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Abstract

We presento w tiles, a novel techniquefor representingand designingvelocity elds. Unlike existing procedusl
ow geneators, tiling offers a natural userinterfacefor eld design.Tilings canbe constructedo meeta wide
variety of externaland internal boundaryconditions,makingthemsuitablefor inclusionin larger ervironments.
Tiles offer memorysavingsthroughthe re-useof prototypicalelementsEach ow tile containsa small eld and
manytiles can be combinedto producelarge ows. The corners and edges of tiles are constructedto ensue
continuityacrossboundariedbetweeriiles. In addition,all ourtilesandtheresultingtiling aredivergence-feeand
hencesuitablefor representinga range of effects.\We discussssueghat arisein designing ow tiles, algorithms
for creatingtilings, and threeapplications:a crowd on city streets,a river owing betweerbanks,and swirling

fog. The r sttwo applicationsusestationary elds, while thelatter demonstatesa dynamic eld.

Catayories and SubjectDescriptors(accordingto ACM CCS) 1.3.7 [Computer Graphics]: Three-Dimensional

GraphicsandRealism

Keywords: tiles, tiling, uid simulation,velocity eld

1. INTRODUCTION

Flows areusedto drive themotionof mary naturalphenom-
ena,andtheir representatiorand creationis a vital part of
mary animationapplicationsSimulationof uids andgases
is themostohbviousexamplebut velocity elds arealsoused
to guideagentdRey99] andforcethe motionof naturalfea-
tures,suchasgrass[PC0] or clouds[DKY 00]. Applica-
tionsof o wsarelimited, however, by two signi cant prob-
lems: o ws are hardto designif specic ow featuresare
desiredandtheresolutiorrequirecto representletailedmo-

tion severelylimits thescaleof effectsthatcanbegenerated.

This paperpresentso w tiles,anapproactio creatingveloc-
ity elds thataddressedesignandscalability

Each o wtile de nesasmall,stationaryregionof velocity
eld. They canbe piecedtogetherto form large stationary
elds andthenusedto drive uids, crowdsor othereffects.
Figurel shavsonesuch eld. Differentstationaryelds can
beinterpolatedn timeto generatelynamic o ws. Flow tiles
sharetwo primary advantagesvith othertiling applications,
suchastextureor terraintiling, dueto their re-useof asmall
setof prototypedqthetiles). Firstly, tiles make designeasier
andmore efcient. Not only is it fastand simple to piece
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tiles togetherto createsomethingarger, but the outcomeof
placingatile is obvious and doesnot dependon blending,
interpolationor otherintertile effects. Furthermorewhile
tiles may encodea designthatis dif cult to createthey can
bereplicatedby anunskilleduser For example terraintiles
in computergames Pea0] empaver novice level designers
but also constrainthemto a consistentstyle, making their
designsuseful to the wider community The secondmajor
adwantagss thatthedatacontainedn eachtile needonly be
storedonce,no matterhow oftenit is used.Tileabletexture
imageshighlightthis feature and o w tiles shareit.

As with ary tile set,to createvisually seamlesdilings
the tiles themseles must meet certain requirementsThe
cornersand edgesof tiles are constrainedby continuity
requirementswhere tiles meet. Aperiodic squaretilings
that avoid obvious repetition artifacts (such as Wang
Tiles [Sta97 CSHDO03) require the creationof tiles with
particular edge combinations.Flow tiles also have con-
straintsmposedy conserationof massandboundarycon-
ditions; for mary applicationswhaterer ows into a tile
must o w out again. In Section3 we detail the designre-
quirementdor o w tiles andpresentaninterpolation-based
methodfor generatingile sets.
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Figure 1: Flow tiles drive a river ow. Eadc of the tiles
in the zoomedgrid at the top contain small examplesof
divergence-fee velocity elds. A userinteractively placed
the tiles, including interior and exterior boundary condi-
tions. In the sectionof tiling shown,boundaryconditions
were usedto force the ow arounda bridge pylon. Below
isthe ow embeddedh an application,usedto drive leaves
in theriver.

Environmentakonditiongtypically imposeboundarycon-
ditionson o ws; ariver stayswithin its banksand o ws to
the sea,crowds do not passthroughwalls, andso on. Flow
tiles supportinterior and exterior boundaryconditionson
their tiling, and can be corveniently insertedinto applica-
tionsusingatexture-mappindik e approachBoundarycon-
ditions on the entiretiling imposeconstrainton the place-
mentof individual tiles within the eld, not just thosethat
aklut aboundaryFor instancejf a o w thatconseresmass
is usedto Il a dead-endhlley, the net ow mustbe zero
acrosgheopeninginto thealley, evenif therearemary tiles
placedwithin thealley. In Sectiond we characterizéhecon-
straintson tile placementind presentalgorithmsfor laying
outtiles.

This papercontributesa new approachto designingand
storing o w elds thatimprovestheir controllability andef-
ciency. Flow tiles rely on a designerto createplausible
elds, althoughthe constraintsouilt into thetiles andtiling
algorithmsaid the designeiin satisfyingimportantphysical
requirements;o w tiles will not let you lead a crowd into
a blind alley. They sacri ce the guaranteeglausibility of
othermethodssuchassimulation but gain storageandcom-
putationalef ciency in additionto directcontrol.

We ervision the useof o w tiles primarily in real-time
applicationswhere large-scale smooth o ws are required
to drive animation.In Section5 we presentwo examples:
the adwection of agentsto form a crowd o wing through
city streets,and the creationof a river through comple
banksandaroundobstaclesTheseapplicationsusestation-
ary ows (the eld itself doesnt changeovertime). We also
discusstime-varying o ws, and shav their applicationto
swirling fog.

2. RELATED WORK

Flow tiles are a proceduralmethodfor generatingvelocity
elds. Several approacheso this problemexist, basedon
superpositiorf o ws,spectrunmethodsandinterpolation.

Sims [Sim9(d, Wejchert and Haumann[WH91], Bar
rero et. al. [BPC99, Rudolf and Raczlowski [RR0(J and
Perbetand Cani [PC0] all use superposition- the linear
combinationof basis o ws — to generatewind elds that
drive othermotion. Their primitivesincludeconstanteloc-
ity linear elds, vorticity elementsmoving waves,andran-
dom elds. While providing a convenientinterfacefor de-
signing o ws over openregions,thesesuperpositiormeth-
odsarenotwell suitedto x edboundaryconditionsbecause
it is very dif cult to selectandweightthe basis o ws such
thatthe combinatiorresultsin therequiredconditions.

Spectralmethodsgeneratespatially and temporally pe-
riodic ow elds that have the adwantage of being
trivially tileable. Among spectral methods, Shirya and
Fournier[SF93 useanobsenationbasednodelwhile Stam
andFiume[SF93 usedthe Kolmogorws spectruma model
that describesghe amountof turbulencepresentat various
spatialandtemporalscalesWhile usefulin casesvheretur-
bulentdetailis requiredthereis little controloverthedetails
of the eld andnoway to meetarything otherthanperiodic
boundaryconditions.Flow tiles offer similar memorysav-
ingsthroughtiling, but with greatercontrolover boundaries
andwithout periodicity

Interpolationbasedschemegequirea userto specify a
few velocity or potential eld valuesand then interpolate
to Il alarger region. Neyret and Praizelin[NPO1] is one
example of this approachlnterpolationsuffers from dif -
culties in controlling the nal result. For example, while
Weimer and Warrens [WW99] subdvision schemegener
atessmooth o ws that satisfy the physically-basedPDEs,
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the nal ow doesnot necessarilyinterpolatethe original
velocities.Nor doesthe subdvision maintainboundarycon-
ditions. Similarly, the projectionontoa divergencefree eld
of NeyretandPraizelinmight changethe o w signi cantly.
Usershave no directway of controlling theseeffects,apart
from specifyinganoverwhelmingnumberof samplepoints.

Physically-based simulation  approaches (see
Stam [Sta03 for some recent results), face limitations
on the size of the grid that can be solved in real-time
(or even reasonablaime). Total grid widths for real-time
performanceare limited to abouttwo ordersof magnitude
more than the smallestresohable feature size in each
dimension.In threedimensionghe situationis evenworse,
which led Rassmusseat. al. [RNGFO0J to develop an ap-
proachfor combining,via interpolationand superposition,
2D simulationsand a 3D Kolmogorw eld to obtain 3D
results.To increasehe effective period of the Kolmogoro
eld, they suggestusingtwo elds with different periods.
They generatetemporalchangesin the Kolmogorw eld
by interpolatingin time betweentwo elds — a technique
thatwe alsoemploy. While Rassmusseat. al!'s techniques
build larger simulationsby combiningsmallerpieces they
do not addresghe designissuenor support x ed boundary
conditions.

Fromadesignperspectie, Treuille et.al. [TMPS03 con-
trol smole simulationsusing a key-frame basedinterface
andconstraine@ptimization.Userssetkeyframesontheap-
pearanceof the smole andthe systemsolvesfor a simula-
tion that passeghroughthe keys. However, their approach
is expensve, doesnot offer WYSIWYG design,andis only
effective onsmallproblemsdueto theunderlyinguseof sim-
ulationandoptimization.

Textureandterraintilings have seergreatusein computer
graphics.Glassnef{Gla98a Gla98l provides an overvien
of in nite tilings of theplane,includingaperiodidilings that
arebetterthanperiodicat hiding repetitionartifacts.Wang
Tiles [GS87, rst introducedto graphicsby Stam[Sta97
and extendedby Cohenet. al. [CSHDO03, are squaretiles
that supportaperiodictilings. Stamprovidesa hierarchical
tiling approactthatguaranteeaperiodicity while Cohenet.
al. usearandomizedscan-lineorderapproactthatrequires
fewerbasigtiles. We alsowork with aperiodic squardilings,
but ourtiling algorithmsaredesignedo meetboundarycon-
ditions and supportplacingtiles in ary order Neyret and
Cani [NC99 generateexture tilings on arbitrary surfaces
usingtriangulartiles that supportcontinuity We sharewith
theirwork anemphasi®n the cornersof tiles. In theareaof
terraintiles for computergames,Peaslg [Pea0] discusses
mary of theissuessurroundinghe creationof tiles.

3. DESIGNING FLOW TILES

Tiles mustprovide a setof ow elds thatcanbe combined
to form largetilings. In this paperwe discussonly 2D tiles,
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Figure 2: Our methodor indexingtiles requiredeightnum-
bers: onefor eat cornerindicatingthe velocityat that cor-
ner, and one for ead edge indicating the ux acrossthe

edee.

althoughmost of the discussionextendsnaturally to 3D,
space- lling tiles. We usesquaretiles dueto their simplic-
ity for tiling, similarity to texture maps,easeof represen-
tation and corveniencefor numericalcomputationsSquare
tiles somevhatrestrictthe domainswe cantile, anissuewe
cover in Section5. With applicationsin mind we focuson
divergence-feetiles, or thosethatconsere mass We allow
0 wsto bewarpedwhenplacedinto applicationswhich in-
creasesheirusefulnessalthoughattheexpenseof ary guar
anteesaaboutcompressibility Our choiceof divergence-free
tiles hasmary consequencef®r the representatiomndde-
sign of tiles, which we discussbelow. Thetiles we present
arestationary(the eld doesnot changeover time) but by
combiningtilings over time we cangeneratalynamic o ws.
Finally, we assumethat o w tilings are going to exist in-
sidelarger ervironmentsandwill be requiredto meetspe-
ci ¢ boundaryconditions.

3.1. Characterizing Flow Tile Sets

We chooseto work with nite tile sets,asthisis anexplicit

way of restrictingmemoryusageandalsosimpli es theuser
interface.For ef cient tiling, we requirea way of indexing
particulartiles in thetile set.For example,Stam[Sta97 in-

dexestileswith theiredge‘colors”, NeyretandCani[NC99

usethe cornergthey have only oneedgepercombinationof
endpoints)andCohenet. al. [CSHDO03 usebothedgesand
cornersTiling algorithmsuserulesto determinghetypesof
edgesand/orcornersthatwill beusedin thetiling, andthen
chooseatile from the setthatmatchegherequirements.

The o w tile indexing stratgy is baseduponthe four ve-
locities at the cornerof eachtile, andthe net ow, or ux
acrosseachedgeof thetile. Flux is alsoreferredto asthe
volume o w ratein the uids literature. We focuson corners
becausé¢hey aretheplaceswherefour tiles overlap,andcan
be usedto determineedgedNC99. We explicitly trackthe
ux acrosseachedgebecauseét is essentiain controlling
the divergence-fregoropertiesof tiles. The labelingscheme
is shovn in Figure2.

Eachcornerindex for atile is a positive integer thatin-
dexesan array of possiblecornervelocities.The setof ve-
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locity optionsare provided by a userandthereareno con-
straintson the choices althoughincludingthe zerovelocity
is very usefulfor meetingboundaryconditions.

Eachedgeindex is aninteger that multiplies a baseunit
of ux to determinethe total ux acrossthe edge.Flux is
de ned asthe integral of the normalcomponenbf the ve-
locity ateachpointalongtheedge In ourdiagramswe indi-
catethe ux with anarrov normalto thetile edge but note
thatthe ux dependson the velocity at every point along
the edge.Theremay also be velocity componentgangen-
tial to the edgebut they do notin uence the ux. Fluxesare
positive for o w toward the right and up, and negative for

o w towardtheleft anddown. We requirea nite setof ux

quantitiesto de ne horizontaltile edgesandanothersetto
de ne vertical edges;only tiles with matchingcornersand
ux escanbeplacedtogether

Our ux de nition schemeusingabasemultiplied by an
integer, arisesfrom a desirefor divergence-frediles. Such
tiles have the propertythatwhatever o wsin also o wsout,
which is importantfor mostapplications.The divergence-
freeconditionrequires

fiett + foatom= fright + frop @)

where fief is the ux acrossthe left edge,and so on. We
mustchooseedge ux esthatcanbe combinedto form tiles
thatmeetthis condition.Furthermorewe would like to max-
imize the ability to combinetiles in a tiling, so givena set
of edgesandcornerswe wantasmary valid tiles aspossi-
ble. We hencechoose ux esthat areinteger multiplesof a
x edunit of ux. Thedesignerchooseshebase ux, fyase
andtheminimumandmaximummultiple for eachdirection,
My:min, Mx;max, Mymin, My;max. We thenhave:

fleft = Mieft foase Memink Meft Mgmax
fright = Mright fhase Memin - Mright  Mx;max

ftop = Mop fhase Mymin  Mop  Mymax
foatom= Moatomfbase Mymin ~ Mbatom  Mymax

A particulartile's edgeis indexed by theinteger multiple
usedto computets ux. The fpagetermscanceloutof mary
operationgelatedto ux es,allowing usto work with thein-
dicesthemseles.In particular thedivergence-freeondition
canbere-writtenas:

Meft + Mpottom = Myight + Meop (2

3.2. Counting Flow Tiles

The combinatoricf o w tiles areimportantfor assessing
the cost of storing a tile set. Roughly speakingthe num-
ber of tiles in a completeset grows with cA(Mx + My)s,
where c is the numberof possiblecorner velocities and
Mx= Mxmax Mxmin@ndMy = Mymax My min arethenum-
berof choicesofferedfor ux esacrosgsheverticalandhor
izontaledgeqwe omit the proof for spacereasons)We will

referto aftile setusingthetriple (Mx; My;c). To give a a-

vor for the numbersselectingonecornervelocity andthree
possible ux esacrosseachedge,a (3,3,1) set, contains19
tiles. A (5,5,1) setincreasegshe numberto 85. Providing 5
corneroptionsandthree ux options,a(3,3,5),increaseshe
numberto 11,875.

In practicewe have found that tile setscreatedfrom a
smallnumberof velocityand ux optionsproduceverycom-
plex owswhentiled. Thisis becausé¢hevarietyin appear
ancecomedrom thecombinatiorof tiles, notthecompleity
of thetiles themseles. The situationis analogougo build-
ing acomplex mosaicoutof plaincoloredtiles. We have also
found that applicationsuse only a small subsetof the tile
set.Thepotentiallylarge setis requiredto provide designers
optionswhenlaying out tiles interactvely, but unusedtiles
neednot be createdor stored.Furthermorepoundarycon-
ditions and constraintson tiling tendto force the re-useof
only a small subsetof possibletiles, again freeingus from
theneedto createandstoreall thepossibilities As aspeci ¢
example theriver exampleof Figure 1l usesonly 21 distinct
tiles, outof a potentialsetmeasuredh thetensof thousands.
If largertile setsarerequired we canexploit rotationalsym-
metryto reducehestoragecost.With symmetryandassum-
ing theonly cornervelocity is 0, the (3,3,1)setis reducedo
only 6 tiles,shavn in Figure4.

The ux is anintegral quantity andthereareanin nite
numberof velocity elds along an edgethat all have the
samecornervelocitiesand integrateto the same ux. We
coulduseanadditionalindex for eachedgeto specifya par
ticularedgevelocity eld, butwe useonly oneedgevelocity
eld uniquelyde ned by the cornervelocitiesandthe ux
(seeSection3.4). This reduceghe numberof tiles in a set
atthe expenseof greaterrepetitionof particularedgesn the
tiling.

Tilings are createdby placing tiles without overlap, so
a single velocity vector is enoughto de ne eachcorner
Greateroverlap, and hencegreatercontinuity in the ow
acrosstiling seamscould be incorporatedby specifyinga
small pieceof cornervelocity eld. For example,tiles with
oneunit of overlapwould requirea 2 2 velocity eld for
eachcornerOurtile lling andtiling algorithmscanbeeas-
ily adaptedo supportthis.

3.3. RepresentingFlows

Flow tiles muststorea continuousvelocity eld. As with
grid based uid simulation algorithmswe store the eld
using a discreteset of sampleson an axis aligned grid.
Most uid solvers for graphics store face-centeredve-
locities [FM97] becausethis arrangemenimales it sim-
pler to handleboundaryconditionsand projection onto a
divergence-freeeld. Eachedgeof the2D grid (facein 3D)
storesthe velocity componentormalto the edgeatits mid-
point. Sucharepresentationequires2n(n+ 1) valuesfor a
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Figure 3: The stream function methodfor representing
divergence-feevelocity elds. We showa small portion of

the bottomleft of a grid. Valuesof a scalar streamfunction,
S, are stored at verticesof the grid. To evaluatea velocity

(x;y), we r st nd four surroundingstreamfunctionvalues
by interpolatingthe vertex values.The velocityis then ob-

tainedby takingthe curl of the streamfunction.

2D gridwith n  ncells.In adivergence-freeeld, however,
thereareconstraintaiponthevelocity values Exploitingthis
allows usto halve the storagecostof a eld.

Every 2D divergence-freéncompressibleeld canberep-
resentedasthe curl of a scalarfunction,the streamfunction
S(x;y), multiplied by avectorin thethird dimensionz:

vixy)=r  (SxVy)2)

Discretizingthe curl operatorand storing the streamfunc-
tion, insteadof the velocity eld, givesusthe arrangement
shavn in Figure3, with streamfunctionvaluesstoredat the
verticesof the grid. The velocity, (x;y), at a point, (x;y),
is evaluatedby interpolatingthe streamfunction to nd
S(x :5yy), x+ 0:5y), S(xy :5) andS(x;y+ :5). Then:

X = S(;y 5 S(;y+ 5 3)

Yy = Susy S sy
Evaluatingtheseexpressionss no moreexpensve thanin-
terpolatingthe face-centeredchemeandthe streamfunc-
tion representatiomastwo advantagesthe memorycostis
lower, at (n+ 1)2 forann ncell grid, andit is simplerto
constructiles with speci ¢ ux esacrosgheedge.Thetotal
ux acrosstile edgeis arrivedatby adding(or subtracting)
the streamfunction valuesat the endpointsof the edge.All
theintermediatestreanmfunctionvaluescanceloutin asum-
mation of the velocitiesacrossthe edge.We cantherefore
ensurea particular ux acrossanedgeby settingthe corner
streamfunctionvaluesappropriatelywith no concernabout
the eld atinterior pointsalongthe edge We exploit thisin
creatingo w tiles.

The discussionabove assumessquaregrid cells in the
derivation of the velocity from the streamfunction. Scaling
termswould be requiredfor non-squarecells. We discuss
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this furtherin Section5 in the context of mappingthetiling
ontoanervironment.

3.4. Filling Tiles

We Il o w tiles usinga simpleinterpolationschemebased
onbi-cubicpatchesOtheralternatvesfor tile designinclude
specifyingthe eld by hand,extractingtiles from another
0 w-generatiormethod,suchasthe Kolmogoros spectrum,
or takinga snapshobf a simulationon thetile.

The goal of our interpolationschemeis to take the cor
nervelocitiesand ux choserfor atile andproduceastream
function on a grid of a given size (thetile dimensions)We
work only with the streamfunction when lling tiles be-
causeit freesus from divergence-freeconsiderationsary
streamfunction generatesa divergence-freevelocity eld.
Our interpolationtechniqueworksfor tile sizesgreaterthan
orequalto3 3 (4 4 streamsamples).

The cornervelocitiesand edge ux es completelydeter
mine the streamfunction valuesin the cornersof the tile
(up to an additive constant).Consider lling atile of size
nx Ny, with indicesinto the streamfunctionin the domain
( 5+ :5)  (:5::r;ny+ :5). Usingthe ux esas-
signedto thistile, we setthe cornervalues:

S5 5=0
Sr1x+:5; 5 =

S sn+5 = S5 5 fent

S 5 5t fbatom

Sh+ Biny+:5 = S Sn+:5+ ftop

Using the velocities and Equation3 we can set the three
streamfunction valuessurroundingeachcorner For exam-
ple:
Ss. 5 = S 5 5+ Yoo
S 55 =S5 5 X0
Ss:5 = S 55t Yoo
wherexg.g andyg,o arethe horizontaland vertical compo-

nentsof thevelocity atthebottomleft corner Valuesaround
theothercornersaresetsimilarly.

The above constructionaroundeachcornerresultsin 16
known streamvalues.We usea bi-cubic Bezierpatchto I
the remainderof the grid. We solve a linear systemto nd
the control pointsfor the patchthatinterpolateshe values
aroundthe corners andthenevaluatethe patchat othergrid
locationsto determingheremainingstreanfunctionvalues.
Theresultis a smooth,continuouso w within thetile. The
(3,3,1) tile set,suppressingotationally symmetrictiles, is
shavn in Figure4.

4. TILING

Tiling istheproces®f laying outtilesto meetcontinuityand
boundaryconditions.Thetiling schemeneetstwo goals:to
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Figure 4: Thesix tiles froma (3,3,1) setthat remainwhen
rotational symmetriesare removed. Thee is only one cor-
ner option: zeo velocity Each edge hasthree ux options:
-1, 0 or 1. Dots showthe center of each grid cell, with
a line drawn from the dot in the direction of the velocity
scaledaccoding to the velocity's magnitude The uxes,
(bottom,right,top,left)for ead tile are, in clockwiseorder
from the top left: (0,0,0,0),(1,0,0,-1),(1,1,0,0),(1,1,1,1),
(1,1,-1,-1)and(1,0,1,0).

supportuserinteractionsimilarto thatfor terraintiles or tex-

ture mapping,andto incorporate o ws into larger erviron-

ments.The latter necessitatesupportfor exterior andinte-

rior boundaryconditions. The challengesn achieving these
goals arise from the divergence-freeconstraint,combined
with theuseof a nite tile set.For a senseof the problems,
considerFigureb, in whichtheaimwasto Il a3 3-tilere-

gionwith zeroboundaryconditions Eventhoughthe partial

tiling shown is divergence-freejt cannotbe completedbe-
causeatile isrequiredwith more ux acrossanedgethanex-

istsin thetile set.Hence,constraintdimposedon tile place-
mentby theedgesf existingtilesarenotsufcient to ensure
valid completetilings with a x edtile set.

The tiling algorithm placestiles on a rectangulargrid.
Boundaryconditionscanbe setonthe ux acrossary edge
in thetiling andthevelocity atary corner Thespeci ed ux
or velocity mustbe oneof thoseusedto createthetile set.A
usermay alsospecify periodicexternalboundarier com-
pletely free boundarieslf an applicationdoesnot require
all of the rectangulamgrid, the boundarieof the unwanted
region can be setto have zerovelocity and ux; the ow
cannotcrosssuchboundaries.

The basicoperationfor tiling is a selectionfunction that
returnsasetof tilesgivenapartialtiling andanun lled loca-
tion. Theselectioroperatiorguaranteethatthetiling canbe
completedf oneof theselectediles is usedin thegivenlo-
cation.Tiling canthusproceedn ary ordet includingthose
requestedby a userin aninteractize program.

10 ?0 10
{1 -1 £?
[ [ [
4% g 9 e L1 f O
-1 10 {1
[ [ [
49 a 1L p 4% ¢ {9
to 10 t0
| |

Figure5: Atiling that cannotbe completeddespitethe fact
that all the tiles placedso far satisfytheir neighborcondi-
tions. In this example tiles a-efroma (3,3,1) sethavebeen
placed.Next to be placedis f, but there existsno tile in the
setwith therequiredtop edge ux of 2. Our tiling algorithm
ensuesthatall partial tilings havea completion.

0 0 My:min a My;max
My:min b Mx;max
C
0 - d 0 My:min C Mx;max
3* * My:min d My:max
I I atb = 0
0 ?2—> |0 ac=0
5 5 b d = 0
ct+d = 0

Figure 6: An exampletiling grid and the constrintsin the
integer programusedto selectilesfor thebottomleft corner
Thevaluesa, b, c andd are theintegral ux valuesacross
the edge. Theinequalitiesenfoice the limitations of the -
nite tile set,while the equalitiesenforce the divergence-fee
constaint for ead tile.

4.1. Tile Selection

The intuition behindtile selectionis that every tile choice
pushesadwectedmassinto it neighborswho pushit oninto
other neighbors,and so on acrossthe grid. At somepoint
thetiling reaches placewherethreeedgesareconstrained,
asin Figure5, andwe have no choicein the ux acrossan
edge.We mustbe certain, at this point, that thereis a tile
with therequired ux. Tile selectiongivesusthis certainty
by ensuringevery partialtiling canbecompleted.

Tile selectionfor a given positionis basedon identifying
the rangeof possiblevaluesfor the ux esand cornerve-
locities of candidateiles. To identify valid cornerswe rst
checkif that corneris explicitly constrainedegither by the
useror andexistingtile. If so,thevelocity mustmatch,oth-
erwiseary velocityis allowed.We identify valid edge ux es
oneatatime, usingtwo integerprogramdor eachedge Fig-
ure 6 is anexampleof the constraintfor onesuchprogram:
thereis oneconstraintfor every free edgein thetiling lim-
iting its valueto thoseavailablein thetile set,andonecon-
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straintperopentile slot to enforcethe divergence-freecon-
straintfor thatslot. Theobjective functionfor agivenedges
rst linear programmaximizesits ux, while the second
minimizesit. After solving the integer programswe have
boundsfor the valid edge ux es,andwe searchthe tile set
for tiles thatmeetthe bounds.

Sometiles, however, arestill notacceptablefor instance,
minimizing and maximizingtheright edge ux may give a
rangeof [0; 2], andthe top might alsogive [0; 2]. But it may
be the casethat a right edgeof 2 is only acceptablewith
a top edgeof 0, andvice versa.We therefore lter the set
of tiles by testingeachonein turn for feasibility. In other
words,we addadditionalconstraintgo theintegerprogram,
representin@ candidatdile, andtestif a solutionexiststhat
meetsthe constraintsif so,thetile is returnedasoneof the
possibilitiesfor thelocation.

Solving an integer programis a key stepin our se-
lection algorithm. Integer programmingis appropriatebe-
causewe have boundson the ows acrossedges,deter
mined by the possibletile edges,and constraintsmposed
by the divergence-freeconstraintand boundaryconditions.
The programin Figure 6 implicitly accountsfor the zero
boundaryconditionson thetiling. In practice,we associate
variableswith eachboundaryedgeanduseconstraintgo en-
forceboundaryconditionsexplicitly.

To solwve the integer programswe usea standardsimplex
methodlinear programsolver. Theinteger programswe are
dealingwith arenetwork ow problemgVan0] andtheIn-
tegrality Theoremfor suchproblemsensureghata simplex
solver returnsinteger results.This allows us to bypassex-
pensve integer programsolvers.While specialpurposenet-
work ow solvers exist, we insteadusethe Osi/Clp linear
programsolver from the COIN packagg LHO3]. It supports
hot-startsolutionswherean existing solutionwith modi ed
boundsor anew objectve is re-sohedat signi cantly lower
costthanif startedfrom scratch.Thisis highly bene cial in
our application,becausevhen solving for a particulartile
slotwe changethe objective function but not the constraints
— they dependon the overall con guration of thetiling, not
aparticularedge.

It is dif cult to producetight boundson the costof tiling.
While the numberof variablesfor eachprogramis knowvn
(ann ntiling contain2n(n+ 1) variablessomewith x ed
values),andthe numberof constraintddependn the free
slots, the useof a simplex solver makes predictingperfor
mancea challenge.Furthermorethe numberof programs
solved depend®on the setof potentiallyfeasibletiles found
in the rst phaseof thesearchA scan-lineorderl0 10ran-
domtiling algorithmrequestshe solutionsto over 650 pro-
gramswhich arecomputedin a total under1.5 secondsA
4 4 randomtiling takes 0.077 secondson a 1.3GHz PC,
while a32 32tiling takes113seconds.
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Figure7: A4 4tiling underconstructionin an editor The
user speci esconstaints on the ux acrossedgesand the
velocitiesat the corners of tiles. Whenan emptylocationis
selectedin this casethetop left corner the editor presents
setof tiles appropriate to that location, shownon the right.
Theusercan selectoneof the optionsto placein the loca-
tion. In the situationshown the useris choosingthe top-left
tile, which has boundaryconditionsabove and to the left,
andvelocityconstaintson threeof its corners. Henceall of
thetiles offered havenearlyidenticalleft andtop edges.

5. APPLICATIONS

Flow tiles aresuitedto the generatiorof large,aperiodicve-
locity elds that meetspeci ¢ boundaryconditions.Tiling
offersanWYSIWYG userinterfacefor designingo ws. We
presentthree applicationsthat can take adwantageof ow
tiles: thedesignof ariver o wing betweerbanksandaround
bridge pylons; the adwection of a crowd of agentsthrough
city streetsandswirling fog over a pool. To createthe rst
two ervironments,we incorporatedo w tiles into the con-
tentcreationpipelinefor a studentdevelopedgameengine.

Randontilings provide an automatednethodof produc-
ing velocity elds. To producea randomtiling, we proceed
in scan-lineorderacrosgshetile grid. For eachposition,we
requesthesetof tiles thatsatisfythe constraint@andchoose
oneuniformly atrandom.Randontilings areinterestingfor
somenaturaleffects,suchasturbulentwind elds, but fre-
guentlyananimatorhassomethingelsein mind.

We have built aninteractive editorfor tilings thatis inte-
gratedwith atool setfor gamecontentcreation.The editor,
shavn in Figure7, allows a userto load a tile set, specify
a region to be tiled and setboundaryconditions.The user
cantheninteractively createthetiling by clicking on a tile
locationandchoosingoneof the valid tiles provided by the
system.Using the selectionprocesf Section4.1, the sys-
temcanguarante¢heuserthattheirtiling canbecompleted,
regardlessof the orderin which they placetiles. If desired,
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Figure 8: A zoomedn view showingthe mappingfor the
city examplebetweera polygonalmodel(thegray triangles)
andatiling (theheavyblack lines).\erticesin themodelare
associatedwith pointsin thetiling using ow coordinates.
Aswith texture coordinates theseallow usto mappointsin
thetiling, andhencevelocities bad into theworld.

the systemcanautomaticallylocatepositionswith only one
valid option,and Il thosefor theuser

After atiling is createdit is exportedto anothertool that
bindsthe tiling into an ervironment(seeFigure 8). This is
doneby identifying pointsin the ervironmentwith points
in thetiling using ow coordinates just astexture mapping
usegexture coordinateso mappointson surfacesto texture
locations.Boundaryconditionsin thetiling aretypically as-
sociatedwith obstaclesn the ervironment,suchasa river
bankor thewall of a building. For goodresults the o w co-
ordinatesnustmapthetiling grid into theernvironmentwith-
outintroducing ips, althoughtearsin the grid arereason-
ableprovidedthey arealongtile boundariesFigure1l shavs
sucha tearwherethe river forks. The tear preventsexcess
tilesin theregion underthe groundandallows sharpcorners
in theervironmentwith minimal distortionof thetiling.

As with texture mapping, o w coordinatesnay be spec-
i ed suchthatthe resultingmappingdeformsthe grid. The
physical interpretationof this is the that the advectedma-
terial is compressiblewhich is reasonabléor crovds— the
agentanove closertogetheror fartherapart.For animations
of incompressibleuids, suchaswater aplausiblevisualin-
terpretationis thatmassis beingpushedunderor above the
2D surface.While our currentsystemdoesnot modify the
third dimensionwe could usethe local deformationto add
wavesor othereffects.

Givenasetof ow coordinatesye triangulatethe world
spacepolygons.Eachtriangle in world spacecorresponds
to a triangle in the ow tiling. To determinethe velocity

Figure 9: A frame showingpeoplemoving througha city,
drivenbya ow tiling of the streets.Internal boundarycon-
ditions preventpeoplefromwalking throughbuilding walls.

at a pointin the world, (x;y), we rst expressthe pointin
the barycentriccoordinatesystem,(a;b;g), de ned by the
world spacdriangulation.We transferthesebarycentricco-
ordinatesto the tiling and use ow coordinatesto de ne
anothercoordinatesystemfrom which we can extract the
point's(u; V) locationin o w spaceThisis essentiallyequiv-
alentto standardexture mapping,exceptinsteadof a color
we have avelocity to transformbackinto world space.

Thevelocityin ow space(u;V) is transformedrst into
the barycentriccoordinatesystemde ned by the o w coor
dinates(a;b;g):

The equationdor b andg aresimilar. Thetermsfa={u and
so on are the partial derivatives of the barycentriccoordi-
nateswith respectto the o w coordinatesystem.They are
found by expressinga, b andg asfunctionsof u, v andthe
o w coordinatesandtakingthepartialderivatives.They can
be storedwith thetrianglefor fastlook-up. Thevelocitiesin
world spacearecomputedrom the barycentricvelocities:

= B + E + Bg

fa” Mb- fg
with a similar equatiorfor y. Theterms{x=fa arefoundby
expressingheworld coordinatesn termsof a, b andgand
takingpartialderivatives.They turn outto becomponentsf
theworld coordinate®f thetrianglevertices.

X

The nal partof ourgamedevelopmentpipelineis arun-
time enginethatunderstands w coordinatesandthe map-
ping into tilings. We have usedit to createtwo demonstra-
tionsof o w tiles: acity modelwith tilesthatde ne the ow
of peoplethroughthe city streetqFigure9), andariver that

o wswithin its banksaroundabridgepylon, andthenforks

¢ TheEurographic#ssociation2004.
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(Figurel). Thecity exampleusesatile setwith ve ux op-

tionsfor eachedgeand ve cornervelocities.Theriver uses
ve ux esin theup/davn streamdirectionandthreeoptions

acrosghestreamalongwith ve cornervelocities.

Flow tiles drive the crowd usingthevelocity to de ne the
directionof travel for eachmemberThe useof divergence-
free o wsto de ne crovd motionensureshat,undereason-
ableconditions the agentsdo not requireary form of colli-
siondetection Providedthe agentsstartoff non-intersecting
and with somebuffer spacearoundthem,andthe eld is
closeto incompressiblethe o w will keepthemapartfrom
eachotherandthe walls of building. Due to the x ed na-
ture of the tiles, the crovd doesnot interactin ary way,
but for animationsof anemepgeng evacuationor a panick-
ing crowd this is not important.Interactioncould be added
by including local areasof simulationwhereagentsceased
following the eld andinsteadinteractedusingsomeother
method.A limitation of ow tiles is that streamlinesever
cross,which meansthat charactersan never, for instance,
crosseachotherat the middle of anintersectionThis could
be addressedby overlaying multiple tiles in a singletiling
spacewith collisiondetectiorrequiredn theoverlayregion.

The river example (Figure 1) adwectsleavesin the ow
arounda bridge pylon anda fork in theriver. Flux andcor
ner velocity constraintsavere usedto addrotationalmotion
to the o w in thewake of the bridge. Thefork wasachiezed
by cuttingthetiling grid alonganinternaledgeandpulling
the two halves apart.In a relatively large o w application
suchasthis, simulationwould betoo expensve for real-time
performanceparticularly given the otherdemandson pro-
cessoltime andmemoryin a computergameor interactve
environment.Flow tiles areef cient to store(they useonly
20%of thespaceequiredto storethe eld withoutrepeating
tiles) andfastto evaluatefor a velocity.

Flow tiles canbe extendedo generatgime-varying o ws
by interpolatingbetweertilings. By the superpositiorprin-
ciple, the linear combinationof two divergence-freeo ws
is alsodivergencefree. A usercould de ne a sequencef
key-frametilings, which would be loopedto generatdong
running animations. An alternatve, which we have imple-
mentedwith randomtilings, is to designa few key tilings
andapplythemin arandomsequenc@eneratednthe y .
We have usedsucha eld to drive a swirling fog animation,
aframeof whichis shavn in Figure10.

6. CONCLUSION

Flow tiles areparticularlyusefulin applicationsvherelarge,
designedo wsarerequiredfor useatinteractve ratesHow-
ever, thereareseveralartifactsandlimitationsthatarisefrom
o w tiles, primarily dueto the way thatwe specifyand Il
tiles, andtheuseof aregulargrid.

Our linearinterpolationtechniquefor Il the interiorsof
tiles malkesthegeneratiorof smallscaleturbulencedif cult,

¢ TheEurographic#ssociation2004.

Figure 10: A framefroma swirling fog animationgeneated
usingtime-varying ow tilings.

andit is not physically motivated. Moreover, using inter
polationbasediles is equivalentto simply specifyingedge
ux esandcornervelocities,andinterpolatingthosedirectly,
withoutgoingto theeffort of designingiles. We emphasize,
however, that the techniqueutlinedfor de ning the con-
straintson tiles andtiling apply regardlessof how tiles are
lled. Onesuperiorapproachwouldbeto designmorecom-
plex edgevelocity pro les andusesimulationor anadaption
of a spectrummethodto Il thetiles. The subdvision ow
techniqueof WeimerandWarren|WW299] couldalsobe ex-
tendedio meetboundaryconstraintandhencell tiles.

The numberof tiles in a setgrows rapidly asthe number
of corneroptionsis increasedTiles with only a couple of
cornersproducenoticeableartifactsat the regularly spaced
verticesof thetiling grid. The grid could be distortedto re-
ducethe regularity of the artifacts,which aremostobvious
in randomlygeneratedincoherent elds. Symmetrycould
alsobeexploitedto allow morecorneroptionswithoutlarger
sets.Largetile setsalsoposea problemin interactve tiling
becausehe numberof potentialtiles for a given position
may bevery large, althoughthis canbe alleviatedby asking
auserto specifymoreinformationaboutthe desirediles.

We use squaretiles on a regular grid, which limits the
topologiesontowhich tiles canbe mappedwith low distor
tion. Our tiling selectionalgorithm,however, works on ary
meshof edgesthusallowing usto generatalivergence-free
o wsfor arbitrarypolygonaltile shapesincludingtriangles.
In particular Neyret and Cani's [NC99 surfacetiling ap-
proachcould be adaptedor triangular o w tiles. The great-
estchallengds extendingto othershapeshetechniquedor

lling tilesandcontrollingdivergence.

The primary advantageof o w tilesis the ability to meet
boundaryconditions— allowing our o wsto beinsertednto
larger ervironments— and the provision of a WYSIWYG
interfacefor creating elds. Our o ws aredivergence-free,
makingthemsuitableto drive awide rangeof naturaleffects,
suchas uid o w or crovd motion,andareef cient to store
and accessallowing their usein interactve ervironments
suchasgames.
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