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Abstract. We consider the following clustering problem: we have a complete graph onn
vertices (items), where each edge(u;v) is labeled either+ or� depending on whetheru andv
have been deemed to be similar or different. The goal is to produce a partition of the vertices (a
clustering) that agrees as much as possible with the edge labels. That is, we want a clustering
that maximizes the number of+ edges within clusters, plus the number of� edges between
clusters (equivalently, minimizes the number of disagreements: the number of� edges inside
clusters plus the number of+ edges between clusters). This formulation is motivated from a
document clustering problem in which one has a pairwise similarity function f learned from
past data, and the goal is to partition the current set of documents in a way that correlates with
f as much as possible; it can also be viewed as a kind of “agnostic learning” problem.

An interesting feature of this clustering formulation is that one does not need to specify
the number of clustersk as a separate parameter, as in measures such ask-median or min-sum
or min-max clustering. Instead, in our formulation, the optimal number of clusters could be
any value between 1 andn, depending on the edge labels. We look at approximation algo-
rithms for both minimizing disagreements and for maximizing agreements. For minimizing
disagreements, we give a constant factor approximation. For maximizing agreements we give
a PTAS, building on ideas of Goldreich, Goldwasser and Ron (1998) and de la Vega (1996).
We also show how to extend some of these results to graphs withedge labels in[�1;+1], and
give some results for the case of random noise.
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1. Introduction

Suppose that you are given a set ofn documents to cluster into topics. Unfor-
tunately, you have no idea what a “topic” is. However, you have at your dis-
posal a classifierf (A;B) that given two documentsA andB, outputs whether
or not it believesA andB are similar to each other. For example, perhapsf
was learned from some past training data. In this case, a natural approach to
clustering is to applyf to every pair of documents in your set, and then to
find the clustering that agrees as much as possible with the results.

Specifically, we consider the following problem. Given a fully-connected
graphG with edges labeled “+” (similar) or “�” (different), find a partition
of the vertices into clusters that agrees as much as possiblewith the edge
labels. In particular, we can look at this in terms of maximizing agreements� This research was supported in part by NSF grants CCR-0085982, CCR-0122581, CCR-
0105488, and an IBM Graduate Fellowship.
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(the number of+ edges inside clusters plus the number of� edges between
clusters) or in terms of minimizingdisagreements(the number of� edges
inside clusters plus the number of+ edges between clusters). These two are
equivalent at optimality but, as usual, differ from the point of view of approx-
imation. In this paper we give a constant factor approximation to the problem
of minimizing disagreements, and a PTAS1 for maximizing agreements. We
also extend some of our results to the case of real-valued edge weights.

This problem formulation is motivated in part by a set of clustering prob-
lems at Whizbang Labs in which learning algorithms were trained to help
with various clustering tasks (Cohen and McCallum, 2001, Cohen and Richman, 2001,
Cohen and Richman, 2002). An example of one such problem, studied by
Cohen and Richman (2001, 2002) is clustering entity names. In this problem,
items are entries taken from multiple databases (e.g., think of names/affiliations
of researchers), and the goal is to do a “robust uniq” — collecting together
the entries that correspond to the same entity (person). E.g., in the case of
researchers, the same person might appear multiple times with different affil-
iations, or might appear once with a middle name and once without, etc. In
practice, the classifierf typically would output a probability, in which case
the natural edge label is log(Pr(same)/Pr(different)). This is 0 if the classifier
is unsure, positive if the classifier believes the items are more likely in the
same cluster, and negative if the classifier believes they are more likely in
different clusters. The case off+;�g labels corresponds to the setting in
which the classifier has equal confidence about each of its decisions.

What is interesting about the clustering problem defined here is that unlike
most clustering formulations, we do not need to specify the number of clus-
tersk as a separate parameter. For example, ink-median (Charikar and Guha, 1999,
Jain and Vazirani, 1999) or min-sum clustering (Schulman, 2000) or min-max
clustering (Hochbaum and Shmoys, 1986), one can always get aperfect score
by putting each node into its own cluster — the question is howwell one can
do with only k clusters. In our clustering formulation, there is just a single
objective, and the optimal clustering might have few or manyclusters: it all
depends on the edge labels.

To get a feel for this problem, notice that if there exists a perfect clustering,
i.e., one that gets all the edges correct, then the optimal clustering is easy to
find: just delete all “�” edges and output the connected components of the
graph remaining. (This is called the “naive algorithm” in (Cohen and Richman, 2002).)
Thus, the interesting case is when no clustering is perfect.Also, notice that
for any graphG, it is trivial to produce a clustering that agrees with at least
half of the edge labels: if there are more+ edges than� edges, then simply
put all vertices into one big cluster; otherwise, put each vertex into its own

1 A PTAS (polynomial-time approximation scheme) is an algorithm that for any givenfixed
ε > 0 runs in polynomial time and returns an approximation within a(1+ ε) factor. Running
time may depend exponentially (or worse) on 1=ε, however.
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cluster. This observation means that for maximizing agreements, getting a 2-
approximation is easy (note: we will show a PTAS). In general, finding the
optimal clustering is NP-hard (shown in Section 3).

Another simple fact to notice is that if the graph contains a triangle in
which two edges are labeled+ and one is labeled�, then no clustering can
be perfect. More generally, the number of edge-disjoint triangles of this form
gives a lower bound on the number of disagreements of the optimal clustering.
This fact is used in our constant-factor approximation algorithm.

For maximizing agreements, our PTAS is quite similar to the PTAS de-
veloped by de la Vega (1996) for MAXCUT on dense graphs, and related
to PTASs of Arora et al. (1995, 1996). Notice that since theremust exist a
clustering with at leastn(n�1)=4 agreements, this means it suffices to ap-
proximate agreements to within an additive factor ofεn2. This problem is also
closely related to work on testing graph properties of (Goldreich et al., 1998,
Parnas and Ron, 1999, Alon et al., 1999). In fact, we show how we can use
the General Partition Property Tester of Goldreich, Goldwasser, and Ron

(1998) as a subroutine to get a PTAS with running timeO(neO(( 1
ε ) 1

ε )). Un-
fortunately, this is doubly exponential in1ε , so we also present an alternative
direct algorithm (based more closely on the approach of (de la Vega, 1996))
that takes onlyO(n2eO( 1

ε )) time.

Relation to agnostic learning: One way to view this clustering problem is
that edges are “examples” (labeled as positive or negative)and we are trying
to represent the target functionf using a hypothesis class of vertex clusters.
This hypothesis class has limited representational power:if we want to say(u;v) and (v;w) are positive in this language, then we have to say(u;w) is
positive too. So, we might not be able to representf perfectly. This sort of
problem — trying to find the (nearly) best representation of some arbitrary
target f in a given limited hypothesis language — is sometimes calledag-
nosticlearning (Kearns et al., 1994, Ben-David et al., 2001). The observation
that one can trivially agree with at least half the edge labels is equivalent to
the standard machine learning fact that one can always achieve error at most
1=2 using either theall positiveor all negativehypothesis.

Our PTAS for approximating the number of agreements means that if
the optimal clustering has error rateν, then we can find one of error rate
at mostν+ ε. Our running time is exponential in 1=ε, but this means that
we can achieve any constant error gap in polynomial time. What makes this
interesting from the point of view of agnostic learning is that there are very
few problems where agnostic learning can be done in polynomial time.2 Even

2 Not counting trivial cases, like finding the best linear separator in a 2-dimensional space,
that have only polynomially-many hypotheses to choose from. In these cases, agnostic learning
is easy since one can just enumerate them all and choose the best.
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for simple classes such as conjunctions and disjunctions, no polynomial-time
algorithms are known that give even an error gap of 1=2� ε.

Organization of this paper: We begin by describing notation in Section 2. In
Section 3 we prove that the clustering problem defined here isNP complete.
Then we describe a constant factor approximation algorithmfor minimizing
disagreements in Section 4. In Section 5, we describe a PTAS for maximizing
agreements. In Section 6, we present simple algorithms and motivation for the
random noise model. Section 7 extends some of our results to the case of real-
valued edge labels. Finally, subsequent work by others is briefly described in
Section 8.

2. Notation and Definitions

Let G = (V;E) be a complete graph onn vertices, and lete(u;v) denote the
label (+ or �) of the edge(u;v). Let N+(u) = fug [ fv : e(u;v) = +g and
N�(u) = fv : e(u;v) = �g denote the positive and negative neighbors ofu
respectively.

We let OPT denote an optimal clustering on this graph. In general, for a
clusteringC , let C (v) be the set of vertices in the same cluster asv. We will
useA to denote the clustering produced by our algorithms.

In a clusteringC , we call an edge(u;v) a mistake if eithere(u;v) = +
and yetu 62 C (v), or e(u;v) = � andu 2 C (v). Whene(u;v) = +, we call
the mistake apositive mistake, otherwise it is called anegative mistake. We
denote the total number of mistakes made by a clusteringC by mC , and use
mOPT to denote the number of mistakes made by OPT.

For positive real numbersx, y andz, we usex 2 y� z to denotex 2 [y�
z;y+z]. Finally, letX for X �V denote the complement(V nX).

3. NP-completeness

In this section, we will prove that the problem of minimizingdisagreements,
or equivalently, maximizing agreements, is NP-complete. It is easy to see
that the decision version of this problem (viz. Is there a clustering with at
most z disagreements?) is in NP since we can easily check the numberof
disagreements given a clustering. Also, if we allow arbitrary weights on edges
with the goal of minimizingweighteddisagreements, then a simple reduction
from the Multiway Cut problem proves NP-hardness – simply put a �∞-
weight edge between every pair of terminals, then the value of the multiway
cut is equal to the value of weighted disagreements. We use this reduction to
give a hardness of approximation result for the weighted case in Section 7.
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We give a proof of NP hardness for theunweightedcase by reducing the
problem of Partition into Triangles (GT11 in (Garey and Johnson, 2000)) to
the problem of minimizing disagreements. The reader who is not especially
interested in NP-completeness proofs should feel free to skip this section.

The Partition into Triangles problem is described as follows: Given a
graphG with n= 3k vertices, does there exist a partition of the vertices intok
setsV1; : : : ;Vk, such that for alli, jVi j= 3 and the vertices inVi form a triangle.

Given a graphG = (V;E), we first transform it into a complete graphG0
on the same vertex setV. An edge inG0 is weighted +1 if it is an edge inG
and�1 otherwise.

Let A be an algorithm that given a graph outputs a clustering that mini-
mizes the number of mistakes. First notice that if we impose the additional
constraint that all clusters produced byA should be of size at most 3, then
given the graphG0, the algorithm will produce a partition into triangles if the
graph admits one. This is because if the graph admits a partition into trian-
gles, then the clustering corresponding to this triangulation has no negative
mistakes, and any other clustering with clusters of size at most 3 has more
positive mistakes than this clustering. Thus we could use such an algorithm
to solve the Partition into Triangles problem.

We will now design a gadget that forces the optimal clustering to contain
at most 3 vertices in each cluster. In particular, we will augment the graphG0
to a larger complete graphH, such that in the optimal clustering onH, each
cluster contains at most 3 vertices fromG0.

The construction ofH is as follows: In addition to the vertices and edges
of G0, for every 3-tuplefu;v;wg � G0, H contains a cliqueCu;v;w containing
n6 vertices. All edges inside these cliques have weight+1. Edges between
vertices belonging to two different cliques have weight�1. Furthermore, for
all u;v;w 2 G0 each vertex inCu;v;w has a positive edge tou, v andw, and a
negative edge to all other vertices inG0.

Now assume thatG admits a triangulation and let us examine the behavior
of algorithmA on graphH. Let N = n6

�n
3

�
.

LEMMA 1. Given H as input, in any clustering that A outputs, every cluster
contains at most three vertices of G0.
Proof: First consider a clusteringC of the following form:

1. There are
�n

3

�
clusters.

2. Each cluster contains exactly one cliqueCu;v;w and some vertices ofG0.
3. Every vertexu2G0 is in the same cluster asCu;v;w for somev andw.

In any such clustering, there are no mistakes among edges between cliques.
The only mistakes are between vertices ofG0 and the cliques, and those
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between the vertices ofG0. The number of mistakes of this clustering is at
mostn7(�n

2

��1)+�n
2

�
because each vertex inG0 hasn6 positive edges to

�n
2

�
cliques and is clustered with only one of them.

Now consider a clustering in which some cluster has four vertices inG0,
say,u;v;w andy. We show that this clustering has at leastn7(�n

2

��1)+ n6

2 mis-
takes. Call this clusteringX. Firstly, without loss of generality we can assume
that each cluster inX has size at mostn6 + n4, otherwise there are at least
Ω(n10) negative mistakes within a cluster. This implies that each vertex inG0
makes at least

�n
2

�
n6� (n6+n4) positive mistakes. Hence the total number of

positive mistakes is at leastn7(�n
2

��1)�n5. Let Xu be the cluster containing
vertex u;v;w;y 2 G0. SinceXu has at mostn6 + n4 vertices, at least one of
u;v;w;y will have at mostn4 positive edges insideXu and hence will contribute
at least an additionaln6�n4 negative mistakes to the clustering. Thus the total
number of mistakes is at least(�n

2

��1)n7�n5+n6�n4� n7(�n
2

��1)+n6=2.
Thus the result follows. 2

The above lemma shows that the clustering produced byA will have at
most 3 vertices ofG in each cluster. Thus we can use the algorithmA to solve
the Partition into Triangles problem and the reduction is complete.

4. A Constant Factor Approximation for Minimizing Disagreements

As a warm-up to the general case, we begin by giving a very simple 3-
approximation to the best clustering containing two clusters. That is, if the
best two-cluster partition of the graph hasx mistakes, then the following
algorithm will produce one with at most 3x mistakes.

Let OPT(2) be the best clustering containing two clusters, and let the
corresponding clusters beC1 and C2. Our algorithm simply considers all
clusters of the formfN+(v);N�(v)g for v 2V. Of these, it outputs the one
that minimizes the number of mistakes.

THEOREM 2. The number of mistakes of the clustering output by the algo-
rithm stated above is at most mA � 3mOPT(2).

Proof: Let’s say an edge is “bad” if OPT(2) disagrees with it, and define
the “bad degree” of a vertex to be the number of bad edges incident to it.
Clearly, if there is a vertex that has no bad edges incident toit, the clustering
produced by that vertex would be the same asfC1;C2g, and we are done with
as many mistakes asmOPT(2).

Otherwise, letv be a vertex with minimum bad degreed, and without loss
of generality, letv 2 C1. Consider the partitionfN+(v);N�(v)g. Let X be
the set of bad neighbors ofv – the d vertices that are in the wrong set of
the partition with respect tofC1;C2g. The total number of extra mistakes due
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to this setX (other than the mistakes already made byOPT) is at mostdn.
However, since all vertices have bad degree at leastd, mOPT(2) � nd=2. So,
the number of extra mistakes made by taking the partitionfN+(v);N�(v)g is
at most 2mOPT(2). This proves the theorem. 2

We now describe our main algorithm: a constant-factor approximation for
minimizing the number of disagreements.

The high-level idea of the algorithm is as follows. First, weshow (Lemma
3 and 4) that if we can cluster a portion of the graph using clusters that each
look sufficiently “clean” (Definition 1), then we can charge off the mistakes
made within that portion to “erroneous triangles”: triangles with two+ edges
and one� edge. Furthermore, we can do this in such a way that the trian-
gles we charge are nearly edge-disjoint, allowing us to bound the number of
these mistakes by a constant factor of OPT. Second, we show (Lemma 6) that
there must exist a nearly optimal clustering OPT0 in which all non-singleton
clusters are “clean”. Finally, we show (Theorem 7 and Lemma 11) that we
can algorithmically produce a clustering of the entire graph containing only
clean clusters and singleton clusters, such that mistakes that have an endpoint
in singleton clusters are bounded by OPT0, and mistakes with both endpoints
in clean clusters are bounded using Lemma 4.

We begin by showing a lower bound for OPT. We call a triangle “erro-
neous” if it contains two positive edges and one negative edge. A fractional
packing of erroneous triangles is a set of erroneous trianglesfT1; � � � ;Tmg and
positive real numbersr i associated with each triangleTi, such that for any
edgee2 E, ∑e2Ti

r i � 1.

LEMMA 3. Given any fractional packing of erroneous trianglesfr1; � � � ; rmg,
we have∑i r i �OPT.

Proof: Let M be the set of mistakes made by OPT. Then,mOPT= ∑e2M 1�
∑e2M ∑e2Ti

r i , by the definition of a fractional packing. So we havemOPT�
∑i jM \ Tijr i . Now, for eachTi , we must havejM \ Tij � 1, because OPT
must make at least one mistake on each erroneous triangle. This gives us
the result. 2

Next we give a definition of a “clean” cluster and a “good” vertex.

DEFINITION 1. A vertex v is calledδ-goodwith respect to C, where C�V,
if it satisfies the following:� jN+(v)\Cj � (1�δ)jCj� jN+(v)\ (V nC)j � δjCj
If a vertex v is notδ-good with respect to (w.r.t.) C, then it is calledδ-bad
w.r.t. C. Finally, a set C isδ-clean if all v 2C areδ-good w.r.t. C.
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(a) Erroneous triangles for negative mistakes (b) Erroneous triangles for positive mistakes

Figure 1. Construction of a triangle packing for Lemma 4

We now present two key lemmas.

LEMMA 4. Given a clustering of V in which all clusters areδ-clean for
someδ � 1=4, then there exists a fractional packingfr i ;Tigm

i=1 such that the
number of mistakes made by this clustering is at most4∑i r i .

Proof: Let the clustering onV be (C1; � � � ;Ck). First consider the case where
the number of negative mistakes (m�

C
) is at least half the total number of

mistakesmC . We will construct a fractional packing of erroneous triangles
with ∑i r i � 1

2m�
C
� 1

4mC .
Pick a negative edge(u;v) 2 Ci �Ci that has not been considered so far.

We will pick a vertexw2 Ci such that both(u;w) and(v;w) are positive, and
associate(u;v) with the erroneous triangle(u;v;w) (see Figure 1). We now
show that for all(u;v), such aw can always be picked such that no other
negative edges(u0;v) or (u;v0) (i.e. the ones sharingu or v) also pickw.

SinceCi is δ-clean, neitheru nor v has more thanδjCij negative neighbors
insideCi. Thus(u;v) has at least(1�2δ)jCi j verticesw such that both(u;w)
and(v;w) are positive. Moreover, at most 2δjCi j�2 of these could have al-
ready been chosen by other negative edges(u;v0) or (u0;v). Thus(u;v) has at
least(1�4δ)jCi j+2 choices ofw that satisfy the required condition. Since
δ � 1=4, (u;v) will always be able to pick such aw. Let Tuvw denote the
erroneous triangleu;v;w.

Note that any positive edge(v;w) can be chosen at most 2 times by the
above scheme, once for negative mistakes onvand possibly again for negative
mistakes onw. Thus we can give a value ofruvw = 1=2 to each erroneous
triangle picked, ensuring that∑Ti contains(u;v) r i � 1. Now, since we pick a

triangle for each negative mistake, we get that∑Ti
r i = 1

2 ∑Ti
1� 1

2m�
C

.
Next, consider the case when at least half the mistakes are positive mis-

takes. Just as above, we will associate mistakes with erroneous triangles. We
will start afresh, without taking into account the labelings from the previous
part.
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Consider a positive edge betweenu2 Ci andv2 C j . Let jCi j � jC j j. Pick
a w 2 Ci such that(u;w) is positive and(v;w) is negative (see Figure 1).
There will be at leastjCi j�δ(jCi j+ jC j j) such vertices as before and at most
δ(jCi j+ jC j j) of them will be already taken. Thus, there are at leastjCi j �
2δ(jCi j+ jC j j) � jCi j(1�4δ) > 0 choices forw. Moreover only the positive
edge(u;w) can be chosen twice (once as(u;w) and once as(w;u)). Thus, as
before, to obtain a packing, we can give a fractional value ofruvw = 1

2 to the
triangleTuvw. We get that∑Ti

r i = 1
2 ∑Ti

1� 1
2m+

C
.

Now depending on whether there are more negative mistakes ormore pos-
itive mistakes, we can choose the triangles appropriately,and hence account
for at least a quarter of the total mistakes in the clustering. 2

Lemma 4 along with Lemma 3 gives us the following corollary.

COROLLARY 5. Any clustering in which all clusters areδ-clean for some
δ� 1

4 has at most4mOPT mistakes.

LEMMA 6. There exists a clusteringOPT0 in which each non-singleton
cluster isδ-clean, and mOPT0 � ( 9

δ2 +1)mOPT.

Proof: Consider the following procedure applied to the clusteringof OPT and
call the resulting clustering OPT0.
Procedureδ-Clean-Up: Let C OPT

1 ;C OPT
2 ; :::;C OPT

k be the clusters in OPT.

1. LetS= /0.

2. Fori = 1; � � � ;k do:

a) If the number ofδ3-bad vertices inC OPT
i is more thanδ

3jC OPT
i j, then,

S= S[C OPT
i , C 0

i = /0. We call this “dissolving” the cluster.

b) Else, letBi denote theδ
3-bad vertices inC OPT

i . ThenS= S[Bi and
C 0

i = C OPT
i nBi.

3. Output the clustering OPT0: C 0
1;C 0

2; :::;C 0
k;fxgx2S.

We will prove thatmOPT andmOPT0 are closely related.
We first show that eachC 0

i is δ clean. Clearly, this holds ifC 0
i = /0. Now

if C 0
i is non-empty, we know thatjC OPT

i j � jC 0
i j � jC OPT

i j(1�δ=3). For each
point v2 C 0

i , we have:jN+(v)\C
0
i j � (1� δ

3
)jC OPT

i j� (δ
3
)jC OPT

i j= (1�2
δ
3
)jC OPT

i j> (1�δ)jC 0
i j
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Similarly, counting positive neighbors ofv in C OPT
i \C 0

i and outsideC OPT
i ,

we get, jN+(v)\C 0
i j � δ

3
jC OPT

i j+ δ
3
jC OPT

i j� 2δ
3

jC 0
i j(1�δ=3)< δjC 0

i j ( asδ < 1)
Thus eachC 0

i is δ-clean.
We now account for the number of mistakes. If we dissolve someC OPT

i ,
then clearly the number of mistakes associated with vertices in the orig-
inal clusterC OPT

i is at least(δ=3)2jC OPT
i j2=2. The mistakes added due to

dissolving clusters is at mostjC OPT
i j2=2.

If C OPT
i was not dissolved, then, the original mistakes inC OPT

i were at least
δ=3jC OPT

i jjBij=2. The mistakes added by the procedure is at mostjBi jjC OPT
i j.

Noting that 6=δ < 9=δ2, the lemma follows. 2
For the clustering OPT0 given by the above lemma, we useC 0

i to denote the
non-singleton clusters andS to denote the set of singleton clusters. We will
now describe AlgorithmCautiousthat tries to find clusters similar to OPT0.
Throughout the rest of this section, we assume thatδ = 1

44.

Algorithm Cautious:

1. Pick an arbitrary vertexv and do the following:

a) LetA(v) = N+(v).
b) (Vertex Removal Step): While 9x2 A(v) such thatx is 3δ-bad w.r.t.

A(v), A(v) = A(v)nfxg.
c) (Vertex Addition Step): LetY = fyjy2V;y is 7δ-good w.r.t.A(v)g.

Let A(v) = A(v)[Y.3

2. DeleteA(v) from the set of vertices and repeat until no vertices are left
or until all the produced setsA(v) are empty. In the latter case, output the
remaining vertices as singleton nodes.

Call the clusters output by algorithmCautious A1;A2; � � �. Let Z be the set
of singleton vertices created in the final step. Our main goalwill be to show
that the clusters output by our algorithm satisfy the property stated below.

THEOREM 7. 8 j, 9i such thatC 0
j � Ai. Moreover, each Ai is 11δ-clean.

3 Observe that in the vertex addition step, all vertices are added in one step as opposed to
in the vertex removal step
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In order to prove this theorem, we need the following two lemmas.

LEMMA 8. If v 2 C 0
i , whereC 0

i is aδ-clean cluster inOPT0, then, any vertex
w2 C 0

i is 3δ-good w.r.t. N+(v).
Proof: As v 2 Ci, jN+(v)\C 0

i j � (1� δ)jC 0
i j and jN+(v)\C 0

i j � δjC 0
i j. So,(1�δ)jC 0

i j � jN+(v)j � (1+δ)jC 0
i j. The same holds forw. Thus, we get the

following two conditions.jN+(w)\N+(v)j � (1�2δ)jC 0
i j � (1�3δ)jN+(v)jjN+(w)\N+(v)j � jN+(w)\N+(v)\C 0

i j+ jN+(w)\N+(v)\C 0
i j� 2δjC 0

i j � 2δ
1�δ jN+(v)j � 3δjN+(v)j

Thus,w is 3δ-good w.r.t.N+(v). 2
LEMMA 9. Given an arbitrary set X, if v1 2 C 0

i and v2 2 C 0
j , i 6= j, then v1

and v2 cannot both be3δ-good w.r.t. X.

Proof:
Suppose thatv1 andv2 are both 3δ-good with respect toX. Then,jN+(v1)\

Xj � (1�3δ)jXj andjN+(v2)\Xj � (1�3δ)jXj, hencejN+(v1)\N+(v2)\
Xj � (1�6δ)jXj, which implies thatjN+(v1)\N+(v2)j � (1�6δ)jXj (1)

Also, sincev1 andv2 lie in δ-clean clustersC 0
i andC 0

j in OPT0 respectively,jN+(v1)nC 0
i j � δjC 0

i j, jN+(v2)nC 0
j j � δjC 0

j j andC 0
i \C 0

j = /0. It follows thatjN+(v1)\N+(v2)j � δ(jC 0
i j+ jC 0

j j) (2)

Now notice thatjC 0
i j � jN+(v1)\C 0

i j+δjC 0
i j � jN+(v1)\X\C 0

i j+ jN+(v1)\
X \ C 0

i j+ δjC 0
i j � jN+(v1)\X \ C 0

i j+ 3δjXj+ δjC 0
i j � (1+ 3δ)jXj+ δjC 0

i j.
So, jC 0

i j � 1+3δ
1�δ jXj. The same holds forC 0

j . Using Equation 2,jN+(v1) \
N+(v2)j � 2δ1+3δ

1�δ jXj.
However, sinceδ < 1=9, we have 2δ(1+3δ) < (1�6δ)(1�δ). Thus the

above equation along with Equation 1 gives a contradiction and the result
follows. 2

This gives us the following important corollary.

COROLLARY 10. After every application of the removal step 1b of the
algorithm, no two vertices from distinctC 0

i andC 0
j can be present in A(v).

Now we go on to prove Theorem 7.
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12 Nikhil Bansal, Avrim Blum and Shuchi Chawla

Proof of Theorem 7:We will first show that eachAi is either a subset ofS
or contains exactly one of the clustersC 0

j . The first part of the theorem will
follow.

We proceed by induction oni. Consider the inductive step. For a clusterAi,
let A0

i be the set produced after the vertex removal phase such the clusterAi is
obtained by applying the vertex addition phase toA0

i. We have two cases. First,
we consider the case whenA0

i � S. Now during the vertex addition step, no
vertexu2 C 0

j can enterA0
i for any j. This follows because, sinceC 0

j is δ-clean
and disjoint fromA0

i, for u to enter we need thatδjC 0
j j � (1�7δ)jA0

i j and(1�
δ)jC 0

j j � 7δjA0
i j, and these two conditions cannot be satisfied simultaneously.

ThusAi � S.
In the second case, someu 2 C 0

j is present inA0
i . However, in this case

observe that from Corollary 10, no vertices fromC 0
k can be present inA0

i for
anyk 6= j. Also, by the same reasoning as for the caseA0

i � S, no vertex from
C 0

k will enterA0
i in the vertex addition phase. Now it only remains to show that

C 0
j � Ai. Note that all vertices ofC 0

j are still present in the remaining graph
Gn (S`<i A`).

Sinceu was not removed fromA0
i it follows that many vertices fromC 0

j are

present inA0
i. In particular,jN+(u)\A0

ij � (1� 3δ)jA0
ij and jN+(u)\A0

ij �
3δjA0

ij. Now (1�δ)jC 0
j j � jN+(u)j implies thatjC 0

j j � 1+3δ
1�δ jA0

ij< 2jA0
i j. Also,jA0

i \C 0
j j � jA0

i \N+(u)j � jN+(u)\C 0
j j � jA0

i \N+(u)j � δjC 0
j j. So we havejA0

i \C 0
j j � (1�5δ)jA0

i j.
We now show that all remaining vertices fromC 0

j will enter Ai during the

vertex addition phase. Forw 2 C 0
j such thatw =2 A0

i , jA0
i \ C 0

j j � 5δjA0
i j andjN+(w)\ C 0

j j � δjC 0
j j together imply thatjA0

i \N+(w)j � 5δjA0
i j+ δjC 0

j j �
7δjA0

ij. The same holds forjA0
i\N+(w)j. Sow is 7δ-good w.r.t.A0

i and will be
added in the Vertex Addition step. Thus we have shown thatA(v) can contain
C 0

j for at most onej and in fact will contain this set entirely.
Next, we will show that for everyj, 9i s.t.C 0

j � Ai. Let v chosen in Step 1
of the algorithm be such thatv2 C 0

j . We show that during the vertex removal
step, no vertex fromN+(v)\C 0

j is removed. The proof follows by an easy
induction on the number of vertices removed so far(r) in the vertex removal
step. The base case(r = 0) follows from Lemma 8 since every vertex inC 0

j

is 3δ-good with respect toN+(v). For the induction step observe that since
no vertex fromN+(v)\C 0

j is removed thus far, every vertex inC 0
j is still 3δ-

good w.r.t. to the intermediateA(v) (by mimicking the proof of Lemma 8 with
N+(v) replaced byA(v)). ThusA0

i contains at least(1� δ)jC 0
j j vertices ofC 0

j
at the end of the vertex removal phase, and hence by the secondcase above,
C 0

j � Ai after the vertex addition phase.
Finally we show that every non-singleton clusterAi is 11δ-clean. We know

that at the end of the vertex removal phase,8x 2 A0
i, x is 3δ-good w.r.t.A0

i.
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Correlation Clustering 13

Thus,jN+(x)\A0
ij � 3δjA0

i j. So the total number of positive edges leavingA0
i

is at most 3δjA0
i j2. Since, in the vertex addition step, we add vertices that are

7δ-good w.r.t.A0
i, the number of these vertices can be at most 3δjA0

i j2=(1�
7δ)jA0

i j< 4δjA0
ij. ThusjAij< (1+4δ)jA0

i j.
Since all verticesv in Ai are at least 7δ-good w.r.t.A0

i, N+(v)\Ai � (1�
7δ)jA0

i j � 1�7δ
1+4δ jAij � (1�11δ)jAi j. Similarly, N+(v)\Ai � 7δjA0

ij � 11δjAi j.
This gives us the result. 2
Now we are ready to bound the mistakes ofA in terms of OPT and OPT0.
Call mistakes that have both end points in some clustersAi andA j as internal
mistakes and those that have an end point inZ as external mistakes. Similarly
in OPT0, we call mistakes among the setsC 0

i as internal mistakes and mis-
takes having one end point inSas external mistakes. We bound mistakes of
Cautiousin two steps: the following lemma bounds external mistakes.

LEMMA 11. The total number of external mistakes made byCautiousare
less than the external mistakes made byOPT0.
Proof: From Theorem 7, it follows thatZ cannot contain any vertexv in some
C 0

i . Thus,Z � S. Now, any external mistakes made byCautiousare positive
edges adjacent to vertices inZ. These edges are also mistakes in OPT0 since
they are incident on singleton vertices inS. Hence the lemma follows. 2

Now consider the internal mistakes ofA. Notice that these could be many
more than the internal mistakes of OPT0. However, we can at this point apply
Lemma 5 on the graph induced byV 0 = Si Ai. In particular, the bound on
internal mistakes follows easily by observing that 11δ � 1=4, and that the
mistakes of the optimal clustering on the graph induced byV 0 is no more than
mOPT. Thus,

LEMMA 12. The total number of internal mistakes ofCautiousis� 4mOPT.

Summing up results from the Lemmas 11 and 12, and using Lemma 6, we get
the following theorem:

THEOREM 13. mCautious� ( 9
δ2 +5)mOPT, with δ = 1

44.

5. A PTAS for maximizing agreements

In this section, we give a PTAS for maximizing agreements: the total number
of positive edges inside clusters and negative edges between clusters.

As before, let OPT denote an optimal clustering andA denote our clus-
tering. We will abuse notation and also use OPT to denote the number of
agreements in the optimal solution. As noticed in the introduction, OPT�
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14 Nikhil Bansal, Avrim Blum and Shuchi Chawla

n(n�1)=4. So it suffices to produce a clustering that has at least OPT� εn2

agreements, which will be the goal of our algorithm. Letδ+(V1;V2) denote
the number of positive edges between setsV1;V2�V. Similarly, letδ�(V1;V2)
denote the number of negative edges between the two. Let OPT(ε) denote the
optimal clustering that has all non-singleton clusters of size greater thanεn.

LEMMA 14. OPT(ε)�OPT� εn2=2.

Proof: Consider the clusters of OPT of size less than or equal toεn and break
them apart into clusters of size 1. Breaking up a cluster of sizes reduces our
objective function by at most

�s
2

�
, which can be viewed ass=2 per node in the

cluster. Since there are at mostn nodes in these clusters, and these clusters
have size at mostεn, the total loss is at mostεn2

2 . 2
The above lemma means that it suffices to produce a good approximation
to OPT(ε). Note that the number of non-singleton clusters in OPT(ε) is less
than 1

ε . Let C OPT
1 ; : : : ;C OPT

k denote the non-singleton clusters of OPT(ε) and
let C OPT

k+1 denote the set of points which correspond to singleton clusters.

5.1. A PTASDOUBLY-EXPONENTIAL IN 1=ε

If we are willing to have a run time that is doubly-exponential in 1=ε, we
can do this by reducing our problem to the General Partitioning problem of
(Goldreich et al., 1998). The idea is as follows.

Let G+ denote the graph of only the+ edges inG. Then, notice that we
can express the quality of OPT(ε) in terms of just the sizes of the clusters,
and the number of edges inG+ between and inside each ofC OPT

1 ; : : : ;C OPT
k+1 .

In particular, ifsi = jC OPT
i j andei; j = δ+(C OPT

i ;C OPT
j ), then the number of

agreements in OPT(ε) is:"
k

∑
i=1

ei;i#+��
sk+1

2

��ek+1;k+1

�+"
∑
i 6= j

(sisj �ei; j)# :
The General Partitioning property tester of (Goldreich et al., 1998) allows

us to specify values for thesi andei j , and if a partition ofG+ exists satisfying
these constraints, will produce a partition that satisfies these constraints ap-
proximately. We obtain a partition that has at least OPT(ε)�εn2 agreements.
The property tester runs in time exponential in(1

ε )k+1 and polynomial inn.
Thus if we can guess the values of these sizes and number of edges accu-

rately, we would be done. It suffices, in fact, to only guess the values up to an
additive�ε2n for thesi , and up to an additive�ε3n2 for theei; j , because this

introduces an additional error of at mostO(ε). So, at mostO((1=ε3)1=ε2) calls
to the property tester need to be made. Our algorithm proceeds by finding a
partition for each possible value ofsi andei; j and returns the partition with
the maximum number of agreements. We get the following result:
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THEOREM 15. The General Partitioning algorithm returns a clustering of
graph G which has more thanOPT�εn2 agreements with probability at least
1�δ. It runs in time eO(( 1

ε )1=ε)�poly(n; 1
δ).

5.2. A SINGLY-EXPONENTIAL PTAS

We will now describe an algorithm that is based on the same basic idea of
random sampling used by the General Partitioning algorithm. The idea behind
our algorithm is as follows: Notice that if we knew the density of positive
edges between a vertex and all the clusters, we could putv in the cluster that
has the most positive edges to it. However, trying all possible values of the
densities requires too much time. Instead we adopt the following approach:
Let fOig be the clusters in OPT. We select a small random subsetW of ver-
tices and cluster them correctly intofWig with Wi �Oi 8i, by enumerating all
possible clusterings ofW . Since this subset is picked randomly, with a high
probability, for all verticesv, the density of positive edges betweenv andWi

will be approximately equal to the density of positive edgesbetweenv and
Oi. So we can decide which cluster to putv into, based on this information.
However this is not sufficient to account for edges between two verticesv1

andv2, both of which do not belong toW. So, we consider a partition of the
rest of the graph into subsetsUi of sizem and try out all possible clusteringsfUi j g of each subset, picking the one that maximizes agreements with respect
to fWig. This gives us the PTAS.

Firstly note that ifjC OPT
k+1 j < εn, then if we only consider the agreements

in the graphGnC OPT
k+1 , it affects the solution by at mostεn2. For now, we will

assume thatjC OPT
k+1 j< εn and will present the algorithm and analysis based on

this assumption. Later we will discuss the changes requiredto deal with the
other case.

In the following algorithmε is a performance parameter to be specified
later. Letm= 883�40

ε10 (log 1
ε +2), k = 1

ε andε0 = ε3

88. Let pi denote the density
of positive edges inside the clusterC OPT

i andni j the density of negative edges

between clustersC OPT
i andC OPT

j . That is,pi = δ+(C OPT
i ;C OPT

i )=�jC OPT
i j
2

�
and

ni j = δ�(C OPT
i ;C OPT

j )=(jC OPT
i jjC OPT

j j). LetW�V be a random subset of size
m.

We begin by defining a measure of goodness of a clusteringfUi j g of some
setUi with respect to a fixed partitionfWig, that will enable us to pick the right
clustering of the setUi. Let p̂i and ˆni j be estimates ofpi andni j respectively,
based onfWig, to be defined later in the algorithm.

DEFINITION 2. Ui1; : : : ;Ui(k+1) is ε0-good w.r.t. W1; : : : ;Wk+1 if it satisfies
the following for all1� j; `� k
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16 Nikhil Bansal, Avrim Blum and Shuchi Chawla

(1) δ+(Ui j ;Wj)� p̂ j
�Wj

2

��18ε0m2

(2) δ�(Ui j ;Ẁ )� n̂ j`jWj jjẀ j�6ε0m2

and, for at least(1� ε0)n of the vertices x and8 j,

(3) δ+(Ui j ;x) 2 δ+(Wj ;x)�2ε0m.

Our algorithm is as follows:

AlgorithmDivide&Choose:

1. Pick a random subsetW �V of sizem.

2. For all partitionsW1; : : : ;Wk+1 of W do

a) Let p̂i = δ+(Wi ;Wi)=�jWi j
2

�
, and ˆni j = δ�(Wi ;Wj )=jWi jjWj j.

b) Letq= n
m�1. Consider a random partition ofV nW into U1; : : : ;Uq,

such that8i, jUi j= m.

c) For all i do:

Consider all(k+1)-partitions ofUi and letUi1; : : : ;Ui(k+1) be a par-
tition that is ε0-good w.r.t.W1; : : : ;Wk+1 (by Definition 2 above). If
there is no such partition, chooseUi1; : : : ;Ui(k+1) arbitrarily.

d) LetA j =Si Ui j for all i. Let a(fWig) be the number of agreements of
this clustering.

3. LetfWig be the partition ofW that maximizesa(fWig). Return the clus-
tersfAig;fxgx2Ak+1 corresponding to this partition ofW.

We will concentrate on the "right" partition ofW given byWi = W\C OPT
i ,8i. We will show that the number of agreements of the clusteringA1; : : : ;Ak+1

corresponding to this partitionfWig is at least OPT(ε)� 2εn2 with a high
probability. Since we pick the best clustering, this gives us a PTAS.

We will begin by showing that with a high probability, for most values
of i, the partition ofUis corresponding to the optimal partition is good with
respect tofWig. Thus the algorithm will find at least one such partition. Next
we will show that if the algorithm finds good partitions for most Ui, then it
achieves at least OPT�O(ε)n2 agreements.

We will need the following results from probability theory.Please refer to
(Alon and Spencer, 1992) for a proof.

FACT 1: LetH(n;m; l) be the hypergeometric distribution with parameters
n;m and l (choosingl samples fromn points without replacement with the
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random variable taking a value of 1 on exactlym out of then points). Let
0� ε� 1. Then

Pr

�jH(n;m; l)� lm
n
j � εlm

n

�� 2e� ε2lm
2n

FACT 2: LetX1;X2; :::;Xn be mutually independent random variables such
that jXi �E[Xi]j< m for all i. Let S= ∑n

i=1Xi, then

Pr[jS�E[S]j � a]� 2e� a2

2nm2

We will also need the following lemma:

LEMMA 16. Let Y and S be arbitrary disjoint sets and Z be a set picked
from S at random. Then we have the following:

Pr

�jδ+(Y;Z)� jZjjSj δ+(Y;S)j > ε0jYjjZj�� 2e
�ε02jZj

2

Proof: δ+(Y;Z) is a sum ofjZj random variablesδ+(Y;v) (v2Z), each bounded

above byjYj and having expected valueδ
+(Y;S)jSj .

Thus applying Fact 2, we get

Pr[jδ+(Y;Z)�jZjδ+(Y;S)=jSjj > ε0jZjjYj]� 2e�ε02jZj2jYj2=2jZjjYj2 � 2e�ε02jZj=22
Now notice that since we pickedW uniformly at random fromV, with a

high probability the sizes ofWis are in proportion tojC OPT
i j. The following

lemma formalizes this.

LEMMA 17. With probability at least1�2ke�ε02εm=2 over the choice of W,8i, jWi j 2 (1� ε0)m
n jC OPT

i j.
Proof: For a giveni, using Fact 1 and sincejC OPT

i j � εn,

Pr
hjjWi j� m

n
jC OPT

i jj> ε0m
n
jC OPT

i ji� 2e�ε02mjC OPT
i j=2n � 2e�ε02εm=2

Taking a union bound over thek values ofi we get the result. 2
Using Lemma 17, we show that the computed values of ˆpi and ˆni j are close
to the true valuespi and ni j respectively. This gives us the following two
lemmas.

LEMMA 18. If Wi � C OPT
i and Wj � C OPT

j , i 6= j, then with probability at

least1�4e�ε02εm=4 over the choice of W,δ+(Wi ;Wj) 2 m2

n2 δ+(C OPT
i ;C OPT

j )�
3ε0m2.

journal-new.tex; 31/10/2003; 1:25; p.17



18 Nikhil Bansal, Avrim Blum and Shuchi Chawla

Proof:We will apply Lemma 16 in two steps. First we will boundδ+(Wi ;Wj)
in terms ofδ+(Wi ;C OPT

j ) by fixing Wi and considering the process of picking
Wj from C OPT

j .
UsingWi for Y, Wj for Z andC OPT

j for S in Lemma 16, we get the follow-
ing4.

Pr
hjδ+(Wi ;Wj)� m

n
δ+(Wi ;C OPT

j )j> ε0m2
i� 2e�ε02εm=4

We used the fact thatm� jWj j � εm=2 with high probability. Finally, we
again apply Lemma 16 to boundδ+(Wi ;C OPT

j ) in terms ofδ+(C OPT
i ;C OPT

j ).
TakingY to beC OPT

j , Z to beWi andS to beC OPT
i , we get

Pr
hjδ+(Wi ;C OPT

j )� m
n

δ+(C OPT
i ;C OPT

j )j> 2ε0m
n
jC OPT

i jjC OPT
j ji� 2e�ε02εm=4

Again we used the fact thatjWi j < 2m
n jC OPT

i j with high probability. So, with

probability at least 1�4e�ε02εm=4, we have,jmn δ+(Wi ;C OPT
j )� m2

n2 δ+(C OPT
i ;C OPT

j )j<2ε0 m2

n2 jC OPT
i jjC OPT

j j<2ε0m2 andjδ+(Wi ;Wj)� m
n δ+(Wi ;C OPT

j )j< ε0m2. This
gives us

Pr

�jδ+(Wi ;Wj)� m2

n2 δ+(C OPT
i ;C OPT

j )j> 3ε0m2
�� 4e�ε02εm=4 2

LEMMA 19. With probability at least1� 8
ε02 e�ε03εm=4 over the choice of W,

p̂i � pi �9ε0
Proof: Note that we cannot use an argument similar to the previous lemma
directly here since we are dealing with edges inside the sameset. Instead we
use the following trick.

Consider an arbitrary partition ofC OPT
i into 1

ε0 sets of sizeε0n0 each where
n0 = jC OPT

i j. Let this partition beC OPT
i;1 ; � � � ;C OPT

i;1=ε0 and letWi; j = Wi \C OPT
i; j .

Let m0 = jWi j. Now considerδ+(Wi; j1;Wi; j2). Using an argument similar to the
previous lemma, we get that with probability at least 1�4e�ε03εm=4,

δ+(Wi; j1 ;Wi; j2) 2 jWi; j1jjWi; j2 jjC OPT
i; j1 jjC OPT

i; j2 jδ+(C OPT
i; j1 ;C OPT

i; j2 )�2ε0jWi; j1jjWi; j2 j
Noting that

jWi; j1jjWi; j2 jjC OPT
i; j1 jjC OPT

i; j2 j < (1+3ε0)m02
n02 , with probability at least 1�4e�ε03εm=4,

we get,

Pr

�jδ+(Wi; j1 ;Wi; j2)� m02
n02 δ+(C OPT

i; j1 ;C OPT
i; j2 )j< 8ε0jWi; j1jjWi; j2 j��1�8e�ε03εm=4

4 We are assuming thatW is a set of sizem chosen randomly fromn with replacement,
sincem is a constant, we will have no ties with probability 1�O(n�1).
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This holds for every value ofj1 and j2 with probability at least 1� 8
ε02 e�ε03εm=4

Now,δ+(Wi ;Wi)�∑ j1< j2 δ+(Wi; j1;Wi; j2)� 1
1+8ε0 m02

n02 ∑ j1< j2 δ+(C OPT
i; j1 ;C OPT

i; j2 )�
1

1+8ε0 m02
n02 (pi

n02
2 � 1

ε0 ε02n02
2 )� (pi �9ε0) jWi j2

2 2
Now let Ui j = Ui \C OPT

j . The following lemma shows that for alli, with a
high probability allUi j s areε0-good w.r.t.fWig. So we will be able to find
ε0-good partitions for mostUis.

LEMMA 20. For a given i, let Ui j =Ui\C OPT
j , then with probability at least

1�32k 1
ε02 e�ε03εm=4 over the choice of Ui, 8 j � k,fUi j g areε0-good w.r.t.fWjg.

Proof: Consider the partitionfUi j g of Ui.

Using an argument similar to Lemma 18, we getjδ+(Ui j ;Wl )� m2

n2 δ+(C OPT
j ;C OPT

l )j �
3ε0m2 with probability at least 1�4e�ε02εm=4. Also, again from Lemma 18,jδ+(Wj ;Wl )� m2

n2 δ+(C OPT
j ;C OPT

l )j � 3ε0m2. So,jδ+(Ui j ;Wl )�δ+(Wj ;Wl )j �
6ε0m2 with probability at least 1�8e�ε02εm=4. This gives us the second condi-
tion of Definition 2.

Similarly, using Lemma 19, we obtain the first condition. Thefailure prob-
ability in this step is at most 161ε02 e�ε03εm=4.

Now, considerδ+(x;Ui j ). This is a sum ofmf0;1g random variables (cor-
responding to pickingUi fromV), each of which is 1 iff the picked vertex lies
in C OPT

j and is adjacent tox. Applying Chernoff bound, we get,

Pr
hjδ+(x;Ui j )� m

n δ+(x;C OPT
j )j> ε0mi� 2e�ε02m=2

Similarly we have,Pr
hjδ+(x;Wj )� m

n δ+(x;C OPT
j )j> ε0mi� 2e�ε02m=2.

So we get,Pr [jδ+(x;Ui j )�δ+(x;Wj )j> 2ε0m]� 4e�ε02m=2.
Note that, here we are assuming thatW andUi are picked independently

fromV. However, pickingUi from V nW is similar to picking it fromV since
the collision probability is extremely small.

Now, the expected number of points that do not satisfy condition 3 for
someUi j is 4ne�ε02m=2. The probability that more thanε0n of the points fail
to satisfy condition 3 for one of theUi j s in Ui is at mostk 1

ε0n4ne�ε02m=2 �
4k
ε0 e�ε02m=2. This gives us the third condition.

The total probability that someUi does not satisfy the above conditions is
at most

8e�ε02εm=4+16 1
ε02 e�ε03εm=4+ 4k

ε0 e�ε02m=2� 32 1
ε02 e�ε03εm=4 2

Now we can bound the total number of agreements ofA1; : : : ;Ak;fxgx2Ak+1 in
terms of OPT:
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THEOREM 21. If jC OPT
k+1 j < εn, then A� OPT� 3εn2 with probability at

least1� ε.

Proof: From Lemma 20, the probability that we were not able to find aε0-
good partition ofUi w.r.t.W1; � � � ;Wk is at most 321

ε02 e�ε03εm=4. By our choice
of m, this is at mostε2=4. So, with probability at least 1� ε=2, at mostε=2 of
theUis do not have anε0-good partition.

In the following calculation of the number of agreements, weassume that
we are able to find good partitions of allUis. We will only need to subtract at
mostεn2=2 from this value to obtain the actual number of agreements, since
eachUi can affect the number of agreements by at mostmn.

We start by calculating the number of positive edges inside aclusterA j .
These are given by∑a∑x2A j

δ+(Ua j;x). Using the fact thatUa j is good w.r.t.fWig (condition (3)),

∑x2A j
δ+(Ua j;x)�∑x2A j

(δ+(Wj ;x)�2ε0m)� ε0njUa jj= ∑b δ+(Wj ;Ub j)�2ε0mjA j j� ε0njUa jj�∑bfp̂ j
jWj j2

2 �18ε0m2g�2ε0mjA j j� ε0njUa jj
The last inequality follows from the fact thatUb j is good w.r.t.fWig (condition
(1)). From Lemma 17,

∑x2A j
δ+(Ua j;x) � ∑bfm2

n2 p̂ j(1� ε0)2 jC OPT
j j2
2 �18ε0m2g�2ε0mjA j j� ε0njUa jj� m

n p̂ j(1� ε0)2 jC OPT
j j2
2 �18ε0mn�2ε0mjA j j� ε0njUa jj

Thus we bound∑a δ+(A j ;Ua j) as∑a δ+(A j ;Ua j)� p̂ j(1�ε0)2 jC OPT
j j2
2 �18ε0n2�

3ε0njA j j.
Now using Lemma 19, the total number of agreements is at least

∑ j

�
p̂ j(1� ε0)2 jC OPT

j j2
2

� �18ε0n2k�3ε0n2� ∑ j

�(p j �9ε0)(1� ε0)2 jC OPT
j j2
2

��18ε0n2k�3ε0n2

Hence,A+ �OPT+�11ε0kn2�21ε0n2k�OPT+�32ε0n2k.
Similarly, consider the negative edges inA. Using Lemma 18 to estimate
δ�(Uai;Ub j), we get,

∑
ab

δ�(Uai;Ub j)� δ�(C OPT
i ;C OPT

j )�9ε0n2�2ε0njAij� ε0njA j j
Summing over alli < j, we get the total number of negative agreements is at
least OPT��12ε0k2n2.
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So we have,A�OPT�44ε0k2n2 = OPT�εn2=2. However, since we lose
εn2=2 for not findingε0-good partitions of everyUi (as argued before),εn2

due toC OPT
k+1 , andεn2=2 for usingk= 1

ε we obtainA�OPT�3εn2.
The algorithm can fail in four situations:

1. More thanε=2 Uis do not have anε0-good partition. However, this hap-
pens with probability at mostε=2.

2. Lemma 17 does not hold for someWi . This happens with probability at
most 2ke�ε02εm=2.

3. Lemma 19 does not hold for somei. This happens with probability at
most 8k

ε02 e�ε03εm=4

4. Lemma 18 does not hold for some pairi; j. This happens with probability
at most 4k2e�ε02εm=4.

Observing that the latter three probabilities sum up to at most ε=2 by our
choice ofm. So, the algorithm succeeds with probability greater than 1�ε.2

Now we need to argue for the case whenjC OPT
k+1 j � εn. Notice that in this

case, using an argument similar to Lemma 17, we can show thatjWk+1j � εm
2

with a very high probability. This is good because, now with ahigh proba-
bility, Ui(k+1) will also beε0-good w.r.t.Wk+1 for most values ofi. We can
now count the number of negative edges from these vertices and incorporate
them in the proof of Theorem 21 just as we did for the otherk clusters. So in
this case, we can modify algorithmDivide&Chooseto considerε0-goodness
of the (k+ 1)th partitions as well. This gives us the same guarantee as in
Theorem 21. Thus our strategy will be to run AlgorithmDivide&Chooseonce
assuming thatjC OPT

k+1 j � εn and then again assuming thatjC OPT
k+1 j � εn, and

picking the better of the two outputs. One of the two cases will correspond to
reality and will give us the desired approximation to OPT.

Now eachUi hasO(km) different partitions. Each iteration takesO(nm)
time. There aren=m Uis, so for each partition ofW, the algorithm takes time
O(n2km). Since there arekm different partitions ofW, the total running time

of the algorithm isO(n2k2m) =O(n2eO( 1
ε10 log( 1

ε ))). This gives us the following
theorem:

THEOREM 22. For any δ 2 [0;1], usingε = δ
3, Algorithm Divide&Choose

runs in time O(n2eO( 1
δ10 log( 1

δ ))) and with probability at least1� δ
3 produces a

clustering with number of agreements at leastOPT�δn2.

journal-new.tex; 31/10/2003; 1:25; p.21



22 Nikhil Bansal, Avrim Blum and Shuchi Chawla

6. Random noise

Going back to our original motivation, if we imagine there issome true cor-
rect clustering OPT of ourn items, and that the only reason this clustering
does not appear perfect is that our functionf (A;B) used to label the edges
has some error, then it is natural to consider the case that the errors are
random. That is, there is some constant noise rateν < 1=2 and each edge,
independently, is mislabeled with respect to OPT with probability ν. In the
machine learning context, this is called the problem of learning with random
noise. As can be expected, this is much easier to handle than the worst-case
problem. In fact, with very simple algorithms one can (w.h.p.) produce a
clustering that is quite close to OPT, much closer than the number of dis-
agreements between OPT andf . The analysis is fairly standard (much like
the generic transformation of Kearns (1993) in the machine learning context,
and even closer to the analysis of Condon and Karp for graph partitioning
(Condon and Karp, 1999)). In fact, this problem nearly matches a special case
of the planted-partition problem of McSherry (2001). We present our analysis
anyway since the algorithms are so simple.

One-sided noise: As an easier special case, let us consider only one-sided
noise in which each true “+” edge is flipped to “�” with probability ν. In that
case, ifu andv are in different clusters of OPT, thenjN+(u)\N+(v)j = 0
for certain. But, ifu and v are in the same cluster, then every other node
in the cluster independently has probability(1� ν)2 of being a neighbor to
both. So, if the cluster is large, thenN+(u) andN+(v) will have a non-empty
intersection with high probability. So, consider clustering greedily: pick an
arbitrary nodev, produce a clusterCv = fu : jN+(u)\N+(v)j> 0g, and then
repeat onV �Cv. With high probability we will correctly clusterall nodes
whose clusters in OPT are of sizeω(logn). The remaining nodes might be
placed in clusters that are too small, but overall the numberof edge-mistakes
is only Õ(n).
Two-sided noise: For the two-sided case, it is technically easier to con-
sider the symmetric difference ofN+(u) and N+(v). If u and v are in the
same cluster of OPT, then every nodew 62 fu;vg has probability exactly
2ν(1� ν) of belonging to this symmetric difference. But, ifu andv are in
different clusters, then all nodesw in OPT(u) [OPT(v) have probability(1�ν)2+ν2 = 1�2ν(1�ν) of belonging to the symmetric difference. (For
w 62 OPT(u)[OPT(v), the probability remains 2ν(1� ν).) Since 2ν(1� ν)
is a constant less than 1=2, this means we can confidently detect thatu and
v belong to different clusters so long asjOPT(u)[OPT(v)j = ω(pnlogn).
Furthermore, using justjN+(v)j, we can approximately sort the vertices by
cluster sizes. Combining these two facts, we can w.h.p. correctly cluster all
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vertices in large clusters, and then just place each of the others into a cluster
by itself, making a total ofÕ(n3=2) edge mistakes.

7. Extensions

So far in the paper, we have only considered the case of edge weights inf+;�g. Now we consider real valued edge weights. To address this setting,
we need to define a cost model – the penalty for placing an edge inside or
between clusters.

One natural model is a linear cost function. Specifically, let us assume that
all edge weights lie in[�1;+1]. Then, given a clustering, we assign a cost of
1�x

2 if an edge of weightx is within a cluster and a cost of1+x
2 if it is placed

between two clusters. For example, an edge weighing 0:5 incurs a cost of
0:25 if it lies inside a cluster and 0:75 otherwise. A 0�weight edge, on the
other hand, incurs a cost of 1=2 no matter what.

Another natural model is to consider weighted disagreements. That is, a
positive edge incurs a penalty equal to its weight if it lies between clusters,
and zero penalty otherwise, and vice versa for negative edges. The objective
in this case is to minimize the sum of weights of positive edges between
clusters and negative edges inside clusters. A special caseof this problem
is edge weights lying inf�1;0;+1g. Zero-weight edges incur no penalty,
irrespective of the clustering, and thus can be thought of asmissing edges.

In this section we show that our earlier results generalize to the case of
linear cost functions for the problem of minimizing disagreements. However,
we do not have similar results for the case of weighted disagreements or
agreements. We give evidence that this latter case is hard toapproximate.

L INEAR COST FUNCTIONS

First we consider the linear cost function on[�1;+1] edges. It turns out,
as we show in the following theorem, that any algorithm that finds a good
clustering in a graph with+1 or�1 edges also works well in this case.

THEOREM 23. Let A be an algorithm that produces a clustering on a graph
with+1 and�1 edges with approximation ratioρ. Then, we can construct an
algorithm A0 that achieves an approximation ratio of(2ρ+1) on a[�1;1]�graph,
under a linear cost function.

Proof: Let G be a[�1;1]�graph, and letG0 be the graph with+1 and�1
edges obtained when we assign a weight of 1 to all positive edges inG and�1 to all the negative edges (0 cost edges are weighted arbitrarily). Let OPT
be the optimal clustering onG and OPT0 the optimal clustering onG0. Also,
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let m0 be the measure of cost (onG0) in thef+;�g penalty model andm in
the new[�1;1] penalty model.

Then,m0
OPT0 �m0

OPT� 2mOPT. The first inequality follows by design. The
latter inequality holds because the edges on which OPT occurs a greater
penalty in m0 than in m are either the positive edges between clusters or
negative edges inside a cluster. In both these situations, OPT incurs a cost
of at least 1=2 in m and at most 1 inm0.

Our algorithmA0 simply runsA on the graphG0 and outputs the resulting
clusteringA. So, we have,m0

A � ρm0
OPT0 � 2ρmOPT.

Now we need to boundmA in terms ofm0
A. Notice that, if a positive edge

lies between two clusters inA, or a negative edge lies inside a cluster, then the
cost incurred byA for these edges inm0 is 1 while it is at most 1 inm. So, the
total cost due to such mistakes is at mostm0

A. On the other hand, if we con-
sider cost due to positive edges inside clusters, and negative edges between
clusters, then OPT also incurs at least this cost on those edges (because cost
due to these edges can only increase if they are clustered differently). So cost
due to these mistakes is at mostmOPT.

So we have,

mA � m0
A+mOPT � 2ρmOPT+mOPT= (2ρ+1)mOPT 2

Interestingly, the above theorem holds generally for a class of cost func-
tions that we callunbiased. An unbiased cost function assigns a cost of at
least 1

2 to positive edges lying between clusters and negative edgesinside
clusters, and a cost of at most1

2 otherwise. A 0�weight edge always incurs

a cost of1
2 as before. For example, one such function is1+x3

2 if an edge of

weightx lies between clusters and1�x3

2 otherwise.

WEIGHTED AGREEMENTS/DISAGREEMENTS

Next we consider minimizing weighted disagreements or maximizing weighted
agreements. Consider first, the special case of edge weightslying in f�1;0;+1g.
Notice that, as before, if a perfect clustering exists, thenit is easy to find it, by
simply removing all the� edges and producing each connected component
of the resulting graph as a cluster. The random case is also easy if defined
appropriately. However, our approximation techniques do not appear to go
through. We do not know how to achieve a constant-factor, or even logarith-
mic factor, approximation for minimizing disagreements. Note that we can
still use ourDivide & Choosealgorithm to achieve an additive approximation
of εn2 for agreements. However, this does not imply a PTAS in this variant,
because OPT might beo(n2).
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Now, suppose we allow arbitrary real-valued edge weights, lying in [�∞;+∞].
For example, the edge weights might correspond to the log odds of two
documents belonging to the same cluster. It is easy to see that the problem
of minimizing disagreements for this variant is APX-hard, by reducing the
problem of minimum multiway cut to it. Specifically, letG be a weighted
graph with special nodesv1; � � � ;vk. The problem of minimum multiway cut
is that of finding the smallest cut that separates these special nodes. This
problem is known to be APX-hard (Garey and Johnson, 2000). Weconvert
this problem into a disagreement minimization problem as follows: among
each pair of special nodesvi and v j , we put an edge of weight�∞. Then,
notice that any clustering algorithm will definitely put each of v1; � � � ;vk into
separate clusters. The number (or total weight) of disagreements is equal to
the value of the cut separating the special nodes. Thus, any algorithm that
achieves an approximation ratio ofρ for minimizing disagreements, would
achieve an approximation ratio ofρ for minimum multiway cut problem. We
get the following:

THEOREM 24. The problem of minimizing disagreements on weighted graphs
with unbounded weights is APX-hard.

Note that the above result is pretty weak. It does not preclude the possi-
bility of achieving a constant approximation, similar to the one forf+;�g-
weighted graphs. However we have reason to believe that unlike before, we
cannot obtain a PTAS for maximizing agreements in this case.We show
that a PTAS for maximizing agreements gives a polynomial time procedure
for O(nε) coloring a 3� colorablegraph. While it is unknown whether this
problem is NP-Hard, the problem is well-studied and the bestknown result
is due to Blum and Karger (1997), who give a polynomial time algorithm to
Õ(n3=14) color a 3-colorable graph.

THEOREM 25. Given a PTAS for the problem of maximizing agreements,
we can use the algorithm to obtain an algorithm for O(nε) coloring a 3�
colorable graph, for anyε > 0.

Proof: Let G = (V;E) be a 3 colorable graph, and letm= jEj andn = jVj.
Let K be ann vertex complete graph obtained fromG as follows: an edgee
of K has weight�1 if e is an edge inG, and has a positive weight ofδm=�n

2

�
otherwise. Hereδ is a parameter to be specified later.

If we choose each color class as a cluster, it is easy to see that the result-
ing clustering agrees on them negative weight edges and on at least 3

�n=3
2

�
positive weight edges. Thus the total weight of agreements in the optimal
clustering is at leastm(1+ δ=3). Let us invoke the PTAS for maximizing
agreements withε0 = δ=30, then we obtain a clustering which has cost of
agreements at leastm(1+δ=3)=(1+δ=30) �m(1+δ=5).
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We now claim that the size of largest cluster is at leastn=5. Suppose not.
Then the weight of positive agreements can be at mostδ m(n

2) �5��n=5
2

�
which is

aboutδm=5. Since the total weight of negative edges ism, the total weight of
agreements for the clustering cannot be more thanm(1+ δ=5), violating the
guarantee given by the PTAS. Hence, there exists a cluster ofsize at leastn=5
in this clustering. Call this clusterC.

Now observe that since the PTAS returns a clustering with at least(1+
δ=5)m agreements, and the total weight of all positive edges is at most δm,
the total weight of negative agreements is at least(1� 4δ

5 )m. This implies that
C contains at most4δ

5 m negative weight edges. Thus the density of negative

weight edges inC is at most4δm
5 =�n=5

2

�� 20δ � m(n
2) . That is, the clusterC has

an edge density of at most about 20δ times that ofG and size at leastn=5.
We can now apply this procedure recursively toC (sinceC is also 3-

colorable). After 2 logb n such recursive steps, whereb = 1
20δ , we obtain a

set of density at most 1=n2 times that ofC (and hence independent). Call this
independent setI . Note that the size ofI is at leastn=(52logb n). Choosingδ
such thatb= 52=ε, it is easy to verify thatI has size at leastn1�ε.

Now we can removeI from G and iterate onG� I (sinceG� I is also
3-colorable). It is easy to see that this procedure gives anO(nε) coloring of
G. 2

8. Conclusions

In this paper, we have presented a constant-factor approximation for minimiz-
ing disagreements, and a PTAS for maximizing agreements, for the problem
of clustering vertices in a fully-connected graphG with f+;�g edge labels.
In Section 7 we extended some of our results to the case of real-valued la-
bels, under a linear cost metric. As mentioned before, an interesting open
question is to construct good approximations for minimizing agreements and
maximizing agreements for the case of edge weights lying inf�1;0;+1g, or
to prove hardness of approximation for this case. Another interesting ques-
tion is to determine whether the lower bound given by erroneous triangles is
tight to within a small constant factor5. Such a fact might lead to a better
approximation for minimizing disagreements.

5 Interestingly, we were unable to come up with an example for which this factor is larger
than 2. The latter is achieved in a star-like topology where all edges incident to a “root” vertex
are positive and all other edges are negative.
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8.1. SUBSEQUENTWORK

Following the initial publication of this work, several better approximations
and lower bounds have been developed for minimizing disagreements and
maximizing agreements for general weighted graphs. Immorlica et. al. (2003)
and Emanuel et. al. (2003) independently developed log-factor approxima-
tions for the problem of minimizing disagreements. The latter show that this
problem is equivalent to the minimum multiway cut problem. The approxi-
mation for minimizing disagreements in the unweighted casewas improved
to a factor of 4 by Charikar, Guruswami and Wirth (2003). Theyalso give
a 0.7664-approximation for maximizing agreements in a general weighted
graph, which was recently improved to 0.7666 by Swamy (2004). Charikar
et. al. also improve our hardness of approximation result for minimizing dis-
agreements to 29/28, and give a hardness of approximation of115/116 for
maximizing agreements.
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