Lecture 17: Likelihood ratio and asymptotic tests

Likelihood ratio
When both Hy and H; are simple (i.e., ©9 = {6y} and ©1 = {61}),
Theorem 6.1 applies and a UMP test rejects Hy when
f91 (X)
> G
ﬁbCX) °

for some ¢y > 0.
The following definition is a natural extension of this idea.

Definition 6.2

Let £(0) = fo(X) be the likelihood function. For testing Hy : 6 € ©g
versus H; : 6 € ©4, a likelihood ratio (LR) test is any test that rejects Hy
if and only if A(X) < ¢, where ¢ € [0,1] and A(X) is the likelihood ratio
defined by

| A\

A(X) = sup E(G)/supf(e).

CISIST CISS)

v
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Discussions

If A(X) is well defined, then A (X) < 1.

The rationale behind LR tests is that when Hy is true, A(X) tends to be
close to 1, whereas when Hj is true, A(X) tends to be away from 1.

If there is a sufficient statistic, then A(X) depends only on the sufficient
statistic.

LR tests are as widely applicable as MLE’s in §4.4 and, in fact, they
are closely related to MLE’s.

If 8 is an MLE of 6 and 8, is an MLE of 6 subject to 6 € Oy (i.e., ©q is
treated as the parameter space), then

A(X) = £(80) /¢(6).
For a given a € (0,1), if there exists a ¢, € [0, 1] such that

sup Pa(A(X) < Ca) = ,
CISSH)

then an LR test of size a can be obtained.

Even when the c.d.f. of (X)) is continuous or randomized LR tests are

introduced, it is still possible that such a ¢, does not exist.
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Optimality
When a UMP or UMPU test exists, an LR test is often the same as this
optimal test.

Proposition 6.5
Suppose that X has a p.d.f. in a one-parameter exponential family:

fo(x) = exp{n(6)Y(x) — £(6)}h(x)
w.r.t. a o-finite measure v, where n is a strictly increasing and
differentaible function of 6.
(i) For testing Hp : 6 < 6y versus H; : 6 > 6y, there is an LR test whose
rejection region is the same as that of the UMP test T, given in
Theorem 6.2.
(ii) For testing Hyp : 6 < 61 or 6 > 6> versus Hy : 61 < 6 < 65, there is an
LR test whose rejection region is the same as that of the UMP test T,
given in Theorem 6.3.
(iii) For testing the other two-sided hypotheses, there is an LR test
whose rejection region is equivalent to Y(X) < ¢y or Y(X) > ¢ for
some constants ¢; and c..
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Proof

We prove (i) only.

Let 6 be the MLE of 6.
Note that ¢(6) is increasing when 6 < 6 and decreasing when 6 > 6.

Thus,
< 6o
> 6y.

D) D)

1
MX)Z{ (00)
(6)
Then A(X) < cis the same as 6 > 6y and £(6;)/4(6) < c.

From the property of exponential families, 6 is a solution of the
likelihood equation

dlog/(0)

S =n'(0)Y(X)—€(6) =0
and y(0) =£'(6)/n'(0) has a positive derivative y'(6).

Since n’(@)Y— 5’(5) =0, 6 is an increasing function of Y and g—g > 0.
Consequently, for any 6y € ©,
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2y [l0at(®)~1ogt(60)] = 1 [n(8)Y —£(®) ~n(60) Y+ &(e0)
— O @)Y +n(d)- 22 E) - n(en
0

d JPE A n
— oTYA[” (8)Y —&'(6)]+n(6) —n(60)
= 1(6)—n(6o).

whichAis positive (or negative) if 0> 6y (or 0 < 60),Ai e
log¢(0) —log {(6p) is strictly increasing in Y when 6 > 6, and strictly
decreasing in Y when 6 < 6.

Hence, for any d € #, 6 > 6, and 6(60)/6(5) < cis equivalentto Y > d
for some c € (0,1).

Example 6.20

Consider the testing problem Hp : 6 = 6, versus H; : 6 # 6, based on
i.i.d. Xi,..., X, from the uniform distribution U(0, 6).
We now show that the UMP test with rejection region X, > 6o or
X(n) < 6o/ given in Exercise 19(c) is an LR test.

UW-Madison (Statistics) Stat 710, Lecture 17 Jan 2019 5/17




Note that ¢(6) = anl(x(nw)(e).

Hence
(Xn)/00)"  Xin) < 6o

}L(X) - { 0 X(n) > 6

and A(X) < cis equivalent to X, > 6y or X,/ 6 < G,
Taking ¢ = a ensures that the LR test has size a.

Example 6.21
Consider normal linear model X = N,(Z,c?1,) and the hypotheses
Ho:LB=0 Versus Hi: LB #0,

where L is an s x p matrix of rank s < r and all rows of L are in Z(2).
The likelihood function in this problem is

n/2
10)=(3s2)  exp{-sLIX-ZBIP}, 6=(B.5?).
Since ||X — ZB|[2 > || X — ZB||? for any B and the LSE B,

(0) < ()" oxp{~5LlIX~ ZBIE}.
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Treating the right-hand side of this expression as a function of 62, it is
easy to show that it has a maximum at 62 = 62 = || X — Z||*/n and

sup/(0) = (2nG2)""/2e~"/2.
CISC)
Similarly, let By, be the LSE under Ho and 62, = || X — ZB,||2/n:

sup £(0) = (2nog, ) "2e "2,

CISST
~ 2
Hx_sz>”_
X~ ZBr 2

For a two-sample problem, we let n=ny + no, B = (u1,H2), and

_ J”1 0
Z_( 0 J”z >

Testing Hy : 14 = uo versus Hi : uy # uo is the same as testing
Ho:LB=0versus Hy: LB #OwithL=(1 —1).
The LR test is the same as the two-sample two-sided t-tests in §6.2.3.

Thus,
A(X) = (6%/6F,)"? = <
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Example: Exercise 6.84

Let F and G be two known cumulative distribution functions on % and
X be a single observation from the cumulative distribution function
0F(x)+(1—06)G(x), where 6 € [0,1] is unknown.

We first derive the likelihood ratio 4 (X) for testing

Hp:0 <6y versus H;:6> 06

where 6y € [0,1) is a known constant.

Let f and g be the probability densities of F and G, respectively, with
respect to the measure corresponding to F + G.

Then, the likelihood function is

(0) = 6[f(X) — 9(X)] + 9(X)

and f(X)  f(X)>g(X)
sup £(0) = { g(X) (X)) <g(X).

0<6<1
For 6y € [0,1),

[ Bl(X) —g(X)]+a(X)  f(X)>g(X)
,Sup 18) = { 9(X) F(X) < g(X).
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Hence,

A(X) = 6o[f(X) fé(lg())()]Jrg(X) f(X) > g(X)
f(X) < g(X).
Choose a constant ¢ with 65 < c < 1.
Then A(X) < c is the same as
M = = %
f(X) —1-6
We may find a ¢ with P(A(X) < c¢) = a when 6 = 6.
Consider next

Hy:61<0<6, versus H;:6<6; or 6>6

where 0 < 6; < 6, < 1 are known constants.
For0<6, <6, <1,

[ 80— g +aX)  f(X)>a(X)
oco oo, 0= { Br[f(X)— g+ g(X)  F(X) < g(X)

Hence, 62[f(X)—g(X)]+9(X) f(X) > g(X)
A(X) =

7(X) =
61 [f(X)—%?;)HQ(X) f(X) < g(X).

g
UW-Madison (Statistics) Stat 710, Lecture 17 Jan 2019 9/17




Choose a constant ¢ with max{1—06;,6,} <c < 1.
Then A(X) < cis the same as

9(X) _c—6o or 9(X) 64

f(X) —1-6g f(X)
How to find a ¢ with supg, <<, P(A(X) < ) = a?
Finally, consider

Hop:0<6; or 6>6, versus 6;<6<6,

where 0 < 67 < 6>, < 1 are known constants.
Note that
sup £(0) = sup £(0).
0<6<6y,0,<0<1 0<0<1
Hence,
A(X)=1

This means that, unless we consider randomizing, we cannot find a ¢
such that supg<p, o g6, P(A(X) <C) = .
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It is often difficult to construct a test with exactly size « or level o.
Tests whose rejection regions are constructed using asymptotic theory
(so that these tests have asymptotic level o) are called asymptotic
tests, which are useful when a test of exact size « is difficult to find.

Definition 2.13 (asymptotic tests)
Let X = (Xj,...,Xp) be a sample from P € &2 and T,(X) be a test for
Hy: P e &y versus Hy : P e 2.
(i) Iflimsup,ar,(P) < a forany P e &, then o is an asymptotic
significance level of T,,.
(i) Iflimp_e SUPpe 2, 0T, (P) exists, it is called the limiting size of Tp.
(ii) Tnis consistent iff the type Il error probability converges to 0.

@ If &, is not a parametric family, the limiting size of T, may be 1.
This is the reason why we consider the weaker requirement in (i).

@ If ¢ €(0,1) is a pre-assigned level of significance for the problem,
then a consistent test T, having asymptotic significance level « is
called asymptotically correct, and a consistent test having limiting
size a is called strongly asymptotically correct.
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In the i.i.d. case we can obtain the asymptotic distribution (under Hp) of
the likelihood ratio A (X) so that an LR test having asymptotic
significance level a can be obtained.

Theorem 6.5 (asymptotic distribution of likelihood ratio)
Assume the conditions in Theorem 4.16.

Suppose that Hy : 6 = g(¥), where 9 is a (k — r)-vector of unknown
parameters and g is a continuously differentiable function from %%~ to
Z* with a full rank dg()/dv.

Under Hj,

—2|Og A’ﬂ —d sza
where 1, = 2(X) and x? is a random variable having the chi-square
distribution x?.
Consequently, the LR test with rejection region A, < e %/ hag
asymptotic significance level o, where x;‘:a is the (1 — o)th quantile of
the chi-square distribution x?.
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Proof

Without loss of generality, we assume that there exist an MLE 6 and
an MLE ¢ under H, such that

2o = SUp £(6) / sup(8) = ¢(g()) /£(B).
CISCN CISC]

Let sp(0) = dlog¥(0)/d6 and I1(6) be the Fisher information about 6
contained in Xj.
Following the proof of Theorem 4.17 in §4.5.2, we can obtain that

Vnl(8)(8 — 8) = n~125,(8) + 0p(1),
A9 Hllog#(8) — log(8)] = n(B — 8) 1 (8)(8 — 8) + 0y(1).
Then
2[log£(6) — log £(6)] = n"[sn(8)]*[/1(8)] " $(8) + 0p(1).
Similarly, under Hy,

2[log £(g(B)) —og £(g(®))] = n~ ' [8n(9)*[h (9)] ' 8n(D) + 0p(1),
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where 8p(3) = dlog((9(?))/9d0 = D(¥)sn(g(?)), D(¥) = 9g()/9 D,
and /1(¢) is the Fisher information about ¥ (under Hp) contained in Xj.

Combining these results, we obtain that, under Hj,
—2logA, = 2[log#(8)—log/(g(d))]
= " [sn(9(9))]"B(®)sn(g(D)) + 0p(1)
where B(8) = [I(g(9))]~" — [D(9)]"[Ts ()]~ D(»).

By the CLT, n="/2[1;(8)]~"/?s,(0) —4 Z, where Z = N(0, Iy).
Then, it follows from Theorem 1.10(iii) that, under Hj,

—2log n —g Z°[h(9(9))]'2B(9)[h (9(¥))]'/?Z.
Let D= D(®), B= B(®), A= l;(g(®)), and C = T;(®).
Then
(A1/2BA1/2)2 — A'/2BABA!/2
= AY2(A'—D'C'D)A(A"' - D'C ' D)A!/2
_ (Ik—A1/2DTC‘1DA1/2)(Ik—A1/2DTC‘1DA1/2)
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= I, —2A"2D'C'DAY2 + A'2D*C~'DAD*C ' DA'/?
_ Ik_A1/2Drc—1 DA1/2
_ A1/2BA1/2,

where the fourth equality follows from the fact that C = DAD".

This shows that A'/2BA'/2 is a projection matrix.
The rank of A'/2BA'/? is

tr(A'/2BA'/2) = tr(lx— D*C ' DA)
— k—tr(C 'DAD")

= k—tr(C'C)
= k—(k—r)
= r.

Thus, by Exercise 51 in §1.6,

Z[h(g(9))]'2B(8)[h(9(0))]'/2Z = xF
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Asymptotic tests based on likelihoods

There are two popular asymptotic tests based on likelihoods that are
asymptotically equivalent to LR tests.
The hypothesis Hp : 6 = g(¥) is equivalent to a set of r < k equations:

Ho: R(6) =0,
where R(6) is a continuously differentiable function from %% to Z".
Wald (1943) introduced a test that rejects Hy when the value of
Wn = [R(B){[C(O)"[In(8)] ' C(6)} " R(6)
is large, where C(0) = dR(0)/d0, I»(0) is the Fisher information
matrix based on Xj, ..., Xp, and 6 is an MLE or RLE of 6.
Rao (1947) introduced a score test that rejects Hy when the value of
Rn = [5n(0)]"[/n(6)] " sn(6)
is large, where s,(8) = dlog¢(6)/d6 is the score function and 6 is an
MLE or RLE of 6 under Hy : R(6) = 0.
@ Wald’s test requires computing 8, not & = g(d).

@ Rao’s score test requires computing 6, not 6.
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Theorem 6.6

Assume the conditions in Theorem 4.16.

(i) Under Hp : R(6) =0, where R(0) is a continuously differentiable
function from %% to %", W, —4 x? and, therefore, the test rejects Hj if
and only if W, > x,%a has asymptotic significance level a, where x,%a is
the (1 — o)th quantile of the chi-square distribution 2.

(i) The result in (i) still holds if W, is replaced by R,.

(i) Using Theorems 1.12 and 4.17,

VAIR(8) — R(6)] —a N, (0,[C(O)Th(6)] ' C(6))
where /1(60) is the Fisher information about 6 contained in Xj.
Under Hy, R(6) = 0 and, therefore (by Theorem 1.10),

nRON{ICON[1(8)] ' C(6)} "' R(6) =4 x7

Then the result follows from Slutsky’s theorem (Theorem 1.11) and the
fact that 6 —, 6 and /1(6) and C(6) are continuous at 6.
(i) See the textbook.
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