of our result under

this special case and provide comparison with Neykov et al.| [2018].

When we consider lag p = 1, the constraint for A* becomes

o o 2
SIS @A) 5| < 8 max pn(A%) < p,max s, (A7) < s,
i=0 \ j=0

with (p V s)logM = o(v/T). The two sparsity conditions and sample size requirement are
included in the conditions Neykov et al.|[2018] proposes. In addition, they assume the following:

1A% h < C A"l <1 -5 |27, < C.

for some 0 < ¢ < 1. Note that we don’t require these conditions, among which the first

and third are quite strong, and the second one ||A*||s < 1 — ¢ is sufficient for our condition

T
Yo (Z;io H(A*)“”H;) * < B. This follows since if |A*]|; <1 —e,

N[

o0

00 00 it 2 0 20t Z;)i(l_g)z _
ALl ) s3SI | < A < (=)

i=0 \ j=0 j=0

ol

Until now the discussion focuses on the case where €;; are i.i.d. sub-Gaussian noise of scale
factor C'o*, with (0*)? being the variance of €; and lower bounded by some constant. Thus our
setting covers the case where ¢ ~ N(0, (0*)2I) with o* > c. If ¢ ~ N(0,¥) with ¥;; > ¢ as
assumed in Neykov et al.|[2018], we can still prove the same theoretical guarantee, under even
weaker condition based on spectral density, due to established concentration bounds in |Basu
et al. [2015].
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4 Numerical Experiments

In this section, we provide a simulation study to validate our theoretical results. For simplicity,

our simulation is based on the AR(1) model:
Xt+1 = A*Xt -+ €t, t= 0, ey T, (37)

where A* € RM*M s set to be row-wise sparse. Symmetricity is not required in our theory,
but in order to ensure the sparsity of wj,, we focus on symmetric matrices under Hy, and
slightly asymmetric ones under H 4. The eigenvalues of A* all fall in the unit circle of the
complex plane, which ensures the existence of stationary solution to this model. White noise €
is simulated as independent Uniform(—1,1) in order to satisfy the sub-Gaussianity condition.

Other distributions were also used but not reported since the results were very similar.

To consider multi-variate test sets, throughout the simulation we test the index set D with

d = |D| = 6, which involves three different rows and two columns in each row:
D ={(1,3),(1,5),(3,3),(3,4), (5,4), (5,8)}.

The null hypothesis takes the form Hy : A p = p with some d-dimensional vector u. Correspond-
ingly, we consider alternative hypothesis H 4 : Ap = p+T~?A, with A randomly selected from

d-dimensional Gaussian distribution, and ¢ ranges from 0.25 to 1.2.

Under Hy, we generate A* with different row-wise sparsity levels and structures, and for
each A*, vector u may differ depending on the corresponding Ap. Under H A, A* are still the
same matrices as under Hg, but only adding the tested indices Ap by T~?A. The experiments
are repeated under different settings of A*, A, M, T and ¢.

We use Lasso estimators defined in , for the estimation of A* and w},, 1 < m <k,
and tuning parameters A4, A, are selected using cross validation. In cross validation, the training
sets are composed of consecutive time series data, with the remaining 10% of the original data
set being testing sets. Under Hg, 1000 simulations are carried out under each parameter setting,
while under H 4, we have 100 simulations. In the following sections, we look into false positive
rates (FPR) and true positive rates (TPR) of test statistics Ur and Ry as defined in and
, when we set the level of test as a = 0.05.

4.1 Under the Null Hypothesis

(1) Varying sparsity
Here we summarize the experiments with randomly generated A*, that are symmetric and
row-wise sparse, with different sparsity levels p defined in (L10f). Figure (1| shows how FPR
of ﬁT and ]SLT averaged over 1000 experiments vary with /7. We can see that when T
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Figure 1: False positive rate (FPR) of Up and Ry v.s./T, with various dimension M and
sparsity level p. The red line is the significance level a = 0.05.

increases to about 500, the FPR becomes stable and close to a = 0.05 regardless of p, M,

choice between ﬁT and ]/%T.

When the sample size T is small, the test tends to be conservative, which is the consequence
of estimating variance o*? and covariances T(™)’s. In the simulation we use naive estimators
for these two quantities, as defined in and which tend to be smaller than the true
parameters. This is because we usually fit noise in the regression, as noticed by [Fan et al.
[2012]. As shown in these two figures, Ry is less conservative than Up when T is small,
since the magnitude of T is larger than T(m), which makes (T(m)T>_1 Y(m) (T(m))_l
probably a better estimator for Y(™). We also summarize the FPR when the variance 0*2 of
€t is known in Figure 2l We can see from these figures that ﬁT is still a little conservative

when T is small, while ]/%T with 2 substituted by ¢*? is not conservative.

Different Graph Structures

If we consider the M actors in the time series as nodes in a network, and a nonzero A;f‘j
represents an directed edge from j to 4, then each matrix A* corresponds to a M-dimensional
directed graph. We experiment with different structures of A*, which also correspond to

different graph structure, including block graph or chain graph. Specifically, we consider
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Figure 2: FPR of (7T and }ABT when residual variance is known.

matrices with ¢5 norm equal to 0.75:

which is a block graph;

1/4 1/2 0 0
1/2 1/4 0 0
0 0 1/4 1/2
0 0 1/2 1/4
0 0
0 0

c ¢ 0

C

A2 ¢
0
0

0 0
0 0
1/4 1/2
1/2 1/4
0
0
&

with constant c¢ chosen to ensure HA(Q)H2 = 0.75, which is a chain graph; and A®) being

randomly generated symmetric matrix of sparsity level p = 2, and largest eigenvalue equal

to 0.75. Figure [3] shows the difference among these three different structures. We can see
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Figure 3: FPR under different graph structure. Block refers to A1), chain refers to A and

random refers to A®).

that block graph is less accurate than the other two, which is due to a larger variance for
each X; p,, — w;*nTXm pe,- Investigating the question of how graph structure theoretically

influences testing performance remains an open and interesting direction.

4.2 Alternative Hypothesis

First we look into how the true positive rate (TPR) varies with |T~?A||2, since we set H 4 as
Ap = p+T %A and ||T~?A|l2 may be viewed as a measure of distance from the null hypothesis.
Fig. 4 only presents the simulation results when A* = A(M) and M = 300, while the other choices
of A* and M generate very similar results. We can see from these two figures that as |[T-?Al|5
increases, TPR approaches 1. The slope increases when sample size T' gets larger, or when the
test statistic changes from ET to ffT. This aligns with intuition, since when T increases, we are
supposed to distinguish between Hg and H 4 better, and [7T is more conservative than ﬁT as we

show in subsection .11

We also check the influence of ¢. Figure [5] reveals how TPR changes when T increases, if
we set HAHQ and ¢ fixed. If ¢ < 0.5, TPR converges to 1 very quickly, while if ¢ > 0.5, TPR

converges to 0.05, but the convergence is slower when ¢ or ‘KHQ increases. When ¢ = 0.5,

Theorem and states that ffT and ]%T would converge to 4 HE”Q, thus the TPR should

2
112
converge to some value between 0.05 and 1, depending on d and HAH2 The black lines in figure
indicate this convergence value, but since the test tends to be conservative when 7' is not large
enough, TPR when ¢ = 0.5 is usually above the black line. The conservative issue is more severe

under H 4 since the deviation A is also multiplied by the estimated variances, which exaggerates
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Figure 4: True positive rate of Ur and ]/%T, when A* = AN and M = 300

the conservative tendency. However, this may not be a big concern under H 4, since we always

want the TPR to be large.

5 Proof Overview

One of the main contributions of this work is the proof technique, which addresses a number
of technical challenges and develops novel concentration bounds for dependent sub-Gaussian
random vectors. In this section, we present and discuss key lemmas for the proof and provide
the main steps for proving Theorems [3.1] and deferring the more technically intensive steps

to the supplement.
5.1 Key Lemmas

The major technical challenge lies in proving the following two concentration bounds for depen-

dent sub-Gaussian random vectors.

Lemma 5.1 (Deviation Bound for A*). Under model , when €;; are sub-Gaussian noise with

scale factor T, and A* € Qg U Qq,
log M
> Cy/ OgT > < ciexp{—colog M},
o

1 T-1

When T > C'log M .

Lemma [5.1] is a standard deviation bound for proving estimation error bound of Lasso type
or Dantzig selector type estimators. We apply this lemma both in the proof of Theorem

and Lemma [3.1]
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Figure 5: TPR of Ur and Ry when HAHQ =1, A* = AW, Results for different graph size M
from 30 to 300 are combined together and average TPR is taken. Red line is significance level
a, the value that TPR should converge to when ¢ < 0.5; while the black line is the convergence
point specified in Theorem when ¢ = 0.5.

Lemma 5.2. Under model , when € are sub-Gaussian noise with constant scale factor T,
and A* € Qo U Qq, if B € RPM*PM 45 o symmetric matriz, we have

4] 52
P >0 <e¢ exp{—c Tmin{ , }}
( ) 1 i 1Bl 1Bl [Bl:

Lemma [5.2] provides concentration bound for the sample average of general quadratic form
XtTBXt, and is very helpful in proving martingale CLT under our setting, REC, Lemma

etc.

T—1

1

- > X" BX, - tr(BY)
t=0

In the Gaussian case, both these lemmas follow from prior work in Basu et al.| [2015] which
relies on the fact that dependent Gaussian vectors can be rotated to be independent. Since
dependent sub-Gaussian random variables cannot be rotated to be independent (only uncorre-
lated), we exploit the independence of €, by representing each A; by linear function of the infinite

i=t

="  and then use a careful truncation argument. We analyze sufficiently many terms

series {¢;

in the summation, and control the infinite residues.

5.2 Proof of Theorem [3.1]

Proof. Suppose A* € Q4. We will use C;, ¢; to refer to constants that only depend on p,d, 3,7

(not M or T'), and different constants might share the same notation.

The proof can be divided into two major parts: showing the convergence of Ur to X?l’ and
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bounding the estimation error ‘ﬁT — UT). Formally, for any € > 0,

P(Ur < x) — Fy(x)
<P(Ur < w+¢) + B(|r — Ur| > €) - Fu(a)
<IP(Ur <@ +¢) — Fa(w +2)| + Falw +¢) - Fa(@) + P (|07 — Ur| > ),
and
Fy(z) —P(Ur < z)
=P(Ur > z) — (1 — Fy(x))
<P(Ur >z —¢) + P(‘ﬁT - UT‘ >e) — 1+ Fy(z)
gmmx—@—P@%gx—sn+aww—Fux—@+P(WT—Uﬂ>g)
which implies

Mmgm—&@’

N (38)
§Suﬂl‘é P(Ur <y) — Fa(y)| + Fy(x +¢) — Fy(x —e) + P (‘UT — UT’ > 5) .
ye

In the following, we provide bounds on each of the three terms. The following lemma
shows the uniform weak convergence rate of ||V + |3 to X?l e of which the convergence of
BIraip

Ur = ||Vr|)3 to x2 is a special case.
Lemma 5.3 (Convergence Rate of ||Vy + pl3). Under model (@ with € being sub-Gaussian
noise of scale factor T, then for any A* € Qg, Vu € R?,

_1
sup [B(IV + pl < ) = Fyg3(@)] < CQlll) T+, (39)

when T > C for some absolute constant C, where C(||u||2) is a constant depending on and is

non-decreasing with respect to ||p/|2-

This Lemma is proved in section [C] by applying a uniform martingale central limit theorem
result. Thus, by Lemma [5.3] if 7" > C' for some constant C,

1
sup [P(Ur < y) — Fa(y)| < CT" 5.
yeR

Meanwhile,
Fi(z+¢) — Fi(z —¢) < Cae

since X?j has bounded density.
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Now we only need to choose a proper € and bound P (‘(/}T — UT‘ > 6).

k
O = Ur| < 37 TSRO0 18— Vi)

—

< 3 |8 () - (1)) 5,4 [VEm) 28]~ 1Vl

m=1 (40)
k — =
< ‘Y(m); (T(m)) 1T(m)% _ IH H\/T(T(m))—%gmui
m=1 o0
+ VT 5 G = 5[]+ 2Vl VT E (G — 50|
Define E,, = \/T(T(m))_% <§m - Sm), then (40) turns into
R k
O = Ur| < 37 1Bull3 + 2 [Vesally |1 Bl
m=1 (41)
i fremt (T00) 1t ] (Wl + 1Bl

(e 9]

—

—1
T(m)z (T(m)) Tim)s; IH using Lemma

while for bounding the estimation induced error || Ey,||2, we first apply the following lemma
to bound the eigenvalues of T(").

We can bound || V7, ||2 using Lemma |5.3{ and

Lemma 5.4. Consider the model @ with independent noise €y of unit variance, A* satisfies

, then the eigenvalues of Y can be bounded as follows:

0 < C1(B) < Amin (1) < Amax (1) < Co(B).

Lemma is proved based on established results in Basu et al.| [2015]. Note that we assumed

unit variance in Theorem and so we can apply Lemma here. Since (T(m))f1 =
(T_l) Dy Doy’ applying Lemma would lead us to the following:

Ao (X)) > Ain (071) = A (1) 2 C,
Ao (1)) < A T71) = A1) <

Thus we have

|Emlly < CVT||S = S

)
2
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with

1 T—1
Sm — Sm —(wm - w:n)—rf Xt,Dﬁnet,m
t=0
T-1
1 * T T n *
+ 7 2 (X, —wi e )X n, (An)s, — (A7)0, (43)
t=0
1 T-1
t=0

1 T-1
T Zt:O XtyDC 6t7mH ’ and
o0

o0

Lemma 5.5. When T > C'log M,

'

Lemma [5.1] is a common condition in high-dimensional regression problems, and is usually

T-1

% Z € XtT

t=0

log M
>C 8

> < ¢y exp{—calog M}.

[e o]

referred to as deviation bound. We will prove it in Section [C|

Lemma 5.6 (Deviation Bound for w},). With probability at least 1 — c¢i exp{—calog M }, for all
1<m<Ek,

log M

<
<O\

T—1

1 *

T Z(Xt,Dm - meXt,Dﬁn)XtTDgn
t=0

o0

Lemma [5.6] can also be viewed as a deviation bound, if we consider a regression problem
with X; p,, as response and &} pc as covariates. This is also proved in Section Q Applying
Assumptions and with probability at least 1 — ¢; exp{—calog M},

(Sm V pm) log M 11 (Sm V pm) log M
Epll2 <C +VTQ;Q3 <C ;

where
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and Assumption and implies Q1 < C’w and Q2 < C%. The former is not
straightforward: to see why it holds true, let ilm = Em — Ay and H = % Zf:_ol XtXtT, then we

have

1 T—1 2
&= 3 [ (),
t=0 *- m
1 T—1 2
== ; _XtThm - XtTDm (hm> DTJ
o1y 2 (44)
2 L N2 .
7.3 ()" (30 (), )
T t=0 o Drm

~ ~ ~ T ~
ZQhLHhm + 2 (hm> HDm,Dm <hm)
D Dy,

m

pm log M
<ctr o
= T

Here we apply Assumption and the fact that

~ T o
(1), e ()
Dy, D

<dm|| H oo | 3
pm log M

Sl (1H = Tl + Amax(1)) 22

pm log M
<C——"—.
- T

The last inequality is due to Lemma and the following lemma:

Lemma 5.7. With probability at least 1 — ¢y exp{—calog M},
T—1

1 log M

- dxx - :
t=0

<
=G\

o0

Therefore, by taking a union bound, we show that

(Sm V pm) log M
VT ’

for any 1 < m < k, with probability at least 1 — ¢; exp{—calog M}.

[Emll2 < C

Meanwhile, by applying Lemma one can show that for y > v/5d,

P (|Vemlly > y) <CT5 +1— Fy(y?)
<OT™5 + exp{—(y% — d)/4} (45)
<CT 5 +Cy 2,
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where the second inequality is due to a X?i tail bound established in |Laurent and Massart| [2000]
(see Lemma 1 in [Laurent and Massart| [2000]), and the third inequality comes from the fact
that, V constant C'; > 0, 3 constant C5 such that

2
sup er*CIy < (5.
y=>0

_1
Let y = (W%) * and plug it into , then with Assumption we can show that with

probability at least
1
log M\ 2
1 —cjexp{—cologM} — C3T7é —cy <(S\/;\)};g> ,

the following holds:

1
. log M log M\ 2 log M\ 1
‘UT_UT‘ gCl(SvP) og ((svp og > 2+02<(3Vp) og >

VT VT
1
SC((s\/p)logM>2,
VT
if (sV p)logM = o(J/T) and T > C for some constant C. Therefore, applying with

e=C ((sz\)/lT?gM>é’

(sVp)log M
\/T

Since constants C; only depend on d, 8 and 7, this bound also holds for supremum over A* € ()

1
‘P(ﬁT < x) — Fd(x)’ < ClT_% + Cy ( )2 + C3 eXp{—CIOgM}.

and x € R. Note that for a clear presentation, we are not showing the sharpest bound, which

can be obtained by choosing a different . O

5.3 Proof of Theorem (3.2
proof of Theorem[3.3 We prove this case by case. We will use Cj, ¢; to refer to constants that
only depend on d, 8, A, ¢, and different constants might share the same notation.

Similar from the proof of Theorem the major part of the proof is devoted to bounding
Ur — ||Vr + ,u||§‘ with high probability for some vector p € RY,

1) 6=3
Suppose A* € Q. Using similar deduction as in the proof of Theorem for any € > 0,

B(0r < @) - Fyy5(@)|

<su ’]P’(V _AlIZ< )—F . ’
_yeﬂg H T ”2 Sy d,||A||§(y) (46)

tEapte) - Fyape—e) +P <

~ ~ 12
e~ |ve - 5[] ><).
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(a) Bounding the first two terms
The first term is the convergence rate of |V — Al2 to x?i 1A By Lemma
) 2

~ ~ _1 _1
sup [P ([V — &1 < v) ~ Fy 30| < CURIIT S < 0A]oT%.
yeR ’ 2

The last inequality is due to

k k
1A13 =D 1AmlE < 3 A (T 123,
m=1

m=1

and an upper bound for Apax (T(m)) in .
Bounding the second term in is not straightforward as bounding Fy(x +¢) — Fy(x —¢)

in the proof of Theorem since A is not a constant vector when A* takes different

values in 2]. We only have a uniform bound of HKH as shown above. One can show that
2

~ 112
Fd,||£|g(m +ée)— Fd,”m@(:v —e)=P (HZ + AH2 €(x—ce,z+ g]>
(e —)f) VIR, g > 9] Al
~@=9)t), vi—e <2l

where Z is a d-dimensional standard Gaussian random vector with density ¢(z) = C(d) exp{—|z||3/2}.

The last inequality holds because that, for any set C C R,

P(ZeC)< Supgi)(z)/ dz.
zeC zeC

Suppose 0 < & < 1, then if vz — & > 2||Al|s,

((:Jc + 6)% — (x — 5)%> exp {—(\/x —e— ||3H2)2/2}
<ds(x +¢)% exp{—(z — £)/8}

<dse’ supys L exp{-y/8} < C(d)e,
y>0

otherwise,

(@02~ (@-2)f) <de(e +9)27" < Cld)e.

Thus,
Fyapl@+e) = Fyzpp@—e) < Cde.

. 2
(b) Bounding |Ur — HVT—AH2
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Similar from in the proof of Theorem it is straightforward to show that

Ur — HVT_ A

k
<3 rEmH%+2Hva—AmHQHEmHQ

l
)3

~ 2
T(m)% _IH (HVT,m_AmHZ‘f’HEm”Q) )

where E,, = VT(T(™)~ 28, — Virm + A, To bound || E,, |2, note that

Ve = B = VI(T) 728, = Ay = VI(XU) 72 (S = T (47)p,),

and

1 *
Sm — Y™ (A3)p,, = T > (Xip,, —wy Xy b )X]p, = Y| (A5)p,,
T—

t
1 1
-7 (Xm,m - (Afn)ggﬂt,D;n) (Xt,Dm - wfnTXt,Dgn)

t=0

with S, € R4 and W € R¥*M defined as follows:

T-1

~ 1 * *

Sm == T (Xt+1,m - (Am)gfnxt:Dfn)(XtaDm - meXngn),
t=0

(W) = Tdpxdm>  (Wi).De, = wi.
Therefore,

|Bnllz <||VT(X0)73 (8 — )|
(x(m) _W*< th o >Am

2
ZXtXT

_|_

<C\FHS - mH o+ O max [ (W):

oo

The last inequality applies . Meanwhile,
max [|(Wp,)i.[l; =1 + max||(wn,)-i4

<1 max o [l
<1+ SmAmin(TDfn,Dfn)_l m?X HT1H2
§1+C Sm IMax (T2)”

i

<1+ CvsSmAmax(T) < Cy/Sm.
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The first equality and second inequality come from the definition of W)} and wy,; the third
inequality is because that |3 = (Tz)n.; the fourth inequality is due to that (Y?). =

i
e] Y2e; < Amax(T)?; and the last inequality is obtained from Lemma Applying Lemma
.7 leads us to
Sm log M

||Em”2 S C ? + C\/THé\m - §m||2

We can write S, — S, as

T-1
~ ~ R T L _1
S — Sm =(Wn, — wm)TT X pe (qm +T QAth,Dm>
t=0
. . Tl T
+ ( m) - (ferL)DC > T Xt»Dc (‘Xt,Dm - Wy, Xt.De )
Dg, T pa
T T
~((An),, ~ oy, ) 7 3 s g (i — i)
D ") T 7
Note that
1 1
T Xi.pg, X p,, || < T ZXtXtT -1 +17Tl%
t=0 o t o (50)
log M
<0\ ==+ |1l < C.

due to Lemma [5.4 and which further implies

< Cllom — wyy 1
2

T-1
. wT L
t=0

Applying Assumption to Lemma, one can show that with probability at
least 1 — ¢1 exp{—calog M},

($m V pm) log M
VT ’
with the same arguments as bounding ||S,, — Sinll2 under Hy.

While for ||V, — (T(m))%Am‘ ) applying Lemma leads us to

[Emllz < C (51)

(v = x> v)
<O\ T 5 41— Fd,||EH§(y2)
=T+ (|7 + A3 > ?)

1
<G F + P (213> (v - ClAl)°).
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for any y > 0, where Z ~ N(0, ;). We apply the tail bound for x5 (Lemma 1 in Laurent
and Massart| [2000]) as in (45), and obtain

P(1I1213 > (y— ClAL2)) < Cy—Cllal2) > < Cy2,

_1
when y > C for some constant C'. Let y = (%) ' and plug HVT’m — (T(m))%AmHQ <

Y, and into , one can show that

. 2
0r ~ v - &[]
3 1
(s\/p)logM>4 (sV p)log M ((s\/p 10gM>_2
<O |——=—=—| +C
B 1< VT VT VT
1
(s\/p)logM)2
<o (PYPIOET N
B ( VT

with probability at least

1
V p)log M\ 2
1—crexp{—calog M} — c;»,T*% —cy <(sp;g> ,

if (svp)logM =o(T) and T > C.

1
Therefore, applying with e =C (W#) ? leads to

‘M@g@—&@‘

(sV p)log M
VT

Since constants C; only depend on d, 3, A, 7, this bound also holds for supremum over
A* e Q1 and x € R.

1
SclT_% + Cy < ) i + Cs exp{—C’4 log M}

2) 0<p<i
First we provide a lower bound for (7T with high probability. Since bounds in Assumption

to Lemma [5.1to[5.7| hold with probability at least 1—c; exp{—calog M}, we apply
these bounds directly in following deduction. Meanwhile, we always assume (pVs)log M =
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o(/T) and T > C for desired constant C. With these conditions, one can show that

k
Up =Y TS,(Xtm)5,

m=1
> 3 TTO 813 (1 dy [T T 1| )
m=1 (52)

k 2
orS: ey 15|

2

>C <T§;H (T0)7%(S H) ~ Izl

—

The third line is due to Assumption which implies HT(m)é (T(m))_lT(m)% -1 H con-
verges to 0 under our scaling (p V s)log M = o(\/T).

(M) =3 (S, — Sy >]

We provide a lower bound for

in the following. First write Sin—Sm

as
1 T-1
Sm — S =(m — wjn)T (T tz—; Etvat,Dﬁl)

(XD, — W Xe0e )X, (A D,

(oD = Wi 05, ) Xl pe, (Am) g, — (A7) s,)

m

2pW) 4 B2 4 G

m m m

we find the upper bounds for HE(I)‘

)

3) H and lower bound for HE(2) H in the follow-

ing. Applying Assumption and Lemma provides an upper bound for HE(I) H

T

. Sm log M
1B 2 < [l — wpall || Z < T
t=0 s
Since
1 T-1 R
|ED, < [[om = wi) T D Xy, Xl (Am)os, = (A3 s
t=0 9
1= -
Vil || 7 tz_;(xt,]gm — i X)X g || |[(Am)os, = (A3)5)]|
- o0

then using the same argument as bounding ||Sp, — Sm||2 when proving Theorem we

have
V p) log M

T

], < ot

32



To lower bound HE,%) |2, first note that

T—1

1 .

T Z (thDm - ernXt,Dm> Xt,TDfn -t
t=0

(e 9]
1 T-1 1 T-1
<max [(Wi)ally || D2 4T = 1|+l — wiulh || 72 D AT (53)
t=0 e’ t=0 o0
log M
<Csp O%T )

where we apply (49), Lemma Assumption and bound H% ZtT:_Ol XtXtTH using
oo
the same argument as in (50]). Thus,

E@ 2> 770 1A, - Cs /B 705 o1-0

since A,, is a constant vector, and Amin(T(m) is lower bounded by constant as in .

Applying these bounds for HES?HQ, 1 <i < 3, one can show that,

k k 2
1Y o) E G- s = 3 (caTH - @W> > oT %,
m=1

m=1
Plug this into and apply Lemma we have
P(Ur < z) < Cexp{—clogM} +P (HVT||2 > T2 % — 02\/5)
<Cyexp{—clog M} + CoT5 + 1 — Fy((CsT2~% — Cy/7)?)
<Cjexp{—clog M} + CoT™5 + Cs exp{—(CgT%_‘b — Cyv/x)?},

where in the last line we apply the x?l tail bound as in . Since the constants here only
depend on d, 8, A, 7, this bound holds when taking supremum over A* € €7 and x € R.

(3) >3
The proof of this case is similar to that of Theorem [3.1] The only thing different lies in
the choice of € and bounding P (‘ﬁT - UT‘ > 5). The bound for ﬁT — Ur| still holds

here, with E,, = VT (T(m))fé(gm — Sm). We directly apply the bounds in Assumptions

33



to and Lemma [5.1] to Lemma [5.7] in the following. First we write

T-1
N ) Lot
Sm — Sm :(wm — wm)—rf ; Xt,Dant,m
1 T-1

- ( Xop, —w'T Xt’Dfn) X, ((ﬁm)% - (A:‘nm)
t

T-1
— (o —wyy) (; > Xt,DEnXtTDgl> ((Em)Dsn - (Ai‘n)Dfﬂ)

t=0
T—-1
— TN (X, p,, — W, Xepg, )X, A
t=0

Note here that the first three terms are exactly the same as in , and thus can be
bounded as in the proof of Theorem We only have to tackle the last term. By ,

one can show that,

T-1
1 R log M
T 2 (b = e )JXip, A < [xman| +csmf 2= <

Thus, going through the same arguments as bounding H§m — mH2 under Hgp, we have
(sV p)log M
vT
with probability at least 1 — C'exp{—clog M}. Recall that in , when y > C for some

constant C,

|Epmll2 < Cy + T3,

1
P([|[Vrmlla > y) < C1T™8 + Coy 2.

1 B
Let y = (M) YA T%Tl, then by one can show that

VT
|Or - Ur|
1 3
—3 1 _
SCl(s\/p)logjw ((s\/p)logM) O ((s\/p logM) —|—C’3T132¢
VT VT T
1
sV p)log M\ ?2 1-2¢
§q<(”%g> + T 5,

with probability at least

9

1
(s V p)log M) > C5T1732¢
vT
if (sVp)logM = o(V/T) and T > C for some constant C. Therefore, applying (38) with
1
= o (o)t o

1 —crexp{—cylog M} — C3T_§ —cy <

3

\M@é@—m@
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(sV p)log M
VT

Since constants C; only depend on d, 8,7, A, this bound also holds for supremum over
A* e Q1 and z € R.

1
2 —
SC&T—% + Co ( ) + C’ng o + Cyexp{—Cj3log M}.

6 Conclusion

In this paper, we have provided theoretical guarantees for hypothesis tests for sparse high-
dimensional auto-regressive models with sub-Gaussian innovations. Specific upper bounds for
the convergence rates of test statistics are given. Importantly, our results go beyond the Gaussian
assumption and do not rely on mixing assumptions. As a consequence of our theory, we also
develop novel concentration bounds for quadratic forms of dependent sub-Gaussian random

variables using a careful truncation argument.

It would be of interest to consider other variance estimation method, e.g., scaled Lasso [Sun
and Zhang [2012], or cross-validation based method Fan et al.|[2012], and establish corresponding
theoretical guarantee. There also remain a number of open questions/challenges including exten-
sions to generalized linear models, heavy-tailed innovations and incorporating hidden variables

under time series setting.
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A Proof of Lemmas in Section 3.3l

Proof of Lemma[3.1. We prove the error bounds for each //l\m and then take a union bound.
Without loss of generality, we consider the estimation of A} € R™. With a little abuse of
notation, let S = supp(A47), h=A — Ay, S = supp(A}), and H = %ZtT:_Ol XX, (S is not the
decorrelated score function we defined in section @) We would like to bound ||A|1, ||]|> and

hT Hh under two cases separately:

(1) A=AD),
Here we adopt the standard proof framework for Lasso. By we know that ﬁl e RM

satisfies
T-1

~ 1
Ay = argmin T E (Xer11 — X B)2+ AallBll,
BERM t=0

which implies

T-1 T—1
1 n 1 * *
(Xer11 — X A1) + AalArf < T D (Xipin — X AN+ AallAf
t=0 t=0

1
T
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Rearranging the terms, we have

T-1
vy i | . ~
hTHh < 20" (T > et,lXt> +Aall ATl = Aall A
t=0
= R . A
72|l + Aallhs ]y = Aallhser-
t=0 o0

The last line is due to that

1A% — (1A = 1(ADsll = I1(AD) sl — [[(An) sl
= [|(AD) sl — (A1) st — [|hse]lx
< |lhsll1 = Ilhsel|1-

By Lemma with probability at least 1 — ¢j exp{—cqlog M},

T-1
1 Z T 1 log M
t=0 0

Meanwhile, since H is positive semi-definite,

3)\A A
sl — == HhscHl,

lasellr < 3||hs||1-

0<h'Hh< 2

We have the following restricted eigenvalue condition for H.

Lemma A.1. Under the model specified in with independent sub-Gaussian noise €y of
constant scale factor, and A* € Qo U Qy, for any set J C {1,2,--- ,pM}, positive integer
k > 0, H satisfies the following REC:

inf{o" Hv : v € C(J, k), |[v]ls <1} > C; >0,

with probability at least 1 — 2exp {—cT'}, when |J|logpM < CoT. Here C(J,k) = {v :
|lvgelli < kl|vs|l1}, constant Cy depends on 8, ¢ and Co depend on k and j3.

Here h € C(S,3), |S| = p1, by Lemma when 7' > Cplog M,
h'Hh > C|h|3,
with probability at least 1 — 2exp{—cT'}, when T' > Cplog M. Thus

log

. . . M .
I4l}3 < CRT Hh < Callhslly < €/ 2225 (54)

2 prlogM .+ p1log M
h e, hTHR<
[hll2 <C T C—F—

5 5 - log M
10l <4llbslh < av/pillhlls < Coryf ==,

which implies

with probability at least 1 — ¢; exp{—cqlog M}.
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(2) A=AD),
Here we adopt the standard proof framework for Dantzig selector. By ,

T-1
~ 1
A = arg min Hﬂ”l, s.t. T Z(Xt+171 — XtTﬁ)Xt < )\A. (55)
BERM t=0 0o

By Lemma when T' > C'log M, with probability at least 1 — ¢; exp{—calog M},

T-1 T-1

1 . 1
T Y (Ko =T ADX|| = T D e <aa
t=0 00 t=0 00
which implies
- log M
|Hhlloe < Oy =2

Meanwhile, by ,
A1l < 450, Nhsell < [lhs]l-
Here h € C(S,1), |S| = p1, by Lemma when T > Cplog M,
h'Hh > C|hlj3,

with probability at least 1 — 2exp{—cT'}, when T' > Cplog M. Thus

. A . A log p1log M
1hl|3 < Ch"Hh < ||[Hh||||2]l1 < C Il < C T 122, (56)
which implies
p1log M T p1log M
hljs <C h"Hh < =2
Ihlls <0/ PE2 ey
. . . log M
10l <4llbslh < av/pillhlls < Coryf =2,
with probability at least 1 — ¢j exp{—c2log M }.
Therefore, after taking a union bound over m =1, --- , k, proof complete. O

Proof of Lemma[3.9 Without loss of generality, we consider the estimation of (w}).; and then

take a union bound. Let v* = (w}).1, 0 = (wW1). 1, h=b—v*e RM~d1 and § = supp(v*). Then

we prove upper bounds for ||Al|; and hT H De, DflAz with high probability under two cases.
(1)t = Y.

Looking into the definition of 1, it is clear that the optimization can be viewed as

dj separate optimization problems, in terms of each column of w;. Thus

T-1

. ) 1 T 2
b=arg min Z ((X,0); = Vlpgv) ™+ Aullolh.
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The following proof is almost identical to the proof in Lemma under A = E(L), except

some difference in notation and application of Lemmas. One can show that,

T-1
1 T \2 .
=2 (@p), = Xpeo) + Aulloll
t=0
T-1
1 T * 2 *
<7 30 (@n)y = Alpev* )+ Xl
t=0

Rearranging the inequality gives us

T-1

) . (1 . i )
h' Hpe peh <2h" (T > ((Xpy), — X psv )XD§> + Awl[v" 1 = Awll9]l1
=0

lAally + AwllBsll = Aallfse]ls-

o0

<2

T—1
1 T T
T Z(Xt7D1 —wj Xt,Di)XDg
t=0

By Lemma with probability at least 1 — ¢1 exp{—colog M},

T-1
1 N 1 log M
T Z(Xt7D1 - wlTXt7Df)ng § 1)\11) = C gj_, 3
t=0 o'}
which implies,
R < 3wy Aw (3
0 < h'Hpe peh < Twllhslll - flthclh,
lhsellr < 3|lhs]lr-
Let h € RM be defined as the following:
hp, =0, hpe = h, (57)

By Lemma when T > Cslog M, with probability at least 1 — 2exp{—cT},
- = o R AT - - s1logM | -
1hll2 = [Ihll2 <Ch" Hh = 2h" Hpg psh < CAullhs|s < C\f ———[All2,

which implies
W h < o oos M
— T )

5 ; - log M
Il < 4llhsly < 4v/slal < Conyf =2

with probability at least 1 — ¢j exp{—calog M}.

and
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(D)

(2) o = 0D,

By (28),
1 T-1
D= argmin Hv”l, s.t. T Z ((Xt,Dl)l — 'I)T.)C't7Df> Xt,Df S Aw.
veERM—dq =0 -

(58)

This proof is also pretty similar to the proof of Lemma under the case where A = A(D).

By Lemma [5.6

log M
T b

S)\w:C

T-1

1

T Z ((Xt,Dl)l - UﬂXt,D;)1 Xt,D¢
=0

(e 9]

with probability at least 1 — ¢; exp{—calog M}. Thus,

[log M
< .
‘oo =0 T

H@H1 = H@S”1 + ”@SC||1 < ||"U*H1 = HUEHM

HHgf,th

Meanwhile, by ,

which further implies

HhSc

<[],
1 1

(59)

Recall the definition of & in ,then by Lemma and 1) when T > Cslog M,

1213 = IAlI3 <ChTHh
:CETHDf,DfiL
<c|al,

1

Hpe peh

.
log M
T
s1log M | -
——|h

2= 1l

<C

s
<C

which implies
AT - s1log M
h' Hpe peh < CT,

. A log M
IRl < C/sllhlle < Csiy/ =5,

with probability at least 1 — ¢; exp{—colog M }.

and
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Since

and
T—1
(1
tr{(wl—wl) (T X, De, XtDc> (1 wl)}
t=0
1 1 T-1
= ((@1).y— () )" | = XtDCXtD‘ ((@1).5 — (wi)-5)
T
j=1 =
taking a union bound over {w,, : m =1,--- ,k} and all columns of w,,, proof is complete.

Proof of Lemma[3.3 The following established result can be applied here:
Lemma A.2. For any invertible matriz B, if B+ A is also invertible, then

—1(2
1, < 1B~ lI5[[All2

B+A)l - )
1B +24) [~ B 1Al

Since ||I|l, = 1, one can show that for 1 <m < k,

—1 —
HT(m)%T(m) Tmz _ IH < HT(m)%T(m)) 1yp(m)3 _ IH < Az
o0 1Al
where A = T(m%%@T(m)fé — 1. Due to ,
-1 —
< _p(m) H (m) _ <m>H
18]y < (Amin ™) || T0m — 0
<ol -1, < [ -]
F 9]
In the following we bound H% — T(m)H . Write 'I/“(E) — T a5
Tm) — )~y ( ZXt - )W;;T
=
— (m — w;kn)Tf X4, e, (X1,D,, — wyy! X pe,)
t=0
T—1
1 «T . %
= 7 2_ (XD, = way Xe.Dg )&, pe, (W — wry)
t=0
=
+ (@m — w:n)—r <T Z Xt,D%Xt Dc ) (’lZ)m — ’ll):n)
t=0
-

O]



where W} is defined as in ([48). Actually,

T-1
* 1 *
W (T S T> Wm;.‘
t=0

T-1
1
=N XTWEL WX — (WL W)
t=0

1E{™ |0 = max
7”]

= max
Z’-]

)

T

which is the maximum over deviations of some quadratic forms from their expectation. The
following lemma provides a bound for quadratic form % Zz:_ol XtTBXt, with B € RMXM being

any symmetric matrix.

By Lemma [5.2] we only need to bound the trace norm and operator norm of
1

5 (W) T )5+ W) T3 )

The following lemma establishes the relationship between ||-[|t; and ||||2 for symmetric matrices.

Lemma A.3. For any symmetric matriz U of rank r, ||U||tx < 7||U||2.

Since 1 ((mcg)Z(vv;gj.+—(mn;);(vvg)@) is of rank 2,

tr

<2 |5 (07200 W35+ 073097,

2
<2 || W) (Wi, = 20V la (W)

Meanwhile, similar from (49), we bound max; ||(W};);.||3 by

[(Wy)ill3 =1+ [I(w},)..l13
<1+ Amax(Tl_)én’D%)Q ”T,ZHg (62)
<1+ Amin(T)_QAmaX(T)2 <C,

where the second inequality is due to that ||TZ|]3 = (T2 < Amax(T?) < Apax(Y)2. Thus,
both the trace norm and ¢9 norm of % (W:@ZW;L] + W;;LTJW;LZ) can be bounded by constant,

and applying Lemma [5.2] gives us

m log M
P <||E§ )Hoo > Cy/ ogT ) < ¢y exp{—calog M}.

Meanwhile, by Lemma and Assumption with probability at least 1 — ¢y exp{—colog M},

1ES™ oo < [—

T—1

1 *

T > (XD, — w} Xi.pg,) XD,
t=0

o0
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and

|57 = ma (5™

= H;?X(?f]m —w}) i Hpe pe (tm — w},). j

< mlax(wm - w;).—;HD,Cﬂ,Dfn (W — Wiy ).
<tr {(u?m — w;kn)THDfn,Dfn (Wm — w:n)}
<gimlog M
- T
Here the second line is because that Hpe pe = % ZtT:_Ol Xt,De, Xt,TD%L is symmetric and positive

semi-definite, thus we can apply Cauchey-Schwartz inequality. When 7' > C's?log M.

smlogM< log M
T - T ’

which implies

[T 7] < P — 1) e < T — T < €[ EH

Therefore, take a union bound over 1 < m < k, with probability at least 1 — ¢; exp{—ca log M},

log M

——1
e o] <

[e.9]

when T > Cs%log M. 0

B Proof of Theorem 3.3 and Theorem [3.4]

Proof of Theorem [3.3. Now we consider model , with unknown ¢*? = Var(e;) > 03. Under

this model, we use the notation [7T for the quantity defined in the following:
Ur =T 8),(Xtm)~5,,/o*2.

As explained in Section Uy satisfies Theoremand under each corresponding condition.
We show in the following that we only need to control the estimation error of 42. Note that for

any 0 < 9 <1,
. N T 0_*2
<z)< < _
IP(UT_Q:>_IP<UT_1_6>+IP<&2 <1 5),

- . *2
P (Ur>2) gIP(UT>1i5>+IP’<22 >1+5).
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For any distribution function F(z),

[P (Ur <) - Fa) §s1;p|P (Or <y) - Fl»), +5up |F(y) = Fly(1 = )

*2 *2
P(s2< 2 P(s2>-2 ).
+ <a <1+5>+ <O’ >1_5

Recall that Theorem |3 1 and 3 2| establish bounds for [P (ﬁT < x) — Fy(z) under Ho, or under
H with ¢ > 2,forP UT dHAHg x) when ¢ = %,and forP(UT§w> When0<q§<%.

Thus we only need to bound I[D 0 < 1+6 , (62 > g) and sup,, |F(y) — F(y(1 - §))| with

F(z) = Fy(z) or F(x) = d,IIAH%( x). Since 0 < § < 1,

*2 *2 *2 72
~2 o ~2 o ~92 *2 do ~2 *2 9 0
+ — ) < — — ) < — — .
IP’<U <1 5> P<U >1 6> P<|O' o™ > 5 ) P(’O‘ o™ > 5

Meanwhile,

1 -
6=t = 3 | X - A% - o
t=0
T-1 T—1
1 2 *2 1 * 2
=17 2l = o+ 57 3| (A= 4|
t=0 t=0
9 T-1
+— etT(A—A*)Xt‘
t=0
1 T-1 M
=T Z lecll3 — o*% + — Z(Az — AN TH(A; - A7)
=0 i=1
M 1 T-1
+ — Z(Az A;k)—r <T Z Etht>
i=1 t=0

By Assumption and Lemma with probability at least 1 — ¢; exp{—calog M},

plog M <C plog M
7 =

M
1 n *\ T n *
il A AN <
3 (A= ADTHA - ap < € LS

and

5 Mo . 1 1=t N
—EZ(AZ‘*AI) H<§ 62-?() <2max ||A; — A}
M~ T~ et i H

<1T—1
)
>
1 Tt:O

SC’plOﬁM e plog M

Also, since € are independent sub-Gaussian random variables with scale factor C'o*, the first

term can be bounded by Bernstein type inequality of sub-exponential random variables(see
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proposition 5.16 in [Vershynin [2010]):
;| T
P <|MT ; ||€t”§ —o*?

Let 6 =C plOTgM, then

50_*2
>

> < 2exp {—cMTmin{éQ, 51}

*2 *2
P(s2< 2 P(s2> 2
<a <1+6>+ <0 >175
<2exp{—c1pM log M} + ¢y exp{—cslog M}.
While for sup,, Fy ,2() — Fy 2 (x(1 — 6)) with any p € R? satisfying [|ull2 < C, if § < &,
Fauz (@) = Fap (2(1 = 9))
=P (112 + ul} € (@(1 - 9),a])

<C(d) (+% - (2(1 - 9))%) sup e lFIB/2
le+ul3e(@(1-5).a1

<ot ep {3 (VoT=) - lul2) (VAT = )}

Here Z € R? is a standard Gaussian random vector, the third line is due to that the density of
Z is (2%)7%6_”2“3/2, and the fourth line applies the fact that when 0 < § < %,

[1 (1- 5)%} <3 p ed152 Y
ce(1-4,1) 2

Meanwhile, when /z(1 — &) < ||ul|2,

[JisH

(1 - 6)(E"D1<D5 < O(d)s.

and when /x(1 —0) > [|u|2,
ot exp {3 (VaT=5) - ) 1v/oT=9) = o)

<sup(y + C’)de*yz/2 < C(d),
y=>0

which implies
Fa (%) = Fa 3 (2(1 = 9)) < C(d)o.

To see why all the bounds for ﬁT still hold for ﬁT, note that we only need to add C N’%M +
2exp{—c1pM log M} + co exp{—c3log M} to the bounds under Hg, and under H4 when ¢ > %,
which only changes the constant factors of the previous bounds. For the bound under H 4
when 0 < ¢ < %, we substitute = by Z; with § = C 10%,M, and add 2exp{—cipMlog M} +
¢ exp{—cslog M}, which only changes the constant factors as well. Therefore, all the conclusions
for ﬁT in Theorem and still hold for ﬁT under each corresponding condition. ]
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Proof of Theorem [3.4. First we show the connection between Ry and Ur. Note that

T—1
~ 1 N A
Sm =— T <Xt,Dm - vathD%l) (XHW B ALXt)
t=0
T 1

t

=0
. ( (45 )

Thus

'}(?Ef>4ﬁ5(ﬁﬁ)*3m

— -1

— —\ —1 — T -1 —
and the only difference between Rr and Uy is that we substitute (T(m)> by ( Y(m) > Y (m) (T(m))
e~ T\ - 1
We only need to prove that <T(m) ) T(m) (T(m)) satisfies Assumption|3.3] The argument

is very similar to the proof of Lemma but we need to bound

’ﬁﬁ(ﬁﬁ)lﬁ%T_me

instead of H@ - T(m)H here.

—

Let £ = 'f(\"T) — Y(™), then
T(m) (@)_I%T
= (%7) +E) (@)_1 (@ +E")

:W+E+ET+E<@> ET.

. () log M
Recall that when proving Lemma we already upper bound HT(m) — T(m)Hoo by C'y/ =%
with probability at least 1 — ¢1 exp{—cslog M}. Thus for any vector u € R%" s.t |luls = 1,

’U,TWU = Yy 44T (’ﬁ;) - T(m)) U

2t (1)t [T 1] 2
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< Cdm||E]|oo- We bound || E||

which implies Apax <(W) _1> < (C, and ’E <@>_1 ET

in the following. One can show that =
=
1Bllos = || 72 D (X0, = X5, ) AT,
t=0 00
=
* 1 T * ~ *
<||7 > (Hp, — wid Xpg, ) Xlpg | (wially + lom — i)
t=0 00
1 T—1
+ max (W <Xt Dg, tDc ) (W —wy,)).;
’ t:
=
T * ~ *
7 2 Apg, Xlpe wil| [l — w1
t=0 00
Applying (42 ., Lemmau we have
=
7 D X, g Wiy
t=0 00
T-1
x 1 x 63
<|[og,,p5,wnll o + | 7 > Xupg Xilpe = Togps || lwhl (63)
t=0 00
log M
< Apmae(T) max || (w?,) 2 + C2282 <
7

T
Thus, with Lemma Assumption and , we show that with probability at least 1 —
c1 exp{—calog M },

log M Sm log M log log M
T
Therefore, using the same arguments as in the proof of Lemma B3

+C

[E]loc < C

‘ﬂmﬁr(m) (T(m>) Yom rmb _ g
2

-1 —~—T

SCHT(m) (T(m)) T(m)  — ym) 2

<Cd,, H'F@ (@) Tom | _ T(m)H

<c [T —x™|| +c|B|,
log M
< .
<Csp, T
By Lemma [A2]
~T\ "l — -1
y(m)—% (’I"(m) > Y (m) (’r(m)) vt 1l <cs, IO%TM'
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C Proof of Lemmas in Section [5l
Proof of Lemmal[5.3 Let
1
e (YD) "2 WA,

¢ 1
Tt = — = :
6t7k(T( )) 2 WgXt

Define filtration Fry = o(X_pt1, X_p+2, <o+, Xyy1), then (&r¢, Fre)o<t<r—1 is a martingale
difference sequence, and Vp = Z th To bound the convergence rate, we are going to use a

modified version of Lemma 4 in Grama and Haeusler (2006).

Lemma C.1. Let ({ni, Fni)o<i<n be a martingale difference sequence taking values in RY. Let
X =Sk €, and (XM, =38 4 &2 8 B(6nil] | Fni1). Define Ry = LP* + N,

d
ZEHSmHH% Nt = B[ (X™),, — |15
Then Vu € R%,r>0,0 <8< %, whenR?’dgl,

1
PO X+ ulle =7) —=P(|Z + pll2 = r) < C(||p]l2,d, 0) (Rgz,d) 3536 7

where Zgyq ~ N(0,1), C(||pll2,d, ) is non-decreasing as ||u||2 increases.

By Lemma |C.1} to bound sup, ‘IP’(HVT +pll3 <z) - Fy juz(2)|, we only need to bound

R??d — L??d + Ngv

ZE (lereli

145
E (Z Wi XtH26tm>
1

-1 k
]{75 E (|€ m|2+2§||W* X ||2+26>

m=1

M’ﬂ

il

< CT—(1+5)

(]

t

= T°K5C(9)

ng

E (|IW;, 0[5+
1

3
Il

Here the second line is due to Amm(T(m)) > 1, and the third line is due to f(z) = 2119 is a

convex function. More specifically,
k

. <1 . 1+6 .
(Z ||Wm»ctu%eiz<> <Y (kIWn AR ) = K3 (IWnal3 ).
m=1

m=1 m=1
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While for the last line, since ¢, is sub-Gaussian with parameter 7, Ele;,, [+ < C(§). Note
that d, 8,7 are all viewed as constants here. Due to the sub-Gaussianity of ¢ ;’s, we have the

following lemma.

Lemma C.2.

Q=

E([[WyX:3)e < Cq  for all ¢ > 1.

Therefore,
E (1wl < C(9),

which implies
Lyt <cE)r.

While for Ng’d, since

T—1
Z E <£T7t£;,t|FT,t—1> -1
t=0
(TM)=2 By (T3
0 (T2)~2 By (Y@)~2
" (T®) =3 By (TM) 3

where B, = W (% STl — 'r) W,

k 146
NI —E <Z:1H(T<m))—§3m(y<m>)—é tr)

k
<E <§_jlde(T‘m’)5Bm(T<m>>5

- (z dfnannoo> |
m=1

where the second line is because that (T(m))féBm(T(m))fé is of rank at most d,,, and we can
apply Lemma the last line is due to

[Bmllz = sup [[Bnull2 < sup dul[Bntlleo < sup v dul|Bulloollulli = diml| Bl oo

|ull2=1 [[ull2=1 f[ull2=1
Since
1 T-1
(Bu)ig = 7 2 A (W)L (W) — e (W) (W), T)
t=0

o1



by Lemma we only need to bound the operator norm and trace norm of
1
2
By and , we have the following:

E

(W)l (W5 + W) LW )

> (WD L)+ W) L wi)s)

<2 Hl ((W;;L)Z.T(W;)j. + (W;';)JT.(WE%‘)

tr

<C.

2 2

Therefore, applying Lemma leads us to

. 145
P (zd;anuoo) .
m=1

1
T 1+6
P(HBmHoo > 2 >
1

12
<cj exp {—CQT min {x 45, p1+6 }} ,

M=

<

3
[

which implies
o
Ng,dg/ P (Z d?nHanoo) >z | de
0 m=1

o0 2 1
< c1expd —col' min < xT+8, xT+6 & & dx
[ v {-eamin })
1 o0
<C(9) (/ u? exp{—cTu®}du —I—/
0 1
<C(5) (Tlﬁér <1_2“5> + T+ 5))

<05

ul exp{—cTu}du)

Thus,
Ryt = NP L7 < c@) (T2 4+ 773,

By Lemma for any >0, p € R% and 0 < 6 < %, when T > C(6),

1
T,d
‘]P) (Ve + pll2 < z) — Fd7”u”3(m)‘ < (|12, 6) (35 )3“5 :
The best rate is achieved when § = %, and thus when 7" > C,

_1
sup [ (Vi + 3 < 2) = Fypupg@)] < Olull)T 7,
Tz
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Proof of Lemma[{9 We prove the lower and upper bounds for eigenvalues of YT, by establishing
a connection between our stability condition and another spectral density based condition
proposed in Basu et al.|[2015]. First we introduce the following lemma, which is a direct result

of proposition 2.3 and (2.6) in Basu et al. [2015] under our setting.

Lemma C.3. Under the model specified in with independent noise € of unit variance, the

etgenvalues of T can be bounded as follows:
(/«Lmax(-A))_l < Amin(ﬁr) < Amax(T) < (,umin(A))_la
where pimin(A) = minj,—; Amin (A*(2)A(2)), and pimax(A) = max ;-1 Amax (A*(2)A(2)).

By Lemma|[C.3] we only need to prove that condition implies a lower bound for iy (.A)
and upper bound for fimax(A). First note that

fmin(A) = min Apin (A(2)A"(2))

|z|=1
. 2
it 13
=1 w lully
2
= min infw2
A= ](A*( N7
= (Jren],)

o son-1 [ ) ol ~
where the last equality is due to that |[(A*(2)) , = SUPy Meanwhile, for any
2| =1,

|ca @], = 4 @l = | v | <Xl <s,
j=0 j=0

2

where we apply condition in the last inequality. Thus pmin(A) > 872

While for bounding pimax(A), we start by bounding ||A,||2 for 0 < n < p. Here we define
Ao = Inxm, and A, = 0 for all n > p. Since

= AT @A) - (3w <Z A) -y (Z\I’ An- ) ,
j=0 =0

n=0

one can show that Wo =1, and > W;A,,_; =0 for n > 1. Thus

n
— Z ‘l’zAn—z for n > 1,
=1

and [|Apll2 < D0 1Wi]|2]|An—ill2. We have the following claim:

For0<n<p, |Apl2<p"VL (64)
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This can be proved by induction. It is clear that ||Ag|lz = ||I]l2 = 8°, and if holds for
0<n=Fk<p,

Akl <D I1Wll2(8" 7 v 1) < Bm?x(ﬁn_i V1) < BrvI.
=1

Therefore, fimax(A) can be bounded in the following:
,U«max(A) =max Apax (A(Z)A* (Z))

z[=1

2
=max [|A*(2) |3
j2=1

< (;;III‘L‘Hz)2

p+1 _
(P 1
{751
With Lemma we conclude that

Cl(ﬁ) S Amin(T) S AmaX(T) S CQ(ﬁ)a

where C1(8) = (%)2 1(B>1)+(p+1)721(0 < B < 1), and Ca(B) = B2 O

2
) 16>+ G+ 1105,

Proof of Lemmal[5.1. Recall that Xy = >222 Wje;—j—1. Define ‘ligp ) € RPMXM g the following:
U;1(j > 0)
(») _ .
o = ; , (65)
Wi il —p+120)

then we can also write X; as an infinite sum X; = Z?io \Ifgp ) €1—j—1. Without loss of generality,

we consider the first entry of % tT;(f €@ X,:

1 T—-1 o)
T 2t Z(‘I’j)lft—jfl- (66)
t=0 7=0

In the following, we tackle the infinite sum in , by focusing our analysis on the finite sum

and let the residue converges to 0. Rigorously, for any positive integer m, let

e= (! eron) ' = (Tygm)1os---5 (Po)1,.,0,. .. 0" e RTHm+DM

—m—1»

and e € RHMHADM gatisfying egt) =1(i = (t + m)M + 1), then we have



We will let m be sufficiently large in later argument. The following arguments are devided into

two parts: bounding Fq and Ej.

(1) Bounding E
Since all entries of € are independent sub-Gaussian with constant parameter, we can apply

the following Hanson-Wright inequality:

Lemma C.4. Let X = (X1,...,X,) € R™ be a random vector with independent components
X; which satisfy E(X;) = 0 and || X||y, < K. Let A be an n x n matriz. Then, for every
t>0,

12 t
P (\XTAX ~EXTAX| > t) < 2exp {—cmin < , > }
K4 AlE K2([All2

This lemma is a result in Rudelson et al.| [2013].By Lemma we only need to bound the
norms of & S} EOMONS

First note that

1 T-1
=3 ey
t=0

(T+m+1)M

1 T-1
= sup = Z uTe(t)n(t)Tv.
, lulle=lwl=1 T {5

For any u,v € R with unit 5 norm, one can show that

1 T-1
LS w07,
T

t=0

1 T—1 t+m '
=T > urmnrst Y (Wm0t
t=0 i=0
T—1 t+
<l u f (1)
S (t+m)M+1 Ot m—i[V 2
t=0 i=0
. Il ™12
Sf(UmM—O—la c U m—1)M4+1)T :
T+
_Iitll
— T b
where v() = (VG—1)M+15 - - - coing) Ty i = [ Willy > ()1 ]|y, and T € RTXTH+M) i 4 matrix

with each entry I'j; = am4i—j1(m +i—j > 0). Since I' is a Toeplitz matrix, we will use the

following lemma to bound its 5 norm.

Lemma C.5. Let f()\) be a Fourier series defined as f(N) = > ;2 tpexp{ikA}, with
Yore o lte] < 0o We define a sequence of Toeplitz matrices T,, with (Ty,)i; = ti—j, then

the operator norm of T, is bounded by
| T2 < 2esssup f.

where ess sup f the essential supremum.
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This is actually Lemma 4.1 in |Gray et al.| [2006], and we directly apply it here. By Lemma

N

e 0 00 00
P < 2500 | 3 e <23 0 <3 (Yot | <
A lk=—m k=0 i=0 \j=0

Thus H% Z;‘F:_Ol e(t)n(t)T H2 < % While for the Frobenius norm, we have

1 T-1 - 1 T-1 1 T-1
- (), (1) - - ®)e®T - ®),®&T
t=0 F t=0 =0
T-1
1
== > I3
t=0
T—1t+m 2
1 2 P
t=0 =0

Therefore, by Lemma for any 6 > 0,

P(|Ey| > 6) < 2exp {—cT'min{5,5°}} .

(2) Bounding Fs
First note that

2

= | T2 o
2
SoT 6t,1+ﬁz A Z (U))1-€—j-1
t=0 t=0 \j=t+m+1

Recall the definition of || - ||, and || - ||y, in the proof of Lemma Since ||ef71|]¢1 <

@2 < 27—2’
P(

by Bernstein type inequality of sub-exponential random variables(see proposition 5.16 in |Ver-
shynin| [2010]).

2lletn
T—1

% Z 63,1

t=0

> 5) < 2exp{—cT min{6, 6*}},

2
Now we bound the second term % Z’f:_ol (Z;’iHmH(\PJ‘)LQ_j_l) . Since
0 [o@)
Yo e < D ajllajoal,
j=t+m+1 j=t+m+1
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one can show that

T-1 00

% i Y (Wra—ja

t=0 j= 1
J=t+m+ W1

2
]

> (Tre—ja

_ 1
J=t+m-+ W2
2

IN

o0
<CM~? Z aj |,
j=t+m+1

where we apply the fact that [|[[e||, ]|, < Cv/ M, which is shown in the proof of Lemma

Thus we have

2
T-1 00

1
P ﬁz Z (\Ilj)l.et_j_l >0
t=0 \ j=t+m+1
co
2 o0 2
Mt (Ej:t+m+1 O‘J’)

due to the tail bound of sub-exponential r.v. (also see Vershynin [2010]). Since

<Cexp{ —

1
2

o0 o0 o0
2
Doy (D oly| <8
i=0 i=0 \ j=0
2
o0
lim Z o =0.
m—00
j=t+m+1

2
Let m be sufficiently large such that (Z]Oit Sl ozj) < ﬁ, then we arrive at the following

=
P (T Z Gt,l(Xth) < Cexp{—cT min{4, 5*}}.

t=0

Let 6 = Cy/logMT and take a union bound over the pM? entries of % Z;l e X,", the

conclusion follows.

Proof of Lemma[5.6. Without loss of generality, consider

1 T—1
* T
T ; (Xt,Dm — Wy, Xt,Dsn)i A
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for any 1 < i < d,,, and j € DS,. Similar from the proof of Lemma We can write it as a

quadratic form

ﬂ

AL (Wil e] + e

el

t

where W}, is defined as in (48). Since § ((W*) e; T+ e;(Wr); ) is of rank 2, and we have
bounded ||(W});. ||, in (62), applying Lemmam leads to

i
o

H2((W*) e] +e; (W) )

<2”2((W*) e] +e](W*)>

tr 2

<[ (Wa)illy < C.

Applying Lemma, and taking a union bound over all entries of

=
T Z (Xt,Dm - w;fnTXt,Dgn) X,
t=0
the conclusion follows. O

Proof of Lemmal[5.7. Similar from the proof of Lemma we consider ‘% ZZ:OI XXy — Ty

Since
1 T—1
- D XXy = Z X/ ( eie; +eje; )> X,
t=0

by Lemma H we need to bound norms of 1 (eze +eje; ), which is of rank at most 2. One can
show that

1
‘b@g+qg> < 2feillalle; 2

2

2(ez'ejT + ejeiT)

o

tr

with Lemma Therefore, by taking a union bound, it is clear that

T-1
1 T log M
T doxx[ -1 <c -
t=0 00
with probability at least 1 — ¢; exp{—calog M }. O

D Proof of Lemmas in Section [A] and Appendix [C|

Proof of Lemma[C.1. Here we adopt the proof framework for Lemma 4 in [Grama and Haeusler
[2006], but with some small adjustments. First we construct a new martingale difference sequence
(Muks Onk)1<k<n+1, sum of whose covariances equal to Ijx4. Random projections are used for
construction. The following lemma on random projections is stated as Lemma 3 in |Grama and
Haeusler [2006].
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Lemma D.1. Let V and aq,--- ,a, be positive semi-definite d x d matrices. Set A = a1 +
-« +ag, fork=1,--- ,n. Then there exist a sequence of integers 1 < 7 < --- < 79 < n and
a corresponding sequence Sy D --- O Sy of subspaces of R? such that, with P, defined as the
projection matrixz of subspace S;, for 7, < k < Ti41 (where 1o = 1,741 = n+ 1,80 = Rd), the
following statements hold true for k =1,--- n:

(a)V — A\k s mon-negative definite, where A\k = Pia Py + -+ + PyapPy;

(b)xT(A\k — Ap)x =0, for all z € Iy & {Pyx : x € RY};

(c)xT(/Alk —V+apl)z >0 for all x € I}, where oy, = max{||ar,[|2 : 7j < k}.

Meanwhile, Py ts determined by a1, --- ,ar and V.

Given this claim, m,; can be constructed as follows:
Recall the martingale sequence we consider is (k. Fk)1<k<nt1, and an, = E (&1€,}). Apply
the fact with V =1, ap. = ank, and let {Pnk}}g:l be the corresponding projection matrices. Let
Dy, =1—3"}_, Pygank Py, which is non-negative definite. Define

n
M;;:Zmnk, 1<k<n+1,
k=1

where
1

Mk = Pok&nk, for 1 <k <n, mpni1 = DEnnpt1-

Since Py € Fp k-1, Mk € Fp for 1 < k < n.Thus (mpg, Gni) is also a martingale difference
sequence with Gn, = Fpi, when 1 < k <n, and G, n+1 = 0(Fun, Mnn+1). Meanwhile,

n+1

(M™), 1 = ZE(mnkaﬂfn,k—l) = lgxd-
k=1

This construction is from |Grama and Haeusler| [2006]. They also prove that, for any €,0 > 0,
P(|X7 — My yll2 > €) < C(d, 6)e> % (L?’d + Ng%d) : (67)

Since

—P(| X5 — M2 > &) = P(|Z + pll2 = 7 + 2¢)

+P(| M)y +pllz > +e) —P(Z € [r,r +2€))
<P(| X5 + pll2 = 7) =P(|Z + pll2 = 7) (68)
<P(|Myq + pll2 > 7 —€) =P([|Z 4 pll2 > 7 — 2¢)

+P(| X — Myylla > e) +P(Z € [r = 2¢,7)),

for any € R% 7 > 0,¢ > 0, we need to bound

E(Z + pllz = r 4 2¢)) = EQA([ M4 + pllz > 7 +€))
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and
E(L([Myyy + pllz 2 r—e) = E(U(|Z + pll2 = 7 — 2¢)).
The following functions are defined as a smooth relaxation for indicator function. Let
=3 1 4
fe(z) = /OO o(t)dt, with ¢(t) = éeXp{—m}l(féé)(t% (69)

where C' is a normalizing constant s.t. [ @(¢)dt = 1. Then we have fi(z) = 0 if z < 0,
0< fu(2) <1if0<2z<1,and fi(z) =1if 2 > 1. f.(2) is infinitely many times differentiable
on R, and since f,(z) is constant when z < 0 or z > 1, for any fixed order, the derivative of
f«(2) is bounded. For any z € RY, let

fl,u,r,a(z) = f*(gl,um,a(z))v (70)
where Iz + ul o+ plls =+ 2
z+ —r—c z+ — 742
Gpre(2) = £ z v Gune(2) = : 26 ’ (1)

In the following proof, we will denote f; ,.(2) and g;,.,-(2) as fi(z) and g/(z), | = 1,2 for
brevity. Therefore,

E(L(Z + pllz = 7+ 2¢)) = E(L([ M4y + pll = 7 +€) SE(f1(2) = f1(My14)),
E(L([Myyy + pllz 2 =€) —=EQ([Z + pll2 2 7 = 2¢)) <E(f2(M;41) — f1(2)).
Thus,
PIX7 +plle =) = P(|Z + pll2 = 7))
< max [B((M7s1) — F(Z)]+ B(IXE ~ Myl > €)
+P(|Z + pll2 € [r — 2e,r + 2¢]).
Actually, when r < 3¢, the right hand side of can be substituted by
P(IZ + pll2 < 3e),
and
IP(IX7 + plle =) =P(|Z + pll2 = 7)
<max{[E(f1(My,1) — f1(2))] + P(| X5 — My 14[l2 > €) (72)
+P([|Z + pll2 € [r,r + 2€]), P(|Z + pll2 € [0,3¢2))}-
To bound E(f;(M,;}, ) — fi(Z)), we will use the following lemma.
Lemma D.2. For fi(-) defined as in (70),
ak —k k
Yo YU fi(2)] < CR)eFlylls, (73)
) , 0z, -+ 0%,
1<y, ik <d

for any k € Z*, y, 2 € R, when | =1, or when | =2 and r > 3¢.
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The proof of this lemma is deferred to Appendix [E] In the following proof, we will always

assume the condition [ =1 or [ = 2 and r > 3¢ hold. Therefore, for any m € Z*,

ak
filz+y) - Z D Vi Vig— 5 hi(?)
i1 ik

k=11<i1, ,ix<d

8m+1
§ yll ylm+1 8’“@'1 L. 8uim+1 fl( )

1§i17"' 7im+1 Sd

<C(m+ eyl

where u = z + t1y for some 0 < ¢; < 1. Meanwhile,

8k
fl(z+y Z Z yllylkm.ﬁ(’z)

k=11<iy,,ix<d

8m
= Z Yir * Y Wfl(v)

1<y, im<d

877'!»
- Z Yiy yzmmfl(z)

1<y, im<d

<2C(m)e™" |lyll3",

where v = z 4 toy for some 0 < t5 < 1. Thus, for any § > 0,

[2426]—1

o*
filz+y) — Z Z yzlyzkmfl(z)‘

k=1 1<iy, i <d
<C(6) max{g_m“‘ﬂﬂ Hy”£2+261—17 o [2+24] HyH£2+25]}

<C(8)e272|y||3+2.

Let Wy, 1 <k <n beiid. standard Gaussian random vectors that are independent of G, 41,

Wnp = (bnk)éﬁ;nk, for k=1,--- ,n+ 1, where by, = E(muxm,, |Gy k—1). Define
n+1
Wr?—&-Q:O? Wg:zwmy 1<k<n+1.
i=k
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Then W follows standard Gaussian distribution. Let Ul = M;! | + W}, |, then

|E(fi(Myy,y) — f1(2))]
= [E(fi(M}}11) — ilW])]

n+1
= > E(UE +mun) = fiUF + war)
k=1
n+1
<Z (U} +muk) — i(UF)
|—2+25.| 1 a] .
Z o (mak)iy - (mar)s, mﬁ(%))
j=1  1<iy,,i;<d g
n+1
+Z (AU + wak) — A(TL)
[2+25] 1 Y :
Z Z (wnk)iy -+ (Wnk)i; mﬁ(%))
j=1  1<iy,,i;<d J
n+1

<> CO Bl )

Generally this inequality holds for § € (0, %], since wy,, and m,; have the same second order
moments, which justifies the fourth line. By the proof of Lemma 4 in |Grama and Haeusler
[2006],

n+1
> E(maell3T) < C(d, ) (LY + N,
k=1
thus
E (fi(M]1) — fi(2))| < C(d,8)e 2B R} (74)

Now we only need to bound P (||Z + pl|2 € [r — 2e,7 + 2¢]) and P (||Z + pl|2 € [0,3¢)). Assume
e <1, then
P(|Z 4 pll2 € [0,3¢)) =P (Z € Bs.(—p)) < C(d)e? < C(d)e.

Meanwhile,
P(IZ + pll2 € [r — 2¢,7 + 2¢])
=P(Z € Brioc(—p)\Br—2e(—11))

C(d) ((r+2¢)" = (r — 2¢)9), r <2+ |l
C(d) exp{—(r — 2e — ||ull2)?/2} ((r + 26)" = (r — 26)7) , 7> 2 +||ull2
<C(d, [|pll2)e-

The last line is due to that

(r+2e)% — (r — 2¢) <ded(r + 2e)' < dde(4 4 ||ul2)*,
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when r < 2e + || /|2, and

exp{(r — 22 — |ull2)2/2} ((r +2¢)" = (r = 22)")

<dedsup(z + 4 + ||p)2)? ! exp{—2?/2}
x>0

<ddsup(z + 4 + || ul[2)4 " exp{—z2/2}e.
x>0

Here clearly C(d, ||p|2) is non-decreasing with respect to |[|ul|2. Therefore, by (72), and
, when R?’d <1,forany p e R r>0,0<6 < %, with € = (Rg’d)ﬁ7

1
PUIXS + plls > 1)~ B(IZ + o > ) < C(@, 6, ull) (R4) ™

where C(d, 9, ||¢t||2) is non-decreasing with respect to ||ul|2.

Proof of Lemma[C-3 First we introduce the following two norms:

For any random variable X,

B =

I X ||y, =supp™'E (| X[")7,
p>1

_1 1

| X ||y, =supp 2 E (| X|P)>.
p>1

These two norms are related to sub-exponential and sub-Gaussian random variables, and the
following lemma shows the connections between the two norms and the scale factor for sub-

Gaussian r.v.

Lemma D.3. For any sub-Gaussian r.v. X with scale factor 7, the following hold:
cT < HXsz <Cr,
with some absolute constants c,C, and

X113, < 11Xy, < 201X,

This is an established result in [Vershynin [2010]. By Lemma [D.3] bounding H HW;LXtHgHw
1

would be sufficient, and we start from bounding E (exp {A (W}},), Xi}) for any A € R. Recall
that X; = \IIE-p)Et_j_l, with \Ilg-p) defined as in , we can write

00 N
(Wi = (Wi 3 W ermis = Jim 3 (W)

N
exp {A (W), Xt} = lim exp {AZ(W;;)i.\If;p)et“} ,
k=0
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and

eXp{)\Z W), k ek 1} <exp{WZH Wi )illy e || €r—k— 1”2}

k=0

where &, is defined as H\I/kp H2 The relationship between &y, and ag, = || V4|, can be established

as follows:
(p—1)Aj % p—1 2
ar=swp [|0Pu| = sup |30 e ul}] < (Zaz_n) , (75)
flull2=1 2 ullz=1 n=0 n=0

if we define oy = 0 when ¢ < 0. We now prove that exp {|\| D72 [[(W,5)i-llo du [l€r—kllo} is
integrable so that we can use Dominated Convergence Theorem. Since €;;’s are all independent

sub-Gaussian random variables with parameter 7,

1 1
Mleellally, < Meell3llz, < (Mleille,)® < CVMT, (76)

where the second inequality is due to Minkowski’s inequality. Thus,

E (exp {w S5l ||et-k!2}>
k=0

N
= lim E <exp {w S V)l ||et_k||2}>

k=0
N
. * 2 ~
< lim_exp {OMA2 (Wi )ills ;O az} <exp {CMN},

where the first equality is due to Monotone Convergence Theorem, and the last line is due to
and the fact that

N N p—1 N
Sai<> N o, <pd ai<
k=0 k=0n=0 k=0

Therefore, by Dominated Convergence Theorem,

E (exp {A (Wy,);. Xi})

1 * ) (»)
= lim E (exp{)\];)(wm)z.\l/k etk}>

<exp {0A2||<W:1>i.\|32&i}

k=0
=exp {C’)\Z} .

By Lemma (W), Xelly, < €, and

dm dm
Jiwets], <3 |cown 0% <230 Iown. 2, <o
i=1 =1
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Thus
1
E (W Xl5)» < Cy/p.

O

Proof of Lemmal[5.2, Recall that X; = 372 \Ilgp )et,j,l, where \11§p ) is defined in (65). Similar
from the proof of Lemma for any positive integer m, we can write down % Z;‘F;Ol X' BX; as
the following:

1 T-1 1 T—1 o0 T o]
LS DRI of DSUTLoEN I Dy
t=0 t=0 \ j=0 §=0
1 T—1 [t+m—1 T t+m—1
:f Z \Ilg-p)ét_j_l B \If§p)6t_j_1
t=0 7=0 j=0
1 T-1 00 T [e's)
S5 (D o CL I SR T
t=0 \j=t+m j=t+m
2 T-1 [t+m—1 ®) T 00 )
+T Yo Ve Bl Y vaa
t=0 7=0 j=t+m
éEl —+ E2 —+ E3.

Then we can bound each F; from its expectation separately, and m will be chosen to be suffi-

ciently large later.

(1) Bounding F; —E(Ey)
Let ©®) ¢ RPMX(T+m)M 514 ¢ € REI+MM 16 defined as

ol = (v | v® 0 0).
€= (ejm €T71>T

Then B = €' (% ZtT:_Ol @(t)TB@(t)) €, and by Lemma|C.4{we only need to bound the operator

norm and Frobenius norm of 7 z;‘tol oTpe®,

i. Bounding H% Z?:_Ol oUW Bew H2
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For any unit vector u,v € Rt+mM,

1 T—1 1 T—-1t+m )
UTT Z oMT Be®), == Z Z (i )Tq;ilj_);’: IB\II7E+)m K o)
t=0 t=0 i,j=1
T+m 1 T-1 )T ) '
Z ul Z U B, —j ol
t,j=1 t=(iVj—m)VO0
1 T+m—1
<5 2 IOkl ”IIQHBIIQZ (L
Z,]*
where u® = (ug_1)ar41s- - uin)- Let @& = H\y?’)‘ - and I' € REFXEm) e defined as

o~ -
Lij = > 5z Qji—j|+k0k, then

= [REASAP

LY 007 o0y <ty e

=0 [oHm| |

_BlloAmas(D)

- T
Thus we only need to bound Apax(I'). Applying Lemma the largest eigenvalue of
Toeplitz matrix I' can be bounded by

Amax(T) <esssup Z ZO‘IZHJO‘J

[=—o0 j=0

o0 o0
D D G

l=—00 j=0
% oo oo
~2 ~2
<2) (b ] |24
=0 \j=0

where the third inequality is due to Cauchey-Schwartz inequality. Due to , we can
further obtain

%) o p—1 2 oo p—1 %
Amax(T) 23 | D> otjmn | | 22D af
1=0 \ j=0n=0 j=0n=0
1 1
o0 2
(et ) 3 (Eehpn) <00
i=0 1=0 \i=0
and we define a; = 0 when ¢ < 0 for convenience. Therefore,
T—
1 ClBl2
— OTpe®| « =212
T e e <—7
t=0 2

66



2
ii. Bounding H% S etTpet HF
First note that
2 =
< — ‘U(@@TB@@@@TB@w>,
F 5,t=0

and if we write B = PTAP with orthogonal P and diagonal A (since B is symmetric),

‘u(@®TB@@@@TB@@)

::U(P@@G@TB@@G“WPTAH

<||Bllsx

@@ngB@w@@TH
2

<18l B2 09007

Meanwhile, due to that &; = H\IJEP)HQ and ((75)),

T—1 ||[thAs+m 2
E s) § : (p)
H@ @ H \Ijt—i-m Z\Ils—i-m A
s,t=0 s,t=0 i=1 2

tAs+m 2
S g dt+m—i&s+m—i

(t/\s)+m 1 2
aid\t—sH—i

T-1 o0 9]
2
< (pg a> P § Xlt—s|+i | -
s,t=0 =0 i=1—p

I
& %
I QR
/

s,t=0 s,t=0 =1-p
T-1 o0
<Cp? Y 2AT-1) | > iy
=0 i=1—p



where the fourth line is due to Cauchey-Schwartz inequality. Therefore,

1 oo < CIBIaBl
o ; eTBe ) < r .
Now we apply Lemma and arrive at
P(\El—E(Eﬁ]>5)§26xp{—chin{ i : o }}
I1Bll2" | Bll2l| Bl

(2) Bounding Ey — E(E»)
We will show that |Ey — E(E2)| vanishes when m is large enough. First we bound || Esl|y, -

Since

2
0o

T-1
1 ~
Bl < =SBl | Y dsllesall |
t=0 j=t+m

by (73 and (@),

T-1
2 ~
1By <7 S 1Bl | Y a5 lllesalll,
t=0 j=t+m
2

Meanwhile,

T-1

1 - T
E(E)| =5 > (B Y wPuy
t=0 j=t+m

o0

1 T-1
=3Bl Y a2
t=0

j=t+m

IN

o
SpHB”tr Z a?~
Jj=m—p

2 5 C|B]
j=m—p % < gpr [B2lle < =72,

then by tail bound of sub-exponential random variable (see [Vershynin| [2010]),

For any § > 0, let m be sufficiently large such that >

0T
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(3) Bounding E3 — E(E3)

One can show that

T— 00 o0
| E3| <2 Z Z ajllerjlla > ajlle—jalla,
t=0 j 7=0
and
(o] o0 (o]
Zdeet,j,ng <CvV TZ i < CpVMT Z !
j=n 2 g=n =n=p
Thus
T-1 o] [e¢)
4| B||2 N _
1Bl <— SIS agllesallef] D2 aslle—salla
t=0 ||j=t+m o 11720 "
o0 [e.e]
<C|BlovMpr [ D7 i | | Doay
j=m—p =0

oo
<C|[Bl.vM ) aj.
J=m—p
The first line is due to the following fact: For any two sub-Gaussian random variables X and
Y, [ XYy, <2[X[[y, [[Y][y,- We can prove this in the following:

supg ! (E]XY|q)%§supq (]E|X]2q) (E|Y\2q)

g1 q>1
1 1
<2supq 7 (E|X|%)7 supq ™2 (E|Y|7)a
g>1 q>1
=2||X||w2||Y||¢27

where the first line applies Cauchey-Schwartz inequality. Thus, with large enough m, || E3||, <
%. Also, E(FE3) = 0, therefore implies the same bound for F3 — E(FEs3) as the one for
Eb A'E(Eb):

c6T
P(|E5 —E(E3)| > 6) < Cexp {_HBH2} .

In conclusion, for any d > 0, if we choose some m accordingly,
& 5
< ;P <|Ei - E(Ey)| > 3>

<Ce p{ chin{ 0 & }}
<Cexp{ — , :
IBll2" [|Bll2]| Bl|tx

T 1
Z X, BX; — tr(BTY)
t 0
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Proof of Lemma[A.1 Here we apply some results in Basu et al.| [2015] with a little change in no-
tation. These results simplifies the original problem to finding a upper bound for ’vT(H — T)v}

with any fixed unit vector v. Specifically, the following lemmas are useful:

Lemma D.4. For any J C {1,--- ,pM}, and k > 0,
C(J, k) N{v e RPM : ||lv|ly < 1} C (k + 2)cl{conv{K (|J])}},

where K(1) = {v € RPM : ||v|lo <1, ||v|l2 < 1} for any positive integer 1.

Lemma D.5.

v Do v Dvl.

<3 sup
vek(21)

sup
vecl{ conv(K(1))}

Lemma D.6. Consider a symmetric matriz D € RPM>XPM  If for any vector v € RPM with

Jvll2 <1, and any 1 > 0,
P (‘UTDU’ > 77) < exp {_CQTmin{TlanQ}} )

then for any integer l > 1,

P ( sup vTDv) > 77> < ¢y exp {—cT min {7, 772} + {min {log(pM ), log(21epM /1)} } .

vek(l)
By Lemma [D.4 and Lemma [D.5]
sup{‘ U‘ veC(J, k) Hv||2<1}
<sup{‘ v‘ v € (k+ 2)cl{conv{K( ]J])}}}

<3(k +2)* sup{‘v (H — T)v‘ HONS IC(2|J|)}.

For any unit vector v € RPM

1 T-
v (H Z X o' A — (U’UTT) ,
t=0

Thus ’UT(H - T)v| can be bounded by Lemma

=l
2

va = va =|v3=1
tr

which implies
P (’vT(H - T)v‘ > 77) < ¢y exp{—c2T min{n, n*}}.

By Lemma [D.6] when |J|logpM < C(n)T

sup{’UT(H - T)v‘ NS IC(2\JD} <n,
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with probability at least 1 — c1 exp{—coT min{n, n?}}. Let n = [6(k + 2)%] " Apnin(Y) > C(x, B),
then

inf {UTHU v €C k), vz < 1}

>Amin(T) — sup {‘UT(H — T)v’ cv € C(J,R), ||v]l2 < 1}

>%Amm<’r> > C(B),

with probability at least 1 — ¢j exp{—c2T'}, when |J|logpM < C(k, )T, and ¢z depends on x
and . Here we apply Lemma to lower bound the eigenvalues of T. O

E Proof of Lemma [D.2] 2.1], [A.2], and

Proof of Lemma[D.3 Recall that fi(z) = f.(gi(2)), with fi(z fzo_f P(2)dz, g1(2) = ([|Z + pll2 — 7 —€) /e,
and g2(2) = (||Z + pll2 — r + 2¢) /e. In order to bound the partlal derivatives of composite func-

tion, we apply the following lemma which is a direct result of Proposition 1 and 2 in Hardy

[2006].

Lemma E.1. Suppose univariate function f and g: R™ — R have derivatives and partial
derivatives of orders up to k, then ¥{iy, ..., i} C {1,...,n},

oF 8‘3‘9
f |7r\
e et = % 1t T (e

well(k) Ber

where II(k) is the set of partitions for {1,--- ,k}, and B € 7 is a block in w. Formally,

(k) = {{B1,B2,--- ,Bn} : BiNB; =0,U;B; = {1,2,--- ,k}}.

By Lemma we can write out the kth order partial derivatives of f;:

o (1) 01Plgi(2)
v £l
Oz -+ azlk nezngk ;_[ew HJEB 8'2%
Moreover, we can also write g;(2) as a composite function ¢;(1(2)), with ¢i(z) = \/5?76,
pa(x) = w, and 9(z) = ||z + p||3. Then applying Lemma on g(z) gives us
" (1l 0Pl ()
gi1(z) = o (1¥(2)) - (77)
821‘1 o azzn 71'621_[%71) l E!;J;r HjGB azij
Note that
zi. + i, if B=14{4} for any j
e 5+ {7} Y J
= O (=) it B={j,1} for any j,1
[Tep 02, (ij = u) {41} yJ

0 if |B| > 2,
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which means that we only need to consider the partitions with all blocks of size 1 or 2, when
calculating the partial derivative of g;(z) using Also note that we need partitions for
blocks within an original partition w, we define the following partition set C(m) for any partition

m={Bi,...,By} of size n:
C(m) = {Ul 7 : 7, € I(By)s.t.VC € 71, |C| < 2}.

This set C(m) include the unions of partitions for each block B; within 7, and each block within
the partition of B; has size bounded by 2. Let S(7) = {i : {i} € 7}, and P(7) = {{4,j} : {i,j} €
7}, then the partial derivative of f;(z) can be expanded as

ok ) Wjcs (2i; + pi )M nep@) 106 =) -
Dzi, -~ 0z =2 5 )C(m, 7) 2l || (1)
i1 Zk w€ll(n) 6iﬂ||iz+ﬂi|
7elC(m)

where we apply the fact that gol(k) (x) = % For each fixed 7 € II(k) and 7 € C(n),
2

EX

Yo i vilese) (2 )My nepe L0 = i)
1<iy, i <d

T 2|P S
|7+ 0) " T < g+

then combine this with , we have

ok *iwi ™7 k
) <y f (@) m)llylls

aZ“ 87:% eTi(n) elml HZ 4 Mii — |
weC(m)

1<y, ik <d

In addition, note that fik) (z) = ¢ D(z - 3) = 0 when z < 0 or = > 1, and is bounded on
(0,1).Thus we only have to consider ||z + pll2 > 7+ when [ = 1 and ||z + |2 > r — 2¢ when
=2 Ifr>3cand | =2, ||z + pl|2 > r — 2e > . Therefore,

k
DR LR O — Y

1<iy,-ip<d

T k

m€ll(k) (s;,p)\™ ec(x)

Proof of Lemma[2.1l Note that

_ _ _ —1
= T c,,DE, TDC Dy, — _(T 1)D7Cn,Dm [(T 1)Dm7Dm:| .
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When A* is symmetric, Y=! = I — (A*)?] thus

1
wh = ((A)) pe o, [T= (A7), ] € ROTm) 5,
It is clear that
Sm = lwhllo <dm [{i : (w},)i. # 0} < dp [{i : [(A*)?]i,p,, # O}].
Let Ry, = |{i: [(4%)%]i,p,, # 0} and Cyr, = {5 : A% p,, # 0}, then
< *
|Cm| < din max lla; o

and
Ry, C {i :supp(47) N Cy, # 0}

Therefore,

Sm < | | < iy S [supp(A%)] < 2, max a o)
Jj€CM -

O
Proof of Lemma[A.3 Let Y = (B + A)~!, then immediately we have YB — I = —Y A, which

is equivalent to Y — B~ = —YAB~!. Thus the ¢, norm of Y — B~! can be bounded by
1Y ||l2l|All2]|B~1||2. Moreover, note that ||Y||2 < [|[Y — B~Y| + || B/, we have

1Y llz < 1B7Hl2 + 1Y 21 A2l B2,

and rearranging terms gives us

1B~ |2
1Y l2 < - -
1—[[B72[All2
Therefore,
B73|A
HY_B_1||2 < || ||2H ||2

1= B~ 2l All2
O

Proof of Lemma[A.3 First note that for any symmetric matrix U, we can write it as U = PTAP,

with orthogonal matrix P and diagonal matrix A. By the definition of trace norm,
U]l = tr (\/U2> = tr (\/PTA2P) = tr (PWA?P) = tr (\/AQ) .
If we denote the non-zero eigenvalues of U as Aq, ..., A, then

10l = tr (VAZ) < rmax ] < U]

73



	1 Introduction
	1.1 Related Work
	1.2 Organization of the Paper
	1.3 Notation

	2 Problem Setup
	2.1 Stationary distribution
	2.2 Decorrelated Score Function
	2.3 Test Statistic

	3 Theoretical guarantee
	3.1 Uniform convergence under null hypothesis
	3.2 Uniform convergence under alternative hypothesis
	3.3 Feasible Estimators
	3.4 Variance Estimation
	3.5 Semi-parametric Optimal Confidence Region
	3.6 Special case: AR(1) with Gaussian noise

	4 Numerical Experiments
	4.1 Under the Null Hypothesis
	4.2 Alternative Hypothesis

	5 Proof Overview
	5.1 Key Lemmas
	5.2 Proof of Theorem ??
	5.3 Proof of Theorem ??

	6 Conclusion
	A Proof of Lemmas in Section ??
	B Proof of Theorem ?? and Theorem ??
	C Proof of Lemmas in Section ??
	D Proof of Lemmas in Section ?? and Appendix ??
	E Proof of Lemma ??, ??, ??, and ??

