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Abstract
We present�o w tiles, a novel techniquefor representinganddesigningvelocity�elds. Unlike existingprocedural
�ow generators, tiling offers a natural userinterfacefor �eld design.Tilings canbeconstructedto meeta wide
varietyof externalandinternal boundaryconditions,makingthemsuitablefor inclusionin larger environments.
Tiles offer memorysavingsthroughthere-useof prototypicalelements.Each �ow tile containsa small �eld and
manytiles can be combinedto producelarge �ows. The corners and edges of tiles are constructedto ensure
continuityacrossboundariesbetweentiles.In addition,all our tilesandtheresultingtiling aredivergence-freeand
hencesuitablefor representinga range of effects.We discussissuesthat arise in designing�ow tiles,algorithms
for creatingtilings, and threeapplications:a crowdon city streets,a river �owing betweenbanks,andswirling
fog. The�r st twoapplicationsusestationary�elds, while thelatter demonstratesa dynamic�eld.

Categories and SubjectDescriptors(accordingto ACM CCS): I.3.7 [ComputerGraphics]:Three-Dimensional
GraphicsandRealism

Keywords: tiles, tiling, �uid simulation,velocity �eld

1. INTRODUCTION

Flowsareusedto drive themotionof many naturalphenom-
ena,andtheir representationandcreationis a vital part of
many animationapplications.Simulationof �uids andgases
is themostobviousexamplebut velocity �elds arealsoused
to guideagents[Rey99] andforcethemotionof naturalfea-
tures,suchasgrass[PC01] or clouds[DKY � 00]. Applica-
tionsof �o ws arelimited, however, by two signi�cant prob-
lems: �o ws arehard to designif speci�c �o w featuresare
desired,andtheresolutionrequiredto representdetailedmo-
tion severelylimits thescaleof effectsthatcanbegenerated.
Thispaperpresents�o w tiles,anapproachto creatingveloc-
ity �elds thataddressesdesignandscalability.

Each�o w tile de�nesasmall,stationaryregionof velocity
�eld. They canbe piecedtogetherto form large stationary
�elds andthenusedto drive �uids, crowdsor othereffects.
Figure1 showsonesuch�eld. Differentstationary�elds can
beinterpolatedin timeto generatedynamic�o ws.Flow tiles
sharetwo primaryadvantageswith othertiling applications,
suchastextureor terraintiling, dueto their re-useof asmall
setof prototypes(thetiles).Firstly, tiles make designeasier
and more ef�cient. Not only is it fast and simple to piece

tiles togetherto createsomethinglarger, but theoutcomeof
placinga tile is obvious anddoesnot dependon blending,
interpolationor other inter-tile effects.Furthermore,while
tiles mayencodea designthat is dif�cult to create,they can
bereplicatedby anunskilleduser. For example,terraintiles
in computergames[Pea01] empowernovice level designers
but also constrainthemto a consistentstyle, making their
designsuseful to the wider community. The secondmajor
advantageis thatthedatacontainedin eachtile needonly be
storedonce,no matterhow oftenit is used.Tileabletexture
imageshighlight this feature,and�o w tilesshareit.

As with any tile set, to createvisually seamlesstilings
the tiles themselves must meet certain requirements.The
cornersand edgesof tiles are constrainedby continuity
requirementswhere tiles meet. Aperiodic squaretilings
that avoid obvious repetition artifacts (such as Wang
Tiles [Sta97, CSHD03]) require the creationof tiles with
particular edge combinations.Flow tiles also have con-
straintsimposedby conservationof massandboundarycon-
ditions; for many applicationswhatever �o ws into a tile
must �o w out again. In Section3 we detail the designre-
quirementsfor �o w tiles andpresentan interpolation-based
methodfor generatingtile sets.
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Figure 1: Flow tiles drive a river �ow. Each of the tiles
in the zoomedgrid at the top contain small examplesof
divergence-free velocity �elds. A user interactively placed
the tiles, including interior and exterior boundarycondi-
tions. In the sectionof tiling shown,boundaryconditions
were usedto force the �ow arounda bridge pylon. Below
is the�ow embeddedin an application,usedto drive leaves
in theriver.

Environmentalconditionstypically imposeboundarycon-
ditionson �o ws; a river stayswithin its banksand�o ws to
thesea,crowdsdo not passthroughwalls, andsoon. Flow
tiles supportinterior and exterior boundaryconditionson
their tiling, and can be conveniently insertedinto applica-
tionsusinga texture-mappinglikeapproach.Boundarycon-
ditionson the entiretiling imposeconstraintson the place-
mentof individual tiles within the �eld, not just thosethat
abut a boundary. For instance,if a �o w thatconservesmass
is usedto �ll a dead-endalley, the net �o w must be zero
acrosstheopeninginto thealley, evenif therearemany tiles
placedwithin thealley. In Section4 wecharacterizethecon-
straintson tile placementandpresentalgorithmsfor laying
out tiles.

This papercontributesa new approachto designingand
storing�o w �elds thatimprovestheir controllabilityandef-
�ciency. Flow tiles rely on a designerto createplausible
�elds, althoughtheconstraintsbuilt into the tiles andtiling
algorithmsaid thedesignerin satisfyingimportantphysical
requirements;�o w tiles will not let you leada crowd into
a blind alley. They sacri�ce the guaranteedplausibility of
othermethods,suchassimulation,but gainstorageandcom-
putationalef�ciency in additionto directcontrol.

We envision the useof �o w tiles primarily in real-time
applicationswhere large-scale,smooth�o ws are required
to drive animation.In Section5 we presenttwo examples:
the advection of agentsto form a crowd �o wing through
city streets,and the creationof a river through complex
banksandaroundobstacles.Theseapplicationsusestation-
ary �o ws (the�eld itself doesn't changeover time).Wealso
discusstime-varying �o ws, and show their applicationto
swirling fog.

2. RELATED WORK

Flow tiles area proceduralmethodfor generatingvelocity
�elds. Several approachesto this problemexist, basedon
superpositionof �o ws,spectrummethods,andinterpolation.

Sims [Sim90], Wejchert and Haumann[WH91], Bar-
rero et. al. [BPC99], Rudolf and Raczkowski [RR00] and
Perbetand Cani [PC01] all usesuperposition– the linear
combinationof basis�o ws – to generatewind �elds that
drive othermotion.Their primitivesincludeconstantveloc-
ity linear �elds, vorticity elements,moving waves,andran-
dom �elds. While providing a convenientinterfacefor de-
signing�o ws over openregions,thesesuperpositionmeth-
odsarenotwell suitedto �x edboundaryconditionsbecause
it is very dif�cult to selectandweight the basis�o ws such
thatthecombinationresultsin therequiredconditions.

Spectralmethodsgeneratespatially and temporallype-
riodic �o w �elds that have the advantage of being
trivially tileable. Among spectral methods,Shinya and
Fournier[SF92] useanobservationbasedmodelwhile Stam
andFiume[SF93] usedtheKolmogorov spectrum,a model
that describesthe amountof turbulencepresentat various
spatialandtemporalscales.While usefulin caseswheretur-
bulentdetailis required,thereis little controloverthedetails
of the�eld andno way to meetanything otherthanperiodic
boundaryconditions.Flow tiles offer similar memorysav-
ingsthroughtiling, but with greatercontrolover boundaries
andwithoutperiodicity.

Interpolationbasedschemesrequirea userto specify a
few velocity or potential �eld valuesand then interpolate
to �ll a larger region. Neyret and Praizelin[NP01] is one
exampleof this approach.Interpolationsuffers from dif�-
culties in controlling the �nal result. For example,while
WeimerandWarren's [WW99] subdivision schemegener-
atessmooth�o ws that satisfy the physically-basedPDEs,
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the �nal �o w doesnot necessarilyinterpolatethe original
velocities.Nor doesthesubdivisionmaintainboundarycon-
ditions.Similarly, theprojectionontoadivergencefree�eld
of Neyret andPraizelinmight changethe�o w signi�cantly.
Usershave no directway of controlling theseeffects,apart
from specifyinganoverwhelmingnumberof samplepoints.

Physically-based simulation approaches (see
Stam [Sta03] for some recent results), face limitations
on the size of the grid that can be solved in real-time
(or even reasonabletime). Total grid widths for real-time
performanceare limited to abouttwo ordersof magnitude
more than the smallest resolvable feature size in each
dimension.In threedimensionsthesituationis evenworse,
which led Rassmussenet. al. [RNGF03] to develop an ap-
proachfor combining,via interpolationandsuperposition,
2D simulationsand a 3D Kolmogorov �eld to obtain 3D
results.To increasethe effective periodof the Kolmogorov
�eld, they suggestusing two �elds with different periods.
They generatetemporalchangesin the Kolmogorov �eld
by interpolatingin time betweentwo �elds – a technique
thatwe alsoemploy. While Rassmussenet. al.'s techniques
build larger simulationsby combiningsmallerpieces,they
do not addressthe designissuenor support�x ed boundary
conditions.

Fromadesignperspective,Treuilleet.al. [TMPS03] con-
trol smoke simulationsusing a key-frame basedinterface
andconstrainedoptimization.Userssetkeyframesontheap-
pearanceof the smoke andthe systemsolvesfor a simula-
tion that passesthroughthe keys. However, their approach
is expensive,doesnot offer WYSIWYG design,andis only
effectiveonsmallproblemsdueto theunderlyinguseof sim-
ulationandoptimization.

Textureandterraintilings haveseengreatusein computer
graphics.Glassner[Gla98a, Gla98b] provides an overview
of in�nite tilings of theplane,includingaperiodictilings that
arebetterthanperiodicat hiding repetitionartifacts.Wang
Tiles [GS87], �rst introducedto graphicsby Stam[Sta97]
and extendedby Cohenet. al. [CSHD03], are squaretiles
that supportaperiodictilings. Stamprovidesa hierarchical
tiling approachthatguaranteesaperiodicity, while Cohenet.
al. usea randomized,scan-lineorderapproachthatrequires
fewerbasistiles.Wealsoworkwith aperiodic,squaretilings,
but ourtiling algorithmsaredesignedto meetboundarycon-
ditions and supportplacing tiles in any order. Neyret and
Cani [NC99] generatetexture tilings on arbitrary surfaces
usingtriangulartiles thatsupportcontinuity. We sharewith
theirwork anemphasison thecornersof tiles. In theareaof
terraintiles for computergames,Peasley [Pea01] discusses
many of theissuessurroundingthecreationof tiles.

3. DESIGNING FLOW TILES

Tiles mustprovide a setof �o w �elds thatcanbecombined
to form largetilings. In this paperwe discussonly 2D tiles,

mtop

mbottom

mrightmleft

vtl

vbl vbr

vtr

Figure2: Our methodfor indexing tiles requiredeightnum-
bers: onefor each cornerindicatingthevelocityat thatcor-
ner, and one for each edge indicating the �ux across the
edge.

althoughmost of the discussionextendsnaturally to 3D,
space-�lling tiles. We usesquaretiles dueto their simplic-
ity for tiling, similarity to texture maps,easeof represen-
tationandconveniencefor numericalcomputations.Square
tiles somewhatrestrictthedomainswe cantile, anissuewe
cover in Section5. With applicationsin mind we focuson
divergence-freetiles,or thosethatconserve mass.We allow
�o ws to bewarpedwhenplacedinto applicationswhich in-
creasestheirusefulness,althoughattheexpenseof any guar-
anteesaboutcompressibility. Our choiceof divergence-free
tiles hasmany consequencesfor the representationandde-
sign of tiles, which we discussbelow. The tiles we present
arestationary(the �eld doesnot changeover time) but by
combiningtilings over timewecangeneratedynamic�o ws.
Finally, we assumethat �o w tilings are going to exist in-
side larger environmentsandwill be requiredto meetspe-
ci�c boundaryconditions.

3.1. Characterizing Flow Tile Sets

We chooseto work with �nite tile sets,asthis is anexplicit
wayof restrictingmemoryusageandalsosimpli�es theuser
interface.For ef�cient tiling, we requirea way of indexing
particulartiles in thetile set.For example,Stam[Sta97] in-
dexestileswith theiredge“colors”, NeyretandCani[NC99]
usethecorners(they haveonly oneedgepercombinationof
endpoints),andCohenet.al. [CSHD03] usebothedgesand
corners.Tiling algorithmsuserulesto determinethetypesof
edgesand/orcornersthatwill beusedin thetiling, andthen
choosea tile from thesetthatmatchestherequirements.

The�o w tile indexing strategy is baseduponthefour ve-
locities at the cornerof eachtile, and the net �o w, or �ux
acrosseachedgeof the tile. Flux is alsoreferredto asthe
volume�o w ratein the�uids literature.Wefocusoncorners
becausethey aretheplaceswherefour tilesoverlap,andcan
beusedto determineedges[NC99]. We explicitly track the
�ux acrosseachedgebecauseit is essentialin controlling
thedivergence-freepropertiesof tiles. The labelingscheme
is shown in Figure2.

Eachcornerindex for a tile is a positive integer that in-
dexesan arrayof possiblecornervelocities.The setof ve-
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locity optionsareprovided by a userandthereareno con-
straintson thechoices,althoughincludingthezerovelocity
is veryusefulfor meetingboundaryconditions.

Eachedgeindex is an integer that multiplies a baseunit
of �ux to determinethe total �ux acrossthe edge.Flux is
de�ned asthe integral of the normalcomponentof the ve-
locity ateachpointalongtheedge.In ourdiagramswe indi-
catethe�ux with anarrow normalto thetile edge,but note
that the �ux dependson the velocity at every point along
the edge.Theremay also be velocity componentstangen-
tial to theedgebut they donot in�uence the�ux. Fluxesare
positive for �o w toward the right andup, andnegative for
�o w towardtheleft anddown. Werequirea �nite setof �ux
quantitiesto de�ne horizontaltile edges,andanothersetto
de�ne vertical edges;only tiles with matchingcornersand
�ux escanbeplacedtogether.

Our �ux de�nition scheme,usinga basemultiplied by an
integer, arisesfrom a desirefor divergence-freetiles. Such
tiles have thepropertythatwhatever �o ws in also�o ws out,
which is importantfor most applications.The divergence-
freeconditionrequires

flef t + fbottom = fright + ftop (1)

where flef t is the �ux acrossthe left edge,andso on. We
mustchooseedge�ux esthatcanbecombinedto form tiles
thatmeetthiscondition.Furthermore,wewouldliketo max-
imize the ability to combinetiles in a tiling, so given a set
of edgesandcorners,we wantasmany valid tiles aspossi-
ble. We hencechoose�ux esthat areinteger multiplesof a
�x edunit of �ux. Thedesignerchoosesthebase�ux , fbase,
andtheminimumandmaximummultiple for eachdirection,
mx;min, mx;max, my;min, my;max. We thenhave:

flef t = mlef t fbase mx;min � mlef t � mx;max
fright = mright fbase mx;min � mright � mx;max
ftop = mtop fbase my;min � mtop � my;max

fbottom = mbottomfbase my;min � mbottom � my;max

A particulartile's edgeis indexedby theintegermultiple
usedto computeits �ux. The fbasetermscanceloutof many
operationsrelatedto �ux es,allowing usto work with thein-
dicesthemselves.In particular, thedivergence-freecondition
canbere-writtenas:

mlef t + mbottom = mright + mtop (2)

3.2. Counting Flow Tiles

The combinatoricsof �o w tiles areimportantfor assessing
the cost of storing a tile set.Roughly speaking,the num-
ber of tiles in a completeset grows with c4(Mx + My)3,
where c is the numberof possiblecorner velocities and
Mx = mx;max� mx;min andMy = my;max� my;min arethenum-
berof choicesofferedfor �ux esacrosstheverticalandhor-
izontaledges(weomit theproof for spacereasons).Wewill

refer to a tile setusingthe triple (Mx;My;c). To give a �a-
vor for thenumbers,selectingonecornervelocity andthree
possible�ux esacrosseachedge,a (3,3,1)set,contains19
tiles. A (5,5,1)set increasesthe numberto 85. Providing 5
corneroptionsandthree�ux options,a(3,3,5),increasesthe
numberto 11,875.

In practicewe have found that tile setscreatedfrom a
smallnumberof velocityand�ux optionsproduceverycom-
plex �o ws whentiled. This is becausethevarietyin appear-
ancecomesfromthecombinationof tiles,notthecomplexity
of the tiles themselves.Thesituationis analogousto build-
ing acomplex mosaicoutof plaincoloredtiles.Wehavealso
found that applicationsuseonly a small subsetof the tile
set.Thepotentiallylargesetis requiredto providedesigners
optionswhenlaying out tiles interactively, but unusedtiles
neednot be createdor stored.Furthermore,boundarycon-
ditions andconstraintson tiling tendto force the re-useof
only a small subsetof possibletiles, again freeingus from
theneedto createandstoreall thepossibilities.As aspeci�c
example,theriver exampleof Figure1 usesonly 21 distinct
tiles,outof apotentialsetmeasuredin thetensof thousands.
If largertile setsarerequired,wecanexploit rotationalsym-
metryto reducethestoragecost.With symmetry, andassum-
ing theonly cornervelocity is 0, the(3,3,1)setis reducedto
only 6 tiles,shown in Figure4.

The �ux is an integral quantity, andtherearean in�nite
numberof velocity �elds along an edgethat all have the
samecornervelocitiesand integrateto the same�ux. We
coulduseanadditionalindex for eachedgeto specifyapar-
ticularedgevelocity �eld, but weuseonly oneedgevelocity
�eld uniquelyde�ned by the cornervelocitiesandthe �ux
(seeSection3.4). This reducesthe numberof tiles in a set
at theexpenseof greaterrepetitionof particularedgesin the
tiling.

Tilings are createdby placing tiles without overlap, so
a single velocity vector is enoughto de�ne eachcorner.
Greateroverlap, and hencegreatercontinuity in the �o w
acrosstiling seams,could be incorporatedby specifyinga
smallpieceof cornervelocity �eld. For example,tiles with
oneunit of overlapwould requirea 2� 2 velocity �eld for
eachcorner. Our tile �lling andtiling algorithmscanbeeas-
ily adaptedto supportthis.

3.3. RepresentingFlows

Flow tiles must storea continuousvelocity �eld. As with
grid based�uid simulation algorithmswe store the �eld
using a discreteset of sampleson an axis aligned grid.
Most �uid solvers for graphics store face-centeredve-
locities [FM97] becausethis arrangementmakes it sim-
pler to handleboundaryconditionsand projectiononto a
divergence-free�eld. Eachedgeof the2D grid (facein 3D)
storesthevelocity componentnormalto theedgeat its mid-
point. Sucha representationrequires2n(n+ 1) valuesfor a
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Figure 3: The stream function method for representing
divergence-freevelocity �elds. We showa small portion of
thebottomleft of a grid. Valuesof a scalarstreamfunction,
S, are stored at verticesof the grid. To evaluatea velocity,
( �x; �y), we �r st �nd four surroundingstreamfunctionvalues
by interpolatingthe vertex values.Thevelocity is thenob-
tainedby takingthecurl of thestreamfunction.

2D grid with n� n cells.In adivergence-free�eld, however,
thereareconstraintsuponthevelocityvalues.Exploitingthis
allowsusto halve thestoragecostof a �eld.

Every2D divergence-freeincompressible�eld canberep-
resentedasthecurl of a scalarfunction,thestreamfunction
S(x;y), multipliedby avectorin thethird dimension,z:

v(x;y) = r � (S(x;y)z)

Discretizingthe curl operatorandstoring the streamfunc-
tion, insteadof the velocity �eld, givesus the arrangement
shown in Figure3, with streamfunctionvaluesstoredat the
verticesof the grid. The velocity, ( �x; �y), at a point, (x;y),
is evaluatedby interpolating the streamfunction to �nd
S(x� :5;y), S(x+ 0:5;y), S(x;y� :5) andS(x;y+ :5). Then:

�x = Sx;y� :5 � Sx;y+ :5
�y = Sx+ :5;y � Sx� :5;y

(3)

Evaluatingtheseexpressionsis no moreexpensive thanin-
terpolatingthe face-centeredscheme,andthe streamfunc-
tion representationhastwo advantages:thememorycostis
lower, at (n+ 1)2 for ann� n cell grid, andit is simplerto
constructtiles with speci�c �ux esacrosstheedge.Thetotal
�ux acrossatile edgeis arrivedatby adding(or subtracting)
thestreamfunctionvaluesat theendpointsof theedge.All
theintermediatestreamfunctionvaluescancelout in asum-
mationof the velocitiesacrossthe edge.We can therefore
ensurea particular�ux acrossanedgeby settingthecorner
streamfunctionvaluesappropriately, with no concernabout
the�eld at interior pointsalongtheedge.We exploit this in
creating�o w tiles.

The discussionabove assumessquaregrid cells in the
derivationof thevelocity from thestreamfunction.Scaling
termswould be requiredfor non-squarecells. We discuss

this further in Section5 in thecontext of mappingthetiling
ontoanenvironment.

3.4. Filling Tiles

We �ll �o w tiles usinga simpleinterpolationschemebased
onbi-cubicpatches.Otheralternativesfor tile designinclude
specifyingthe �eld by hand,extracting tiles from another
�o w-generationmethod,suchastheKolmogorov spectrum,
or takingasnapshotof asimulationon thetile.

The goal of our interpolationschemeis to take the cor-
nervelocitiesand�ux chosenfor atile andproduceastream
functionon a grid of a givensize(the tile dimensions).We
work only with the streamfunction when �lling tiles be-
causeit freesus from divergence-freeconsiderations;any
streamfunction generatesa divergence-freevelocity �eld.
Our interpolationtechniqueworksfor tile sizesgreaterthan
or equalto 3� 3 (4� 4 streamsamples).

The cornervelocitiesand edge�ux es completelydeter-
mine the streamfunction valuesin the cornersof the tile
(up to an additive constant).Consider�lling a tile of size
nx � ny, with indicesinto thestreamfunctionin thedomain
(� :5; : : : ;nx + :5) � (� :5; : : : ;ny + :5). Using the �ux esas-
signedto this tile, wesetthecornervalues:

S� :5;� :5 = 0

Snx+ :5;� :5 = S� :5;� :5 + fbottom

S� :5;ny+ :5 = S� :5;� :5 � flef t

Snx+ :5;ny+ :5 = S� :5;ny+ :5 + ftop

Using the velocitiesand Equation3 we can set the three
streamfunction valuessurroundingeachcorner. For exam-
ple:

S:5;� :5 = S� :5;� :5 + �y0;0

S� :5;:5 = S� :5;� :5 � �x0;0

S:5;:5 = S� :5;:5 + �y0;0

where �x0;0 and �y0;0 are the horizontalandvertical compo-
nentsof thevelocityat thebottomleft corner. Valuesaround
theothercornersaresetsimilarly.

The above constructionaroundeachcornerresultsin 16
known streamvalues.We usea bi-cubicBezierpatchto �ll
the remainderof the grid. We solve a linear systemto �nd
the control points for the patchthat interpolatesthe values
aroundthecorners,andthenevaluatethepatchat othergrid
locationsto determinetheremainingstreamfunctionvalues.
Theresultis a smooth,continuous�o w within the tile. The
(3,3,1) tile set,suppressingrotationally symmetrictiles, is
shown in Figure4.

4. TILING

Tiling is theprocessof layingouttilesto meetcontinuityand
boundaryconditions.Thetiling schememeetstwo goals:to
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Figure 4: Thesix tiles from a (3,3,1)setthat remainwhen
rotational symmetriesare removed.There is only onecor-
ner option: zero velocity. Each edge hasthree�ux options:
-1, 0 or 1. Dots show the center of each grid cell, with
a line drawn from the dot in the direction of the velocity,
scaledaccording to the velocity's magnitude. The �uxes,
(bottom,right,top,left),for each tile are, in clockwiseorder
from the top left: (0,0,0,0),(1,0,0,-1),(1,1,0,0),(1,1,1,1),
(1,1,-1,-1)and(1,0,1,0).

supportuserinteractionsimilar to thatfor terraintilesor tex-
ture mapping,andto incorporate�o ws into larger environ-
ments.The latter necessitatessupportfor exterior andinte-
rior boundaryconditions.Thechallengesin achieving these
goalsarise from the divergence-freeconstraint,combined
with theuseof a �nite tile set.For a senseof theproblems,
considerFigure5, in which theaimwasto �ll a3� 3-tile re-
gionwith zeroboundaryconditions.Eventhoughthepartial
tiling shown is divergence-free,it cannotbe completedbe-
causeatile is requiredwith more�ux acrossanedgethanex-
ists in thetile set.Hence,constraintsimposedon tile place-
mentby theedgesof existingtilesarenotsuf�cient to ensure
valid completetilings with a �x edtile set.

The tiling algorithm placestiles on a rectangulargrid.
Boundaryconditionscanbeseton the �ux acrossany edge
in thetiling andthevelocityatany corner. Thespeci�ed�ux
or velocitymustbeoneof thoseusedto createthetile set.A
usermayalsospecifyperiodicexternalboundariesor com-
pletely free boundaries.If an applicationdoesnot require
all of the rectangulargrid, the boundariesof the unwanted
region can be set to have zero velocity and �ux; the �o w
cannotcrosssuchboundaries.

The basicoperationfor tiling is a selectionfunction that
returnsasetof tilesgivenapartialtiling andanun�lled loca-
tion.Theselectionoperationguaranteesthatthetiling canbe
completedif oneof theselectedtiles is usedin thegivenlo-
cation.Tiling canthusproceedin any order, includingthose
requestedby auserin aninteractiveprogram.
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Figure5: A tiling that cannotbecompleted,despitethefact
that all the tiles placedso far satisfytheir neighborcondi-
tions.In this example, tiles a-e froma (3,3,1)sethavebeen
placed.Next to beplacedis f, but there existsno tile in the
setwith therequiredtopedge �ux of 2. Our tiling algorithm
ensuresthatall partial tilings havea completion.
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00
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my;min � a � my;max
mx;min � b � mx;max
mx;min � c � mx;max
my;min � d � my;max

a+ b = 0
a� c = 0
b� d = 0
c+ d = 0

Figure 6: An exampletiling grid and theconstraints in the
integer programusedto selecttilesfor thebottomleft corner.
Thevaluesa, b, c and d are the integral �ux valuesacross
the edge. The inequalitiesenforce the limitations of the �-
nite tile set,while theequalitiesenforcethedivergence-free
constraint for each tile.

4.1. Tile Selection

The intuition behindtile selectionis that every tile choice
pushesadvectedmassinto it neighbors,who pushit on into
other neighbors,and so on acrossthe grid. At somepoint
thetiling reachesa placewherethreeedgesareconstrained,
asin Figure5, andwe have no choicein the �ux acrossan
edge.We mustbe certain,at this point, that thereis a tile
with therequired�ux. Tile selectiongivesus this certainty,
by ensuringeverypartialtiling canbecompleted.

Tile selectionfor a givenpositionis basedon identifying
the rangeof possiblevaluesfor the �ux es and cornerve-
locitiesof candidatetiles.To identify valid corners,we �rst
checkif that corneris explicitly constrained,eitherby the
useror andexisting tile. If so,thevelocity mustmatch,oth-
erwiseany velocity is allowed.Weidentify valid edge�ux es
oneatatime,usingtwo integerprogramsfor eachedge.Fig-
ure6 is anexampleof theconstraintsfor onesuchprogram:
thereis oneconstraintfor every freeedgein the tiling lim-
iting its valueto thoseavailablein thetile set,andonecon-
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straintperopentile slot to enforcethedivergence-freecon-
straintfor thatslot.Theobjective functionfor agivenedge's
�rst linear programmaximizesits �ux, while the second
minimizesit. After solving the integer programs,we have
boundsfor the valid edge�ux es,andwe searchthe tile set
for tiles thatmeetthebounds.

Sometiles,however, arestill notacceptable.For instance,
minimizing andmaximizingthe right edge�ux maygive a
rangeof [0;2], andthetop might alsogive [0;2]. But it may
be the casethat a right edgeof 2 is only acceptablewith
a top edgeof 0, andvice versa.We therefore�lter the set
of tiles by testingeachone in turn for feasibility. In other
words,weaddadditionalconstraintsto theintegerprogram,
representingacandidatetile, andtestif asolutionexiststhat
meetstheconstraints.If so,thetile is returnedasoneof the
possibilitiesfor thelocation.

Solving an integer program is a key step in our se-
lection algorithm. Integer programmingis appropriatebe-
causewe have boundson the �o ws acrossedges,deter-
mined by the possibletile edges,and constraintsimposed
by the divergence-freeconstraintandboundaryconditions.
The programin Figure 6 implicitly accountsfor the zero
boundaryconditionson the tiling. In practice,we associate
variableswith eachboundaryedgeanduseconstraintsto en-
forceboundaryconditionsexplicitly.

To solve the integerprogramswe usea standardsimplex
methodlinear programsolver. Theintegerprogramswe are
dealingwith arenetwork�ow problems[Van01] andtheIn-
tegrality Theoremfor suchproblemsensuresthata simplex
solver returnsinteger results.This allows us to bypassex-
pensive integerprogramsolvers.While specialpurposenet-
work �o w solvers exist, we insteadusethe Osi/Clp linear
programsolver from theCOIN package[LH03]. It supports
hot-startsolutionswhereanexisting solutionwith modi�ed
boundsor a new objective is re-solvedat signi�cantly lower
costthanif startedfrom scratch.This is highly bene�cial in
our application,becausewhen solving for a particulartile
slot we changetheobjective functionbut not theconstraints
– they dependon theoverall con�guration of the tiling, not
aparticularedge.

It is dif�cult to producetight boundson thecostof tiling.
While the numberof variablesfor eachprogramis known
(ann� n tiling contains2n(n+ 1) variables,somewith �x ed
values),andthe numberof constraintsdependson the free
slots, the useof a simplex solver makespredictingperfor-
mancea challenge.Furthermore,the numberof programs
solveddependson thesetof potentiallyfeasibletiles found
in the�rst phaseof thesearch.A scan-lineorder10� 10ran-
domtiling algorithmrequeststhesolutionsto over 650pro-
gramswhich arecomputedin a total under1.5 seconds.A
4� 4 randomtiling takes 0.077secondson a 1.3GHzPC,
while a32� 32 tiling takes113seconds.

Figure 7: A 4� 4 tiling underconstructionin an editor. The
userspeci�esconstraints on the �ux acrossedgesand the
velocitiesat thecorners of tiles. Whenan emptylocation is
selected,in thiscasethetop left corner, theeditorpresentsa
setof tiles appropriate to that location,shownon theright.
Theusercanselectoneof theoptionsto placein the loca-
tion. In thesituationshown,theuseris choosingthetop-left
tile, which has boundaryconditionsabove and to the left,
andvelocityconstraintson threeof its corners.Henceall of
thetilesofferedhavenearlyidenticalleft andtopedges.

5. APPLICATIONS

Flow tilesaresuitedto thegenerationof large,aperiodicve-
locity �elds that meetspeci�c boundaryconditions.Tiling
offersanWYSIWYG userinterfacefor designing�o ws.We
presentthreeapplicationsthat can take advantageof �o w
tiles: thedesignof ariver �o wing betweenbanksandaround
bridgepylons; the advectionof a crowd of agentsthrough
city streets,andswirling fog over a pool. To createthe �rst
two environments,we incorporated�o w tiles into the con-
tentcreationpipelinefor astudentdevelopedgameengine.

Randomtilings provide anautomatedmethodof produc-
ing velocity �elds. To producea randomtiling, we proceed
in scan-lineorderacrossthetile grid. For eachposition,we
requestthesetof tiles thatsatisfytheconstraintsandchoose
oneuniformly at random.Randomtilings areinterestingfor
somenaturaleffects,suchasturbulent wind �elds, but fre-
quentlyananimatorhassomethingelsein mind.

We have built an interactive editor for tilings that is inte-
gratedwith a tool setfor gamecontentcreation.Theeditor,
shown in Figure7, allows a userto load a tile set,specify
a region to be tiled andsetboundaryconditions.The user
cantheninteractively createthe tiling by clicking on a tile
locationandchoosingoneof thevalid tiles providedby the
system.Using theselectionprocessof Section4.1, thesys-
temcanguaranteetheuserthattheir tiling canbecompleted,
regardlessof theorderin which they placetiles. If desired,

c
 TheEurographicsAssociation2004.



Chenney / Flow Tiles

Figure 8: A zoomedin view showingthe mappingfor the
city examplebetweena polygonalmodel(thegraytriangles)
anda tiling (theheavyblack lines).Verticesin themodelare
associatedwith points in the tiling using �ow coordinates.
Aswith texture coordinates,theseallow usto mappointsin
thetiling, andhencevelocities,back into theworld.

thesystemcanautomaticallylocatepositionswith only one
valid option,and�ll thosefor theuser.

After a tiling is created,it is exportedto anothertool that
bindsthe tiling into an environment(seeFigure8). This is
doneby identifying points in the environmentwith points
in thetiling using�ow coordinates, just astexturemapping
usestexturecoordinatesto mappointsonsurfacesto texture
locations.Boundaryconditionsin thetiling aretypically as-
sociatedwith obstaclesin the environment,suchasa river
bankor thewall of abuilding. For goodresults,the�o w co-
ordinatesmustmapthetiling grid into theenvironmentwith-
out introducing�ips, althoughtearsin the grid arereason-
ableprovidedthey arealongtile boundaries.Figure1 shows
sucha tearwherethe river forks. The tearpreventsexcess
tiles in theregionunderthegroundandallowssharpcorners
in theenvironmentwith minimaldistortionof thetiling.

As with texturemapping,�o w coordinatesmaybespec-
i�ed suchthat the resultingmappingdeformsthegrid. The
physical interpretationof this is the that the advectedma-
terial is compressible,which is reasonablefor crowds– the
agentsmove closertogetheror fartherapart.For animations
of incompressible�uids, suchaswater, aplausiblevisualin-
terpretationis thatmassis beingpushedunderor above the
2D surface.While our currentsystemdoesnot modify the
third dimension,we couldusethe local deformationto add
wavesor othereffects.

Givena setof �o w coordinates,we triangulatetheworld
spacepolygons.Eachtriangle in world spacecorresponds
to a triangle in the �o w tiling. To determinethe velocity

Figure 9: A frameshowingpeoplemoving througha city,
drivenby a �ow tiling of thestreets.Internal boundarycon-
ditionspreventpeoplefromwalkingthroughbuilding walls.

at a point in the world, (x;y), we �rst expressthe point in
the barycentriccoordinatesystem,(a;b;g), de�ned by the
world spacetriangulation.We transferthesebarycentricco-
ordinatesto the tiling and use �o w coordinatesto de�ne
anothercoordinatesystemfrom which we can extract the
point's(u;v) locationin �o w space.Thisisessentiallyequiv-
alentto standardtexturemapping,exceptinsteadof a color
wehaveavelocity to transformbackinto world space.

Thevelocity in �o w space,( �u; �v) is transformed�rst into
thebarycentriccoordinatesystemde�ned by the�o w coor-
dinates,( �a; �b; �g):

�a =
¶a
¶u

�u+
¶a
¶v

�v

Theequationsfor �b and�garesimilar. Theterms¶a=¶u and
so on are the partial derivatives of the barycentriccoordi-
nateswith respectto the �o w coordinatesystem.They are
foundby expressinga, b andg asfunctionsof u, v andthe
�o w coordinates,andtakingthepartialderivatives.They can
bestoredwith thetrianglefor fastlook-up.Thevelocitiesin
world spacearecomputedfrom thebarycentricvelocities:

�x =
¶x
¶a

�a +
¶x
¶b

�b+
¶x
¶g

�g

with a similar equationfor �y. Theterms¶x=¶a arefoundby
expressingtheworld coordinatesin termsof a, b andgand
takingpartialderivatives.They turnout to becomponentsof
theworld coordinatesof thetrianglevertices.

The�nal partof our gamedevelopmentpipelineis a run-
time enginethatunderstands�o w coordinatesandthemap-
ping into tilings. We have usedit to createtwo demonstra-
tionsof �o w tiles:acity modelwith tiles thatde�ne the�o w
of peoplethroughthecity streets(Figure9), anda river that
�o wswithin its banks,aroundabridgepylon,andthenforks

c
 TheEurographicsAssociation2004.



Chenney / Flow Tiles

(Figure1). Thecity exampleusesa tile setwith � ve �ux op-
tionsfor eachedgeand� ve cornervelocities.Theriveruses
� ve �ux esin theup/down streamdirectionandthreeoptions
acrossthestream,alongwith � vecornervelocities.

Flow tiles drive thecrowd usingthevelocity to de�ne the
directionof travel for eachmember. Theuseof divergence-
free�o wsto de�ne crowd motionensuresthat,underreason-
ableconditions,theagentsdo not requireany form of colli-
siondetection.Providedtheagentsstartoff non-intersecting
and with somebuffer spacearoundthem,and the �eld is
closeto incompressible,the�o w will keepthemapartfrom
eachother and the walls of building. Due to the �x ed na-
ture of the tiles, the crowd doesnot interact in any way,
but for animationsof anemergency evacuationor a panick-
ing crowd this is not important.Interactioncould be added
by including local areasof simulationwhereagentsceased
following the �eld andinsteadinteractedusingsomeother
method.A limitation of �o w tiles is that streamlinesnever
cross,which meansthat characterscannever, for instance,
crosseachotherat themiddleof anintersection.This could
be addressedby overlayingmultiple tiles in a single tiling
space,with collisiondetectionrequiredin theoverlayregion.

The river example(Figure 1) advectsleaves in the �o w
arounda bridgepylon anda fork in theriver. Flux andcor-
ner velocity constraintswereusedto addrotationalmotion
to the�o w in thewake of thebridge.Thefork wasachieved
by cutting the tiling grid alongan internaledgeandpulling
the two halves apart.In a relatively large �o w application
suchasthis,simulationwouldbetooexpensivefor real-time
performance,particularlygiven the otherdemandson pro-
cessortime andmemoryin a computergameor interactive
environment.Flow tiles areef�cient to store(they useonly
20%of thespacerequiredto storethe�eld withoutrepeating
tiles)andfastto evaluatefor avelocity.

Flow tilescanbeextendedto generatetime-varying�o ws
by interpolatingbetweentilings. By thesuperpositionprin-
ciple, the linear combinationof two divergence-free�o ws
is alsodivergencefree. A usercould de�ne a sequenceof
key-frametilings, which would be loopedto generatelong
runninganimations.An alternative, which we have imple-
mentedwith randomtilings, is to designa few key tilings
andapply themin a randomsequencegeneratedan the �y .
We have usedsucha �eld to drive a swirling fog animation,
a frameof which is shown in Figure10.

6. CONCLUSION

Flow tilesareparticularlyusefulin applicationswherelarge,
designed�o wsarerequiredfor useat interactiverates.How-
ever, thereareseveralartifactsandlimitationsthatarisefrom
�o w tiles, primarily dueto the way that we specifyand�ll
tiles,andtheuseof a regulargrid.

Our linear interpolationtechniquefor �ll the interiorsof
tilesmakesthegenerationof smallscaleturbulencedif�cult,

Figure10: A framefroma swirling fog animationgenerated
usingtime-varying�ow tilings.

and it is not physically motivated.Moreover, using inter-
polationbasedtiles is equivalentto simply specifyingedge
�ux esandcornervelocities,andinterpolatingthosedirectly,
withoutgoingto theeffort of designingtiles.Weemphasize,
however, that the techniquesoutlinedfor de�ning the con-
straintson tiles andtiling apply regardlessof how tiles are
�lled. Onesuperiorapproachwouldbeto designmorecom-
plex edgevelocitypro�les andusesimulationor anadaption
of a spectrummethodto �ll the tiles. The subdivision �o w
techniqueof WeimerandWarren[WW99] couldalsobeex-
tendedto meetboundaryconstraintsandhence�ll tiles.

Thenumberof tiles in a setgrows rapidly asthenumber
of corneroptionsis increased.Tiles with only a coupleof
cornersproducenoticeableartifactsat the regularly spaced
verticesof the tiling grid. Thegrid couldbedistortedto re-
ducethe regularity of theartifacts,which aremostobvious
in randomlygenerated,incoherent�elds. Symmetrycould
alsobeexploitedto allow morecorneroptionswithoutlarger
sets.Largetile setsalsoposea problemin interactive tiling
becausethe numberof potential tiles for a given position
maybevery large,althoughthis canbealleviatedby asking
auserto specifymoreinformationaboutthedesiredtiles.

We usesquaretiles on a regular grid, which limits the
topologiesontowhich tiles canbemappedwith low distor-
tion. Our tiling selectionalgorithm,however, workson any
meshof edges,thusallowing usto generatedivergence-free
�o wsfor arbitrarypolygonaltile shapes,includingtriangles.
In particular, Neyret and Cani's [NC99] surfacetiling ap-
proachcouldbeadaptedfor triangular�o w tiles.Thegreat-
estchallengeis extendingto othershapesthetechniquesfor
�lling tilesandcontrollingdivergence.

Theprimaryadvantageof �o w tiles is theability to meet
boundaryconditions– allowing our �o ws to beinsertedinto
larger environments– and the provision of a WYSIWYG
interfacefor creating�elds. Our �o ws aredivergence-free,
makingthemsuitableto driveawiderangeof naturaleffects,
suchas�uid �o w or crowd motion,andareef�cient to store
and access,allowing their use in interactive environments
suchasgames.
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