Lecture 16: UMPU tests in exponential families

Neyman structure

Let U(X) be a sufficient statistic for P € & and let 2y be the family of
distributions of U as P ranges over .
A test is said to have Neyman structure w.r.t. U if
E[T(X)|U] =« a.s. 2y,
Clearly, if T has Neyman structure, then
E[T(X)]=E{E[T(X)|U]} =« Pec2,

i.e., T is similar on ©y;.

If all tests similar on ©y1 have Neyman structure w.r.t. U, then working
with tests having Neyman structure is the same as working with tests
similar on ©g;.

Lemma 6.6

Let U(X) be a sufficient statistic for P € 2. B
A necessary and sufficient condition for all tests similar on ©¢; to have
Neyman structure w.r.t. U is that U is boundedly complete for P € 2.
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Proof

(i) Suppose first that U is boundedly complete for P € 2.

Let T(X) be a test similar on ©gy.

Then E[T(X)—a]=0forall Pc £.

From the boundedness of T(X), E[T(X)|U] is bounded.

Since E{E[T(X)|U] —a} = E[T(X)—a]=0forall Pc & and U is
boundedly complete, E[T(X)|U] = o a.s. &, i.e., T has Neyman
structure.

(i) Suppose now that all tests similar on ©y1 have Neyman structure
w.rt. U.

Suppose also that U is not boundedly complete for P € 2.

Then there is a function h such that |h(u)| < C, E[h(U)] = 0 for all

P c 2, and h(U) # 0 with positive probability for some P € #.

Let T(X) = a+ch(U), where ¢ =min{a,1 —a}/C.

Then T is a test similar on ©g¢ but T does not have Neyman structure
w.r.t. U (because h(U) # 0).

Thus, U must be boundedly complete for P € &.

This proves the result.

UW-Madison (Statistics) Stat 710, Lecture 16 Jan 2019 2/17



Theorem 6.4 (UMPU tests in multiparameter exponential

families)

Suppose that X has the following p.d.f. w.r.t. a o-finite measure:
fo.p(X) = exp {8 Y (x) + 97 U(X) - {(6,9)},

where 6 is a real-valued parameter, ¢ is a vector-valued parameter,

and Y (real-valued) and U (vector-valued) are statistics.
(i) For testing Hy : 6 < 6y versus H; : 6 > 6y, a UMPU test of size a is

1 Y > c(U)
T*(Y,U){ y(U) Y =c(U)
0 Y <c(U),

where c¢(u) and y(u) are Borel functions determined by
Eg,[T:(Y,U)|U=u] =« forevery u
and Eg, is the expectation w.r.t. fg o.
(i) For testing Hy : 6 < 61 or 6 > 6, versus Hy : 61 < 6 < 6>, a UMPU
test of size a is
1 ci(U) <Y < e (V)
T.(Y,U)=1< 71(U) Y=ci(U), i=1.2,
0 Y <ci(U)orY > co(U),
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Theorem 6.4 (continued)
where c;(u)’s and y;(u)’s are Borel functions determined by
Eo, [T.(Y,U)|U=u] = Eg,[T.(Y,U)|U=u] = forevery u.

(iii) For testing Hyp : 61 < 6 < 6, versus H; : 6 < 67 or 6 > 6>, a UMPU
test of size o is

1 Y <ci(U)orY>c(U)
T*(Y,U): ’}/I(U) Y:Ci(U)a i=1,2,
0 ci(U) <Y <ceo(U),

where c;(u)’s and y;(u)’s are Borel functions determined by
Eo, [T.(Y,U)|U=u] = Eg,[T.(Y,U)|U=u] = o forevery u.
(iv) For testing Hy : 6 = 6y versus Hy : 0 # 6y, a UMPU test of size a is
given by T.(Y,U) in (iii), where c;(u)’s and y;(u)’s are Borel functions
determined by
Eg[T.(Y,U)|U=u] =« forevery u
and

Eg[T(Y,U)Y|U=u] = aEy,(Y|U=u) forevery u.
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Proof

By sufficiency, we only need to consider tests that are functions of
(Y,U).

It follows from Theorem 2.1(i) that the p.d.f. of (Y, U) (w.r.t. a o-finite
measure) is in a natural exponential family of the form

exp{0y +¢*u—{(0,9)} and, given U = u, the p.d.f. of the conditional
distribution of Y (w.r.t. a o-finite measure v, is in a natural exponential
family of the form exp {0y — {u(6)}.

Hypotheses in (i)-(iv) are of the form Hy : 6 € ©g vs H; : 6 € ©4 with
@()1 = {(&(p) 10 = 90} or = {(9,([)) 10 =0, = 1,2}.

In case (i) or (iv), U is sufficient and complete for P € &2 and, hence,
Lemma 6.6 applies.

In case (ii) or (iii), applying Lemma 6.6 to each {(6,¢): 6 = 6;} also
shows that working with tests having Neyman structure is the same as
working with tests similar on ©gj.

By Theorem 2.1, the power functions of all tests are continuous and,
hence, Lemma 6.5 applies.
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Thus, for (i), it suffices to show T, is UMP among all tests T satisfying
Eo,[T(Y,U)|U=u] =« forevery u (1)

and for part (i) or (iii)), it suffices show T, is UMP among all tests T
satisfying

Eo [T(Y,U)|U=u]=Eg,[T(Y,U)|U=u]=a forevery u.
For (iv), any unbiased T should satisfy (1) and

0 _
%EG,(P[T( Y7 U)] = 07 NS 901 g (2)
One can show (exercise) that (2) is equivalent to
Ego[T(Y,U)Y —aY]=0, 6 € Op1. (3)

Using the argument in the proof of Lemma 6.6, one can show
(exercise) that (3) is equivalent to

Ee[T(Y,U)Y|U = u] = aEg(Y|U=u) forevery u. (4)

Hence, for (iv), it suffices to show T, is UMP among all tests T
satisfying (1) and (4).

~
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Note that the power function of any test T(Y,U) is

Br(6.0)= [ | [ T0r.u)dPyu-uty)| dPu(o)

Thus, it suffices to show that for every fixed uand 6 € ©4, T,

maximizes
[ T.v)dPriu-u(y)
over all T subject to the given side conditions.

Since Py y—, is in a one-parameter exponential family, the results in (i)
and (ii) follow from Corollary 6.1 and Theorem 6.3, respectively.

The result in (iii) follows from Theorem 6.3(ii) by considering 1 — T..

To prove the result in (iv), it suffices to show that if Y has the p.d.f.
given by exp{06y — ,(6)} and if u is treated as a constant in (1) and
(4), T, in (iii) with a fixed u is UMP subject to conditions (1) and (4).
We now omit u in the following proof for (iv), which is very similar to the
proof of Theorem 6.3.

First, (o, aEg,(Y)) is an interior point of the set of points
(Eg,[T(Y)],Eq,[T(Y)Y]) as T ranges over all tests of the form T(Y).
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By Lemma 6.2 and Proposition 6.1, for testing 6 = 6, versus 6 = 64,
the UMP test is equal to 1 when

(ki + kay)e®” < C(60,61)e””,
where k;’s and C(6p, 61) are constants.
This inequality is equivalent to
a1+ apy < e
for some constants ay, as, and b.
This region is either one-sided or the outside of an interval.

By Theorem 6.2(ii), a one-sided test has a strictly monotone power
function and therefore cannot satisfy (4).

Thus, this test must have the form of T, in (iii).

Since T, in (iii) does not depend on 64, by Lemma 6.1, it is UMP over
all tests satisfying (1) and (4); in particular, the test = «.

Thus, T, is UMPU.

Finally, it can be shown that all the ¢- and y-functions in (i)-(iv) are
Borel functions of u (see Lehmann (1986, p. 149)).
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Example 6.11
A problem arising in many different contexts is the comparison of two
treatments.

If the observations are integer-valued, the problem often reduces to
testing the equality of two Poisson distributions (e.g., a comparison of
the radioactivity of two substances or the car accident rate in two
cities) or two binomial distributions (when the observation is the
number of successes in a sequence of trials for each treatment).
Consider first the Poisson problem in which X; and X, are
independently distributed as the Poisson distributions P(14) and P(A,).

The p.d.f. of X = (Xi,Xz) is

[e=*1722) /x; 1xo1] exp {X210g (A2 /A1) + (X1 + X2 ) log A4 }
w.r.t. the counting measure on {(/,j):i=0,1,2,...,j=0,1,2,...}.
The hypotheses such as A; = A, and A; > A, are equivalentto 6 =0
and 6 < 0, respectively, where 6 =log(A2/A1).

The p.d.f. of X is in a multiparameter exponential family with ¢ =log Ay,
Y =Xo,and U= X; + Xo.
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Thus, Theorem 6.4 applies.

To obtain various tests in Theorem 6.4, it is enough to derive the
conditional distribution of Y = X5 given U = X; + X5 = u.

Using the fact that Xj + X> has the Poisson distribution P(11 + 1,), one
can show that

u -
P(Y = y|U=u) = (y)pym D o (y), u=0,12,...

where p=2Ap/(A +22) = €% /(1 + €%).

This is the binomial distribution Bi(p, u).

On the boundary set Oy, 6 = 0; (a known value) and the distribution
Py|y—y is known.

Consider next the binomial problem in which X;, j =1,2, are
independently distributed as the binomial distributions Bi(p;, n;),
J=1,2, respectively, where n;’s are known but p;’s are unknown.

The p.d.f. of X = (Xi,Xz) is

Ny no A\ (4 o\ Pa(1—p1) .

UW-Madison (Statistics) Stat 710, Lecture 16 Jan 2019 10/17



w.r.t. the counting measure on {(/,j):i=0,1,...,n1,j=0,1,....,m2}.
This p.d.f. is in a multiparameter exponential family with
_ p2(1=p1) vy _ —
0= IOg p1(1—p;)’ Y=X5,and U= X; + Xo.
Thus, Theorem 6.4 applies.

Note that hypotheses such as p; = p> and p; > p» are equivalent to
6 =0 and 6 <0, respectively.

Using the joint distribution of (Xj, X2), one can show (exercise) that

ALY =ylU=t)=K(6) <uT y> <,;/2) e¥ia(y), u=0,1,.,n+n,

where
A={y:y=0,1,...min{u,n},u—y <m}

k=2 (") (5)

If @ = 0, this distribution reduces to a known distribution: the
hypergeometric distribution HG(u, n>,ny) (Table 1.1, page 18).

and
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The following lemma is useful especially when X is from a population
in an exponential family with continuous p.d.f.'s.

Lemma 6.7
Suppose that X has the following p.d.f. w.r.t. a o-finite measure:

fo.p(X) = exp{OY(x)+ @ U(x) - £(6,9)},
where 6 is a real-valued parameter, ¢ is a vector-valued parameter,
and Y (real-valued) and U (vector-valued) are statistics.
Let V(Y,U) be a statistic independent of U when 6 = 6;, where 6;’s are
known values given in the hypotheses in (i)-(iv) of Theorem 6.4.
(i) If V(y,u) is increasing in y for each u, then the UMPU tests in (i)-(iii)
of Theorem 6.4 are equivalent to those with Y and (Y, U) replaced by V
and with ¢;(U) and y;(U) replaced by constants c¢; and y;, respectively.
(i) If there are Borel functions a(u) > 0 and b(u) such that
V(y,u) =a(u)y + b(u), then the UMPU test in Theorem 6.4(iv) is
equivalent to that with Y and (Y, U) replaced by V and with ¢;(U) and
7i(U) replaced by constants c¢; and v;, respectively.
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Proof
(i) Since Visincreasing in y, Y > c¢;(u) is equivalent to V > dj(u) for

some d;.

The result follows from the fact that V is independent of U so that d;’s
and ;s do not depend on u when Y is replaced by V.

(ii) Since V = a(U)Y + b(U), the UMPU test in Theorem 6.4(iv) is the
same as

1 V<c1( U)or V> c(U)
T.(V,U) { )  V=ci(U), i=1,2,
0 c1(U) <V <e(U),
subject to Eg,[T.(V,U)|U = u] = o and
V —b(U) B V —b(U)
Eo, [T*(V, U)i(U) 'U] = aEg, [) ’U] . (5)
Under Eg[T.(V,U)|U=u] = ) is the same as

Eq[T.(V,U)V|U] = aEeo(V!U)
Since V and U are independent when 6 = 6y, ¢;(u)’s and ¥;(u)’s do not
depend on u and, therefore, T, does not depend on U.
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@ If the conditions of Lemma 6.7 are satisfied, then UMPU tests can
be derived by working with the distribution of V instead of Pyy—,.

@ In exponential families, a V(Y, U) independent of U can often be
found by applying Basu’s theorem (Theorem 2.4).

@ An important application of Theorem 6.4 and Lemma 6.7 is the
derivation of UMPU tests in normal families.

@ The results presented here are the basic justifications for tests in
elementary textbooks concerning parameters in normal families.

@ When we consider normal families, ;s can be chosen to be 0
since the c.d.f. of Y given U = u or the c.d.f. of V is continuous.

One-sample problems

Let Xy,..., X, be i.i.d. from N(u,c?) with unknown u € % and 62 > 0,
where n > 2.
The joint p.d.f. of X = (X1,..., Xp) is

L B i X2y P f
(2n02)n/2 Py 202 S & 262
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Tests concerning o

|

Consider first hypotheses concerning 2.
The p.d.f. of X is in a multiparameter exponential family with
0=—(202)"", o=nu/c2 Y=Y, X? and U= X.
By Basu’s theorem, V = (n— 1)S? is independent of U = X (Example
2.18), where S? is the sample variance.
Also,

sz n—1)8?+nX?,

ie., V=Y—nl-2

Hence the conditions of Lemma 6.7 are satisfied.

Since V/o? has the chi-square distribution xﬁq (Example 2.18),

values of ¢;’s for hypotheses in (i)-(iii) of Theorem 6.4 are related to

quantiles of x2 .

For testing Hp : 6 = 6y vs Hq : 6 # 6y (which is equivalent to testing

Ho : 02 =02 vs H; : 62 # o8), d; = ¢ci/o5, i = 1,2, are determined by
a>

a.
ChaWdv=1-a and [ v (vdv=(n-1)(1-a)
1 1
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where fp, is the Lebesgue p.d.f. of the chi-square distribution y2..
Since vf,_1(v) =(n—1)f11(v), di and d» are determined by

d2 d2
/ f,,,1(v)dv:/ fria(V)dv =1—a.
o o

If n—1~n+1, then dy and d» are nearly the (a/2)th and (1 — /2)th
quantiles of x,ZH, respectively, in which case the UMPU test in
Theorem 6.4(iv) is the same as the “equal-tailed” chi-square test for Hy
in elementary textbooks.

Tests concerning

Consider next hypotheses concerning .

The p.d.f. of X has is in a multiparameter exponential family with

Y =X, U=YL(Xi—0)? 6 =n(u—po)/0? and ¢ = —(20%)~".

For testing hypotheses Hy : u < ug versus Hg : u > g, we take V to be
t(X) = v/n(X — o)/ S.

By Basu’s theorem, {(X) is independent of U when pu = .

Hence it satisfies the conditions in Lemma 6.7(i).
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From Examples 1.16 and 2.18, t(X) has the t-distribution t, 4y when
K= Ho-

Thus, ¢(U) in Theorem 6.4(i) is the (1 — a)th quantile of t,_1.

For the two-sided hypotheses Hy : 1 = yg versus Hq : 1 # up, the
statistic V = (X — uo)/+/U satisfies the conditions in Lemma 6.7(ii) and
has a distribution symmetric about 0 when u = pg.

Then the UMPU test in Theorem 6.4(iv) rejects Hy when |V| > d,
where d satisfies P(|V| > d) = a when p = .

Since
H(X) =/ (n—1)nV(X)/\/1 = n[V(X)]?,

the UMPU test rejects Hy if and only if [{(X)| > t,_1 o2, where t_1 4 is
the (1 — a)th quantile of the t-distribution ¢, 1.

The UMPU tests derived here are the so-called one-sample t-tests in
elementary textbooks.

The power function of a one-sample t-test is related to the noncentral
t-distribution introduced in §1.3.1 (see Exercise 36).
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