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Abstract
Traditionalcollision intensivemulti-bodysimulationsaredif®cult
to controldueto extremesensitivityto initial conditionsor model
parameters.Furthermore,theremay be multiple waysto achieve
anyonegoal,andit maybedif®cultto codify a user's preferences
beforetheyhaveseentheavailablesolutions.In this paperweex-
tendsimulationmodelsto includeplausiblesourcesof uncertainty,
andthenuseaMarkovchainMonteCarloalgorithmto samplemul-
tiple animationsthatsatisfyconstraints.A usercanchoosethean-
imation they prefer, or applicationscan take direct advantageof
themultiple solutions.Our techniqueis applicablewhena proba-
bility canbe attachedto eachanimation,with ªgoodº animations
having high probability, and for suchcaseswe provide a de®ni-
tion of physicalplausibility for animations. We demonstrateour
approachwith examplesof multi-bodyrigid-bodysimulationsthat
satisfyconstraintsof variouskinds, for eachcasepresentingani-
mationsthataretrueto aphysicalmodel,aresigni®cantlydifferent
from eachother, andyetstill satisfytheconstraints.

CR Descriptors: I.3.7[Computer Graphics]: Three-Dimensional
GraphicsandRealism- Animation; I.3.5 [Computer Graphics]:
ComputationalGeometryandObjectModeling- Physicallybased
modeling; I.6.5 [Simulation and Modeling]: ModelDevelopment
- ModelingmethodologiesG.3 [Probability and Statistics]: Prob-
abilisticalgorithms;

Keywords: plausiblemotion,Markov chainMonteCarlo,motion
synthesis,spacetimeconstraints

1 INTRODUCTION
Collision intensivemulti-bodysimulationsaredif®cultto constrain
becausetheyexhibitextremesensitivitytoinitial conditionsorother
simulationparameters.Addinguncertaintyto a modelhelpswhen
looking for animationsthatsatisfyconstraints[3], becauseit adds
physicallymotivateddegreesof freedomin usefulplaces.For ex-
ample,we cancontrol tumblingdiceby placingrandombumpsin
speci®cplaceson thetable,ratherthanby adjustingtheinitial con-
ditionsof thethrow. Thebumpsaremoreeffectivebecauseasmall
changeto abumppart-waythroughtheanimationhasa limited ef-
fect on wherethediceland,but asmallchangein theinitial condi-
tionsgenerallyhasanunpredictableeffect. It is dif®cultto design
ef®cientcontrolalgorithmsfor thelattercase.
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As discussedby Barzel,HughesandWood[3], addingrandom-
nessto asimulationgivesadditionalbene®ts:

� The real world contains®nescalevariation that traditional
simulationmodelsgenerallyignore. We canuserandomness
to modelthis variationby, for instance,replacinga perfectly
¯at surfacewith onespeckledwith randombumps(thesame
randombumpsusedfor controlabove).Animationsgenerated
with thenewmodelcanmoreaccuratelyre¯ect thebehavior
of theworld. In trainingenvironments,this resultsin thesub-
ject developingskills morecompatiblewith therealworld: a
driver trainedon simulationsof bumpy roadswill be better
preparedfor realworld roadsurfaces.

� Visually, proceduralanimationscanbemorebelievablewhen
uncertaintyis added.Without uncertainty, a perfectlyround
ball dropped vertically onto a perfectly ¯at table moves
strangely,asituationthatmaybeimprovedbyslightlyperturb-
ing thecollisionsto maketheball deviatefrom thevertical.

In a world with uncertainty, we generallyexpecta constrained
problemto havemultiple solutions. It is dif®cultto know before-
handwhatsolutionsareavailable,whichcompoundsanydif®culties
ausermayhavein codifyingtheirpreferences.Hence,it isperverse
to useasolutionstrategythatseeksasingleanswer, rather, wepre-
feratechniquethatproducesmanysolutionsthatre¯ect therangeof
possibleoutcomes.While for featureanimationa useris expected
to choosetheoneanimationtheyprefer, otherapplicationsbene®t
directly from multiplesolutions:

� Computergamedesignerscanusedifferentanimationseach
time a gameis played,makingit lesspredictableandpoten-
tially moreentertaining.

� Training environmentscan presenttraineeswith multiple
physicallyconsistentscenariosthatre¯ect thephysicsandva-
riety of therealworld.

We generatemultiple animationsthat satisfyconstraintsby ap-
plying a Markov chain Monte Carlo (MCMC) algorithmto sam-
ple from a randomizedmodel. A usersuppliesthe modelof the
world, including the sourcesof uncertaintyandthe simulatorthat
will generatean animationin the world. The useralsosuppliesa
function that giveshighervaluesfor ªgoodº animationsÐ those
thatarelikely in theworld andsatisfytheconstraints.Finally, auser
mustprovideameansof proposinganewanimationgivenanexist-
ing one.Thealgorithmwedescribein thispapergeneratesanarbi-
trarily longsequenceof animationsin whichªgoodºanimationsare
likely to appear.

In this paper, alongwith thealgorithm,we describethesortsof
modelsweuseandhowwesamplefromthem,discussingexamples
from the domainof collision intensiverigid-bodysimulation. No
previousalgorithmhasbeenshownfor therangeandcomplexityof
themulti-bodysimulationswepresent.

2 RELATED WORK
The idea of plausiblemotion simulation, including the exploita-
tion of randomnessto satisfyconstraints,wasintroducedby Barzel,
HughesandWood [3]. They showsolutionsto constrainedprob-
lemswhere,for instance,a billiard ball is controlledby randomly
varying the collision normal eachtime it hits a rail. We extend



their work by introducingthe ideaof sampling(insteadof search-
ing), giving a precisede®nitionof plausibility, andby demonstrat-
ing MCMC's effectivenesson awiderangeof dif®cultexamples.

Motionsynthesisalgorithmsaim to achieveagoalby ®ndingan
optimalsetof controlparametersand(sometimes)initial conditions.
Thegoalsdescribedin theliteratureinclude®ndinggoodlocomo-
tionparameters[1, 8,14, 16,23, 26] and®ndingtrajectoriesthatsat-
isfy constraints[2, 5, 9, 13, 15, 20, 32]. Sometechniques[2, 5, 9,
13, 15, 20, 32] exploit explicit gradientinformation,but fail if the
problemis too large (PopoviÂc discusseswaysto reducethe prob-
lem size[25]) or theconstraintsarehighly sensitiveto, or discon-
tinuousin, the control parameters.Randomizedalgorithms,such
assimulatedannealing[14, 16] (not a panacea[10, 11]), stochas-
tic hill climbing [8], or evolutionarycomputing[1, 23, 26, 29], do
notrequiregradientsandmaybesuitablefor collisionintensivesys-
temsÐ Tang,Ngo andMarks[29] describean example.Most of
thesemethodsreturna singleªbestºanimation,andhencemayig-
noreotherequallygood,or evenpreferablesolutions.The evolu-
tionarycomputingsolutionscanexhibitvariationswithin apopula-
tion, which Auslanderet.al. [1] referto asdifferentstyles,but the
numberof examplesis limited by thepopulationsize.

Multi-body constraintproblemsaregoodcandidatesfor a De-
signGalleries[21] interface,in whichauserbrowsesthroughsam-
ple solutionsto locatetheonetheyprefer. Our work addressesthe
samplingaspectof aDesignGalleriesinterfacefor multi-bodycon-
strainedanimations,butwedo notconsiderotheraspectsof thein-
terface.

3 ANIMATION DISTRIBUTIONS
The MCMC algorithmdistinguishesitself from motion synthesis
approachesby generatingmultiple, different, ªgoodº animations
that satisfya setof constraints,but no ªbestº animation. To gen-
eratemultipleplausibleconstrainedanimations,wemustprovidea
modelof theworld de®ning:

� The objectsin the world andtheir properties,including the
sourcesof uncertainty.

� Thesimulatorfor generatinganimationsin theworld.
� Theconstraintsto besatis®edby theanimations.

Forexample,in a2D animationof aball bouncingonthetable,we
mighthaveuncertaintyin thenormalvectorsatthecollisionpoints,
aconstraintontherestingplaceof theball, andasimulatorthatde-
termineswhathappenswhena2D ballbouncesonatablewith arbi-
trarysurfacenormals.Wewill usethisexample,from [3], through-
out thenexttwo sections.

A simulatorusedwith ourapproachneednotbephysicallyaccu-
rate,or evenphysicallybased.Our 2D ball simulatoris obviously
non-physical,andthesimulatorweusein otherexampleshassome
problemswith complexfrictional behavior(section5.2.3). In any
case,we assumethat if thesimulatoris givena plausibleworld as
input it will produceaplausibleanimation,accordingto somede®-
nition of plausibility(seesection3.3).

3.1 Incorporating Uncer tainty
We de®nea function, ��������� , representingthe probability of any
possibleanimation � that might arisein the world model. Intu-
itively, �	�
����� shouldbe large for animationsthatarelikely in the
world, andlow for unlikely animations.For the2D ball example,

�
�
� �������

����� shouldbehighif all thenormalvectorsusedto generate
theanimationwerecloseto vertical,andlow if mostof themwere
far from vertical. Let us further insistthat �

�
����� benon-negative

andhave®niteintegraloverthedomainimpliedby therandomvari-
ablesin themodel,sothatwe canview ��������� asanunnormalized
probabilitydensityfunctionde®nedonthespaceof animations.

Expandingon the2D ball example,let usdescribethedirection
of thenormalvectorfor eachcollision � asanindependentrandom

variable,��� , distributedaccordingto the(bell-shaped)Gaussiandis-
tributionwith standarddeviationof, say, 10.0degrees.In thatcase
weget:
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whichis theproductof densityfunctionsfor eachcollisionnormal.
Notethatweareignoringnormalizationconstants,anomissionwe
justify in section4. Also, wecouldin principlemeasurearealtable
to infer thetruedistributionof surfacenormals,andusethatinstead.

3.2 Constraints
If werestrictourattentionto animationsthatsatisfyconstraints,we
areconcernedwith thedistributionfunction �,�-���/. 0�� , whichis the
conditionaldistributionof � giventhatit satis®estheconstraints0 .
For the2D ball example,if we wanttheball to landin a particular
place,we could generatesamplesfrom ���
� ���1���2���3. 0�� usinganin-
verseapproach:join theball'sstartpointto its endpointusingase-
quenceof parabolichopsandtheninfer whichnormalvectorswere
requiredtogeneratesuchatrajectory. However,usingthisapproach
wecannotdirectlyensurethattheanimationwegenerateis likely in
theworld, becauseit is dif®cultto knowwhichhopsto useto geta
setof likely normalvectors.

Unfortunately, it is frequentlyimpracticaltosampledirectlyfrom
�

�
���/. 0�� , becausethereis nowayto ®nd,withoutconsiderableef-

fort, anyreasonableanimationin whichtheconstraintsaresatis®ed.
For example,in multi-body simulationsa forward simulationap-
proachdoesn't work becauseno publishedalgorithmcandirectly
specifya setof controlparametersleadingto satisfactionof multi-
bodyconstraints,without doingsomeform of iterative,expensive
search.The inverseapproachalsolooks intractable:it is not clear
howto settrajectoriesfor all theparticipantssuchthat,for instance,
objectsdo notpassthrougheachother.

In suchcases(like all the examplesin this paper),we expand
�

�
����� to includea termfor theconstraints,resultingin a function

�4����� . Thenew intuition is that �,����� will be large for animations
thatarelikely in theworld andsatisfytheconstraints,andsmallfor
animationsthatareeitherimplausiblein theworld or don't satisfy
theconstraints.We will referto �,����� astheprobabilityof anani-
mation. Note thatnow evenanimationsthatdon't satisfythecon-
straintshavenon-zeroprobability, so if we samplefrom �4����� we
maygetananimationthatdoesn't satisfytheconstraints,whichwe
mustdiscard.

For theexamplesin this paper, wede®ne:
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where�	7������ dependsonly on howwell theanimationsatis®esthe
constraints.If wewantour2Dball to landatapointwhosedistance,

:

, from theorigin is small,wecande®ne
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which is theGaussiandensityfunctionwith standarddeviation ?4@ ,
which we discussin section5.1. This function giveshigherval-
uesfor distancesnearzero,andlowervaluesasdistancesincrease.
Hence,for the2D ball example:
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Thispaperdescribesa techniquefor generatinganimationssuch
that thosewith high probability will appearmorefrequentlythan
thosewith lower probability, but evensomelow probabilityevents
will occurÐ asin the realworld, unlikely thingssometimeshap-
pen. In otherwords,we will sampleaccordingto the distribution
de®nedby �4����� .



3.3 What does ªPlausibleº mean?
Therestrictionson �4����� arequiteweak,sowe candescribemany
typesof uncertaintyandawidevarietyof constraints.By phrasing
theproblemasoneinvolving probabilities,wecanleverageawide
rangeof mathematicaltoolsfor talkingaboutplausiblemotion,and
makestrongstatementsaboutthepropertiesof the animationswe
generate(seesection4). We canalsooutline what it meansto be
physicallyplausible:

A model,includingits simulator, is plausibleif theim-
portantstatisticsgatheredfrom samplesdistributedac-
cordingto �4����� aresuf®cientlycloseto the real world
statisticswecareabout.

Thisisaverygeneralde®nitionof plausibility, becausewesaynoth-
ing aboutwhichstatisticswemight careabout,or whatit meansto
besuf®cientlyclose.Forexample,to validateapooltablemodelwe
couldrun simulationsof virtual ballson a table,andanalyzevideo
of realballsonarealtable,thencomparestatisticssuchashowlong
aball rollsbeforecomingto rest.Forentertainmentapplications,we
wouldcarelessaboutthequalityof thematchthanif weweretrying
to build atrainingsimulatorfor buddingyoungpool sharks.

Our measureextendsthe traditionalgraphicsideaof plausibil-
ity Ð ªif it looks right it is rightº Ð by allowing for de®nitions
of statisticalsimilarity otherthana user's ability to detecta fake.
However, for manyapplications,particularlyinvolving motion, a
viewer's ability to distinguishreal from arti®cialremainsthe pri-
maryconcern[17].

4 MCMC FOR ANIMATIONS
WeusetheMarkovchainMonteCarlo(MCMC) method[12,19] to
sampleanimationsfrom thedistributionde®nedby �4����� . MCMC
hasseveraladvantagesfor this task:

� MCMC generatesa sequence, or chain, of samples,
����� �����*�����
	�	
	 , that are distributed accordingto a given
distribution,in this case�4����� .

� Apartfrom theinitial sample,eachsampleis derivedfrom the
previoussample,whichallowsthealgorithmto ®ndandmove
amonganimationsthatsatisfyconstraints.

� If available,domainspeci®cinformationcanbeincorporated
into thealgorithm,makingit moreef®cientfor specialcases.
Ontheotherhand,thealgorithmdoesnotrely onanyspeci®c
featuresof a modelor simulator, allowing its applicationin a
varietyof situations.

OurMCMC algorithmfor generatinganimationsbeginswith anini-
tial animationthenrepeatedlyproposeschanges,whichmaybeac-
ceptedor rejected.Explicitly:

1 initialize���
�

�

2 simulate���
�

�

3 ��
���
����

4 propose���
7

�*�����

5 simulate����7*�

6 ��� random������� �
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Line 1 givesinitial valuesto all therandomvariablesin theworld
model. On line 4, a newanimation,�

7 , is proposedby makinga
randomchangeto the previousanimation,� � . The detailsof this
changeareapplicationspeci®c.For example,in the2D ball model
of section3 it mightinvolve,for eachnormal,choosingto changeit
with probabilityonehalf and,if it is to bechanged,addinga ran-
dom offset uniformly distributedon �;:�<���< � degrees(for reasons

discussedin section5.1).Theprobabilityof makingchangesis de-
®nedby thetransitionprobability, =��-> . ? � , whichistheprobability
of proposinganimation> if thecurrentanimationis ? . Forthe2D
ball, thetransitionprobabilityis:

=��������2�-> . ?��A�
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where G is the total numberof collisions(assumed®xed)and H is
thenumberof collisionsthatwerechanged.The ®rstfactor is the
probabilityof choosingtheparticularsetof normalsto change,and
thesecondfactorcodestheprobabilityof choosingaparticularoff-
setfor eachnormalthatis changed.

Thetransitionprobabilities,alongwith theprobabilitiesof thean-
imations,areusedin computingtheacceptanceprobability, which
is theprobabilityof acceptingtheproposedcandidate(line 7):
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Often, as in the 2D ball example,the transitionprobabilitiesare
symmetricÐ =��-> . ?%�

M

= ��? . > � Ð andwill cancel.Note also
thatonly theratiosof probabilitiesappear, sowecanusefunctions
thatareonlyproportionalto trueprobabilitydensityfunctions(sec-
tion 3.1).

The proposalmechanismis oneof thekey factorsin how well
thealgorithmwill performin a particularapplication.In practice,
proposalsaredesignedthroughintuitive reasoningandexperimen-
tation,usingpastexperienceasaguide.In section5 wedescribethe
motivationfor ourproposalmechanisms.

The MCMC algorithmguaranteesthat thesamplesin thechain
will be distributedaccordingto �4����� , as the numberof samples
approachesin®nity and providedcertaintechnicalconditionsare
met [12]. Hencewe canbecertainthat thesamplesour algorithm
generatestruly re¯ect the underlyingmodel,and if this model is
plausible(section3.3), thecollectionof sampleswill beplausible.
It is alsothe casethat the samplesin the chainwill neversatisfy
the constraintsif the underlyingmodelsaysthey cannotbe satis-
®ed.For instance,if a bowling simulatorcannotcapturecomplex
frictionaleffects,animationsthatbowl theseven-tensplit cannever
befound(seesection5.2.3).

MCMC hasbeenusedin graphicsto generatefractalterrainthat
satis®espoint constraints[28, 31]. The samplesgeneratedby an
MCMC algorithmmayalsobeusedto estimateexpectations,asin
Veach'sMetropolisalgorithmfor computingglobalilluminationso-
lutions[30]. In this paperwe arenot concernedwith expectations,
sowe canuseshortchains,just long enoughto satisfya userwith
severaldifferentanimations

5 EXAMPLES
We areinterestedin four thingswhendesigningan MCMC algo-
rithm for generatinganimations:

� Is the motion plausible?We assumethat the simulatorpro-
ducesplausiblemotion,sowe areleft to ensurethat thedis-
tributionsweusefor themodelarereasonable.

� How long doesit taketo ®nda samplethatsatis®esthecon-
straints?

� How rapidly doesthechainmoveamongsigni®cantlydiffer-
entsamples,or mix? Chainsthatmix fasteraredesirablebe-
causetheyproducemanydifferentanimationsquickly.

� How manyof thesamplessatisfytheconstraintswell enough
to beuseful?

Thefollowing examplesdiscussissuesin buildingmodels,de®ning
constraintsandselectingproposalstrategies,all of which in¯uence
thebehaviorof thealgorithm.



5.1 A 2D Ball
In the2Dballexampleof section3aballbouncesonatable,starting
in a®xedlocationandundergoing,for simplicity, a®xednumberof
collisions. For eachcollision we specifya randomnormalvector.
Theaimis to samplethesenormalvectorssuchthattheball comes
to restcloseto aparticularlocation.Asaspeci®ccase,wewill drop
theball from abovetheorigin at a heightof �O	 <�� , where � is the
diameterof theball, use®vecollisions,andspecifythatit cometo
restnear �

M

� on thesixthcollision.
The simulationmodel is: the ball movesballistically between

eachcollision, whenthevelocity of theball is re¯ectedaboutthe
correspondingnormalvectorandthenormalcomponentof velocity
isscaledby �

�

�

. Thismodelisnotphysicallyplausible(for instance,
weareignoringrotationeffects),but for thisexamplewevaluesim-
plicity.

5.1.1 Uncer tainty and Constraints

Theprobabilityof ananimationisdescribedin section3.1,butprob-
abilities(thevaluesof densityfunctions)canbeverylargenumbers,
soin practicewework with their logarithm.In thiscase,with � the
horizontalpositionof thesixthcollision:
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for someconstant0 , whichwill canceloutwhencomputingtheac-
ceptanceprobability.

Thevalueof theconstraintstandarddeviation,?,@ , hasamajoref-
fect on thesamplesgeneratedby thechain.Saywechooseasmall
valuefor ?

@ , correspondingto avery tight constraintbecauseonly
valuesof � verycloseto � givehighvaluesfor �4����� andall other
landingpointshavevery low probability. From the initial anima-
tion, thechainwill moveto somehigh probabilityanimationclose
to theconstraint.But, oncethere,almostno newproposalsareac-
cepted(mostcandidateswill be far from the constraintand have
very low probability)andtheuserseesfew differentanimationsÐ
anundesirablesituation.

Alternatively, saywechoosea largevaluefor thestandarddevi-
ation,correspondingto a weakconstraint.Then �,����� is relatively
highfor awiderangeof landingpositions.Theresultisundesirable:
thechainwill containmanyhighprobabilityanimationsthatarefar
from theconstraints.

Hencewemustchooseavaluefor ?
@ thatis highenoughto pro-

motedifferentsamplesbut low enoughto enforcetheconstraint.In
this examplewe usea valueof ��	'��� , where � is thediameterof
theball, which, as®gure2 shows,leadsto the generationof very
differentsamplesthatgenerallyarecloseto theconstraint.In this
case,the algorithmis not very sensitiveto the exactvaluefor ?

@

(anythingwithin afactorof ®veworks®ne)andit is possibleto ex-
perimentallyevaluatea few valueson shortchainsandchoosethe
best,which in thiscasetookonly a few minutes.

In otherapplicationsthereis no guaranteethat we canachieve
bothgoodconstraintsandgoodmixing. In suchcasesthealgorithm
mustrun for manyiterationsto generatedifferentsamples,which
may takeprohibitively long. The tumbling dice exampleof sec-
tion 5.4is aborderlineexamplein whichwecansatisfyconstraints
butmixing is poor. In suchcasesit ispossibleto runmultiplechains
in parallel.

5.1.2 Proposals

Theproposalmechanism,whichspeci®esnormalvectorsfor acan-
didateanimation,��7 , giventhosefor thecurrentanimation,�

�
, pro-

videsameansof movingaroundthespaceof possiblenormalvec-
tors:
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Thisproposalchangessomeof thenormalsby anamountbetween
minusonehalf andhalf their standarddeviationof ����	 � degrees.
For goodmixing it is importantto allow morethanonenormalto
bechangedat once,becausetheeffect of eachchangeon theland-
ing position(andhencetheconstraint)canthencancel.Thealter-
native,changingonly onenormal,makesit verydif®cultto change
the®rstcollisionnormal,becauseanybut thesmallestchangewill
movetheball far from the desiredlandingposition,andhencebe
rejected.Thesizeof theoffsetweaddis chosento allow bothsmall
changesandrelativelylargechanges,butnotsolargeasto shift the
normalstoo far from their meanin onestep,which would reduce
theirprobabilitiesandresultin rejectionof thecandidateanimation.

5.1.3 An Example Chain

Figure1: Threesamplepathsfromthe2D ball example,plotting
thetrajectoryof thecenterof theball (althoughtheplot is 3D, the
ball movesonly in 2D). Thegreentarget is centeredon the con-
straint. Eachred arrow is locatedat a collision point and indi-
catesthedirectionof thenormalvectorusedatthatpoint.Notethat
in eachexampleoneof theearlier normalspushestheball toward
theconstraint,andlater normalsre®nethe®nalposition.Oneball
bouncesslightlyawayfromtheconstraintbeforemovingtoward it,
whichis not implausible.

We ran theMCMC algorithmandgenerateda chaincontaining
onethousandsamples(manyof theseare repeats,arisingwhena
candidateis rejected). Figure2 plots the horizontalrestingposi-
tion of eachsample.The®rstsamplewasinitializedwith randomly
chosennormals,andcameto resta long way from theconstraint.
But within twenty iterationsthechainmovedtowarda goodloca-
tion. The bumpinessof thegraphindicatesgoodmixing, because
¯at spotswould indicatemanyrepetitionsof onesampleascandi-
dateswererejected.Themajorityof animationshavetheball com-
ing to restwithin ��	 �$� of thedesiredposition,indicatingthat ?4@ is
suf®cientlysmallto enforcetheconstraint.

Three(randomlychosen)samplesfrom the chainareshownin
®gure1. They do not differ greatlyfrom whatonewould expect:
theball tendsto takeanearlybouncetowardtheconstraintandkeep
movingin thatdirection,with latercollisionsadjustingit's®nalpo-
sition.

5.2 Bowling
In thisscenariotheaimis to animateanyparticularten-pinbowling
shot(a goalsuggestedby Tang,Ngo andMarks[29]). Thephysi-
cal modelis implementedby animpulse-basedrigid-bodysimula-
tor [6]. Wemodelthebowlingball, thelanewith simpli®edgutters
andsidewalls,andthepins.All themodelsareroughlybasedonthe
rulesof bowling, includingvariationsallowedby thoserules(see
appendixA.1 for details):

� Theball issimulatedasasphere,with variableradius,density,
initial position,initial velocityandinitial angularvelocity.



Strike :��

Six-sevenSplit :��

Spare:��

Figure3: Framesfromthreebowlingexamples.Theinitial conditionsfor theball andthepin locationsare randomvariables. Givenan
initial and®nalpin con®guration,theMCMC algorithmsamplesparticular valuesfor therandomvariablesthat leadto thedesiredshot. In
thiscase,wedemandeda strike,a six-sevensplit andthecorrespondingspare.

� The lane is ®xedwith regulationlength and width, and in-
cludesrectangularguttersandsidewalls startingin line with
thefront pin.

� Eachpin, of ®xedshapeandmass,hasits initial positionon
thelaneperturbedby asmallrandomamount.

Thecoef®cientsof friction andrestitutionbetweenall thecompo-
nentsare®xed.Theprobability ���
����� is proportionalto theprod-
uctof thedistributionfunctionsfor eachof therandomvariablesin
themodel.

5.2.1 Constraints
The simulationbeginswith a subsetof pins speci®edby theuser,
so we can specify the initial conditionsfor bowling spares.The
useralsosetstheconstraintby statingwhichpinsshouldbeknocked
downandwhichshouldremainstanding.Weareunableto propose
candidatesfor the MCMC algorithmthatarecertainto satisfythe
constraints(section3.2),soweassignnon-zeroprobabilityto every
possibleoutcome,but assignhigherprobability to thoseoutcomes
thatarecloserto thetarget,andthehighestprobabilityto outcomes
matchingthe target. This is achievedwith the Gibbsdistribution
function:

�879�����A�

�

E

6��

for someconstant
���

� with H the numberof pins that endup
correctlystandingor knockeddown,and � thenumberof standing
pinsthathavenot movedfar beyondtheir initial position. Anima-
tionsthatdo not meetthegoalswill sometimesappearin thechain

(theyhavenon-zeroprobability),but thesewould not beshownto
auser. Thesamplesthatremainarecorrectlydistributedaccording
totheconditionalprobability�4���/. 0�� , thedistributionof animations
in whichtheconstraintsarefully satis®ed.Theconstraintinvolvesa
termderivedfromthepins' ®nalpositionbecausesomesimulations
resultin thepinsbeingpushedbut not knockeddownÐ behavior
wewish to discourage.

Thevalueof
�

affectstheproportionof animationsin thechain
thatmustbediscardedfor notsatisfyingtheconstraints.Highvalues
for

�

giveanimationssatisfyingtheconstraintsmuchhigherproba-
bility, makingthemmorelikely toappearin thechain.But thechain
mixesbetterif someªbadº animationsappear. Sayonly perfectan-
imationsappear, thengettingto a signi®cantlydifferentanimation
requiresmakinga big changethat alsohappensto get all the pins
correct,whichis unlikely. If somepinsarenotcorrect,abigchange
onlyhasto getthesamenumberof pinscorrect,andtheycanbedif-
ferentpins.A low valuefor

�

makesit easiertoacceptananimation
with someincorrectpins,makebig changes,andthenmovetoward
adifferent,fully correctstate.

For this example,weused
�

M

�

�	� 
 , whichgivesawidevariety
of animationsthatsatisfytheconstraints.Animationsthatimprove
theconstraintsarefavoredenoughto ensurethatgoodanimations
comeup often,butnotsomuchasto inhibit mixing.

Ouruseof theGibbsdistributionwasmotivatedby otherapplica-
tionsof theMCMC algorithm,suchascountingthenumberof per-
fect matchingsin a graph.It is known[18] thatthereis anoptimal

�

thatbalancestheconcernsoutlinedabove,but thatthealgorithm
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Figure2: Therestingpositionof the®rstonethousandsamples
in a chain for the 2D ball example.Theroughnessof this graph
indicatesgoodmixing,andmostsamplesarecloseto theconstraint
(the majority within ��	'��� ). Thepositionof the ®rstfew samples
are far fromtheconstraint(off thegraph),but thechainmovesto
sampleswithin twentyiterations.

is relativelyinsensitiveto its exactvalue.Experiencesuggeststhat
manyapplicationsmayexhibitsimilarbehavior[27]: thereexistsa
rangeof valuesfor

�

thatgive thechaingoodproperties,andone
suchvaluemaybefoundthroughexperiment.Our resultsarecon-
sistentwith this (alsoseesection5.3).

5.2.2 Proposals

Our proposalmechanismfor bowling randomlychoosesto do one
of severalthings:

� Samplenewvaluesfor all therandomvariables.
� Changetheradius,densityor initial conditionsof theball.
� Changetheinitial positionof somepins.

Thedetailsaregivenin appendixA.2.
The®rstproposalstrategy, whichchangeseveryrandomvariable

in the simulation,servesto makevery large changesin the simu-
lation. Thesearedesirableasa meansof escapinglow probability
regions,whichwe discussin moredetail in thenextexample(sec-
tion 5.3). Theothertransitionsarebasedon ideassimilar to those
in section5.1: wemustmovearoundamongpossiblevaluesfor the
randomvariables,andwe wish to do sowith bothlarge andsmall
steps,butnotsolargeasto makethenewvaluehighly unlikely un-
derthemodel.

5.2.3 Sample Animations
Wetestedthismodelwith threesetsof constraints:

� Bowl astrike.
� Bowl aball thatleavesasix-sevensplit.
� Bowl thesparethatknocksdownthesix-sevensplit.

Framesfrom exampleanimationsappearin ®gure3. Thestrikeex-
ampleis theeasiest,becausestrikesarequitelikely givenour sim-
ulator. Bowling thesix-sevenspareis not dif®culteither, because
thevarioussolutionsprobablyform a connectedsetin statespace,
sooncea singlesolutionis found,theotherscanbeexploredef®-
ciently. Bowling theball thatleavesasix-sevensplit is thehardest
example,intuitively becauseit is hardto knockdownthepinsbe-
hind thesix pin while leavingit in place.

Wealsoattemptedtobowltheseven-tensplit (®gure4). Thisshot
dependsontheprecisefrictionalpropertiesof theballandlane.Our
simulator's friction modelcouldnotcapturetherequiredeffect (we

Pin 10Ball sliding Friction grips

Pin 7

Figure4: Theseven-tensplit, in whichtheaim is to knockdown
both the sevenand ten pins in one shot. Thetechniqueusedby
bowlersrelieson thefact that a bowlingball will slidewhilespin-
ningaboutaninclinedaxis,then,at somepoint,friction will cause
theball to grip, convertingtheangularmomentumof thespininto
linearmomentumacrossthelane(dashedline). Thesevenpinmust
bestruckbehindits centerof mass,sothat it initially movesaway
fromthetenpin (dottedline), bouncesoff thewall andmovesback
acrossthelaneto hit thetenpin. Our simulatorcannotmodelfric-
tion well enoughto simulatethisshot(wearenotawareof anythat
can).

arenotawareof anythatcan),sowecouldnotmaketheshot.This
demonstratesthattheMCMC algorithmwill only generatesamples
thatareplausibleaccordingtoourmodel(section4). Oursimulation
modelsaysthatballsnevertakereally big hooks,sowe neversee
animationsinvolving big hooks,regardlessof theconstraints.

5.3 Balls that Spell
In theseexperimentswedropastreamof ballsintoaboxpartitioned
into binssothat,wheneverythinghascometo rest,theballsform
lettersor symbols(®gure5). Details of the modelappearin ap-
pendixB.1. We don't carewhichball endsup in whichdesignated
bin. Weuseanimpulse-basedrigid-bodysimulator, asin thebowl-
ing example.

Theuncertaintyin this world arisesfrom theshapeof theparti-
tionsandthelocationfrom whicheachball is dropped.Thetopsur-
faceof thepartitionsdependson asetof partition vertices, eachof
which is randomlyperturbedabouta defaultposition. Eachball is
droppedfrom arandomlocation.

Theconstraintweimposeis that,whenall theballshavecometo
rest,eachball is in a designatedbin. We ®xthemaximumnumber
of balls,so if eachball falls into a designatedbin therecanbe no
ball in anundesignatedbin. Wefaceasituationin whichwecannot
proposeanimationsthat arecertainto completelysatisfythe con-
straints,so,asfor thebowlingexample,we usetheGibbsdistribu-
tion for theconstraintprobability�,7 �����A�

�

E

, whereH is thenum-
berof ballsin designatedbinsat theendof theanimation.

To facilitatemixing we allow thenumberof balls in thesimula-
tion tovarybetweenzeroandtheminimumnumberrequiredtoform
theword,by ¯ipping eachball betweenactiveandinactivestates:
inactiveballsdonottakepartin thesimulation.If all thedesignated
binsare®lled,removingaball freesupabinfor anotherball tomove
into, makinga signi®cantchangeto theanimation.Removingthe
ball entirely, ratherthanjust havingit go into anundesignatedbin,
reducestheamountof interactionbetweentheballs,possiblymak-
ing it easiertomakeacceptableproposals.It alsospeedsthesimula-
tion whenballsthataren't contributinganythingareremoved.Our
initial experimentsuseda®xednumberof balls,andthechainfailed
to mix well.

Theprobabilityof ananimationdependson howmanyballsare
participating,theinitial locationsof theballsandtheoffsetsof each
partitionvertex(seeappendixB.1).

5.3.1 Proposals

Theproposalalgorithmweuseperformsoneof ®veactions:
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Figure5: Two examplesof thespellingballs model,in this case
spellingªHIº in a sevenby®vegrid. Theshapeof theboxesis al-
lowedtovaryslightly, asaretheinitial conditionsofeachball. Our
algorithmchoosesboxshapesandball initial conditionsthat lead
to theformationof a speci®cword.

� Thechange-allstrategy:changeall thepartitionverticesand
changeall theballs.

� Changeasubsetof partitionvertices.
� Changeanactiveball.
� Activatesomeballs(possiblynone).
� Deactivatesomeballs(possiblynone).

The change-allstrategyappearsasa meansof escapingfrom low
probabilityregions(®gure7). Whenananimationis foundthatsat-
is®estheconstraints,subsequentanimationstendto alsosatisfythe
constraints,but theirprobabilitiesdegrade.Thisoccursbecausethe
reductionin probability for a partitionvertexchangemaybequite
small,andsuchproposalsarelikely to beaccepted.Thedownward
trendcancontinue,movingthechaininto a regionof low probabil-
ity. Then,a change-allproposalcanresetall thepartitionvertices
to muchhigherprobabilityvalues,andeventhoughtheconstraints
arenolongersatis®ed,thenetchangein probabilitywill bepositive
andtheproposalwill beaccepted.Thischange-alleffectisgoodfor
mixing,becausethenextfully correctsamplewill generallybevery
differentfrom thelast.

Thesecondandthird proposalsaredesignedto movearoundthe
statespaceby modifying ballsor partitions,similar to proposalsin
previousexamples.The proposalsto activateor deactivatesome
balls let uschangethenumberof balls in thesimulation.Thepro-
posalstrategywe usemakesthe probabilityof addingor deleting
anygiven ball independentof themaximumnumberof balls. We
®rsttriedaproposalthatchoseasingleballand¯ipped its status,but
if themaximumnumberof ballsin thescenariois large,theproba-
bility of removinga ball goesup asmoreballsareactivatedwhile
theprobabilityof addingaball goesdown,makingit dif®cultto get
all theballsinto thesimulation.

Theconsiderationsin choosingavaluefor
�

in this exampleare
identicalto thosein thebowlingexample(abalancebetweengood
animationsandgoodmixing),with anadditionalrequirementdueto
thechange-alleffect: theconstraintprobabilityshouldbebalanced
againstthe modelprobability (in this casethe probabilitiesof the
partitionvertices).If theconstraintprobabilityis toohigh,almostno
changein partitionverticescanovercomeawell satis®edconstraint.
Goodbalanceis achievedwhena muchbettersetof modelvalues
canovercomeaconstraintthatis satis®edbut usespoormodelpa-
rameters.

Asaspeci®cexample,wechoseabindesignationthatspellsªHIº
on a sevenby ®vegrid (®gure5). We used

�

M

�


 for this word.
A plot of H , thenumberof designatedbinsthatare®lled,for each
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Figure6: Thenumberof correctlypositionedballs for eachof
twentythousanditerationsof theªHIº model,with
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 . The
maximumnumberof correctballs is ten. Thechain ®ndsits ®rst
goodanimationafteraroundsix thousanditerations(wehaveseen
chainsthat ®ndgood animationswithin one thousandsamples).
Thisgraphindicatesgoodmixingbecausethechainspendsonlya
shortperiodof timenearsimilar solutions,thenmakessigni®cant
changesbeforerapidly movingto a newgoodsolution.
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Figure7: Thevalueof
�����

� �4�����*� at eachiteration of the chain
in ®gure 6. The graph is quite bumpy, indicating good mixing.
Thedashedverticallinescorrespondto all theiterationswherethe
numberof correctballs dropssharply(®gure 6), yet all thoseit-
erationsshowa sharprise in probability. This effect,dueto the
change-allproposalstrategy, is discussedin thetext.

iterationof an examplechainis shownin ®gure6. The important
featureof this graphis thatthechaintendsto rapidly reachcorrect
spellings,staystherefor a shortperiod,thendropsbackto incom-
pletespellings.Thetwenty thousanditerationsshownheretook a
few hoursto computeon a200MHzPentiumProPC.

The change-alleffect is evident in this chain. Figure 7 plots
theprobabilityof thesamplefor eachiteration.Placesaremarked
wherethereis asharpreductionin thenumberof correctballs,and
thesecorrespondto sharpincreasesin probability. At eachof these
sharpchanges,achange-allproposalhasbeenacceptedthatreplaces
a poor setof partitionvertexoffsetswith a muchmorelikely set,
eventhoughthisbreakstheconstraint.

We experimentedwith different valuesof
�

, both higher and
lower, but theyleadto lesssatisfactorychains.Valuesof

�

thatare



toolow resultin chainsthathavetrouble®ndingcorrectanimations,
becausethechanceof acceptingapoorproposal(from thepointof
view of theconstraints)is too high. Valuesof

�

that aretoo high
makeit lesslikely thata change-allproposalwill beaccepted,and
alsomakeit hardfor thechainto abandonpoornear-solutions. It
takesonly a few thousanditerationsto seeenoughof thechainto
know how lambdashouldbechanged,andtherangeof acceptable
valuesis reasonablylarge (our experimentsshowthatchainswith

�

M

�




�

� arenotmuchworsethanthosefor
�

M

�


 ) solittle time
mustbespentin tuningparameters.

We alsoperformeda largerexperiment,with 30 of the105bins
on a®fteenby sevengrid to be®lled(®gure8). In thisexamplewe
useda valueof

�

M

�

�

� � 
 after experimentingwith othervalues
of

�

betweensix andeight. Thehighervaluefor
�

is requiredbe-
causetherearemorepartitionverticesandmoreballs. Thegreater
numberof partitionverticesallowthechange-allproposalto remain
effectiveathigher

�

values,sowestill seeadequatemixing. In fact,
higher

�

valuesarerequiredto makeit harderfor achange-allpro-
posalto succeed,sothatthechainhasenoughtimebetweenmajor
changesto convergeto goodanimations.

5.4 Random Tables with Dice
Thissummarizedexampledemonstratesobjectsbouncingonaran-
domtable,comingto restin constrainedcon®gurations.Dice are
usedasrandomnumbergeneratorsin the realworld becausethey
areexceptionallyhardto control[3], yetourtechniqueis capableof
®ndinganimationsin whichdicecometorestnearaparticularplace
with aparticularfaceshowing.

The 2D ball example(section5.1) useda very simple table
model,with two maindrawbacksdueto theuseof independentnor-
malsateachcollision:

� An object bouncingin place will appearto have the table
changeunderneathit asadifferentnormalvectoris chosenfor
eachcollision.

� Nearbypointson the tablearenot correlated,aspointson a
real,bumpytablewouldbe,which reducestheplausibilityof
theanimations.

In thisexampleweuseacontinuous,bumpysurfacefor thetable.
Ratherthandescriberandomnormalsdirectly, wespecifyarandom
b-splinesurfacevia controlpointson a grid with ®xedspacingbut
randomverticaloffsets.Wecanalsospecifyrandomrestitutionand
friction valuesatthecontrolpoints,to beinterpolatedby thespline,
thusextendingthemodelto includetheconceptof springyor sticky
regionson thetable(suchasspilt beer).Theb-splinesde®ningthe
tableshapeandpropertiesde®nerandom®eldsoverthesurface.In
principle,we couldmeasurerealtables,modeltheirparticularran-
dom®elds,andusethosein our simulation.

Thesimulatorusedin thisexamplesimulatesonlyoneobjectata
timebouncingontherandomb-splinesurface.It usesspecialtech-
niquesto managethelargenumberof controlpointsrequiredfor a
tablewith ®nebumps.

In this example,constraintscanbede®nedfor anyaspectof the
object's3D stateat anypoint in time. Initial conditionsfor theob-
ject arespeci®edby constrainingits stateat thestartof thesimu-
lation ( �

M

� ). Theprobabilityof ananimationin this world con-
tainscomponentsfor thecontrolverticesde®ningthetable'sshape,
friction andrestitution,anda componentfor eachconstrainton the
object.

An animationgeneratedfrom this typeof scenariois shownin
®gure9. Eachof six dice is droppedandtold to landin a speci®c
placeshowinga speci®csideup. Thedicearetreatedindividually
anddo not interactÐ thetableis not thesamefor eachdie. It took
anhourorsoof processingtimeto®ndagoodanimationfor eachdie
(a few hoursfor thecompleteanimation).However, thechaindoes
not mix well, so it takesmanyhoursto ®ndsigni®cantlydifferent
animations.

Figure9: A compositeof sixsampleanimationsshowingthecon-
trol of a singlebouncingdie. Eachdie in theimagewasanimated
separately. Eachhada different target locationanddesiredside-
up,butstartedwith thesamedistributiononinitial conditions.

Proposalsweremadeby changingonecontrolpointatatime,or
oneinitial conditioncomponentatatime,or everythingatonce,the
choicebeingmadeaccordingto usersuppliedrelativeprobabilities.
Changesweremadeby addingarandomoffsetto thecurrentvalue,
resultingin symmetrictransitionprobabilities.

The ability to make changesat any point in the simulation,
throughthesurfacecontrolpoints,makesit easierto ®ndgoodani-
mationsin thisworld. Controlpointsnearthe®rstfewcollisionsget
thediesomewherecloseto thetarget,andlatercollisionsre®nethe
location.This is not anexplicitly codedstrategy, ratherit emerges
naturallyfrom thechain.However, abetterproposalstrategymight
makeexplicit useof thebehavior.

6 FUTURE WORK
Themodelsweusearisenaturallyin therealworld,andweprovide
a meansof verifying the plausibility of simulations.With further
work it shouldbe possibleto experimentallyobtainmoreaccurate
models,andtestsimulationalgorithmsonsuchmodels,toobtainre-
sultslike thoseof Mirtich et.al. [22].

It isanopenproblemtodeterminethedif®cultyof aparticularex-
amplewithoutexperimentation.Computationtimecanbeadversely
affectedbecausethesimulationitself is slower, or moreiterations
are requiredto ®ndgoodanimations,or both. For example,our
bowlingandspellingball examplestakecomparabletimesto com-
pute,the formerdueto slow simulationandthe latterdueto dif®-
cult constraints.Simulationtime dominatesthecostof eachitera-
tion, soit is reasonableto spendmoretimemakingbetterproposals
to improvemixing andhencereducethetotalnumberof iterations.
For example,in the bowling simulationwe might biaschangesin
theball's initial conditionsaccordingto which pinswereknocked
down.

Constraintsin our approacharespeci®edasprobabilitydensity
functions,which allowsalmostany typeof constraint.In particu-
lar, it mightbepossibleto constraincollisionsor othereventsto oc-
curatspeci®ctimes(or frames).Thiswouldallowphysically-based
animationsto bechoreographedto music,or collisionsto occurat
frameboundaries.

PopoviÂc et.al. [24] describeaninteractivealgorithmfor manipu-
latingcollidingbodies.Astheysuggest,asystemmightbedesigned
to takeasinput animationsgeneratedby ourMCMC approachand
allow usersto ®netunetheoutcomeasdesiredusinglocal, interac-
tive operations.
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Figure8: Balls that spellACM.Theboxcontains105bins,of which30 aredesignatedto containballs. We showtwo animations,oneon
eachrow, generatedfroma singlechain. Eachhasthebinsbeing®lledin a differentorder, evidencethat thechainproducesa goodmix of
samples.

We haveonly touchedon the possibilitiesof plausiblemotion
with constraints,focusingentirely on rigid body dynamics. Our
techniquesmay alsowork in otherdomainsthat arehard to con-
strain, including groupbehaviors[4] and deformableobjects[8].
Anothergoalis todeveloprealtimesystemsin whichspeci®cevents
areforcedto occurin a plausiblemanner. For example,in a com-
putergamewe might like the monsterto surprisethe player in a
particularway, with aplausibilitymodelthattakesinto accountthe
viewer's knowledgeof themonster's stateandhow it moves[7].
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A Bowling Details
A.1 Uncer tainty model
Our bowling model is derived from data found online
(http://www.brittanica.com). The sources of uncertainty in
themodelare:

Ball radius Distributeduniformlyon  �
�
�

A

� �
�

��� � , where�
�

��� is
speci®edby therulesof thegame(approximately11cm)and

�
�
�

A

M

��	

�

�
�

��� .
Ball density Distributed uniformly on  �
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Ball initial position Fixedin line with theendof thelane,atsome
point uniformly distributedacrossthewidth of the lane,and
ataheightdistributedaccordingto 	B�;��	'��� � ��� ����	 �$� � ��� � , the
distribution de®nedby the Gaussiandensity function with
mean��	'��� � ��� andstandarddeviation��	 �$� � ��� .

Ball initial velocity The componentdown the lane (measuredin
"�


�

� ) is distributedaccordingto 	B�
��	 ���
� 	 � � . The compo-
nentacrossthe lane is distributedaccordingto 	B����	 ��� ��	'� � .
Theverticalcomponentis setto zero.

Ball initial angular velocity About a vertical axis (measuredin
�����
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� ), distributedaccordingto 	�����	 ���;��	

@

� .

Eachpin Fixedshapeandmass,offsetfrom its properlocationon
thelanein arandomdirectionby adistancedistributedaccord-
ing to 	B����	 ���+��	 ��� (mm).

With thesedistributions:
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where �)( is theball's heightabovethe lane, *�� and *�+ aretheve-
locity componentsdownandacrossthelane, ,-( is theangularve-
locity abouttheverticalaxis,and

:

� is thedistanceof pin � from its
centerlocation.Theaboveformulafor �,������� is valid if all theuni-
formly distributedvariablesarewithin their range,andall the®xed
variableshavetheir correctvalues,otherwise�,�������

M

� . We can
ignoretheuniformly distributedvariablesin computing�4������� be-
causetheirdistributionfunctionis proportionalto one.

A.2 Proposals

Ourproposalmechanismsamplesavalue � , uniformon  ���
�9� , and
then:

� if �  ��	 ��< , we samplenewvaluesfor all the randomvari-
ables.

� if ��	 ��</. �  ��	'�

@

< , we changethe radiusof theball by
addinganoffsetdistributedaccordingto 	B����	 ������	 ����� �

���
� . If

theradiusliesoutsidetheallowablerange,wewrapit backinto
therange.

� if ��	'�

@

<0. �  ��	

@

, we changethe densityof the ball by
addingan offset distributedaccordingto 	B����	 ��� ��	 � �1� �

���
� ,

wrappingto keep � insidetheallowablerange.
� if ��	

@

.#�� ��	 � , wechangetheinitial positionof theball. We
adda horizontaloffsetdistributedaccordingto 	B����	 ��� ��	

@32

�

(
2

thewidthof thelane),wrappingif necessary,andaddaver-
tical offsetdistributedaccordingto 	B����	 ������	 ��<��

�
��� � .

� if ��	 �4. �  ��	65 , we changetheinitial velocity of theball.
To its componentdownthelane,we addanoffsetdistributed
accordingto 	B����	 ������	 < � . To itscomponentacrossthelane,we
addanoffsetdistributedaccordingto 	B����	 ���;��	 � <�� .

� if ��	657. �  ��	

�

, we changetheinitial angularvelocity by
addinganoffsetdistributedaccordingto 	B����	 ������	 �9� .

� otherwise,for eachpin,with probability �

�

, changeits location
by moving it in a randomdirectionby a distancedistributed
accordingto 	B����	 ������	 <�� (mm).

All of theseproposalsaresymmetric,sothereisnoneedtocompute
thetransitionprobabilities(theycancelwhencomputingtheaccep-
tanceprobability).



Domed bottom

2mm thick

12mm high

Outer box 36mm high

20mm square

Figure 10: The dimensionsand tesselationfor the box in the
spellingball example.

B Spelling Ball Details
B.1 Model details
Eachbinhasasidelengthof 20mm,andeachpartitionis2mmthick
and12mmhigh (®gure10). The ¯oor beneatheachbin is domed
to helpthe ballscometo rest,andthe box in which thebinssit is
36mmdeep.Eachpartitionvertexisoffsetin arandomdirectionby
a distancedistributedaccordingto ������� �������
	�� (mm). Eachball is
droppedfromrestatauniformly randomlocationwithin arectangle
72mmabovethebottomof theboxandcenteredaboveit. Thesize
anddensityof theballsis intendedto resemblemarbles.

Theprobabilityof ananimationis:
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where/ is thenumberof designatedbinsthatare®lled,0 is theset
of partitionvertices,1+2 is theoffsetdistanceof vertex 3 (in mm),

. is the areaof the rectangularregion from which the balls may
bedroppedand 4 is thesetof activeballs,which canvary in size
for differentanimationsasballsareactivatedor deactivated.In this
casewemustincludea termfor theuniformly distributeddroppo-
sitionof eachball becausethenumberof ballscanvary.

B.2 Proposals
Our proposalmechanismuniformly samplesa random5768���9�:	<; ,
andthenappliesoneof four strategies:

= if 5?>@��� �BA , wechangeall thepartitionvertices,giving them
newrandomlychosenoffsets,andchangeall theballs,giving
themanewactivestatusandanewinitial position.

= if �9�C��AEDF5G>H��� I�J , for eachpartitionvertex,we randomly
decide,with probability0.02,to changeits locationby adding
anoffsetin arandomdirectionwith lengthdistributedaccord-
ing to ������� ������� ��K�� (mm).

= if ��� I�J?DL57>M��� J�N we uniformly randomlyselectanactive
ball to change,andoffset its startingpositionin a randomdi-
rectionfor adistancedistributedaccordingto ������� ���PO�� , where

O is thebin size.Wewraptheedgesof theregionfrom which
ballsmaybedropped.

= if �9�CJQN#D�5R>S��� NBA , for eachenabledball weuniformly sam-
ple 3T6E���9�:	<; anddisabletheball if 3U>S��� V�K .

= otherwise,for eachdisabledball we uniformly sample3W6

�����:	P; andenabletheball if 3U>X�9�CVQK .

All but the last two proposalsaresymmetric. If a ball is disabled,
the ratio Y[Z�\+]�^ \!_<`

Y[Z�\ _ ^ \+]a`cb

. (the areaof the rectanglefrom which the

ball maybedropped).If aball is enabled,Y[Z�\+]�^ \!_P`

Y[Z�\ _ ^ \+]d`ebgf

h

.


