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Abstract


This project is focused on the implementation of a paper from this year’s Siggraph conference entitled “Fast Median and Bilateral Filtering” by Weiss.  The primary contribution to computer vision that this paper proposes has actually little to do with the inner workings of median and bilateral filtering, but rather the method of which the window of operation is moved along the image.  More specifically, it extends previous work from 1981 paper by Huang entitled “Two-Dimensional Signal Processing II: Transforms and Median Filters.”  Because of how median and bilateral filters work, one cannot simply apply a two dimensional kernel to the image data set and move that kernel around to produce results, instead one must consider each pixel in the window of size (2*radius+1)^2, and because of that some amount of thought must be put into how to best move this window around with as little computation as possible.  Weiss figures by computing multiple columns at once and sharing a central window with nearby columns, less redundant calculations are done compared to Huang’s algorithm.  Huang’s algorithm may be extended to multiple columns but will have many overlapping windows containing the same data.  By solving for the best number of columns to compute at once, a speed increase over Huang’s original and multi-column approach is realized.

Introduction


Because the innovation in Weiss’ paper has little to do with the details of median and bilateral filtering as much as how to best analyze the input data given to the specific filter, I will go over everything first in relation to median filtering.  Towards the end, I will have a section on the implementation differences of bilateral filtering and the changes in performance that result. First, this paper will go into a discussion of the brute force implementation of median filtering and the analysis on theoretical performance.  Then, Huang’s 1981 algorithm will be discussed for its improvements over brute force as well as the logic and theoretical runtime increases it presents.  Following that will be the motivation for Weiss’ improvements to Huang’s algorithm, resulting in an extended version of Huang’s algorithm that operates on multiple columns and the changes in performance that goes with that.  Then Weiss’s base algorithm will be discussed for a discrete number of columns, followed by a variable-column approach and the speed increase that should result from each implementation.  Before the results are shown I will have a brief discussion of the implementation I wrote for the previous algorithms in Python, and the data structures I used.  Then there will be a section on the bilateral filtering implementation and how it differs from the previously discussed examples. The next section will talk about the tests that were run and the results produced by all the previously mentioned algorithms in my Python implementation.  Finally, a short discussion on the median approximation method for data that cannot be put into an explicitly valued histogram, with one bucket for every possible value, is presented before concluding remarks.
Brute Force Median Filtering

Inherent in all these methods of computing a median or bilateral filter is the fact that the set of operations needs to be calculated on each pixel in the image, resulting in an inherent O(w*h) runtime component.  Because this is unavoidable the focus will be on runtime per-pixel, as a function of the radius of the filter ‘r’.  For a brute force method, each pixel must ‘grab’ each neighbor that’s at most r distance in any of the two dimensions, sort the results, and select the median value.  This results in a horribly slow runtime of O(r^2 log r).  In the discrete case, which I implemented in python, the operations take place over each of the 3 channels of a 24-bit image, resulting in 256 possible values for each color value.  The values from the pixel in question’s neighbors are put into their corresponding bucket in the 256-element histogram.  The median is then found by knowing that the total number of entries in the histogram will be (2r + 1)^2 (the size of the search window) and therefore the median will be the middle value, specifically at 2r^2 + 2r + 1.  This means by summing each bucket the median value should be found on average in 128 operations.  This method has huge amounts of redundant calculation as each adjacent pixel will throw out the previous pixel’s neighborhood data, of which all but one row will be re-used by the following pixel.  This leads to Huang’s improved algorithm.
Huang’s Algorithm for Median Filtering

This simplest way to explain the motivation for Huang’s improvement is to say we should keep as much of the previous window as possible when moving to the next pixel.  In order to throw out the least amount of data as possible, one makes a lawn-mowing motion over the data, going down one entire column, moving over a single row and then reversing direction and going up the entire next column.  This results in reusing all but one row (or column in the case of the single side-step) from pixel to pixel.
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The runtime is reduced to O(r) operations per pixel, as exactly 2r+1 pixels must be added to the histogram and 2r+1 pixels must be removed at each step.  There is still a good deal of redundant calculation in this method however, if you notice the window’s location on the image data as it goes down the first column is very similar to the window being used when it is coming up the second column (the difference being column zero and column 2r+2).  Certainly one wouldn’t mow their lawn with that much overlap between sweeps, and that leads us to the motivation behind Weiss’ algorithm.

Multi-Column Huang


Weiss’ main idea is to operate on multiple columns at once, as they are all using overlapping windows.  To best show its improvements, the paper discusses (and I implemented) a basic adaptation of Huang’s algorithm to process on multiple column at once for comparison.  The basic idea is to produce output for N columns at once using N histograms and to not ‘sidestep’ at the end of a run but rather to shift over N columns and re-initialize the histograms and start over.  For Huang’s adaptation, this involves keeping N full histograms for each column being processed.  For each step down the N columns being processed, each histogram must add 2r+1 pixels coming into the window and subtract 2r+1 pixels leaving the window, resulting in N*(4r+2) operations per row.  The runtime does not reduce its previous O(r) complexity per-pixel, as this is simply a rearrangement of things that were already being done, but I illustrate this example purely for a side-by-side comparison with Weiss’ approach.
Weiss’ Algorithm for Median Filtering

Given this multi-column operating framework, Weiss makes use of the fact that histograms are distributive.  Because the histograms for column i and column i+1 share so many values, why not make column i complete and column i+1 a difference of its values and column i’s histogram.  Rather, store positive values for the pixels not in column i’s histogram and negative values for the pixels in column i’s histogram that should not appear in column i+1’s histogram.  This results in partial histograms that have to keep track of a lot less data.
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The intuitive approach then is to make the center histogram the base, complete histogram, and have r histograms to its left and r histograms to its right.  This results in histograms adjacent to the base only keeping track of 1 positive column and 1 negative column, and the histograms r distance away keeping track of r positive columns and r negative columns (notice this is still less than the base histogram, or any histogram in Huang’s approach that keep track of 2r+1 columns).  Not only does this result in less data being carried by each histogram, but when we move down a row for each step in the ‘sweep’, less operations need to be done to maintain each of these histograms.  This approach leads to N = 2r+1, so that the maximum number of columns are done (with the outer-most partial histograms sharing only one column with the base histogram).  The runtime for this remains O(r) because the outer-most histograms are not gaining a lot by sharing very few columns with the base and there is some amount of overhead in maintaining a group of partial histograms, as well as finding the median (now we must sum each bucket in the base and the partial (difference) histogram which means we consider 256 buckets on average).  This means there is performance to be gained by keeping only partial histograms that share a good portion of the base histogram, and this leads us to the variable-column Weiss algorithm.
Weiss’ Algorithm on Variable Columns


Obviously, there isn’t much point in keeping the few partial histograms on the edges who share only a few columns with the base histogram and keep track of only a few columns less than the base histogram, especially when r can grow to values over one hundred.  For any N output columns, the number of modifications to the entire group of histograms per row is (N^2 + 4r + 1) / N.  The paper claims that the minimal N can be solved to equal roughly 2*sqrt(r).  For a filter of radius 16, the ideal N becomes 9 (it’s easiest to keep N odd), meaning only four partial histograms are maintained on either side of the base, sharing between 12 and 15 columns of the base histogram each.  The complexity becomes O(sqrt(r)) and my experiments have shown a drastic increase in performance versus the N=2r+1 Weiss implementation, the multicolumn Huang implementation and the original Huang implementation.
Further Extensions of Weiss’ Algorithm


Although not implemented in my python program, Weiss’ algorithm can be extended to include multiple tiers of base histograms.  The paper shows a diagram for 3 tiers, with one large shared base histogram on the first tier, a few medium sized partial histograms spaced 7 pixels apart on the second tier, and many tiny partial histograms at single pixel increments on the third tier.  
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Solving for the optimal N number of columns per sweep given r becomes sqrt( 4*r^(2/3) ), giving a complexity of O(r^(1/3)).  In a completely theoretical analysis of operations of huge radii (in the millions), keeping hundreds of thousands of partial histograms on seven tiers, the paper shows the runtime to converge to O(logr).

My Implementation


Using the pseudo-code and diagrams from Weiss’ paper I wrote a Python implementation of the brute force, Huang, Multi-column Huang, Static Weiss and Variable Weiss algorithms described in the previous section.  The Brute Force median filter uses quick sort to find the median value, and the rest of the median methods use my Histogram class (Note: this is not the .histogram() return value found in PIL, the Python Imaging Library).  The Histogram class is nothing more than a 256-element list with one-line add and subtract methods and a median method that computes the median by finding the value 2r^2+2r+1 and sums the values in the 256 buckets until that value is reached, returning the bucket that pushed the count over the median value.  This results in an average of 128 operations per call to median.  This is extended to use a median approximation method and will be discussed later on.  The only input required for this class is a radius to calculate this median value.  A HistogramGroup class provides the partial-histogram data structures required by the Weiss algorithm.  Its initial arguments are again the radius as well as the value of N, the number of columns being operated on ( N=2r+1 for static Weiss and 2*sqrt(r)+1 for variable Weiss).  The add and subtract methods are extended to take an argument for which partial histogram the value is being added or subtracted from.  The median calculation is very similar to a single histogram, except that for each of the 256 buckets the base histogram (floor(N/2) ) must be summed along with the histogram referred by the index argument.  In the case that the function was called with the index = base, no additional sum has to be done (the base histogram doesn’t require any of the partial histograms to compute its median).

For image processing I used PIL, which isn’t exactly known for its speed, but so long as every algorithm used it the same way they will be comparable.  For outputting the data, instead of the much slower ‘getpixel’ and ‘putpixel’ methods I called the ‘load’ method which returns a reference to a two dimensional array with 3 values per element (rgb), which can be read and written to.  Each filtering method requires a reference to this pixel data for the input and output images, the radius of the filter and the size of the image.

Bilateral Filtering


Bilateral filtering requires more information within the search window to do its operation.  In addition to the pixel intensity (in a single color band), the location has to be known as well as the location and pixel intensity of the pixel at the location of the output.  Because of this, my simple Histogram class isn’t going to cut it, because when we subtract a pixel of value ‘200’ we need to subtract the exact pixel of value 200 at location (i j), unlike before when all values in a given bucket were equal (allowing us to store negative values in buckets and etc).  Because of this instead of a histogram I wrote a class ‘Bilateral’ which uses a python dictionary, storing each pixel’s x, y, and intensity values as its value and a string “i,j” as the key where i and j are the pixel’s location.  Now we can call del Bilateral[“i,j”] to remove a specific element.  To do the actual bilateral filtering, two values are calculated for each pixel in the search window.  First, the change in intensity from the pixel in question, normalized so that 1 = same color and 0 = 255 color values away (black to white or white to black).  Second, the distance from the pixel in question, normalized so that 1 = in the same location (itself) and 0 = maximum distance away ( sqrt(2)*radius ).  The weight for this neighbor pixel’s contribution to the filter is distance*intensity, and the final color is each of the neighbors’ intensity value multiplied by its weight divided by the sum of all weights (as to not increase or decrease the average intensity value across the image).

This then must be extended for Weiss’ multi-column approach.  Like before, I keep one large complete dictionary in the center ‘base’ column of the sweep.  For each other column I keep a difference dictionary, except unlike before I keep only pixel values that will not be present in the base dictionary and ignore the fact that the base dictionary will contain pixels that shouldn’t be present in the partial dictionaries.  I can do this because given I have the pixel’s location stored in the dictionary, when I’m running the bilateral filter I can check if the given neighbor pixel is outside r columns from the pixel in question, meaning it must be a member of the base dictionary that is outside the window of the partial dictionary.


However, maintaining these dictionaries is a lot slower than the Histograms, and although Weiss’ algorithm still outperforms Huang’s, it does by a much smaller margin.

Results

The median filter results match the theoretical runtime complexities of each method.
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The two Huang implementations perform very similarly (the green and blue lines above), as expected with very similar runtimes and implementations.  The original Huang does slightly better as it doesn’t have to deal with the overhead of multiple Histograms and re-initializations.  The red line is the static Weiss implementation that suffers from a lot of overhead with all the partial histograms and marginal gains with the un-ideal N value.  The teal line is the variable-weiss implementation with the ideal N value for each run, and the graph clearly shows its O(sqrt(r)) runtime in comparison to the other’s O(r) runtimes.  The image used was 320 by 240 pixels and all the outputs were identical.
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The left image is the original and the right image is a median filter of radius 2 produced by any of the algorithms.
The results of the bilateral filter were slightly less convincing.
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The blue line is the original Huang runs of the bilateral filter and the green line is the variable ideal Weiss implementation.  The Weiss remains slightly ahead throughout the much slower bilateral filtering, but its runtime complexity isn’t as apparent in this example as the previous median filter.  It’s very possible that due to the very large amount of calculations in the bilateral filtering, the slight speed increase in shifting the window would be marginalized.  Also the dictionary operations are undoubtedly much more expensive than the simple, distributive histogram operations that shine so well in the median filter.  The test image here was 100 by 100 pixels and again the output was the same.
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The left image is the original and the right is the bilateral filtered image with radius 4. Notice the sharp edges in the eye, teeth, and silhouette of the cat’s head are preserved while the rest of the regions are blurred, a result of proper bilateral filtering.

Median Approximation
The median filtering case presented here is very convenient: each histogram has one bucket for every possible color value.  Because of this, no sorting is needed, and no between-bucket approximation needs to be done because we know the value exists exactly at one of the buckets, and it’s just a matter of finding the median bucket.  Because the method presented by the Weiss paper isn’t specific to median, bilateral, or any image processing filter, this might not always be the case.  In image processing that needs to consider all three color bands at once, suddenly the program is juggling 256^3 buckets!  Furthermore, a generic two-dimensional data set that needs a similar style filter applied, the data might be real with wildly large bounds, so a median approximation method is going to be required.  A ‘median of medians’ method taught in most algorithms class is a bit overkill, as its used for finding medians of unsorted data.  In this example our data is sorted into discretely-valued buckets, and the approximation should find a value somewhere between two buckets, as the possibility that the actual lies perfectly on a bucket value is very low (or, if forced, would effectively down-sample our data).  I implement my approximation scheme using the same image data but only 16 buckets instead of 256 buckets per color channel, and then approximate the median by summing the area of the histogram and finding the point where the areas are equal on either side.  The result was very, very close to the original.  There is no speedup by this approximation, as that’s not the point.  The point is with a 16 bucket histogram and no approximation we’d be left with a 16 values-per-color image, which would be drastically different than the 256 values-per-color original.
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The left image was a median filter produced by any discrete algorithm discussed before and the right image used the median approximation with only 16 buckets per histogram (color channel).
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This is the difference image calculated by subtracting the two previous images and adding 128 to each channel.  As one can (barely) see, the difference image has very slightly different values of grey, but overall the approximation scheme is very close to the original while reducing the storage cost by a factor of 16.

Conclusions

The Weiss method has been shown to have a much better run time (even at two tiers) than the standard Huang algorithm.  However, this speedup is only realized when the window-shifting part of the filter is a significant component of its runtime.  In the case of bilateral filtering, much more time is spent calculating the bilateral filter given the neighborhood as well as managing the dictionaries (in my implementation) that the window movement cost isn’t nearly as significant as it is in the median filter.  What’s critical of the Weiss method is calculating the correct number of columns at once, as the first result graph shows, choosing a value too large will destroy its advantage over Huang and its overhead will cause it to be slow at all radii.  Choosing the correct N number of columns causes the variable-weiss algorithm to overcome its initial overhead and pass both Huang implementations by significant margins that become more and more obvious at larger values of r.  Furthermore, if Weiss’ algorithm is optimized for multithreading, each sweep could be done concurrently, and speedup would be huge.
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Code

doMedian.py
-
The driver program that calls the rest.
bruteforce.py
-
The median filter implementation using brute force and quicksort.

Histogram.py 
-
The data structures used: Histogram, HistogramGroup, Bivalue, Bilateral, BilateralGroup and HisgroamApprox.

huang.py
-
All Huang-related implementations, including original median filtering, multicolumn median filtering, original median approximation, and original bilateral filtering.

weiss.py
-
All Weiss-related implementations, including static weiss median filtering, variable weiss median filtering and variable weiss bilateral filtering.
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