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Abstract. A d-dimensional grid graph G is the graph on a finite subset in the integer lattice
Zd in which a vertex x = (x1, x2, · · · , xn) is joined to another vertex y = (y1, y2, · · · , yn) if for some
i we have |xi − yi| = 1 and xj = yj for all j 6= i. G is hyper-rectangular if its set of vertices forms
[K1]×[K2]×· · ·×[Kd], where each Ki is a nonnegative integer, [Ki] = {0, 1, · · · , Ki−1}. The surface

area of G is the number of edges between G and its complement in the integer grid Zd. We consider
the Minimum Surface Area problem, MSA(G, V ), of partitioning G into subsets of cardinality V so
that the total surface area of the subgraphs corresponding to these subsets is a minimum. Although
several efficient 2-dimensional heuristics which exploit the geometry of the grid are available in the
literature, very little progress has been made in constructing similar algorithms for partitioning higher
dimensional (d > 2) grid graphs. We present an equi-partitioning algorithm for higher dimensional
hyper-rectangles and establish related asymptotic optimality properties. Our algorithm generalizes
the two dimensional algorithm due to Martin [ Discrete Appl. Math., 82 (1998), pp. 193–207]. It runs
in linear time in the number of nodes (O(n), n = |G|) when each Ki is O(n1/d). Utilizing a result
due to Bollabas and Leader [Combinatorica, 11.4 (1991), pp. 299–314], we construct an algorithm to
calculate a useful lower bound for the surface area of an equi-partition. Our computational results
either achieve this lower bound (i.e., are optimal) or stay within a few percent of the bound.
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1. Introduction. Grid graph equi-partition arises in the context of minimizing
interprocessor communication subject to load balancing in parallel computation for
a variety of problem classes including the solution of PDEs using finite difference
schemes [11], computer vision [10], and database applications [7]. Similar to the
general graph partitioning problem [6], arbitrary grid graph partitioning problem is
NP-complete [12], and at present one has to depend on effective heuristic algorithms.

In this paper, we focus on partitioning graph analogs of hyper-rectangles and here-
after call our problem the Minimum Surface Area problem for rectilinear grid graphs,
denoted by MSA(G,V ), in which the d-dimensional grid graph G = [K1]× [K2] . . .×
[Kd] is partitioned into subgraphs of cardinality V so that the total surface area of the
subgraphs is a minimum. We assume that V divides K1K2 . . . Kd. Figure 1.1 shows
a 25-component equi-partition for the MSA([5]3, 5) problem generated by our equi-
partitioning algorithm presented in Section 4. Since the surface area of this partition
does not equal the lower bound derived in Section 3, its optimality is not guaranteed
but its relative optimality gap [[area-lower bound](=2)/lower bound(=500)] is 0.04%,
and only one component allows any possibility for surface area improvement.

Several effective algorithms for partitioning a 2-dimensional grid graph are avail-
able in the literature [2, 4, 5, 8, 14]. Our algorithm generalizes the fast two dimen-
sional algorithm due to Martin [8]. With this generalization, we reduce the problem
to several knapsack problems and use dynamic programming to solve them.
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V  V  T  R   P
V  V  T  R   P
L  L  J   H   F
L  L  J   H   F
D  D B   B  A M M   J  H  F

L  M   J  H  F
W W  T  R  P
V  W  T  R  P

X  X  U  S  Q
W W  T R  P
N  N  K  I  G
M M   J H  F
D  E   B  C A

D  D   B  B A

X  X U  S   Q
X  Y U  S   Q
N N K  I    G
N O K  I    G
E  E C C   A

Y  Y  U  S   Q
Y  Y   U S   Q
O  O  K  I   G
O  O  K  I   G
E  E  C  C  A

Fig. 1.1. An equi-partition for MSA([5]3, 5) with bound gap 0.04%. Only component A does

not have minimum surface area.

Those grid graphs that meet the minimum surface area for a given number of
vertices draw special interest from research in Combinatorics (i.e., study of Polyomi-
noes) [1], and in Physics (i.e., study of the metastable behavior of the stochastic ising
model) [9]. In 1991, Bollabas and Leader [3] derived a class of grid graphs with min-
imum surface area. In Section 3, utilizing their result, we provide a formula for the
minimum surface area for grid graphs with a given cardinality and use this result
to find a lower bound for the surface area of a given equi-partition. We present our
equi-partitioning algorithm in Section 4 and give computational results in Section 5
for some 3 and 4-dimensional equi-partitions. We also compare our results with the
lower bound given in Section 3.

2. Preliminaries. We follow the notation and definitions given in [3]. For the
readers’ convenience, we restate them here. A d-dimensional grid graph is the graph
on a finite subset in the integer lattice Zd in which x = (x1, x2, · · · , xn) is joined to
y = (y1, y2, · · · , yn) if for some i we have |xi − yi| = 1 and xj = yj for all j 6= i. Since
grid graphs are determined by their nodes, in much of the discussion below we identify
the graph with its nodes. Let P ([n]) be the power set of [n] = {0, 1, · · · , n− 1}. The
binary order on P ([n]) is a total order on P ([n])’s 2n elements such that for some
S, T ∈ P , S < T if and only if the greatest element of [n] which is in one of S and T
but not the other is actually in T (i.e., max(S∆T ) ∈ T ). The cube order on [k]n is
a total order such that for some x = (x1, x2, · · · , xn) and y = (y1, y2, · · · , yn), x < y
if and only if for some s ∈ [k], {i : xi = s} < {i : yi = s} in the binary order on
P ([n]) with {i|xi = t} = {i|yi = t} for all t > s. For S ⊆ [k]n, the cube order on
S is the restriction to S of the cube order on [k]n. We write x + [k] to represent
{x, x + 1, . . . , x + k − 1}.

Let G be a grid graph and E be the set of edges in Zn. The edge boundary of
G, denoted by σ(G), is the set {(x, y) ∈ E|x ∈ G, y 6∈ G}. The surface area of G,
denoted by A(G), is the cardinality of σ(G) (|σ(G)|) (In three dimensional space this
matches the ”exposed” surface area of the set of unit hypercubes with centers at the
nodes of G.). The following proposition states that the cube order may be used to
create graphs with minimum surface area. This is a direct corollary to Theorem 15
in [3]. Other versions of proofs of this result can be found in [9], [1] (d = 3), and
[13].

Proposition 2.1. Let G be a d-dimensional grid graph such that G ⊆ [k]d for
some large enough positive integer k, and J be the set of first |G| elements in the cube
order on [k]d. Then A(G) ≥ A(J).

Let d be a positive integer and nd be a nonnegative integer. Let kd be the unique
integer such that kd

d ≤ nd < (kd + 1)d, and md be the unique integer in [d] such that

(kd +1)mdkd−md

d ≤ nd < (kd +1)md+1(kd)
d−md−1. Observe that k1 = n1 and m1 = 0.



PARTITIONING OF HIGHER DIMENSIONAL GRID GRAPHS 3

For an integer nd, we define the following special grid graph, called the quasi-cube
recursively, and we show in Section 3 that quasi-cubes are generated by the cube
order.

Definition 2.2 (Quasi-Cube). The d−dimensional quasi-cube corresponding to
nd is denoted by Cd(nd). For d = 1, C1(n1) = [n1]. For d > 1, Cd(nd) is the set

[kd + 1]md × [kd]
d−md ∪ P (Cd−1(nd−1)),

where kd and md are unique nonnegative integers as mentioned above, nd−1 = nd −
(kd + 1)md(kd)

d−md , and P (Cd−1(nd−1)) is the set of points,
(x1, x2, · · · , xmd

, kd, xmd+1, · · · , xd−1), such that (x1, x2, · · · , xd−1) ∈ Cd−1(nd−1).
Since ki and mi(d ≥ i ≥ 1) are unique integers, the quasi-cube Cd(nd) is uniquely

defined.

3. A Lower Bound for the Total Surface Area of an Equi-Partition.
We use the quasi-cube to obtain our results in this section. The following lemmas
describe some of the properties of the quasi-cube.

Lemma 3.1. The quasi-cube has the properties:

(a) |Cd(nd)| = nd =

d
∑

r=1

(kr + 1)mrkr−mr
r .

(b) A(Cd(nd)) = 2
d

∑

r=1

[(r −mr)(kr + 1)mrkr−mr−1
r + mr(kr + 1)mr−1kr−mr

r ].

Proof. By Definition 2.2, Cd(nd) = Sd ∪ P (Cd−1(nd−1)) where Sd = [kd + 1]md ×
[kd]

d−md . It is clear that Sd and P (Cd−1(nd−1)) are disjoint and |P (Cd−1(nd−1))| =
|Cd−1(nd−1)|. So we have |Cd(nd)| = |Sd| + |Cd−1(nd−1)|, and get (a) by applying
induction on d.

To prove (b), we consider the surface area of Cd(nd). We have A(Cd(nd)) =
A(Sd) +A(P (Cd−1(nd−1)))− 2|σ(Sd) ∩ σ(P (Cd−1(nd−1))|. Since kd−1 ≤ kd, we get
σ(P (Cd−1(nd−1))) ⊆ σ(Sd). Using A(Sd) = 2(d−md)(kd +1)mdkd−md−1

d +2md(kd +

1)md−1kd−md

d , A(P (Cd−1(nd−1))) = A(Cd−1(nd−1)) + 2|Cd−1(nd−1)|, and |σ(Sd) ∩
σ(P (Cd−1(nd−1))| = |Cd−1(nd−1)|, we get the recurrence relation A(Cd(nd)) =
A(Cd−1(nd−1)) + 2(d − md)(kd + 1)mdkd−md−1

d + 2md(kd + 1)md−1kd−md

d , and the
initial condition A(C1(n1)) = 2 if n1 > 0 and, 0 if n1 = 0. It is straightforward to
solve this recurrence relation and get our result in (b).

Lemma 3.2. The quasi-cube, Cd(nd), has the minimum surface area among the
d-dimensional grid graphs with nd vertices.

Proof. First we prove that the quasi-cube Cd(nd) forms an initial segment of the
cube order in dimension d. We prove this by induction on d. Clearly C1(n1) = [n1]
is an initial segment of the cube order. Assume Cd−1(nd−1) is an initial segment
of the cube order. By the definition, Cd(nd) = Sd ∪ P (Cd−1(nd−1)) where Sd =
[kd]

md × [kd + 1]d−md . Let x̄ = (x1, x2, · · · , xd), where xi = kd − 1 if i ≤ md and
xi = kd if i > md. Clearly x̄ ∈ Sd and any element y in the cube order such
that y < x̄ is in Sd. Since there are |Sd| elements which are less than or equal to
x̄ in cube order, Sd is an initial segment of the cube order. We may assume that
Cd−1(nd−1) 6= φ. Otherwise Cd(nd) = Sd is an initial segment of the cube order. Let
y be the element in the cube order such that y > x̄ and there is no other element
between x̄ and y. Then yi = 0 for i 6= md + 1, ymd+1 = kd. Clearly y is the lowest
element in P (Cd−1(nd−1) in the cube order. Our assumption that Cd−1(nd−1) is an
initial segment of the cube order guarantees that P (Cd−1(nd−1)) forms a complete
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segment of the cube order starting from y. Therefore Cd(nd) is an initial segment of
the cube order. By Proposition 2.1, we obtain the result.

Theorem 3.3. Let C be a d-dimensional grid graph with n vertices and nd be a
positive integer such that nd divides n. Then the total surface area of an equi-partition
of C into subgraphs of cardinality nd is at least

2n

nd

d
∑

r=1

[(r −mr)(kr + 1)mrkr−mr−1
r + mr(kr + 1)mr−1kr−mr

r ]

where ki and mi, i = 1, 2, · · · , d are calculated as mentioned in the definition of the
quasi cube.

Proof. Since the equi-partition has n/nd grid graphs and each graph is having nd

vertices, the result follows from Lemma 3.1 and Lemma 3.2.

3.1. Lower Bound Algorithm. Using the above results, this algorithm calcu-
lates a lower bound for the total surface area of an equi-partition of a grid graph with
cardinality n into subgraphs of cardinality nd.

begin { Lower Bound }
for r = 1 to d
area← 0
kr ← 0
mr ← 0
end for
s← nd

r ← d
while (s > 0)
Select kr so that kr

r ≤ s < (kr + 1)r

Select mr so that (kr + 1)mrkr−mr
r < s ≤ (kr + 1)mr+1kr−mr−1

r

s← s− (kr + 1)mrkr−mr
r

area← area + (r −mr)(kr + 1)mrkr−mr−1
r + mr(kr + 1)mr−1kr−mr

r

r ← r − 1
end while
return 2n

nd
area

end {Lower Bound }

When n = nd, Lower Bound Algorithm returns the minimum surface area of a
grid graph with cardinality n. The grid graphs that meet the minimum surface area
are of special interest in many fields as mentioned in Section 1. Table 3.1 shows the
minimum surface area of a grid graph for some selected values of n and d.

4. Equi-Partitioning Algorithm. Let K1,K2, ...,Kd, V be positive integers
and V divides K1K2...Kd. Here we present a heuristic algorithm for MSA([K1] ×
[K2] × . . . × [Kd], V ) problem. The key idea of the algorithm is to decompose the
given hyper-rectangle into a collection of well chosen “towers” of the form [k1] ×
[k2] × ... × [kd−1] × [Kd], in which the tower “bases” [k1] × [k2] × ... × [kd−1] tile
the [K1] × [K2] × ... × [Kd−1] base of the given hyper-rectangle. Associated with
each tower is the area of a particular equi-partition of the tower. In theory, one
could construct an “optimal” tiling of the given base by minimizing the total of
the surface areas of the corresponding towers, but this problem is comparable in
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Table 3.1
The minimum surface area of a d-dimensional grid graph with n vertices

n d = 2 d = 3 d = 4 d = 5 d = 6 d = 7 d = 8

1 4 6 8 10 12 14 16
10 14 30 50 70 90 110 130
102 40 130 262 416 576 768 968
103 128 600 1450 2538 3878 5392 7016
104 400 2800 8000 16066 26000 38506 51750
105 1266 12974 45262 100000 176900 273928 382822
106 4000 60000 253806 634564 1200000 1963298 2878960
107 12650 278708 1423044 3991582 8209238 14000000 21495344
108 40000 1293058 8000000 25152000 55892396 101208628 160000000

difficulty to the original problem. Our heuristic builds up the base tiling via easily
computed partitions of lower dimensions. The main task of the algorithm involves
solving 1 + K1 + K1K2 + ... + K1...Kd−2, d ≥ 2 knapsack problems that represent
total areas associated with “tilings” by towers. For d = 2, there is only one knapsack
problem and this case was considered by Martin [8]. The algorithm is implemented
in d + 1 phases.

In Phase-0, we partition each hyper-rectangle, [k1] × [k2] × ... × [kd−1] × [Kd]
where ki ∈ [Ki] (1 ≤ i ≤ d − 1), into components of size V and calculate the total
surface area for the partition. If V < k1k2 . . . kd−1 (in which case a component
created by the algorithm would be “badly shaped” by having size 1 in dimension d)
or V does not divide k1k2 . . . kd−1Kd, we will consider the component as an invalid
component and assign ∞ as the surface area. Otherwise we calculate the area of the
partition of the tower assuming the vertices of each component are assigned by the
lexicographical order on Zd which can be described as follows. Let x = (x1, x2, . . . , xd)
and y = (y1, y2, . . . , yd) be two d-tuples in [k1] × [k2] × ... × [kd−1] × [Kd]. We say
x > y if j = max{i : xi− yi 6= 0} and xj − yj > 0. If x > y then we assign y before x.
If the component size is V , we may assign the first V cells in the above total order to
the first component and the next V cells to the second component and carry on the
process until we fill the targeted region.

For a “tall” tower whose base is appropriately chosen, lexicographic assignment
generates components that are good approximations to quasi-cubes and hence near-
optimal surface areas are obtained. This property is addressed in the following two
theorems. Theorem 4.1 presents an expression that may be used to compute the total
surface area resulting from lexicographic assignment of the nodes in a tower under
the assumptions that the tower has an integral number of components and that each
component has a ”height” of at least one. Theorem 4.2 establishes under some mild
assumptions that the average surface area of the components produced by lexico-
graphic assignment of nodes in “tall” towers with “well-chosen” bases asymptotically
approaches minimum surface area. The computational results presented in Section 5
demonstrate this asymptotic optimality property of lexicographic assignment.

Theorem 4.1 (Total area for lexicographic assignment). Assume that V divides
k1k2 . . . kd−1Kd, V ≥ k1k2 . . . kd−1, and let p ≥ 1 be the number of components of
cardinality V in the d-dimensional region [k1] × [k2] × ... × [kd−1] × [Kd]. Let sj =
k1k2 . . . kj where 1 ≤ j ≤ d − 1. Let rij be the j-dimensional remainder of the ith
component which is calculated by rij = iV modsj, where 1 ≤ i ≤ p− 1, and 1 ≤ j ≤
d−1. Then the total surface area of an equi-partition of [k1]× [k2]× ...× [kd−1]× [Kd]
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into p components of cardinality V using the lexicographical order is

2[psd−1 +

d−1
∑

j=1

sd−1

kj
Kd +

p−1
∑

i=1

d−1
∑

j=1

aij ],(4.1)

where aij is calculated as follows.

ai1 =

{

1 if ri1 6= 0,
0 otherwise.

When j > 1,

aij =















0 if kj = 1,
rij if kj > 1 and rij < sj−1,
sj − rij if kj > 1 and sj − rij < sj−1,
sj−1 otherwise.

Proof. It is clear that the outer surface area of the grid graph [k1] × [k2] × ... ×

[kd−1]× [Kd] is 2[sd−1 +
∑d−1

j=1
sd−1

kj
Kd]. To find the area of the inner boundaries, we

need to add the area between the ith component and the (i+1)th component for each
1 ≤ i ≤ p− 1. Since V >= sd−1, there are p− 1 inner boundaries and each boundary
is shared by exactly 2 components. So the total area of the projections of the inner
boundaries of the components in the dth direction is 2(p−1)sd−1. For 1 ≤ j ≤ d−1, let
aij be the common boundary area between ith component and the i+1 th component
in the jth direction. The possible cases for aij are mentioned in the statement of
Theorem 4.1. Here we explain two cases and leave the more straightforward cases
for the reader’s verification. We can visualize [k1]× [k2]× . . . [kj ] as kj cross sections
of [k1] × [k2] × . . . [kj−1] in the jth direction. These cross sections are assigned to
the ith component in increasing order of j. When rij < sj−1, the ith component
is assigned rij vertices from the first [k1] × [k2] × . . . [kj−1] cross section in the jth
direction, and hence aij = rij . When sj − rij < sj−1, the ith component is assigned
rij vertices from the last [k1]× [k2]× . . . [kj−1] cross section in the jth direction, and
hence aij = sj − rij . Summing up the contributions in each direction, we get the area

between the ith component and the (i + 1)th component as 2
∑d−1

j=1 aij . So the total

surface area of inner boundaries is equal to 2(p− 1)sd−1 + 2
∑p−1

i=1

∑d−1
j=1 aij . Adding

the outer and inner boundary areas gives us our result.
Theorem 4.2. Consider the family of d-dimensional towers T (N) of the form

[k1(N)]× [k2(N)] . . .× [kd−1(N)]× [Kd(N)], where |ki(N)−N | ≤ C for some constant
C for 1 ≤ i ≤ d − 1 and all N = 1, 2, . . . and Kd(N) = Nz where z > 1. Let V =
Nd and let al(N

d) be the average surface area of the components of T (N) generated
lexicographically under the assumptions of Theorem 4.1. Then the average surface
area al(N

d) asymptotically approaches the minimum surface area (for volumes of size
Nd), i.e.,

lim
N→∞

al(N
d)

a∗(Nd)
= 1

where a∗(Nd) is the minimum surface area (2dNd−1) for volume V .
Proof. By Theorem 4.1,

al(N
d) = 2sd−1(N) + 2

p(N) [
∑d−1

j=1
Sd−1(N)

kj(N) Kd(N) +
∑p(N)−1

i=1

∑d−1
j=1 aij(N)] where
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sd−1(N) = k1(N)k2(N) . . . kd−1(N) and p(N) = sd−1(N) × Nz/Nd. Since z > 1,
note that p(N)→∞ when N →∞. For sufficiently large N , it is easily verified that

al(N
d) ≤ 2(N +C)d−1 +2

∑d−1
j=1 [ Nd

N−C +d(N +C)d−2]. Thus lim supN→∞

al(N
d)

a∗(Nd)
≤ 1,

but since al(N
d)

a∗(Nd)
≥ 1 for all N , the conclusion follows.

4.1. Phase-0 (Surface area computation for towers). Surface area compu-
tations using formula (4.1) are performed for all ”valid” towers.

begin {Phase-0 }
Define a (d − 1)-dimensional array Ad−1[K1][K2] . . . [Kd−1] of surface areas as

follows:
V ← the cardinality of a component.
for k1 = 1 to K1

for k2 = 1 to K2

.

.

.
for kd−1 = 1 to Kd−1

begin
if V does not divide k1k2 . . . kd−1Kd or V < k1k2...kd−1

Ad−1[k1][k2] . . . [kd−1] ← INFINITY
else
Ad−1[k1][k2] . . . [kd−1] ← The total surface area given by (4.1) for
the partition of k1 × k2 × . . . kd−1Kd into components of cardinality
V using the lexicographical order
end if
end for

end {Phase-0 }.

4.2. Phase-i (1 ≤ i ≤ d − 1) (Determine optimal base decompositions
in successively higher dimensions). In the ith (1 ≤ i ≤ d − 1) phase, we solve
K0K1K2...Kd−i−1 ( where K0 = 1) knapsack problems using dynamic programming.
For each ki ∈ [Ki], We define the k1k2 . . . kd−i−1th knapsack problem as follows.

minimize
∑Kd−i

j=1 cjxj

subject to
∑Kd−i

j=1 hjxj = Kd−i

where each xj is a nonnegative integer variable, hj = j, and
cj = Ad−i[k1][k2] . . . [kd−i−1][j] (where Ad−i is a (d− i)-dimensional matrix (i.e., i = 1
case is used in Phase-0)) contains the optimal objective value of the k1k2 . . . kd−i−1jth
knapsack problem when i > 1, and the area of the equi-partition of subdomain [k1]×
[k2]× . . . [kd−i−1]× [j]× [Kd] when i=1 (from Phase 0).

The above knapsack problem determines the combination of hyper-rectangular
subdomain heights in direction (d − i) that minimizes the total surface area as ex-
pressed by the objective function. The value of xj represents how many sub domains of
height j in the (d−i) direction (i.e., [k1]×[k2]×. . .×[kd−i−1]×[j]×[Kd−i+1] . . .×[Kd])
are in the optimal solution. The reader can observe that Phase-i knapsack problems
use the results of Phase-(i − 1) knapsack problems as their area measure objective
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coefficients cj . Initially, Phase-0 area values are used as cj values for Phase-1.

begin { Phase-i (1 ≤ i ≤ d− 1)}
if(i= d-1) (i.e. the final knapsack problem)
A0 ← The solution of the final knapsack problem
(i.e. the optimal objective value and a corresponding solution {(hj , xj)|xj 6= 0}
call Phase-d
return
else
Define a d− i− 1 dimensional array Ad−i−1[K1][K2] . . . [Kd−i−1].
for k1 = 1 to K1

for k2 = 1 to K2

.

.

.
for kd−i−1 = 1 to Kd−i−1

begin
Ad−i−1[k1][k2] . . . [kd−i−1] ← The solution of the (k1k2...kd−i−1)th
Knapsack problem (i.e. the optimal objective value and a corresponding solution
{(hj , xj)|xj 6= 0}
end for
end if

end { Phase-i }

Our equi-partitioning algorithm is feasible when the above Phase-d− 1 algorithm
which solves the last knapsack problem is feasible. The following theorem guarantees
the feasibility of Phase-(d− 1) knapsack problem.

Theorem 4.3. If V divides K1K2 . . . Kd then Phase-(d− 1) knapsack problem is
feasible.

Proof. Since V divides K1K2 . . . Kd, we can find positive integers pi (1 ≤ i ≤ d)
such that pi divides Ki and V = p1p2 . . . pd (i.e., use the fundamental theorem of
algebra). Now we can write [Ki] = ∪ni

j=0jpi + [pi], where ni = (Ki/pi) − 1. We
consider the p1p2 . . . pd−i−1th knapsack problem in Phase i (i < d − 1) where cj =
Ad−i[p1][p2] . . . [pd−i−1][j]. This problem has a feasible solution xpd−i

= nd−i, and
xj = 0 if j 6= pd−i with the objective value cpd−i

nd−i if cpd−i
is finite. Now we

show that cpd−i
= Ad−i[p1][p2] . . . [pd−i−1][pd−i] is finite for each i (1 ≤ i ≤ d − 1)

by induction on i. In our base case (i = 1), since V divides p1p2 . . . pd−1Kd and
p1p2 . . . pd−1 ≤ V , we get a finite value for cpd−1

= Ad−1[p1][p2] . . . [pd−1] (from Phase
0) which is the total surface area of the partition of the hyper-rectangle [p1]× [p2]×
. . . [pd−1] × Kd. We assume cpd−i

is finite for (i < d − 1). Then p1p2 . . . pd−i−1th
knapsack problem in Phase-i (i < d − 1) is feasible as mentioned before and cpd−i−1

gets its finite optimal objective value. Therefore, by induction, cpd−i
is finite for all i

(1 ≤ i ≤ d − 1). Since cp1
is finite, Phase-(d − 1) knapsack problem is feasible with

a feasible solution of xp1
= n1, and xj = 0 if j 6= p1 with the objective value cp1

n1.

4.3. Phase-d (Assignment). Let x = (x1, x2, . . . , xnj
) and h = (h1, h2, . . . , hnj

)
represent the solution of a knapsack problem that partitions the j th direction such
that

∑nj

i=1 hixi = Kj and each xi > 0. Now we can partition [Kj ] such that

[Kj ] = ∪
mj

i=1kji+[Hji] where mj =
∑nj

i=1 xi, kji =
∑q−1

p=1 xphp+(i−1)hq and Hji = hq
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if 1 +
∑q−1

p=1 xi ≤ i ≤
∑q

p=1 xi.

begin {Phase-d }
count← 0
proc← 1
for id = 0 to Kd−1 begin Select the solution (x, h) stored in A0 from Phase-(d−1)
which partitions [K1]
for i1 = 1 to m1

begin
Select the solution (x, h) stored in A1[H1i1 ] from Phase-(d− 2) which
partitions [K2]
for i2 = 1 to m2

begin
.
.
.
Select the solution (x, h) stored in Ad−2[H1i1 ][H2i2 ] . . . [H(d−2)i(d−2)

] from
Phase-1 which partitions [Kd−1]
for id−1 = 1 to md−1

begin {assignment }
for jd = 0 to Kd − 1
for jd−1 = k(d−1)i(d−1)

) to k(d−1)i(d−1)
+ H(d−1)i(d−1)

− 1
.
.
.
for j1 = k1i1 to k1i1 + H1i1 − 1
grid[j1][j2] . . . [jd]← proc
count = count + 1
if(count = V ) then
proc← proc + 1
count← 0
end if
end for (all j)
end {assignment}
end for (all i)

end {Phase-d}

4.4. Analysis of the Equi-partitioning Algorithm. First we show that
our algorithm solves the MSA([K1] × [K2] × . . . [Kd], V ) problem in O(n) (n =
K1K2 . . . Kd)) time if each Ki is in O(n1/d). In Phase 0, we do n/Kd assignments
and each assigned value takes at most O(n1/d) time to calculate (Theorem 4.1). Since
Kd = O(n1/d), we need O(n) time for Phase 0. In Phase-i (0 ≤ i ≤ d − 1), we
solve K0K1 . . . Kd−i−1, (K0 = 1), knapsack problems using dynamic programming
which takes O(K2

d−i) = O(n2/d) time for each problem. Hence we solve Phase-i in

O(n(d−i+1)/d) time with the worst case i = 1 giving O(n). It is clear that the final
assignment phase (Phase-d) also takes O(n) time. Therefore the algorithm runs in
O(n) time when each Ki is O(n1/d).

Let us define a gap of a feasible solution for the MSA problem as the difference
between a lower bound and an upper bound for the total area of the partition. The
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Fig. 5.1. Gap% versus the number of vertices (M3) for MSA([M ]3, M) (1 ≤ M ≤ 1000)
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Fig. 5.2. Execution time versus the number of vertices (M3) for MSA([M ]3, M) (1 ≤ M ≤ 1000)

percent gap (gap%) is the gap as a percentage of the given lower bound. Although the
above algorithm is always feasible when V divides K1K2 . . . Kd, there are examples
where the algorithm may not perform well (i.e., large gap%). For example, consider
MSA([P ]4, P 2) problem where P is a prime. In this problem every valid domain in
Phase-0, [k1] × [k2] × [k3] × [P ], has exactly one of k1, k2 or k3 equal to P . So the
area of each component is Ω(P 4/3). The lower bound given in Theorem 3.2 for the
area of a component is O(P ). Hence gap% is Ω(P 1/3) which is undesirable for large
P . We can modify Phase-0 and Phase-d of our algorithm to avoid these undesirable
gaps. In Phase-0, when V does not divide k1k2 . . . kd−1Kd (i.e., partition contains
a partial component), the approach of Theorem 4.1 can be used to obtain an upper
bound for the area of the partition. Instead of assigning ∞ to Ad−1[k1][k2] . . . [kd−1],
we assign U + 2sd−1 where U is the total area expression in Theorem 4.1 assuming
p = ⌈k1k2 . . . kd−1Kd/V ⌉. In the final phase, Phase-d, we first assign labels for the full
components and then work with the remaining partial components. We get at most
one inner boundary inside a partial component justifying our upper bound U +2sd−1

in Phase-0.

5. Computational Results. The algorithms were coded in C and ran in 3.0GHz
PCs with Linux OS.

We present computational results for selected three and four dimensional prob-
lems. Figure 5.1 shows the results for MSA([M ]3,M) (1 ≤M ≤ 1000). The percent-
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Fig. 5.3. Gap% versus the number of vertices (M4) for MSA([M ]4, M2) (1 ≤ M ≤ 400)

0 0.5 1 1.5 2 2.5 3

x 10
10

0

20

40

60

80

100

120

The number of vertices 

Tim
e (

Se
co

nd
s)

Fig. 5.4. Execution time versus the number of vertices (M3) for MSA([M ]4, M2) (1 ≤ M ≤ 400)

age of solutions that are at the lower bound (i.e., optimal solutions) is 10.3%, and
within 4% of gap is 95.3%. Figure 5.2 shows the execution times for the cases given in
Figure 5.1. Due to memory limitation for larger problems, we have excluded the final
assignment phase. So the running times in the graph are for obtaining the solutions
without actual assignments.

Figure 5.3 shows the results for MSA([M ]4,M2) (1 ≤M ≤ 400). The percentage
of solutions that are at the lower bound (i.e., optimal solutions) is 15.0%, and within
4% of gap is 77.75%. Here we used the modified algorithm as mentioned in Section
4.4. Figure 5.4 shows the execution times for the cases given in Figure 5.3.

6. Conclusions and Future Research. We have developed a heuristic that
runs in linear time in the size of the graph( for well shaped hyper-rectangles) that gen-
erates asymptotically optimal equi-partitions of hyper-rectangles, and demonstrated
this performance for graphs of size up to 1010.

When the area of an equi-partition does not meet the lower bound, it is very
challenging to decide whether the partition is optimal. As an example, one may
consider the equi-partition for the MSA([5]3, 5) problem shown in Figure 1.1 which
is the smallest non trivial problem in this family. This partition has a surface area
of 502, bound gap of 2, and with only one non-optimal component which is shown
with the letter ’A’. Is this an optimal solution? Constraint programming may allow
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optimality verification for smaller problems such as this.
Other interesting extensions to this research include relaxing the divisibility as-

sumptions (i.e., modified algorithm), and improving the assignments obtained by more
complex procedures for bad components as suggested in [5] for the two-dimensional
case.
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