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In this lecture we give SDP (semi definite programming) based algorithms for the Max-cut and
Max-2-SAT problem.
A semi definite program is a set of linear inequalities along with the constraint that the matrix of
variables is positive semi definite. The general form of a SDP is as follows:
min AC
subject to A · Bk ≥ bk ∀k
A0

Where A  0 indicates that the variable matrix A is positive semi definite. Also note that the first
constraint, A · Bk ≥ bk , is a constraint over the linear combination of elements Aij of matrix A i.e.
P
ij Aij (Bk )ij ≥ bk .

An important observation is that a semi definite program is equivalent to a vector program where
matrix A is composed of inner products of variable vectors. That is the above mentioned SDP is
equivalent to the following vector program

subject to

min linear funct. of hvi , vj i

linear constraints overhvi , vj i
vi ∈ <n and
Aij = vi · vj

We shall formulate vector programs for the Max-cut and Max-2-SAT problem, which essentially
are semi definite programs, the general strategy then is to solve the SDP to obtain vector solutions
for the variables. We then “extract” an integral solution from these vectors which preserve the
objective function value to a good extent.

20.1

Max-cut

Problem Statement: Given a graph G with weights ce on edges, find a cut C ⊆ E of maximum
weight which separates
the vertices of G in two connected components. Here the weight of the cut
P
C is defined as e∈C ce .
First we mention that the direct linear programming based approach that we have applied for other
cut problems does not go through for Max-cut. An LP relaxation for Max-cut is as follows:
P
max ce de
subject to

d is a metric
d(u, v) ≤ 1 ∀u, v
1

But this program can be maximized by settingPd(u, v) = 1 ∀u 6= v (which is a legitimate metric);
resulting in objective function value equal to e∈E ce . But this implies that all the edges are in
the cut and the requirement that the graph is separated into only two components S and V \ S is
not met.
The important insight here is to restrict the form of the metric d to ensure that a sound cut is
obtained. Specifically we wish to determine a metric which places the vertices of the graph either
2
at 1 or at −1. That is for all vertices
P ce de v we must have xv = 1. Thus de is either 0 or 2 and the
objective function becomes max
2 .
For the above mentioned metric we have d2uv = (xu − xv )2 = x2u + x2v − 2xu xv . But x2u and x2v
are equal to 1 hence d2uv = 2(1 − xu xv ). Also note that duv ∈ {0, 2} thus duv = d2uv /2. Hence the
Max-cut problem can be concisely stated as the following quadratic program:
P
max (u,v)∈E c2e (1 − xu xv )
x2u = 1 ∀u

s.t.

xu ∈ <

We relax this to a vector program. In particular,
P
max (u,v)∈E
s.t.

ce
2 (1

− x u · xv )

(20.1.1)

xu · xu = 1 ∀u
xu ∈ <n

xv
1−x u x v

xu

unit ball

Figure 20.1.1: Unit ball in <n
After solving this relaxed formulation we get vectors xu on the unit ball (see Figure 20.1.1) and
we wish to determine a cut in <n such that long edges are very likely in it. The idea is to consider
a random hyperplane in <n passing through the origin; long edges which contribute more to the
SDP solution have high probability of being cut by such a plane. Our cut is the set of edges that
cross this hyperplane. Next we prove that this in fact achieves an approximation factor of 0.878.
Formally the Max-cut algorithm is as follows
2

1. Solve SDP 20.1.1 to obtain vectors {xu }
2. Pick a random unit vector α in <n
3. Output {v | xTv α > 0}

random cut crossing the chord

θ
θ

chord

Figure 20.1.2: Chord with random cut
First we consider vectors in <2 and then generalize to cuts in <n . Consider a chord in a unit circle
that subtends an angle of θ at the origin (see Figure 20.1.2). Note that in the present context
selecting an angle between 0 and 2π, uniformly at random is equivalent to selecting a cut uniformly
at random.
The probability that the chord (representing an edge) is cut is θ/π. As any angle selected in the
marked region of Figure 20.1.2 would define a cut that intersects the chord and the total angle
contained by the marked region is 2θ the probability is 2θ/2π = θ/π.
As vectors xu lie on the unit ball the square of the length of the chord/edge is 2(1 − cos θ). Hence
its contribution to SDP is 2ce (1 − cos θ). The expected contribution of the edge to our solution is
π(1−cos θ)
1
θ
= 0.878
≈ 1.12. That is
π ce . The maximal difference between the two could be γ = maxθ
2θ
the contribution of any edge to the SDP can not be more than γ times its expected contribution
to our solution.
The following lemma ensures that the above mentioned Max-cut algorithm achieves a 0.878 approximation.
Lemma 20.1.1 For every edge e = (u, v) in the graph, let θe be the angle between xu and xv , then
the probability that we cut edge e is θe /π.
Proof: Consider the plane defined by vectors xu , xv and the origin. The intersection of the
hyperplane defined by random vector α and this plane is a line passing through the origin. Say
this line is α0 . Note that α0 is picked from a spherically symmetric distribution hence as above the
probability that (u, v) is cut is θe /π.
3

Note that step 2 of the algorithm is equivalent to picking a point uniformly at random from the
surface of a unit sphere. This is accomplished by picking a point from an n dimensional Gaussian
and then renormalizing it to be of unit length.
Feige and Schechtman [2] have shown that the integrality gap of this SDP is in fact 1/0.878. Also
hardness of 0.878 for Max-cut has been shown under the unique games conjecture [3].
Integral solutions of the Max-cut problem satisfy an interesting property. In particular any integral
solution sets xu ∈ {−1, 1} hence it must satisfy d2uv = 2duv . This relation implies a triangle
inequality for distance squares, that is d2uv ≤ d2uw + d2wv . Such a relation is not necessary for all
metrics but it holds for integral solutions. With this constraint we can formulate another stronger
SDP for Max-cut:

max
s.t.

ce
(u,v)∈E 2 (1 −
xTu xu = 1 ∀u
xu ∈ <n

P

x u xv )

(20.1.2)

1 − xu xv ≤ 1 − xu xw + 1 − xw xv ∀u, v, w
The last constraint can be simplified to xu xw + xw xv ≤ 1 + xu xv . The solutions to such an SDP
are special metrics called l22 metrics:
Definition 20.1.2 Metrics for which not only the distances but the square root of distances satisfy
the triangle inequality are called squared euclidian metrics (negative type) and are denoted as
l22 .
√
Note that l22 metric embed with distortion O( log n log log n) in l1 [1], which implies better approximation factor for some problems with such metric requirement. Though for Max-cut formulation
20.1.2 does not reduce the integrality gap but
√ it does for some other problems, in particular for
sparsest cut integrality gap is reduced to Õ( log n) [1].

20.2

Max-2-SAT

Problem Statement: Given a 2-CNF boolean formula we need to determine an assignment which
maximizes the number of satisfied clauses. In the weighted version of the problem each clause is
associated with a weight vi and we need to determine an assignment which maximizes the sum of
the values vi for the satisfied clauses.
We formulate a SDP by considering vector vx for every variable x, also vx (for x) is set to −vx . For
reference a true vector vT is also defined, thus informally vx vT is the extent to which x is true.
Now, clause x ∨ y contributes a value of 1 to the objective function if either x or y is true else it
3+vx vT +vy vT −vx vy
.
contributes a value of 0. For vx ∈ {−1, 1} this can be equivalently expressed as
4
As the expression is set to one when either vx vT or vy vT is set to one, and it is set to zero when vx
and vT are of different signs. We relax vx to vectors in <n to obtain the SDP:

4

max
s.t.

P

clauses x∨y

3+vx vT +vy vT −vx vy
4

(20.2.3)

vx vx = 1 ∀x
vx ∈ <n

vT is the truth vector
The algorithm A, for Max-2-SAT is as follows:
1. Pick a random hyperplane
2. Set everything on the side of vT to true and rest to false
The analysis of Max-2-SAT
follows closely from Max-cut. The objective function in this case can
P
be rewritten as 14
((1 + vx vT ) + (1 + vy vT ) + (1 − vx vy )), thus the expression consists of terms
of the form 1 + vi vj and 1 − vi vj . Next we analyze the two terms separately.

As in the case of Max-cut the probability that the edge between i and j is cut is θ/π. The SDP
contribution of the term is directly 1 − vi vj . As before with probability θ/π the plane separates
the two vectors in which case the contribution of the term is 2 else the contribution is 0. Hence
the expected contribution is 2θ
π + 0. As before the ratio of the expected contribution to the SDP
2θ
contribution is no less than γ = min π(1−cos
θ) = 0.878.
Note that vi vj = cos θ, where θ is the angle between vi and vj . Hence for the term 1 + vi vj the SDP
contribution is 1+ cos θ. The expected contribution to the integral solution on the other hand is
2(π−θ)
0
0 × πθ + 2 1 − πθ . Hence the ratio in this case is π(1+cos
θ) . By setting θ = π − θ the ratio reduces
0

2θ
to π(1−cos
θ 0 ) , as before this is no less than 0.878. Hence the total expected contribution is no less
than 0.878. So we have the following theorem:

Theorem 20.2.1 The above mentioned algorithm A achieves an approximation factor of 0.878 for
Max-2-SAT.
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