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f of Theorem

Introduction ptions and Main Results

LASSO estimator in generalized linear models

Linear predictor

Let Y € Y C R be a real-valued (response) variable and X be a
co-variable with values in some space X'. Let

F= {fé(') = i9k¢k(‘)i IS @}
k=1

be a (subset of a) linear space of functions on X'. Further let © be
a convex subset of R™, possibly © = R™. The functions {¢}7_,
form a given system of real-valued base functions on X.
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Lasso estimator in generalized linear models
Let v¢ : & x ) — R be some loss function, and let {(X;, Y;)}"_; be
i.i.d. copies of (X, Y). Consider the estimator with lasso penalty

n
u=1

N _ 1 5
0, = argmingcg { Z’Yfg(xia Yi) + )\n/(e)} '
where
1(6) .= &4l
k=1

denotes the weighted /1 norm of the vector § € R, with random
weights

L 1/2
bk = (nZwi(xi)>
i=1



Introduction

Goal of this paper

The best linear predictor

Let P be the distribution of (X, Y). The target function f is
defined as

f = argmingcg Py,

where F D F (and assuming for simplicity that there is a unique
minimum). It will be shown that if the target f can be well
approximated by a sparse function fy«, the estimator 0, will have
prediction error roughly as if it knew this sparseness.

The excess risk of f is
E(f) =Py, — P

A probability inequality will be derived for the excess risk £(fj ).
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Assumptions

Assumption L

The loss function ~y¢ is of the form ~v¢(x, y) = y(f(x), y) + b(f),
where b(f) is a constant which is convex in f, and (-, y) is convex
for all y € ). Moreover, it satisfies the Lipschitz property

V(fo(x),y) = (fa(x). )| < [fa(x) — fo(x)]
V(x,y) € X x Y, V0,0 € ©.

Assumption A
It holds that

Ko e Il
1<k<m Ok

< 00
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Assumptions

Assumption B

There exists an 77 > 0 and strictly convex increasing G, such that
for all # € © with ||fy — f||oc < 7, One has

£(fy) = G(IIfy — fI)-

Assumption C

There exists a function D(+) on the subsets of the index set
{1,..., m}, such that for all £ C {1,..., m}, and for all § € ©

and 6 € ©, we have

> oulbk — bl < /DK)Ify — .

kel
Dy := D({k : |0x| # 0}).
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Further quantities

The convex conjugate of the function G given in Assumption B is
denoted H.

Smoothing parameter
Let

2log(2m log(2m
3, = 4a,, a, ::< g,S ) 4 g(n )Km)

Further let for t > 0,

2 2 nKm
Ano = Ano(t) = an <1 + tv/2(1 + 2a,Km) + té;,)
o = 2t%3,Km
Ano = Ano(t) = 3, (1 + t3/2(1 + 23,Kp) + "3)
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Penalty Function
Let

10) == owlbul-
k=1

and 1(0) = 327, 6«|0x] its empirical l; norm. Moreover, for any

and 6 in ©, let

WD) = 3 oulbul, (81) = 1(6) — L (01d).
k:0,#0

Likewise for the empirical versions:

h(016) .= > &ulbul, R(010) :=1(0) — h(0]6).
k:0,0
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Nonrandom Normalization Weights in the Penalty

Quantities
Q )\, =2\,
Q Vy := H(4\,\/Dy) (estimation error),
Q 0} = arg mingco{E(fy) + Vo} (oracle),
Q 2¢;, :=3&(fp:) + 2Vp: (oracle rate),
Q (= €/ no (oracle rate for h),
Q 0(ep) := arg mingeo 1(6—05)<6c: 1€(fo) — 4Anh (6 — 07]67)}.

Conditions

© It holds that ||fg: — f||oc <7, where 7 is given in Assumption
B.

Q It holds that |[fy(x) — fllso <7, where 7 is given in
Assumption B.
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Nonrandom Normalization Weights in the Penalty

THEOREM 2.1

Suppose Assumptions L, A, B and C, and Conditions | and Il hold.
Let A\, 67, €, and (; be given. Assume oy is known for all k and
let 8, be the lasso estimator. Then we have with probability at

least
1-7 exp[—né,z, t2],
that
£(f) < 26,

and moreover

210, — 07) < 7¢CE.




Introduction Assumptions and Main Results Proof of Theorem

00000 00000
[e]e]e] o} 00000
[e]e]e} 00000000

000000

Random Normalization Weights in the Penalty

Quantities
Q )\, =3\,
Q@ Vy := H(5\,vDy),
Q 0} := arg mingco{E(fy) + Vo},
Q 2¢; := 3&(fpx) + 2V,
@ ¢ == €i/Mno,
Q 0(e;) = arg mingeo j(9—ox)<ec: 1E(fo) — SAnh (0 — 65167 }.

Conditions
@ Conditions | and Il in nonrandom normalization case.

Q /'eCm k<013
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Nonrandom Normalization Weights in the Penalty

THEOREM 2.2

Suppose Assumptions L, A, B and C, and Conditions I, Il and IlI
hold. Let A\, 67, €, and (, be given, and the weights 6 should be

estimated. Take X\, > 4/ @ X (1.6) Then with probability at
least 1 — «, we have that

and moreover
216, — 63) < 7¢;.

Here o = exp[—na2s?] + 7 exp[—n32t?], with s > 0 being defined
by 3 = KmAno(s), and t > 0 being defined by Ap0 = Ano(t).
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Loss functions

Example of loss functions satisfying Assumptions L, B
o Logistic Regression

Ve(x,y) = [-f(x)y + log(1 + exp (f(x))]/2
@ Density estimation

@ Hinge loss for support vector machine

V(% y) = (1 — yf(x))+.

Proof of Theorem
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00000
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V.

However, the usual quadratic loss is not Lipschitz on the whole real

line.
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Theorem 3.1

Suppose Assumptions A and C hold. Let A,, 67, €, and (; be
given, with H(v) = v2/2, v > 0, but now with X, replaced by

Assume moreover that ||fp: — f||oo <7 < 1/2, that

6¢;:Km + 27 < 1, and that /2™ K < 0.33. Let o be known
for all k and let 6, be the lasso estimator. Then with probability at
least 1 — «, that

E(fén) < 2¢

n

2100, —07) < 7¢

Here o = exp[—na2s®] 4 7 exp[—na2t?], with s > 0 a soluntion of
— KopAnols).
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Concentration theorem

Let Z1,...,Z, be independent random variables with values in
space Z and let ' be a class of real-valued functions on Z,
satisfying for some positive constants 7, and 7,

[[Vnllc < mn ¥y €T
1 n
EZvar(v(Z,-)) < 12 Vyerl.
i=1

Define

Then for z > 0,

221, 5
P|(Z>EZ+ z\/2(72 4+ 2n,EZ) + 3 < exp[—nz°].
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Introduction

Symmetrization theorem

Rademacher sequence

i.i.d. random variables €1, ..., €,, taking values 1 each with
probability 1/2.

Let Z1,...,Z, be independent random variables with values in Z,
and let €1,...,€, be a Rademacher sequence independent of
Zi,...,Z,. Let I be a class of real-valued functions on Z. Then

(i‘;?'zh )}|> <2E (suplz ei(Z )

i=1
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Contraction theorem

Let z,..., 2z, be nonrandom elements of some space Z and let F
be a class of real-valued functions on Z. Consider Lipschitz
function ; : R — R, that is,

vi(s) —7i(3)| <|s—3 Vs,5€eR

Let €1,...,€, be a Rademacher sequence. Then for any function
f*: Z — R, we have

<?g§: Z {'71 ZI 'YI( Z/ )}‘>
<2E <sup > ei(f(z) - f*(z,-))D :

feF |14
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Lemma A.1
Let Zi,...,Z, be independent Z-valued random variables, and
1, -..,7vn, be real-valued functions on Z, satisfying for

k=1,...,m,
Evi(Z)=0,Vi < 1n152z-<2
7/(( I)_ y VI ||7k||oo_"7nynzl ’Yk( /)_Tn-

Then

E | max
1<k<m

n

j;Z'Yk(Zi)

i=1

) < 272 log(2m) L log(2m)
n n



Introduction Assumptions and Main Results

Proof of Theorem
00000

00000
00000 ®0000
[e]e]e} 00000000
000000

Outline

© Proof of Theorem

@ Application to M-estimation with lasso penalty



Proof of Theorem

0O®000

Lemma A.2

Let €1, ..., €, be Rademacher sequence, independent of the
training set (X1, Y1),...,(Xn, Yn). Moreover, fix some 6* € © and
let for M >0, Fpy:={fy:0 € O,1(0 —0*) < M} and

Z(M) = sup [(Pn = P)(ve, — Y6, )
M

We have

1<k<m

)

EZ(M) < 4ME ( max

% ; eihi(Xi)/ ok
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Proof of Lemma A.2

n

i=1

Ew)(Z

fEFm

LS (600, Y5) — (- (%) v)}')

. |

1 n
< 2E(x,v) ( sup |— ZGI(f@(Xi) — fp«(Xi))
i=1

fE]:/\/] n
1ZH:G'(fé()<')—fe*(X')) < Zak|9k—9| max lznzé'@bk(x')/a
n < ! ! ! - 1<k<m | n £ ! !
SR |
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Lemma A.3
The distribution of X is denoted by @, and the empirical

distribution of covariates {X;}"_; is written as Q.

Statement
We have

E<max (Qn—Q)(W)) < an
1<k<m Ok

E( . |1/n2,-":1e,-w(x,-)\> -

S an.
1<k<m Ok

Proof: This follows from ||1k||oc/0k < Km and
var(wk(X))/ai < 1. So apply Lemma A.1 with n, = K,,, and
T2 =1.
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Corollary A.1
For all M > 0 and all 6 € © with /(6 — 6*) < M, it holds that

7e = Ve [loo < MK,
P(7f9 _’Yfg* )2 S M2-

Therefore, since by Lemma A.2 and Lemma A.3, for all M > 0,

EZ(M)
M

< 5m an = 4a,,,

we have, in view of Bousquet's Concentration theorem, for all
M >0 and all t > 0,

_ - 2t23, K, 20
P|Z(M)>3,M |1+ t\/2(1+23,Kn)+ —3 < exp[—na;t7].
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A general theorem of nonrandom weights

Take b > 0,d > 1, and dj, _d((b+d) v1)

Quantities:

Q )\, = (14 b)Ao,

@ V= 20H(22yPe) where 0 < § < 1,

Q 0% := arg mingco{E(fy) + Vo} ,

Q ¢, = (14 0)E(fy:) + Ve,

@ ¢ =5,

Q 0(ep) = arg mingeo 1(6—6x)<dycz /b1IE(fa) — 2Anh (0 — 01167 }-
Conditions same as in Theorem 2.1. Theorem 2.1 is the special
case with b=1,=1/2and d = 2.

>
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Lemma A.4

Statement

Suppose conditions are met. For all § € © with
16 — 6%) < dp(:/b, it holds that

2\, 11(0 — 6,107) < 0E(fy) + €, — E(foz)-

Proof:

< 2h(0(eg) - 05) — 0E (fyeey) + OE(f).

By Assumption C, and Condition II,

22 (6(es) — 85) < 20y /Do lfoesy — fos
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Proof of Lemma A.4 (cont'd)
By the triangle inequality,

2Xn\/ Do || fy(exy — fox || < 2XAn4/ Day

It follows from conditions | and Il, combined with Assumption B,
that

facery — FIl + 2Xny/ Doz fyexy — FII-

2Xn1\/ Deg |[fg(ezy — fos || < 6E(fo(ez)) + 0E(fyz) + Ve -
Hence, when (60 — 0%) < dp(/b,

20ph (0 — 07) < 6E(fy) + 0E(fyx) + Vo
= 0&(fy) + €, — E(fo;)-
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Lemma A5
Suppose Conditions | and Il are met. Consider any (random) 6eco

with Ro(f5) + Anl() < Ra(fgs) + Anl(6%). Let 1 < dy < dp. Then

P (/(9” —0;) < dfj) <P </(§ —05) < (ijbl)) i) + exp[—na2t?]

Proof: Let & := £(f;) and £* := £(fy;). Since

Rn(fz) + Anl(0) < Ra(fo:) + Anl(0}), and known
/(5 —0%) < doC}: /b, that

E+ M (0) < Z(doCE/b) + EF + Al (07).

With probability at least 1 — exp[—na2t?], the random variable
Z(doC;;/b) is bounded by A\, odo(;/b. But we then have

E+ Mnl(0) < XnodoCy/b+ E* + Anl (67).
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Proof of Lemma A.5 (cont'd)
Then on event {/(f — 07) < doCyy /bt U{Z(do(s/b) < AnodoCl/ b},
invoking Ay = (1 + b)Ano, 1(f) = h(8) + h(0) and 1(0%) = L(07),
that

o - ~ - dnC* - -
E+ (1+ b)Xnoh(f) < An,oqu” + E 4 (14 b)Anoh (6 — 67).
But k() = h(f — 0%). So if add another (1 + b)X,0h(f — 6%) to
both sides of the last inequality, we obtain

dOCn
b
< doC)
< Ano n
- b

= (dot Yol +6E,

The result follows as €}, = X\p ¢ and 0 < § < 1.

E+(1+b)nol(B—02) < Ano +2(1+ b)XAnoh(0 —6%) + &

—|—55+e
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Corollary A.2 and Lemma A.6

Corollary A.2: Squose conditions | and I are met. Let dy < dp.
For any (random) 6 € © with R,(f5) + Anl(6) < Ra(fox) + Xnl (65),

P </(9" —0%) < d,,i:)

_ NG o0
<PI0—-0)<(1+(d+1)(1+b)"") b + exp[—na;t7].
Lemma A.6: Suppose conditions | and Il are met, define

05 = s0, + (1 — )0,
dé,
s= R .
d¢; + bl(0, — 6%
Then for any integer N, with probability 1 — N exp[—na2t?] we have

10— 07) < (14 (d — 1)1 + ) ™) %



Lemma A.7

Statement

Suppose conditions | and Il are met. Let N; € N and
N, € N U {0}. Define ; = (14 b)~™ (N; > 1), and
62 = (1 + b)~N2. With probability at least

1 — (Ny + Ny) exp[—na2t?], we have

(00— 07) < d(61,02)F
with

2 _

Proof of Theorem

0000000
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Theorem A.4
Write

1— 62

A(b, (5, 51,(52) = d(él,ég) 5b

V1.

Suppose condition | and Il are met. Let d; and J, as in Lemma
A.7. We have the probability at least

2
1_ (|0g1+b (1 + b) A (b> o, 51,52)) exp[—né%t2],
0102
that
6*
" < n
) < 12

*
N

1(0n—07) = d(01,02)7"
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Proof of theorem A.4
Define & := 5(%) and &% := &(fyx). Set ¢ := 15—%2, we consider
the cases (a) ¢ < d(d1,02) and (b) ¢ > d(d1,02).
(a): Suppose that first ¢ < d(61,92). Let J be an integer
satisfying (1 + b)?~1c < d(81,02) and (1 + b)?c > d(61,02).
Consider two cases:
(al) If c¢;/b < 1(0n — 0}) < d(01,02)C/b, then
(1+bY""eCh/b < 1(0n — 0) < (1+ bY (/b

for some j € {1,...,J}. Expect on set with probability at most
exp[—n3a2t?], we thus have
E+ (1 +b)Anol(Bn) < (1+ b)Xnol(Bn — 02) + E*+ (1 + b) Aol (67).
So then by similar arguments as in the proof of Lemma A.5,

£ <2(1 4 b)Anoh (0, — 02) + E*.

Since d(d1,02) < dp, we obtain E< €+ 5€ so then € <

(o2
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Proof of theorem A.4 (cont'd)

(a2) If 1(0, — 6*) < c(}:/b, except on a set with probability at
most exp[—na2t?], that

£+ (U D) nal(On) < (1255 ) Bnoti + €+ (1 DI, (1)

Which gives
~ ) . _ n .
g < ( 52> RnoC + €+ (14 B)noh(Bn — 6)
1) ) V@* R
< * * n _
< < (52> AnoCp+EF + S 5 + 25
+

< L e—i—g—kég
- 1-— 5 2 2
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Proof of theorem A.4 (cont'd)
This yields

fo 2 51, 1 .1,
—_— —_— —_ —_— = €, .
=2-5\1-02 "2 21+0)) " T 15"

Furthermore, by lemma A.7, with probability at least
1 — (Ny + Ny) exp[—na2t?], that

10, o) < 012D,

The result follows from

1+ b)?d(8y, 6
J+1§kgH¢<(*)C(1’”>

1 1
N]_ = |0g1+b ((51> N2 = |0g1+b <(52>
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(b) Finally, consider the case ¢ > d(01,4d2).Then on the set where
16, — 07%) < d(61,02)C;/b, again have that except on a subset
with probability at most exp[—na2t?],
G
b

J Ay * * *
< <1_52> )\n,OCn +&+ (1 + b)/(@n),

E+ (14 b)Xnol(0n) < d(01,02)2 +E* + (1+ b)I(6;)

as

ob
<c= .
d((51,52) S C 1_ 52

We arrive at the same inequality in (1) and may proceed as there.
Note finally that also in this case

(1+ b)?
6102

(14 b)2 A (b,8,61,52)
logy 4 p .
0102

(Nl + N2 -+ 1) S |Og1+b

IA
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