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Abstract

Traditionalcollision intensivemulti-body simulationsare dif®cult
to controldueto extremesensitivityto initial conditionsor model
parameters Furthermoretheremay be multiple waysto achieve
anyonegoal,andit may be dif®cultto codify a usets preferences
beforethey haveseenthe availablesolutions.In this paperwe ex-
tendsimulationmodelsto includeplausiblesourcef uncertainty
andthenusea Markov chainMonte Carloalgorithmto samplemul-
tiple animationghatsatisfyconstraints A usercanchoosehean-
imation they prefet or applicationscan take direct advantageof
the multiple solutions. Our techniquds applicablewhena proba-
bility canbe attachedo eachanimation,with 2good® animations
having high probability and for suchcaseswe provide a de®ni-
tion of physicalplausibility for animations. We demonstrateur
approachwith examplef multi-bodyrigid-body simulationsthat
satisfy constraintsf variouskinds, for eachcasepresentingani-
mationsthataretrueto a physicalmodel,aresigni®cantlydifferent
from eachother andyet still satisfythe constraints.
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1 INTRODUCTION

Collisionintensivemulti-body simulationsaredif®cultto constrain
becaus¢heyexhibitextremesensitivitytoinitial conditionsor other
simulationparametersAdding uncertaintyto a modelhelpswhen
looking for animationgthat satisfy constraint43], becausét adds
physicallymotivateddegreef freedomin usefulplaces.For ex-

ample,we cancontroltumblingdice by placingrandombumpsin

speci®placeson thetable,ratherthanby adjustingtheinitial con-
ditionsof thethrow. Thebumpsaremoreeffectivebecausasmall
changeo a bumppart-waythroughthe animationhasa limited ef-

fectonwherethediceland,but a smallchangen theinitial condi-
tionsgenerallyhasan unpredictablesffect. It is dif®cultto design
ef®cientcontrolalgorithmsfor thelattercase.
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As discussedby Barzel,HughesandWood[3], addingrandom-
nesgo a simulationgivesadditionalbene®ts:

The real world contains®nescalevariation that traditional
simulationmodelsgenerallyignore. We canuserandomness
to modelthis variationby, for instancereplacinga perfectly
“at surfacewith onespeckledwith randombumps(the same
randombumpsusedfor controlabove).Animationsgenerated
with the newmodelcanmoreaccuratelyre ect the behavior
of theworld. In trainingenvironmentsthis resultsin the sub-
jectdevelopingskills morecompatiblewith therealworld: a
driver trained on simulationsof bumpy roadswill be better
preparedor realworld roadsurfaces.

Visually, procedurahnimationscanbe morebelievablewhen
uncertaintyis added. Without uncertainty a perfectlyround
ball dropped vertically onto a perfectly "at table moves
strangelyasituationthatmaybeimprovedby slightly perturb-
ing the collisionsto maketheball deviatefrom thevertical.

In a world with uncertainty we generallyexpecta constrained
problemto havemultiple solutions. It is dif®cultto know before-
handwhatsolutionsareavailablewhichcompoundanydif®culties
ausermayhavein codifyingtheirpreferencesHenceijt is perverse
to usea solutionstrategythatseeksa singleansweyrather we pre-
feratechniquehatproducesnanysolutionghatre ect therangeof
possibleoutcomes.While for featureanimationa useris expected
to choosethe oneanimationthey prefer otherapplicationsdbene®t
directly from multiple solutions:

Computergamedesignerganusedifferentanimationseach
time a gameis played,makingit lesspredictableand poten-
tially moreentertaining.

Training environmentscan presenttraineeswith multiple
physicallyconsistenscenarioshatre ectthephysicsandva-
riety of therealworld.

We generatanultiple animationghat satisfy constraintdy ap-
plying a Markov chain Monte Carlo (MCMC) algorithmto sam-
ple from a randomizedmodel. A usersuppliesthe model of the
world, including the sourcef uncertaintyandthe simulatorthat
will generatean animationin the world. The useralsosuppliesa
function that gives highervaluesfor 2good® animationsb those
thatarelikely in theworld andsatisfytheconstraintsFinally, auser
mustprovidea meanof proposinga newanimationgivenanexist-
ing one. Thealgorithmwe describdn this papergenerateanarbi-
trarily long sequencef animationsn which2good® animationsare
likely to appear

In this paperalongwith the algorithm,we describethe sortsof
modelswve useandhowwe samplefrom them,discussingexamples
from the domainof collision intensiverigid-body simulation. No
previousalgorithmhasbeenshownfor therangeandcomplexityof
themulti-bodysimulationswe present.

2 RELATED WORK

The idea of plausible motion simulation including the exploita-
tion of randomnest satisfyconstraintsywasintroducedoy Barzel,
HughesandWood [3]. They showsolutionsto constrainegrob-
lemswhere,for instancea billiard ball is controlledby randomly
varying the collision normal eachtime it hits a rail. We extend



their work by introducingthe ideaof sampling(insteadof search-
ing), giving a precisede®nitionof plausibility, andby demonstrat-
ing MCMC's effectivenes®n a wide rangeof dif®cultexamples.

Motion synthesislgorithmsaim to achievea goalby ®ndingan
optimalsetof controlparameterand(sometimesinitial conditions.
The goalsdescribedn theliteratureinclude®ndinggoodlocomo-
tion parameterfl, 8,14, 16,23, 26] and®ndingrajectorieghatsat-
isfy constraintg2, 5, 9, 13, 15, 20, 32]. Sometechniqueg$2, 5, 9,
13, 15, 20, 32] exploit explicit gradientinformation, but fail if the
problemis too large (PopoviAdiscussesvaysto reducethe prob-
lem size[25]) or the constraintsare highly sensitiveto, or discon-
tinuousin, the control parameters Randomizedalgorithms,such
assimulatedannealing14, 16] (nota panacedl10, 11]), stochas-
tic hill climbing [8], or evolutionarycomputing[1, 23, 26, 29], do
notrequiregradient@andmaybesuitablefor collisionintensivesys-
temsb Tang,Ngo andMarks[29] describean example.Most of
thesemethodseturna single2best®animation,andhencemayig-
nore otherequallygood,or evenpreferablesolutions. The evolu-
tionary computingsolutionscanexhibitvariationswithin a popula-
tion, which Auslanderet. al. [1] referto asdifferentstyles,but the
numberof exampless limited by the populationsize.

Multi-body constraintproblemsare good candidatedor a De-
signGalleries[21] interfacejn which auserbrowseghroughsam-
ple solutionsto locatethe onetheyprefer Ourwork addressethe
samplingaspecbf a DesignGalleriesinterfacefor multi-bodycon-
strainedanimationsput we do not considemntheraspect®f thein-
terface.

3 ANIMATION DISTRIBUTIONS

The MCMC algorithmdistinguishedtself from motion synthesis
approachedy generatingmultiple, different, 2ggood® animations
that satisfya setof constraintspbut no 2best® animation. To gen-

eratemultiple plausibleconstrainecgnimationsywe mustprovidea

modelof theworld de®ning:

The objectsin the world andtheir properties,including the
source®f uncertainty

Thesimulatorfor generatinganimationsn theworld.
Theconstraintgo be satis®etby theanimations.

Forexamplejn a2D animationof a ball bouncingonthetable,we
mighthaveuncertaintyin thenormalvectorsatthecollision points,
aconstrainbntherestingplaceof theball, anda simulatorthatde-
terminesvhathappensvhena 2D ballbounce®natablewith arbi-
trary surfacenormals.We will usethis examplefrom [3], through-
outthenexttwo sections.

A simulatorusedwith our approacmeednotbe physicallyaccu-
rate,or evenphysicallybased.Our 2D ball simulatoris obviously
non-physicalandthe simulatorwe usein otherexamplesiassome
problemswith complexfrictional behavior(section5.2.3). In any
casewe assumehatif the simulatoris givena plausibleworld as
inputit will producea plausibleanimationaccordingo somede®-
nition of plausibility (seesection3.3).

3.1 Incorporating Uncer tainty

We de®nea function, , representinghe probability of any
possibleanimation that might arisein the world model. Intu-
itively, shouldbe large for animationghatarelikely in the
world, andlow for unlikely animations.For the 2D ball example,
shouldbehighif all thenormalvectorsusedto generate
the animationwerecloseto vertical,andlow if mostof themwere
far from vertical. Let us furtherinsistthat be non-negative
andhave®niteintegraloverthedomainimplied by therandomvari-
ablesin themodel,sothatwe canview asanunnormalized
probabilitydensityfunctionde®nedn the spaceof animations.
Expandingon the 2D ball example Jet us describethe direction
of thenormalvectorfor eachcollision asanindependentandom

variable, , distributedaccordingo the(bell-shapedaussiamlis-
tributionwith standarddeviationof, say 10.0degreesIn thatcase
we get:

whichis the productof densityfunctionsfor eachcollision normal.
Notethatwe areignoringnormalizationconstantsan omissionwe
justify in sectiord. Also, we couldin principlemeasurerealtable
toinfer thetruedistributionof surfacenormals andusethatinstead.

3.2 Constraints

If werestrictour attentionto animationghatsatisfyconstraintsye
areconcernedavith thedistributionfunction ,whichisthe
conditionaldistributionof  giventhatit satis®etheconstraints .
Forthe 2D ball examplejf we wanttheball to landin a particular
place,we could generatesamplesrom usinganin-
verseapproachjoin theball's startpointto its endpointusingase-
guenceof parabolichopsandtheninfer which normalvectorswere
requiredo generatsuchatrajectory However usingthisapproach
we cannotdirectly ensurghattheanimationwe generatés likely in
theworld, becausét is dif®cultto knowwhich hopsto useto geta
setof likely normalvectors.
Unfortunatelyit is frequentlyimpracticalto sampledirectlyfrom
, becaus¢hereis nowayto ®nd withoutconsiderablef-
fort, anyreasonablanimationin whichtheconstraintaresatis®ed.
For example,in multi-body simulationsa forward simulationap-
proachdoesnt work becausao publishedalgorithmcan directly
specifya setof controlparameterteadingto satisfactiorof multi-
body constraintswithout doing someform of iterative, expensive
search.Theinverseapproachalsolooksintractable:it is notclear
howto settrajectoriedor all theparticipantsuchthat,for instance,
objectsdo not pasghrougheachother
In suchcaseqlike all the examplesn this paper),we expand
to includeatermfor the constraintsresultingin afunction
. Thenewintuition is that will belarge for animations
thatarelikely in theworld and satisfythe constraintsandsmallfor
animationghatareeitherimplausiblein theworld or don't satisfy
the constraints We will referto asthe probability of anani-
mation. Note thatnow evenanimationghatdon't satisfythe con-
straintshavenon-zeroprobability soif we samplefrom we
maygetananimationthatdoesnt satisfythe constraintswhichwe
mustdiscard.
Forthe examplesn this paperwe de®ne:

where depend®nly on howwell theanimationsatis®eshe
constraintslf wewantour2D ball to landatapointwhosedistance,
, from theorigin is small,we cande®ne

whichis the Gaussiardensityfunctionwith standardleviation
which we discussin section5.1. This function gives higherval-
uesfor distancesearzero,andlower valuesasdistancesncrease.
Hence for the2D ball example:

This paperdescribes techniqudor generatinganimationssuch
that thosewith high probability will appeamore frequentlythan
thosewith lower probability but evensomelow probability events
will occurb asin therealworld, unlikely thingssometimeshap-
pen. In otherwords,we will sampleaccordingto the distribution
de®nedy



3.3 What does 2Plausible® mean?

Therestrictionson arequiteweak,sowe candescribenany
typesof uncertaintyanda wide variety of constraintsBy phrasing
the problemasoneinvolving probabilitieswe canleveragea wide
rangeof mathematicatoolsfor talking aboutplausiblemotion,and
makestrongstatementsiboutthe propertiesof the animationswe
generatgseesection4). We canalsooutline whatit meango be
physicallyplausible:

A model,includingits simulator is plausibleif theim-
portantstatisticsgatheredrom sampledistributedac-
cordingto are suf®cientlycloseto the real world
statisticawve careabout.

Thisis averygenerate®nitiorof plausibility, becauseve saynoth-
ing aboutwhich statisticsve might careabout,or whatit meango
besuf®cientlyclose.Forexampleto validateapooltablemodelwe
couldrun simulationsof virtual ballson atable,andanalyzevideo
of realballsonarealtable thencomparestatisticssuchashowlong
aballrollsbeforecomingto rest.Forentertainmerapplicationsye
would carelessaboutthequality of thematchthanif weweretrying
to build atraining simulatorfor buddingyoungpool sharks.

Our measureextendsthe traditionalgraphicsideaof plausibil-
ity B @if it looksright it is right® B by allowing for de®nitions
of statisticalsimilarity otherthana usets ability to detecta fake.
However for manyapplications particularlyinvolving motion, a
viewer's ability to distinguishreal from arti®cialremainsthe pri-
maryconcern17].

4 MCMC FOR ANIMATIONS

We usetheMarkovchainMonteCarlo(MCMC) method12,19] to
sampleanimationdrom the distributionde®nedy . MCMC
hasseverabdvantagefor thistask:

MCMC generatesa sequence,or chain, of samples,
, that are distributed accordingto a given
distribution,in this case
Apartfrom theinitial sample eachsamplds derivedfrom the
previoussamplewhichallowsthealgorithmto ®ndandmove
amonganimationghatsatisfyconstraints.
If available domainspeci®dnformationcanbeincorporated
into the algorithm,makingit moreef®cientfor specialcases.
Ontheotherhand thealgorithmdoesnotrely onanyspeci®c
featuresof a modelor simulator allowingits applicationin a
varietyof situations.

OurMCMC algorithmfor generatingnimationdeginswith anini-
tial animationthenrepeatedlyproposeshangeswhichmaybeac-
ceptedor rejected.Explicitly:

initialize
simulate

1

2

3

4 propose
5 simulate

6 random
7

8

9

1

0

Line 1 givesinitial valuesto all therandomvariablesin theworld
model. Online 4, anewanimation, , is proposedy makinga
randomchangeto the previousanimation, . Thedetailsof this
changeareapplicationspeci®cFor examplejn the 2D ball model
of section3 it mightinvolve,for eachnormal,choosingo changet
with probability one half and, if it is to be changedaddinga ran-
dom offset uniformly distributedon degreegfor reasons

discussedh section5.1). The probabilityof makingchangess de-
®nedy thetransitionprobability, , whichistheprobability
of proposinganimation if thecurrentanimationis . Forthe2D
ball, thetransitionprobabilityis:

where is thetotal numberof collisions(assume®xed)and is
the numberof collisionsthatwere changed.The ®rstfactoris the
probabilityof choosinghe particularsetof normalsto changeand
thesecondactorcodegheprobabilityof choosinga particularoff-
setfor eachnormalthatis changed.

Thetransitionprobabilitiesalongwith theprobabilitiesof thean-
imations,areusedin computingthe acceptancgrobability, which
is theprobabilityof acceptinghe proposedtandidatéline 7):

Often, asin the 2D ball example,the transition probabilitiesare
symmetricB b andwill cancel. Note also
thatonly theratiosof probabilitiesappearsowe canusefunctions
thatareonly proportionalo true probabilitydensityfunctions(sec-
tion 3.1).

The proposalmechanismis one of the key factorsin how well
the algorithmwill performin a particularapplication.In practice,
proposalaredesignedhroughintuitive reasoningandexperimen-
tation,usingpastexperiencasaguide.n sectiorb wedescribehe
motivationfor our proposalimechanisms.

The MCMC algorithmguaranteeshatthe samplesn the chain
will be distributedaccordingto , asthe numberof samples
approachein®nity and provided certaintechnicalconditionsare
met[12]. Hencewe canbe certainthatthe samplesour algorithm
generatesruly re ect the underlyingmodel, andif this modelis
plausible(section3.3), the collectionof sampleswill be plausible.
It is alsothe casethatthe sampledn the chainwill neversatisfy
the constraintsf the underlyingmodelsaysthey cannotbe satis-
®ed. Forinstancejf a bowling simulatorcannotcapturecomplex
frictional effects,animationghatbowl! the seven-tersplit cannever
befound(seesection5.2.3).

MCMC hasbeenusedin graphicso generatdractalterrainthat
satis®epoint constraintq28, 31]. The samplesgeneratedy an
MCMC algorithmmay alsobe usedto estimateexpectationsasin
VeachsMetropolisalgorithmfor computingglobalilluminationso-
lutions[30Q]. In this paperwe arenot concernedvith expectations,
sowe canuseshortchains justlong enoughto satisfya userwith
severalifferentanimations

5 EXAMPLES

We areinterestedn four thingswhendesigningan MCMC algo-
rithm for generatinganimations:

Is the motion plausible? We assumehat the simulatorpro-
ducesplausiblemotion, sowe areleft to ensurethatthe dis-
tributionswe usefor themodelarereasonable.

How long doesit taketo ®nda samplethat satis®eshe con-
straints?

How rapidly doesthe chainmoveamongsigni®canthydiffer-
entsamplespr mix? Chainsthat mix fasteraredesirablebe-
causeheyproducemanydifferentanimationgquickly.

How manyof the samplesatisfythe constraintavell enough
to beuseful?

Thefollowing examplegliscussssuesn buildingmodelsde®ning
constraint@ndselectingoroposaktrategiesall of whichin uence
thebehaviorof thealgorithm.



5.1 A 2DBall

Inthe2D ball exampleof section3 aballbounce®natable starting
in a®xedocationandundepgoing,for simplicity, a®xednumberof
collisions. For eachcollision we specifya randomnormalvector
Theaimis to samplethesenormalvectorssuchthatthe ball comes
to restcloseto aparticuladocation. As aspeci®casewe will drop
the ball from abovethe origin at a heightof , where isthe
diameterof theball, use®vecollisions,andspecifythatit cometo
restnear onthesixth collision.

The simulationmodelis: the ball movesballistically between
eachcollision, whenthe velocity of the ball is re ectedaboutthe
correspondingormalvectorandthenormalcomponenbf velocity
isscaledby —. Thismodelis notphysicallyplausiblgforinstance,

weareignoringrotationeffects),butfor thisexamplevevaluesim-
plicity.
5.1.1 Uncertainty and Constraints

Theprobabilityof ananimationis describedn sectior3.1,butprob-
abilities(thevaluesof densityfunctions)canbeverylargenumbers,
soin practicewe work with theirlogarithm.In thiscasewith the
horizontalpositionof the sixth collision:

for someconstant , whichwill cancelbbutwhencomputingtheac-
ceptancerobability

Thevalueof theconstrainstandardleviation, , hasamajoref-
fectonthe samplegyeneratedy the chain. Saywe choosea small
valuefor , correspondingo avery tight constraintbecausenly
valuesof verycloseto give highvaluesfor andall other
landingpointshavevery low probability Fromtheinitial anima-
tion, the chainwill moveto somehigh probabilityanimationclose
to the constraint.But, oncethere,almostno newproposalsareac-
cepted(most candidatewill be far from the constraintand have
very low probability)andtheuserseedew differentanimation
anundesirableituation.

Alternatively saywe choosea largevaluefor thestandardievi-
ation, correspondingo a weakconstraint.Then is relatively
highfor awiderangeof landingpositions.Theresultis undesirable:
thechainwill containmanyhigh probabilityanimationghatarefar
from the constraints.

Hencewe mustchooseavaluefor  thatis highenoughto pro-
motedifferentsampledutlow enoughto enforcetheconstraint.n
this examplewe usea value of , where is thediameterof
the ball, which, as®gure2 shows,leadsto the generatiorof very
differentsampleghat generallyare closeto the constraint.In this
case the algorithmis not very sensitiveto the exactvaluefor
(anythingwithin afactorof ®veworks®ne)andit is possibleto ex-
perimentallyevaluatea few valueson shortchainsandchoosethe
best,whichin this casetook only a few minutes.

In otherapplicationghereis no guaranteghatwe canachieve
bothgoodconstraintandgoodmixing. In suchcaseghealgorithm
mustrun for manyiterationsto generateifferentsampleswhich
may take prohibitively long. The tumbling dice exampleof sec-
tion 5.4is aborderlineexamplen whichwe cansatisfyconstraints
butmixingis poor. In suchcasedt is possibleo runmultiplechains
in parallel.

5.1.2 Proposals

Theproposalmechanismwhich speci®eaormalvectorsfor acan-
didateanimation, , giventhoseorthecurrentanimation, ,pro-
videsameanf movingaroundthe spaceof possiblenormalvec-
tors:

random
random

This proposalkchangesomeof the normalsby anamountbetween
minusone half and half their standarddeviationof degrees.
For goodmixing it is importantto allow morethanonenormalto
be changedat once,becaus¢heeffect of eachchangeon theland-
ing position(andhencethe constrainticanthencancel. The alter
native,changingonly onenormal,makesit very dif®cultto change
the ®rstcollision normal,becauseany but the smallestchangewill
movethe ball far from the desiredanding position,and hencebe
rejected.Thesizeof theoffsetwe addis choserto allow bothsmall
changesndrelativelylarge changeshut notsolarge asto shift the
normalstoo far from their meanin onestep,which would reduce
theirprobabilitiesandresultin rejectionof thecandidatenimation.

5.1.3 An Example Chain

Figurel: Threesamplepathsfromthe 2D ball exampleplotting
thetrajectory of the centerof theball (althoughthe plot is 3D, the
ball movesonly in 2D). The greentargetis centeed on the con-
straint. Eachredarrow is locatedat a collision point and indi-
categhedirectionofthenormalvectorusedatthatpoint. Notethat
in eachexampleoneof theearlier normalspushegheball toward
theconstraint,andlater normalsre®neghe®nalposition. Oneball
bounceslightlyawayfromthe constraintbefore movingtoward it,
whichis notimplausible.

We ranthe MCMC algorithmandgeneratec chaincontaining
onethousandsamplegmany of theseare repeatsarisingwhena
candidates rejected). Figure 2 plots the horizontalrestingposi-
tion of eachsample The®rstsamplewasinitialized with randomly
chosemormals,andcameto resta long way from the constraint.
But within twenty iterationsthe chainmovedtowarda goodloca-
tion. The bumpines®f the graphindicatesgood mixing, because
“at spotswould indicatemanyrepetitionsof onesampleascandi-
dateswererejected.The majority of animationshavethe ball com-
ing to restwithin of thedesiredposition,indicatingthat  is
suf®cientlysmallto enforcethe constraint.

Three(randomlychosen)samplesrom the chainare shownin
®gurel. Theydo not differ greatlyfrom what onewould expect:
theballtendsto takeanearlybouncegowardtheconstrainndkeep
movingin thatdirection,with latercollisionsadjustingt's ®nalpo-
sition.

5.2 Bowling

In this scenaridheaim s to animateanyparticularten-pinbowling
shot(a goal suggestedy Tang,Ngo andMarks[29]). The physi-
cal modelis implementedy animpulse-basedgid-body simula-
tor [6]. We modelthebowling ball, thelanewith simpli®edyutters
andsidewalls,andthepins. All themodelsareroughlybasednthe
rulesof bowling, including variationsallowedby thoserules (see
appendixA.1 for details):

Theballis simulatecasaspherewith variableradius density
initial position,initial velocity andinitial angularvelocity.



Strike

Six-severSplit

Spare

Figure3: FramesfromthreebowlingexamplesTheinitial conditionsfor the ball andthe pin locationsare randomvariables. Givenan
initial and®nalpin con®gurationthe MCMC algorithmsamplegarticular valuesfor therandomvariablesthatleadto thedesiredshot. In
this case wedemanded strike,a six-seversplit andthe correspomlingspare.

The lane is ®xedwith regulationlength and width, andin-
cludesrectangulaguttersandsidewalls startingin line with
thefront pin.

Eachpin, of ®xedshapeand mass hasits initial positionon
thelaneperturbedy a smallrandomamount.

The coef®cientsof friction andrestitutionbetweerall the compo-
nentsare®xed.The probability is proportionalto the prod-
uctof thedistributionfunctionsfor eachof therandomvariablesn
themodel.

5.2.1 Constraints

The simulationbeginswith a subsebf pins speci®edy the user
so we can specifythe initial conditionsfor bowling spares. The
useralsosetgheconstrainby statingwhich pinsshouldoeknocked
downandwhich shouldremainstanding.We areunableto propose
candidatesor the MCMC algorithmthatare certainto satisfythe
constraintgsection3.2), sowe assigmon-zergorobabilityto every
possibleoutcome but assignhigherprobability to thoseoutcomes
thatarecloserto thetaget,andthe highestprobabilityto outcomes
matchingthe tamet. This is achievedwith the Gibbsdistribution
function:

for someconstant with  the numberof pins thatend up
correctlystandingor knockeddown,and thenumberof standing
pinsthathavenot movedfar beyondtheir initial position. Anima-
tionsthatdo not meetthegoalswill sometimesppeain the chain

(theyhavenon-zeroprobability), but thesewould not be shownto
auser Thesampleghatremainarecorrectlydistributedaccording
totheconditionalprobability , thedistributionof animations
in whichtheconstraintarefully satis®edTheconstraininvolvesa
termderivedfrom thepins' ®nalpositionbecaussomesimulations
resultin the pinsbeingpushedut not knockeddown® behavior
we wishto discourage.

Thevalueof affectsthe proportionof animationsn the chain
thatmustbediscardedor notsatisfyingtheconstraintsHigh values
for giveanimationsatisfyingthe constraintsnuchhigherproba-
bility, makingthemmorelikely to appeain thechain.Butthechain
mixesbetterif some?bad® animationsappearSayonly perfectan-
imationsappearthengettingto a signi®cantlhydifferentanimation
requiresmakinga big changethat alsohappendo getall the pins
correctwhichis unlikely. If somepinsarenotcorrectabig change
only hasto getthesamenumberof pinscorrectandtheycanbedif-
ferentpins. A low valuefor makesdt easieto accepananimation
with someincorrectpins,makebig changesandthenmovetoward
adifferent,fully correctstate.

For this examplewe used , which givesawide variety
of animationghatsatisfythe constraints Animationsthatimprove
the constraintarefavoredenoughto ensurethatgoodanimations
comeup often,but not somuchasto inhibit mixing.

Ouruseof theGibbsdistributionwasmotivatedy otherapplica-
tionsof theMCMC algorithm,suchascountingthenumberof per
fectmatchingdn a graph.lIt is known[18] thatthereis anoptimal

thatbalanceshe concernsutlinedabove butthatthe algorithm
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Figure2: Therestingpositionof the ®rstonethousandsamples
in a chainfor the 2D ball example.Theroughnes of this graph
indicatesggoodmixing,andmostsamplesrecloseto theconstraint
(the majority within ). Theposition of the ®rstfew samples
are far fromthe constraint(off the graph), but the chainmovego
sampleswvithin twentyiterations.

is relativelyinsensitiveto its exactvalue. Experiencesuggestshat
manyapplicationgnayexhibit similar behavior{27]: thereexistsa
rangeof valuesfor thatgive the chaingoodpropertiesandone
suchvaluemay be foundthroughexperiment Our resultsarecon-
sistentwith this (alsoseesection5.3).

5.2.2 Proposals

Our proposaimechanisnfor bowling randomlychoosego do one
of severathings:

Samplenewvaluesfor all therandomvariables.
Changeheradius,densityor initial conditionsof theball.
Changeheinitial positionof somepins.

Thedetailsaregivenin appendixA.2.

The®rstproposaktrategywhichchangegveryrandomvariable
in the simulation,servesto makevery large changesn the simu-
lation. Thesearedesirableasa meansof escapindow probability
regions which we discussn moredetailin the nextexample(sec-
tion 5.3). The othertransitionsare basedon ideassimilar to those
in section5.1: we mustmovearoundamongpossiblevaluesfor the
randomvariables,andwe wish to do sowith bothlarge andsmall
stepshutnotsolarge asto makethe newvaluehighly unlikely un-
derthemodel.

5.2.3 Sample Animations
We testedthis modelwith threesetsof constraints:

Bowl astrike.
Bowl aball thatleavesa six-seversplit.
Bowl the sparethatknocksdownthe six-seversplit.

Framedrom exampleanimationsaappeain ®gure3. Thestrikeex-
ampleis the easiestbecausetrikesarequitelikely givenour sim-
ulator Bowling the six-severspareis not dif®culteither because
the varioussolutionsprobablyform a connectedetin statespace,
sooncea singlesolutionis found, the otherscanbe exploredef®-
ciently. Bowling theball thatleavesa six-seversplit is the hardest
example intuitively becauset is hardto knock downthe pinsbe-
hind the six pin while leavingit in place.

Wealsoattemptedo bowltheseven-temsplit(®guret). Thisshot
depend®ntheprecisdrictional propertieof theball andlane.Our
simulatots friction modelcouldnotcapturetherequiredeffect (we

G| Pin7
A
,
. - \
all sliding” =~~~ Friction grips O] pin10
—)

Figure4: Theseven-tersplit, in whichtheaim is to knockdown
both the sevenandten pins in one shot. Thetechniqueusedby
bowlersrelieson thefactthata bowlingball will slidewhile spin-
ningaboutaninclinedaxis,then,at somepoint, friction will cause
theball to grip, convertingthe angularmomentunof the spininto

linearmomentunacrosshelane(dashedine). Theseverpin must
be struckbehindits centerof masssothatit initially movesaway
fromthetenpin (dottedline), bounce®ff thewall andmovedack
acrossthelaneto hit thetenpin. Our simulatorcannotmodelfric-

tion well enoughto simulatethis shot(weare notaware of anythat
can).

arenotawareof anythatcan),sowe couldnot maketheshot. This

demonstratethattheMCMC algorithmwill only generatessamples
thatareplausibleaccordingo ourmodel(sectiord). Oursimulation
modelsaysthatballs nevertakereally big hooks,sowe neversee
animationsnvolving big hooks regardles®f the constraints.

5.3 Balls that Spell

In theseexperimentsve dropastreanof ballsinto aboxpartitioned
into bins sothat, wheneverythinghascometo rest,theballsform
lettersor symbols(®gure5). Details of the model appearin ap-
pendixB.1. We don't carewhich ball endsup in which designated
bin. We useanimpulse-basedgid-bodysimulator asin the bowl-
ing example.

The uncertaintyin this world arisesfrom the shapeof the parti-
tionsandthelocationfrom whicheachball is dropped.Thetop sur
faceof the partitionsdepend®n a setof partition vertices eachof
whichis randomlyperturbedabouta defaultposition. Eachball is
droppedrom arandomlocation.

Theconstraintveimposeis that,whenall the ballshavecometo
rest,eachball is in a designatedin. We ®xthe maximumnumber
of balls, soif eachball falls into a designatedin therecanbe no
ballin anundesignatetin. We facea situationin whichwe cannot
proposeanimationgthat are certainto completelysatisfythe con-
straints,so,asfor the bowlingexamplewe usethe Gibbsdistribu-
tion for the constrainprobability , where isthenum-
berof ballsin designatedbinsat theendof theanimation.

To facilitate mixing we allow the numberof ballsin the simula-
tiontovarybetweerzeroandtheminimumnumberrequiredoform
theword, by "ipping eachball betweenactiveandinactivestates:
inactiveballsdonottakepartin thesimulation.If all thedesignated
binsare®lled removingaball freesupabinfor anotheballto move
into, makinga signi®canthangeto the animation. Removingthe
ball entirely, ratherthanjust havingit gointo anundesignate®in,
reduceghe amountof interactionbetweerthe balls, possiblymak-
ing it easieto makeacceptableroposalsit alsospeedshesimula-
tion whenballsthatarent contributinganythingareremoved.Our
initial experimentsiseda®xechumberof balls,andthechainfailed
to mix well.

The probability of ananimationdepend®n how manyballsare
participatingtheinitial locationsof theballsandtheoffsetsof each
partitionvertex(seeappendixB.1).

5.3.1 Proposals
Theproposahlgorithmwe useperformsoneof ®veactions:
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Figure5: Two example®f the spellingballs model,in this case
spelling2HI° in a severby ®vegrid. Theshapeof theboxesds al-
lowedto varyslightly, asaretheinitial conditionsof eachball. Our
algorithmchoosedoxshapesandball initial conditionsthatlead
to theformationof a speci®aevord.

The change-alistrategy:changeall the partition verticesand
changeall theballs.

Changea subseDf partitionvertices.
Changeanactiveball.

Activate someballs (possiblynone).
Deactivatesomeballs (possiblynone).

The change-alktrategyappearsasa meansof escapingrom low

probabilityregionsg(®gure7). Whenananimationis foundthatsat-
is®egheconstraintssubsequerdnimationgendto alsosatisfythe

constraintsbuttheir probabilitiesdegradeThis occursbecaus¢he

reductionin probability for a partitionvertexchangemay be quite

small,andsuchproposalsarelikely to beacceptedThedownward
trendcancontinue movingthechaininto aregionof low probabil-
ity. Then,a change-alproposalcanresetall the partition vertices
to muchhigherprobability values,andeventhoughthe constraints
arenolongersatis®edhenetchangen probabilitywill bepositive
andtheproposalvill beacceptedThischange-aleffectis goodfor

mixing, becauséhenextfully correctsamplewill generallybevery

differentfrom thelast.

Thesecondandthird proposalsaredesignedo movearoundthe
statespaceby modifying ballsor partitions,similarto proposalsn
previousexamples.The proposaldo activateor deactivatesome
ballslet uschangehe numberof ballsin the simulation. The pro-
posalstrategywe usemakesthe probability of addingor deleting
any given ball independenbf the maximumnumberof balls. We
®rstriedaproposathatchoseasingleballand ipped its statusput
if themaximumnumberof ballsin the scenarids large, the proba-
bility of removinga ball goesup asmoreballs areactivatedwhile
theprobabilityof addinga ball goesdown, makingit dif®cultto get
all theballsinto the simulation.

Theconsiderationin choosingavaluefor in this exampleare
identicalto thosein the bowling example(a balancebetweergood
animationgindgoodmixing), with anadditionakrequirementiueto
thechange-aleffect: the constrainfprobabilityshouldbebalanced
againstthe modelprobability (in this casethe probabilitiesof the
partitionvertices).If theconstrainprobabilityistoohigh,almosino
changen partitionverticescanovercomewell satis®edonstraint.
Goodbalanceis achievedvhena muchbettersetof modelvalues
canovercomea constrainthatis satis®edbut usespoormodelpa-
rameters.

Asaspeci®examplewechoseabindesignatiothatspells?HI°
on a sevenby ®vegrid (®gures). We used for this word.
A plot of , thenumberof designatedinsthatare®Illed,for each

Number of correct balls: lambda=5
T T T T T
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0 . . . . . . . . .
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iteration

Figure6: Thenumberof correctly positionedballs for eachof

twentythousandterationsof the2HI° model,with . The
maximumumberof correctballs is ten. The chain ®ndsits ®rst
goodanimationafteraroundsix thousandterations(wehaveseen
chainsthat ®ndgood animationswithin one thousandsamples).
Thisgraphindicatesgoodmixingbecausehe chainspendnly a

shortperiod of time nearsimilar solutions thenmakessigni®cant
changedeforrapidly movingto a newgoodsolution.
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Figure7: Thevalueof at eachiteration of the chain
in ®gue 6. Thegraph is quite bumpy indicating good mixing.
Thedashedrerticallinescorrespomto all theiterationswherethe
numberof correctballs dropssharply (®gue 6), yetall thoseit-
erationsshowa sharprise in probability. This effect,dueto the
change-allproposalstrategyis discussedn thetext.

iterationof an examplechainis shownin ®gure6. Theimportant
featureof this graphis thatthe chaintendsto rapidly reachcorrect
spellings,staystherefor a shortperiod,thendropsbackto incom-
pletespellings. The twenty thousandterationsshownheretook a
few hoursto computeon a200MHzPentiumProPC.

The change-alleffect is evidentin this chain. Figure 7 plots
the probability of the samplefor eachiteration. Placesaremarked
wherethereis a sharpreductionin thenumberof correctballs,and
thesecorrespondo sharpincreasedn probability At eachof these
sharpchangesachange-alproposahasbeeracceptedhatreplaces
a poor setof partition vertex offsetswith a muchmorelikely set,
eventhoughthis breaksthe constraint.

We experimentedwith different valuesof , both higher and
lower, buttheyleadto lesssatisfactorychains.Valuesof thatare



toolow resultin chainghathavetrouble®ndingcorrectanimations,
becausehe chanceof acceptinga poorproposalfrom the point of
view of the constraints)s too high. Valuesof thataretoo high
makeit lesslikely thata change-alproposalwill be acceptedand
alsomakeit hardfor the chainto abandorpoor nearsolutions. It
takesonly a few thousandterationsto seeenoughof the chainto
know how lambdashouldbe changedandthe rangeof acceptable
valuesis reasonablyarge (our experimentshowthatchainswith

arenotmuchworsethanthosefor ) solittle time
mustbe spentin tuningparameters.

We alsoperformeda larger experimentwith 30 of the 105bins
on a®fteenby sevengrid to be ®lled(®gure8). In thisexamplewe
useda value of after experimentingwith othervalues
of betweersix andeight. The highervaluefor is requiredbe-
causetherearemorepartitionverticesandmoreballs. Thegreater
numberof partitionverticesallow thechange-alproposato remain
effectiveathigher valuessowestill seeadequatenixing. In fact,
higher valuesarerequiredto makeit harderfor achange-alpro-
posalto succeedsothatthe chainhasenoughtime betweemmajor
changego convegeto goodanimations.

5.4 Random Tables with Dice

This summarize@xampledemonstrategbjectsbouncingonaran-
domtable,comingto restin constraineccon®gurationsDice are
usedasrandomnumbergeneratorsn the realworld becausehey
areexceptionallyhardto control[3], yetourtechniqués capableof
®ndinganimationsn whichdicecometo restnearaparticulamplace
with a particularfaceshowing.

The 2D ball example(section5.1) useda very simple table
model,with two maindrawbackslueto theuseof independentior-
malsateachcollision:

An object bouncingin placewill appearto havethe table
changaunderneatit asadifferentnormalvectoris choserfor
eachcollision.

Nearbypointson the table arenot correlatedas pointson a
real,bumpytablewould be,which reduceghe plausibility of
theanimations.

In thisexamplewve useacontinuousbumpysurfaceor thetable.
Ratherthandescribeandomnormalsdirectly, we specifyarandom
b-splinesurfacevia control pointson a grid with ®xedspacingout
randonverticaloffsets.We canalsospecifyrandomrestitutionand
friction valuesatthe controlpoints,to beinterpolatedy thespline,
thusextendinghe modelto includetheconcepbf springyor sticky
regionson thetable (suchasspilt beer). The b-splinesde®ninghe
tableshapeandpropertiesle®negandom®eldsoverthe surface ln
principle,we could measureeal tablesmodeltheir particularran-
dom®eldsandusethosein our simulation.

Thesimulatorusedn thisexamplesimulatenly oneobjectata
time bouncingontherandomb-splinesurface It usesspeciatech-
niguesto managehe large numberof control pointsrequiredfor a
tablewith ®nebumps.

In this example constraintsanbe de®nedor any aspecbf the
object's 3D stateatanypointin time. Initial conditionsfor theob-
ject arespeci®edy constrainingts stateat the startof the simu-
lation ( ). The probability of ananimationin this world con-
tainscomponent$or thecontrolverticesde®ninghetable's shape,
friction andrestitution,anda componenfor eachconstrainion the
object.

An animationgeneratedrom this type of scenariois shownin
®gure9. Eachof six diceis droppedandtold to landin a speci®c
placeshowinga speci®csideup. Thedice aretreatedindividually
anddo notinteractb thetableis notthesamefor eachdie. It took
anhouror soof processingimeto®ndagoodanimatiorfor eachdie
(afew hoursfor the completeanimation).However thechaindoes
not mix well, soit takesmanyhoursto ®ndsigni®cantiydifferent
animations.

Figure9: A compositef six sampleanimationsshowingthe con-
trol of a singlebouncingdie. Eachdie in theimagewasanimated
separately Eachhad a differenttargetlocationand desiredside-
up, but startedwith the samedistributiononinitial conditions.

Proposalsveremadeby changingonecontrolpointatatime, or
oneinitial conditioncomponenatatime, or everythingatonce the
choicebeingmadeaccordingo usersuppliedrelativeprobabilities.
Changesveremadeby addingarandomoffsetto thecurrentvalue,
resultingin symmetrictransitionprobabilities.

The ability to make changesat any point in the simulation,
throughthe surfacecontrolpoints,makesdt easierto ®ndgoodani-
mationsn thisworld. Controlpointsnearthe®rstfew collisionsget
thedie somewhereloseto thetaget, andlatercollisionsre®nehe
location. Thisis notanexplicitly codedstrategyratherit emeges
naturallyfrom thechain.However abetterproposaktrategymight
makeexplicit useof the behavior

6 FUTURE WORK

Themodelswe usearisenaturallyin therealworld, andwe provide
a meansof verifying the plausibility of simulations. With further
work it shouldbe possibleto experimentallyobtainmoreaccurate
models andtestsimulationalgorithmsonsuchmodelsto obtainre-
sultslike thoseof Mirtich et.al.[22].

It isanopenproblemto determinghedif®cultyof a particularex-
amplewithoutexperimentationComputatiortime canbeadversely
affectedbecausehe simulationitself is slower or moreiterations
arerequiredto ®ndgood animations,or both. For example,our
bowling andspellingball examplegakecomparabldimesto com-
pute,the former dueto slow simulationandthe latter dueto dif®-
cult constraints.Simulationtime dominateghe costof eachitera-
tion, soit is reasonabléo spendmoretime makingbetterproposals
to improvemixing andhencereducethetotal numberof iterations.
For example,in the bowling simulationwe might biaschangesn
the ball's initial conditionsaccordingto which pinswereknocked
down.

Constraintgn our approachare speci®eds probability density
functions,which allows almostany type of constraint.In particu-
lar, it mightbepossibleto constraircollisionsor othereventgo oc-
curatspeci®times(or frames).Thiswould allow physically-based
animationgo be choreographetb music,or collisionsto occurat
frameboundaries.

Popoviet. al.[24] describeaninteractivealgorithmfor manipu-
latingcollidingbodies.Astheysuggestasystenmightbedesigned
to takeasinput animationgyeneratedby our MCMC approachand
allow usergo ®netunethe outcomeasdesiredusinglocal, interac-
tive operations.
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Figure8: Ballsthat spell ACM. Thebox contains105 bins, of which 30 are designatedo containballs. We showtwo animations,oneon
eachrow, generatedroma singlechain. Eachhasthebinsbeing®lledin a differentorder, evidencehat the chain producesa goodmix of

samples.

We haveonly touchedon the possibilitiesof plausiblemotion
with constraintsfocusingentirely on rigid body dynamics. Our
techniquesmay alsowork in otherdomainsthat are hardto con-
strain, including group behaviorg4] and deformableobjects[8].
Anothergoalistodeveloprealtime systemsn whichspeci®events
areforcedto occurin a plausiblemanner For examplejn acom-
putergamewe might like the monsterto surprisethe playerin a
particularway, with a plausibility modelthattakesinto accounthe
viewer's knowledgeof themonsters stateandhow it moveg[7].
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A Bowling Details

A.1 Uncertainty model

Our bowling model is derived from data found online
(http://wwwabrittanica.com). The sources of uncertainty in
themodelare:

Ball radius Distributeduniformly on ,where is
speci®edby the rulesof the game(approximatelyllcm)and

Ball density Distributed uniformly on , with
and

Ball initial position Fixedin line with theendof thelane,atsome
point uniformly distributedacrossthe width of the lane,and

ataheightdistributedaccordingo ,the
distribution de®nedby the Gaussiandensity function with
mean andstandardieviation

Ball initial velocity The componentdown the lane (measuredn
) is distributedaccordingto . Thecompo-
nentacrossthe laneis distributedaccordingto
Theverticalcomponents setto zero.

Ball initial angular velocity About a vertical axis (measuredn
), distributedaccordingo

Eachpin Fixedshapeandmasspffsetfromits properlocationon
thelanein arandomdirectionby adistancalistributedaccord-
ingto (mm).

With thesedistributions:

where istheball's heightabovethelane, and aretheve-
locity componentslownandacrosghelane, is theangularve-
locity abouttheverticalaxis,and isthedistanceof pin fromits
centerocation. Theaboveformulafor isvalidif all theuni-
formly distributedvariablesarewithin theirrange andall the®xed
variableshavetheir correctvalues,otherwise . Wecan
ignoretheuniformly distributedvariablesn computing be-
causeheir distributionfunctionis proportionalto one.

A.2 Proposals

Ourproposalmechanisnsamplesavalue , uniformon ,and
then:
if , we samplenew valuesfor all the randomvari-
ables.
if , we changethe radiusof the ball by
addinganoffsetdistributedaccordingo f
theradiudiesoutsidetheallowablerangewewrapit backinto
therange.
if , we changethe densityof the ball by

addingan offset distributedaccordingto ,
wrappingto keep insidetheallowablerange.

if , wechangeheinitial positionof theball. We
adda horizontaloffset distributedaccordingto

( thewidthof thelane),wrappingif necessarnandaddaver
tical offsetdistributedaccordingo

if , we changetheinitial velocity of the ball.
To its componentdownthelane,we addan offsetdistributed
accordingo . Toitscomponenacrosshelane we
addan offsetdistributedaccordingo

if , we changetheinitial angularvelocity by
addinganoffsetdistributedaccordingo .

otherwisefor eachpin, with probability -, changets location
by movingit in a randomdirectionby a distancedistributed
accordingo (mm).

All of theseproposalaresymmetric sothereis noneedo compute
thetransitionprobabilities(theycancelwhencomputingtheaccep-
tanceprobability).
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Figure10: The dimensionsand tesselationfor the box in the
spellingball example.

B Spelling Ball Details

B.1 Model details

Eachbin hasasidelengthof 20mm,andeachpartitionis 2mmthick
and12mmhigh (®gurel0). The oor beneatheachbin is domed
to helpthe balls cometo rest,andthe box in which the binssit is
36mmdeep.Eachpartitionvertexis offsetin arandomdirectionby
adistancedistributedaccordingto (mm). Eachball is
droppedromrestatauniformly randomocationwithin arectangle
72mmabovethe bottomof theboxandcenteredaboveit. Thesize
anddensityof theballsis intendedo resemblenarbles.
Theprobabilityof ananimationis:

where is thenumberof designatedbinsthatare®lled, istheset
of partitionvertices, is the offsetdistanceof vertex (in mm),

is the areaof the rectangularegionfrom which the balls may
bedroppedand is the setof activeballs,which canvaryin size
for differentanimationsasballsareactivatedor deactivatedin this
casewe mustincludeatermfor the uniformly distributeddroppo-
sition of eachball because¢he numberof ballscanvary.

B.2 Proposals

Our proposalmechanisnuniformly samplesa random ,
andthenappliesoneof four strategies:

if , we changeall the partitionvertices giving them
newrandomlychoseroffsets,andchangeall theballs,giving
themanewactivestatusanda newinitial position.

if , for eachpartition vertex,we randomly
decidewith probability0.02,to changéts locationby adding
anoffsetin arandomdirectionwith lengthdistributedaccord-
ingto (mm).
if we uniformly randomlyselectan active
ball to changeandoffsetits startingpositionin a randomdi-
rectionfor adistancalistributedaccordingo ,where
is thebin size.We wrapthe edgesf theregionfrom which
ballsmaybedropped.

if , for eachenabledball we uniformly sam-
ple anddisablethe ball if

otherwise for eachdisabledball we uniformly sample
andenabletheball if

All butthe lasttwo proposalsaresymmetric. If aball is disabled,
theratio (the areaof the rectanglefrom which the

ball maybedropped).If aball is enabled;, -.




