Lecture 6: Asymptotically efficient estimation

Asymptotic comparison

Let {§n} be a sequence of estimators of 6 based on a sequence of
samples {X = (X1,...,Xp):n=1,2,..}.
Suppose that as n — «, 6, is asymptotically normal (AN) in the sense
that ~

[Va(8)]"/2(6n— 6) —a Nk(0, Ik),
where, for each n, Vj,(0) is a k x k positive definite matrix depending
on 6.
If 6 is one-dimensional (k = 1), then V,;(6) is the asymptotic variance
as well as the amse of 6, (§2.5.2). R
When k > 1, V,,(0) is called the asymptotic covariance matrix of 6, and
can be used as a measure of asymptotic performance of estimators.
If 6;, is AN with asymptotic covariance matrix Vj,(6), j=1,2, and
Vin(0) < V2n(0) (in the sense that V2,(0) — Vi,(0) is nonnegative
definite) for all 6 € ©, then 6y, is said to be asymptotically more

efficient than 0.
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@ Some estimators are not comparable under this criterion.

@ Since the asymptotic covariance matrices are unique only in the
limiting sense, we have to make our comparison based on limits.

@ When X;’s are i.i.d., V,(0) is usually of the form n—%V/(8) for some
0 > 0 (=1 in the majority of cases) and a positive definite matrix
V(0) that does not depend on n.

Information inequality

If 6, is AN, it is asymptotically unbiased.

If V,(6) = Var(6,), then, under some regularity conditions, it follows

from Theorem 3.3 that we have the following information inequality
Va(6) > [In(6)] ",

where, for every n, I,(0) is the Fisher information matrix for X of size n.
The information inequality may lead to an optimal estimator

Unfortunately, when V,,(6) is an asymptotic covariance matrix, the
information inequality may not hold (even in the limiting sense), even if

the regularity conditions in Theorem 3.3 are satisfied.
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Example 4.38 (Hodges)

Let X, ..., X, be i.i.d. from N(6,1), 6 € Z, and X be the sample mean.
The Fisher information is /,(0) = n.

By Proposition 3.2, all conditions in Theorem 3.3 are satisfied.

By the CLT,

V(X —8) =4 N(0,1)

In fact, X achieves the information lower bound, Var(X) = n—".
For a fixed constant ¢, define
G={ X X|zaT/!

T X (X <n!/A
Consider first 6 # 0.
By the SLLN, X —,5 6 #£ 0, hence,

P(X|<n V% =0

This means that the asymptotic distribution of 0, — 0 is the same as
that of X —0, i.e.,

Vn(6,—6) =4 N(0,1), 6+£0
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Consider now 6 = 0.
By the CLT, /nX —4 N(0,1) and hence

P(X| < n~'/* = P(v/n|X| < n'*)
= o(n'*) = d(—n"/*)+0o(1)
— 1

where ¢ is the c.d.f. of N(0,1). R B
It shows that the asymptotic distribution of 6, is the same as that of tX,

e V1B —g N(0,£2) 6=0

If 2 < 1, 8, is asymptotically more efficient than X when 6 = 0.

Points in © at which the information inequality does not hold are called
points of superefficiency.

Example 4.38 shows that 6 = 0 is a single spperefficiency point.
However, the following result, due to Le Cam (1953), shows that, for

i.i.d. Xi’s, the set of superefficiency points is of Lebesgue measure 0,
under regularity conditions.
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Theorem 4.16

Let Xi,...,X, be i.i.d. from a p.d.f. fg w.r.t. a o-finite measure v on
(%#,%), where 6 € © and © is an open set in Z*.

Suppose that for every x in the range of Xj, fy(x) is twice continuously
differentiable in 6 and satisfies

d d
55 wetav= [ Zova(x)av
for yp(x) = fg(x) and = dfy(x)/36; the Fisher information matrix

d d !
(o) = £ { S togh() | 55 toea(x0)| |
is positive definite; and for any given 6 € ©, there exists a positive
number ¢y and a positive function hy such that E[hy(X;)] < e and
92 log f,
sup og fy(x)
7:lly—6]/<ce dyoy*
for all x in the range of X, where ||A|| = \/tr(A*A) for any matrix A.

If 8, is an estimator of 6 (based on Xi, ..., X;) and is AN with
Vih(6) = V(0)/n, then there is a © C © with Lebesgue measure 0

such that the information inequality holds if 6 ¢ ©g.
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Motivated by Theorem 4.16, we have the following definition.

Definition 4.4 (Asymptotic efficiency)

Assume that the Fisher information matrix /,(0) is well defined and
positive definite for every n.

A sequence of estimators {6,} that is AN is said to be asymptotically
efficient or asymptotically optimal if and only if V(8) = [/,(6)]~".
Estimating a function of 6

Suppose that we are interested in estimating ¥ = g(6), where g is a
differentiable function from © to %P, 1 < p < k.

If 8, is AN, then, by Theorem 1.12(i), O, = g(Gn) is asymptotically
distributed as Np(9,[Vg(0)]* Va(0)Vg(0)).

Thus, the information inequality becomes

[Va(6)I7Va(6)Vg(6) = [In(9)] ",
where T,(19) is the Fisher information matrix about © contained in X.
If p= k and g is one-to-one, then

[Ih(9)]"" = [Va(6)]°[/n(6)] ' Vg(6)
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and, therefore, 9, is asymptotically efficient if and only if 6, is
asymptotically efficient. R

For this reason, in the case of p < k, ¥, is considered to be
asymptotically efficient if and only if 0, is asymptotically efficient, and
we can focus on the estimation of 6 only.

Asymptotic efficiency of MLE’s and RLE’s in the i.i.d. case
Under some regularity conditions, a root of the likelihood equation
(RLE), which is a candidate for an MLE, is asymptotically efficient.
Theorem 4.17
Assume the conditions of Theorem 4.16.
(i) Asymptotic existence and consistency.
There is a sequence of estimators {6,} such that

where s,(y) = dlogt(y)/dy.
(i) Asymptotic efficiency. )
Any consistent sequence 6, of RLE’s is asymptotically normal and

asymptotically efficient.
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@ If the RLE is unique, then it is consistent and asymptotically
efficient, whether or not it is MLE.

@ If there are more than one sequences of RLE, the theorem does
not tell which one is consistent and asymptotically efficient.

@ An MLE sequence is often consistent, but this needs to be verified.

Proof of Theorem 4.17 (i)

Let By(c) = {y: [|[ln(8)]'/2(y— 8)|| < ¢} for ¢ > 0 and dBy(c) be the
boundary of By(c).

Since © is open, for each ¢ > 0, By(c) C © for sufficiently large n.

If log £() —log £(0) < O for all y € dBp(c), then log{(y) has a local
maximum point 6, inside By(c) and 6, must satisfy s,(6,) = 0.

This means
{there exists 8, such that s,(6,) =0 and 6, € Bn(c)}

3{ log (7) —log£(8) <0 forall ye 83,,(0)}

UW-Madison (Statistics) Stat 710, Lecture 6 Jan 2019 8/15



For a proof of the measurability of 6y, see Serfling (1980, p147).

Since 1,(0) = nli(0) — 0 as N — oo, By(c) shrinks to {6} as n — oo.

Hence, the asymptotic existence and consistency of O, is implied by
,!ELP{ log £(7) — log £(8) <0 forall ye aBn(c)} ~0

To prove this, we use the definition of limit.

For any € > 0, we want to show that there exists ny > 1 such that

P{ log {(y) — log /(8) <0 forall ye aB,,(c)} >1—¢, n>ny, (1)

where we choose ¢ =4+/k/¢.
For y € dBj(c), the Taylor expansion gives

108 (1) ~log £(6) = (1 0)"5n(8) + (1 6)"V5a( ) (7~ 6)
where

Vsn(y) = dsn(7)/dy
and y* lies between y and 6.

UW-Madison (Statistics) Stat 710, Lecture 6 Jan 2019 9/15



Let A = [In(6)]"/2(y—6)/c.
Then |A|| =1 and for y € dBy(c),
log£(y) —log(6) = CcA"[In(6)]"/?sn(6) (2
+(S?/2)AT[In(0)] 2V (v In(0)] /22,

Note that
£lIVsn(v') = Vsn(6)] < E max 1VSn(y) — Vsn(0)]
n Y€Bx(c) n
d?logf(X1) 9%logfy(X1)
< —
- Eyen?i’iz(c) dyoy* 0000° '
— 0, 3)

which follows from

(a) 92log f,(x)/dydy" is continuous in a neighborhood of 6 for any fixed
X,

(b) Bn(c) shrinks to {6};

and
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(c) under the regularity condition, for sufficiently large n,

d2log f,(X1) B 92 log fo(Xq)
dYydy* 00007

max
Y€Bn(c)

‘ < 2he(X1)

By the SLLN (Theorem 1.13) and Proposition 3.1,
n'Vsn(0) —as —11(0) (ie.,|[n'Vsy(8)+ h(0)|| —as. 0).
These results, together with (2), imply that
log £(y) —log£(8) = CA[In(8)]"/25n(8) — [1+0p(1)]c%/2.  (4)

Note that

mfx{lf[/n(H)]‘”zsn(G)} = |[In(6)1/2sn(0)|
Hence, (1) follows from (4) and

P(IIln(6)]"/2sn(8) < c/4) = 1—(4/c)*E||[In(6)]""/2sn(6)]?
= 1—k(4/c)? = 1-¢

This completes the proof of (i).
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Proof of Theorem 4.17 (ii)

Let Ac ={y:|ly—0]| <e}fore>0.

Since © is open, A C © for sufficiently small €.

If {6,} is a sequence of consistent RLE’s, then for any & > 0,
P(sn(6n) =0 and 6, € As) — 1

Hence, we can focus on the set on which sn(én) =0 and 6, € A..

Using the mean-value theorem for vector-valued functions, we obtain

—sn(e)_[/ V$n(6 + (6, ))dt}( —0).

Note that

:7H/01 V80 (6 + (6 — ))dt—VSn(e)H<%3£ HVSn(Y);VSn(G)H_

Using the argument in proving (3) and the fact that P(6, € A¢) — 1 for
arbitrary € > 0, we obtain that

1 ~
% /Vsn(9+t(9n—9))dt—Vs,,(0)H—>p0.
0
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Since n~'Vsp(0) —as. —11(0) and 1,(8) = nk(6),
—5n(6) = —In(68)(6n — 8) +0p([|1n(6)(6n — 6)]))-

This and Slutsky’s theorem (Theorem 1.11) imply that \/n(6,— 6) has
the same asymptotic distribution as

VNlIn(8)] " sn(8) = n~ V2[4 (6)] " sn(6) — Nic(0,[11(6)] ")
by the CLT (Corollary 1.2), since Var(s,(6)) = In(0).

Scoring and RLE

The method of estimating 6 by solving s,(y) =0 over y € © is called
scoring and the function s,(y) is called the score function.

RLE’s are not necessarily MLE's.

However, according to Theorem 4.17, when a sequence of RLE’s is
consistent, then it is asymptotically efficient.

We may not need to search for MLE’s, if asymptotic efficiency is the
only criterion to select estimators.

Typically a sequence of MLE’s is consistenct, although there are

examples in which an RLE sequence is consistent but not an MLE.
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Bayes estimators

Bayes estimators are often asymptotically efficient.
It can be checked if explicit forms of Bayes estimators are available.
The following is a general result.

Theorem 4.20

Assume the conditions of Theorem 4.16.

Let 7(y) be a prior p.d.f. (which may be improper) w.r.t. the Lebesgue
measure on © and py(7) be the posterior p.d.f., given Xj,..., Xy,
n=1,2,....

Assume that there exists an ng such that py,(7) is continuous and

positive for all y € ©, [ pp,(y)dy=1and [ | y]lpn,(7)dy < ce.
Suppose further that, for any € > 0, there exists a § > 0 such that

lim P< sup Iogﬁ(}/);logﬂ(@) > —6> =0

Nn—o0

ly—6]>¢
im P sup IVsn(y) — Vsa(0)] Se|=o0
n=ee \ y-0|<s n
where /() is the likelihood function and sj(7y) is the score function.
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(i) Let pi(y) be the posterior p.d.f. of /n(y— T,), where
Tnh=6+[In(0)] "sn(0) and 6 is the true parameter value, and let
v(y) be the p.d.f. of Nk(0,[/(8)]).

Then

JA+1lesm - vl dr—=po.

(i) The Bayes estimator of 6 under the squared error loss is
asymptotically efficient.

Conclusions from Theorem 4.20

@ The posterior p.d.f. is approximately normal with mean
0+ [1n(8)]""sn(6) and covariance matrix [/,(8)] .

@ The Bayes estimator under the squared error loss is consistent
and asymptotically efficient, which provides an additional support
for the early suggestion that the Bayesian approach is a useful
method for generating estimators.

@ The results hold regardless of the prior being used, indicating that
the effect of the prior declines as n — oo.
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