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Abstract. We consider the following clustering problem: we have a cletepgraph om
vertices (items), where each edgev) is labeled eithe#- or — depending on whetherandv
have been deemed to be similar or different. The goal is tdyme a partition of the vertices (a
clustering) that agrees as much as possible with the edgkslathat is, we want a clustering
that maximizes the number af edges within clusters, plus the number-odges between
clusters (equivalently, minimizes the number of disagre®tst the number of edges inside
clusters plus the number af edges between clusters). This formulation is motivatethfeo
document clustering problem in which one has a pairwiselaiityi function f learned from
past data, and the goal is to partition the current set of mecits in a way that correlates with
f as much as possible; it can also be viewed as a kind of “agrlestining” problem.

An interesting feature of this clustering formulation isttone does not need to specify
the number of clustellsas a separate parameter, as in measures sdetmadian or min-sum
or min-max clustering. Instead, in our formulation, theimal number of clusters could be
any value between 1 ang depending on the edge labels. We look at approximation-algo
rithms for both minimizing disagreements and for maximizagreements. For minimizing
disagreements, we give a constant factor approximationm@imizing agreements we give
a PTAS, building on ideas of Goldreich, Goldwasser and R&9&) and de la Vega (1996).
We also show how to extend some of these results to graphedgh labels in—1,+1], and
give some results for the case of random noise.

Keywords: clustering, approximation algorithm, document classifira

1. Introduction

Suppose that you are given a sehafocuments to cluster into topics. Unfor-
tunately, you have no idea what a “topic” is. However, youehatyour dis-
posal a classifief (A, B) that given two document& andB, outputs whether
or not it believesA andB are similar to each other. For example, perhéps
was learned from some past training data. In this case, aahafpproach to
clustering is to applyf to every pair of documents in your set, and then to
find the clustering that agrees as much as possible with shétse
Specifically, we consider the following problem. Given dyfitdonnected
graphG with edges labeled+” (similar) or “—" (different), find a partition
of the vertices into clusters that agrees as much as possitiiethe edge
labels. In particular, we can look at this in terms of maximgzagreements
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(the number oft+ edges inside clusters plus the numberoédges between
clusters) or in terms of minimizingisagreement¢the number of- edges
inside clusters plus the number efedges between clusters). These two are
equivalent at optimality but, as usual, differ from the gaifiview of approx-
imation. In this paper we give a constant factor approxiaomato the problem

of minimizing disagreements, and a PTABr maximizing agreements. We
also extend some of our results to the case of real-valuee wdights.

This problem formulation is motivated in part by a set of tdug prob-
lems at Whizbang Labs in which learning algorithms werengdito help
with various clustering tasks (Cohen and McCallum, 200hd&Poand Richman, 2001,
Cohen and Richman, 2002). An example of one such problerdjestiby
Cohen and Richman (2001, 2002) is clustering entity namesig problem,
items are entries taken from multiple databases (e.gk tfinames/affiliations
of researchers), and the goal is to do a “robust uniq” — ctiigctogether
the entries that correspond to the same entity (person), iB.the case of
researchers, the same person might appear multiple tintleglifferent affil-
iations, or might appear once with a middle name and onceowdiletc. In
practice, the classifief typically would output a probability, in which case
the natural edge label is log(Pr(same)/Pr(different)isT$O0 if the classifier
is unsure, positive if the classifier believes the items aoeentikely in the
same cluster, and negative if the classifier believes theyrare likely in
different clusters. The case ¢f-,—} labels corresponds to the setting in
which the classifier has equal confidence about each of itsides.

What is interesting about the clustering problem defined fsethat unlike
most clustering formulations, we do not need to specify timalmer of clus-
tersk as a separate parameter. For exampliesimedian (Charikar and Guha, 1999,
Jain and Vazirani, 1999) or min-sum clustering (Schulm@&302 or min-max
clustering (Hochbaum and Shmoys, 1986), one can alwayspgefect score
by putting each node into its own cluster — the question is v@l one can
do with only k clusters. In our clustering formulation, there is just agken
objective, and the optimal clustering might have few or melugters: it all
depends on the edge labels.

To get a feel for this problem, notice that if there exists idgu clustering,

i.e., one that gets all the edges correct, then the optimataring is easy to

find: just delete all " edges and output the connected components of the
graph remaining. (This is called the “naive algorithm” irof@&n and Richman, 2002).)
Thus, the interesting case is when no clustering is perfdst, notice that

for any graphG, it is trivial to produce a clustering that agrees with astea

half of the edge labels: if there are moreedges than- edges, then simply

put all vertices into one big cluster; otherwise, put eacdtiexeinto its own

1 A PTAS (polynomial-time approximation scheme) is an altyori that for any giverfixed

€ > 0 runs in polynomial time and returns an approximation with{1+ €) factor. Running
time may depend exponentially (or worse) ofg, lhowever.
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cluster. This observation means that for maximizing agesgs) getting a 2-
approximation is easy (note: we will show a PTAS). In gendiatling the
optimal clustering is NP-hard (shown in Section 3).

Another simple fact to notice is that if the graph containgiangle in
which two edges are labeled and one is labeled-, then no clustering can
be perfect. More generally, the number of edge-disjoiangies of this form
gives a lower bound on the number of disagreements of theaptiustering.
This fact is used in our constant-factor approximation atlgm.

For maximizing agreements, our PTAS is quite similar to tHA® de-
veloped by de la Vega (1996) for MAXCUT on dense graphs, afatag
to PTASs of Arora et al. (1995, 1996). Notice that since tharest exist a
clustering with at least(n — 1)/4 agreements, this means it suffices to ap-
proximate agreements to within an additive factogrst. This problem is also
closely related to work on testing graph properties of (Gmtth et al., 1998,
Parnas and Ron, 1999, Alon et al., 1999). In fact, we show hewcan use
the General Partition Property Tester of Goldreich, Gokbea, and Ron

1
(1998) as a subroutine to get a PTAS with running ti@@e®((:)%)). Un-
fortunately, this is doubly exponential é\ S0 we also present an alternative
direct algorithm (based more closely on the approach ofgddéba, 1996))

that takes onlyD(n2e°(2)) time.

Relation to agnostic learning: One way to view this clustering problem is
that edges are “examples” (labeled as positive or negadivé we are trying
to represent the target functidnusing a hypothesis class of vertex clusters.
This hypothesis class has limited representational poivere want to say
(u,v) and (v,w) are positive in this language, then we have to @ay) is
positive too. So, we might not be able to represtmterfectly. This sort of
problem — trying to find the (nearly) best representationarhe arbitrary
target f in a given limited hypothesis language — is sometimes callgd
nosticlearning (Kearns et al., 1994, Ben-David et al., 2001). Tiheeovation
that one can trivially agree with at least half the edge klskquivalent to
the standard machine learning fact that one can always\wachieor at most
1/2 using either thall positiveor all negativehypothesis.

Our PTAS for approximating the number of agreements meaaisith
the optimal clustering has error rate then we can find one of error rate
at mostv + €. Our running time is exponential in/&, but this means that
we can achieve any constant error gap in polynomial time. tWitakes this
interesting from the point of view of agnostic learning isttlthere are very
few problems where agnostic learning can be done in polyalimie? Even

2 Not counting trivial cases, like finding the best linear sapar in a 2-dimensional space,
that have only polynomially-many hypotheses to choose ftarthese cases, agnostic learning
is easy since one can just enumerate them all and choosedte be
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for simple classes such as conjunctions and disjunctianpplynomial-time
algorithms are known that give even an error gap (&1 €.

Organization of this paper: We begin by describing notation in Section 2. In
Section 3 we prove that the clustering problem defined hekPisomplete.
Then we describe a constant factor approximation algorfttmminimizing
disagreements in Section 4. In Section 5, we describe a PGA8dximizing
agreements. In Section 6, we present simple algorithms atigtation for the
random noise model. Section 7 extends some of our resulte wasse of real-
valued edge labels. Finally, subsequent work by otherdedlypdescribed in
Section 8.

2. Notation and Definitions

Let G = (V,E) be a complete graph amvertices, and leg(u,v) denote the
label (+ or —) of the edge(u,v). Let N*(u) = {u} U{v: e(u,v) = +} and
N~ (u) = {v:e(u,v) = —} denote the positive and negative neighboraiof
respectively.

We let OPT denote an optimal clustering on this graph. In gegnéor a
clusteringC, let C(v) be the set of vertices in the same clustev.ad/e will
useA to denote the clustering produced by our algorithms.

In a clusteringC, we call an edg€u,v) a mistake if eithere(u,v) = +
and yetu ¢ C(v), or e(u,v) = — andu € C(v). Whene(u,v) = +, we call
the mistake gositive mistakeotherwise it is called aegative mistakeWe
denote the total number of mistakes made by a clustefithy m-, and use
Mopt to denote the number of mistakes made by OPT.

For positive real numbers y andz, we usex € y+ z to denotex € [y —
2 y+ 2. Finally, letX for X C V denote the compleme(i \ X).

3. NP-completeness

In this section, we will prove that the problem of minimizidgagreements,
or equivalently, maximizing agreements, is NP-completés leasy to see
that the decision version of this problem (viz. Is there asteting with at
most z disagreements?) is in NP since we can easily check the nuafiber
disagreements given a clustering. Also, if we allow arbjtraeights on edges
with the goal of minimizingveighteddisagreements, then a simple reduction
from the Multiway Cut problem proves NP-hardness — simply @u-co-
weight edge between every pair of terminals, then the valuleeomultiway
cut is equal to the value of weighted disagreements. We isesithuction to
give a hardness of approximation result for the weightee @aSection 7.
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We give a proof of NP hardness for theweightedcase by reducing the
problem of Partition into Triangles (GT11 in (Garey and Jadm 2000)) to
the problem of minimizing disagreements. The reader whmisapecially
interested in NP-completeness proofs should feel freeipotkls section.

The Partition into Triangles problem is described as follovziven a
graphG with n = 3k vertices, does there exist a partition of the vertices knto
setsvy, ..., V, such that for all, |Vi| = 3 and the vertices ix form a triangle.

Given a graptG = (V,E), we first transform it into a complete gra®
on the same vertex s&t An edge inG' is weighted +1 if it is an edge i
and—1 otherwise.

Let A be an algorithm that given a graph outputs a clustering thai m
mizes the number of mistakes. First notice that if we impbseadditional
constraint that all clusters produced Byshould be of size at most 3, then
given the grapl@’, the algorithm will produce a patrtition into triangles ith
graph admits one. This is because if the graph admits aipartiito trian-
gles, then the clustering corresponding to this triangaiahas no negative
mistakes, and any other clustering with clusters of size @tr8 has more
positive mistakes than this clustering. Thus we could usé s algorithm
to solve the Partition into Triangles problem.

We will now design a gadget that forces the optimal clustgtoncontain
at most 3 vertices in each cluster. In particular, we willrmegt the grapl@’
to a larger complete gragh, such that in the optimal clustering &h each
cluster contains at most 3 vertices fr@h

The construction oH is as follows: In addition to the vertices and edges
of G, for every 3-tuple{u,v,w} C G', H contains a cliqué&,,, containing
n® vertices. All edges inside these cliques have weight Edges between
vertices belonging to two different cliques have weigtit. Furthermore, for
all u,v,w € G’ each vertex irC,, has a positive edge ta vandw, and a
negative edge to all other vertices@.

Now assume thab admits a triangulation and let us examine the behavior
of algorithmA on graphH. LetN = n®(3).

LEMMA 1. Given H as input, in any clustering that A outputs, everytelus
contains at most three vertices of.G

Proof: First consider a clustering of the following form:
1. There arg3) clusters.
2. Each cluster contains exactly one cliqlig,, and some vertices @&'.
3. Every vertexa € G' is in the same cluster &%, for somev andw.

In any such clustering, there are no mistakes among edgeed&riliques.
The only mistakes are between vertices@fand the cliques, and those
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between the vertices @'. The number of mistakes of this clustering is at
mostn’((5) — 1) + (5) because each vertex @i hasn® positive edges td5)
cliques and is clustered with only one of them.

Now consider a clustering in which some cluster has fouricestinG/,
say,u,v,w andy. We show that this clustering has at lea&t(}) — 1) + ”—26 mis-
takes. Call this clusteriny. Firstly, without loss of generality we can assume
that each cluster iXX has size at most® + n*, otherwise there are at least
Q(n'%) negative mistakes within a cluster. This implies that eaatiex inG'
makes at least)) n® — (n° + n*) positive mistakes. Hence the total number of
positive mistakes is at leasf((5) — 1) — n°. Let X, be the cluster containing
vertexu,v,w,y € G'. SinceX, has at most® + n* vertices, at least one of
u, v, w,y will have at most* positive edges insid¥, and hence will contribute
at least an additional® — n* negative mistakes to the clustering. Thus the total
number of mistakes is at leagt)) — 1)n” —n°+n®—n* > n’((5) — 1) +n°/2.
Thus the result follows. O

The above lemma shows that the clustering produced lyll have at
most 3 vertices o6 in each cluster. Thus we can use the algorithto solve
the Partition into Triangles problem and the reduction implete.

4. A Constant Factor Approximation for Minimizing Disagreements

As a warm-up to the general case, we begin by giving a very IsirBp
approximation to the best clustering containing two clhisst&hat is, if the
best two-cluster partition of the graph hasnistakes, then the following
algorithm will produce one with at mosk3nistakes.

Let OPT(2) be the best clustering containing two clusters, and let the
corresponding clusters b& and . Our algorithm simply considers all
clusters of the form{N*(v),N~(v)} for v e V. Of these, it outputs the one
that minimizes the number of mistakes.

THEOREM 2. The number of mistakes of the clustering output by the algo-
rithm stated above is at mostme 3mopr2) -

Proof: Let’'s say an edge is “bad” if OR®) disagrees with it, and define
the “bad degree” of a vertex to be the number of bad edgeseantiab it.
Clearly, if there is a vertex that has no bad edges incideitt tioe clustering
produced by that vertex would be the samég @s (>}, and we are done with
as many mistakes a8opr2)-

Otherwise, let be a vertex with minimum bad degrdeand without loss
of generality, letv € (3. Consider the partitiofN*(v),N~(v)}. Let X be
the set of bad neighbors of— thed vertices that are in the wrong set of
the partition with respect toCi, (>}. The total number of extra mistakes due

journal -new. tex; 31/10/2003; 1:25; p.6



Correlation Clustering 7

to this setX (other than the mistakes already madeQRT) is at mostdn.
However, since all vertices have bad degree at léasiopr) > nd/2. So,
the number of extra mistakes made by taking the partifln(v),N—(v)} is
at most 2nopryp). This proves the theorem. O

We now describe our main algorithm: a constant-factor appration for
minimizing the number of disagreements.

The high-level idea of the algorithm is as follows. First, st®w (Lemma
3 and 4) that if we can cluster a portion of the graph usingtetaghat each
look sufficiently “clean” (Definition 1), then we can chargtf the mistakes
made within that portion to “erroneous triangles”: triaeglvith two+ edges
and one— edge. Furthermore, we can do this in such a way that the trian-
gles we charge are nearly edge-disjoint, allowing us to ddba number of
these mistakes by a constant factor of OPT. Second, we shenvr(ia 6) that
there must exist a nearly optimal clustering ORTwhich all non-singleton
clusters are “clean”. Finally, we show (Theorem 7 and Lemrmjathat we
can algorithmically produce a clustering of the entire grapntaining only
clean clusters and singleton clusters, such that mistal¢save an endpoint
in singleton clusters are bounded by ORand mistakes with both endpoints
in clean clusters are bounded using Lemma 4.

We begin by showing a lower bound for OPT. We call a triangled'e
neous” if it contains two positive edges and one negativee edgractional
packing of erroneous triangles is a set of erroneous trié{dy, - - -, Ty} and
positive real numbers; associated with each triangle, such that for any
edgeec E, Sl < 1.

LEMMA 3. Given any fractional packing of erroneous trianglgs, - - -, rm},
we havey;r; < OPT.

Proof: Let M be the set of mistakes made by OPT. Th@gpt = Jecm 1>

Yeem Y ecT lli» DY the definition of a fractional packing. So we hawgpt >

SiIMNTri. Now, for eachT;, we must haveM N T;| > 1, because OPT

must make at least one mistake on each erroneous triangke.giMes us

the result. O
Next we give a definition of a “clean” cluster and a “good” et

DEFINITION 1. A vertex v is called-goodwith respect to C, whereC V,
if it satisfies the following:

— IN*(v)nC| = (1-9)[C|
— INT(v)n(V\C)| < 3[C]

If a vertex v is no®-good with respect to (w.r.t.) C, then it is callédbad
w.r.t. C. Finally, a set C id-cleanif all v € C ared-good w.r.t. C.
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(a) Erroneous triangles for negative mistakes  (b) Erroaégangles for positive mistakes

Figure 1. Construction of a triangle packing for Lemma 4

We now present two key lemmas.

LEMMA 4. Given a clustering of V in which all clusters adeclean for
somed < 1/4, then there exists a fractional packifg;, Ti}[" ; such that the
number of mistakes made by this clustering is at Mgst;.

Proof: Let the clustering oV be ((i,---. (k). First consider the case where
the number of negative mistakesi() is at least half the total number of
mistakesm,-. We will construct a fractional packing of erroneous trikasg
with 3;ri > 3m. > Zme.

Pick a negative edg@u,v) € G x G that has not been considered so far.
We will pick a vertexw € G such that bottju,w) and(v,w) are positive, and
associatgu,Vv) with the erroneous triangléu,v,w) (see Figure 1). We now
show that for all(u,v), such aw can always be picked such that no other
negative edge@J,v) or (u,V') (i.e. the ones sharingor v) also pickw.

Since( is &-clean, neitheu norv has more thad| G| negative neighbors
inside G. Thus(u,Vv) has at leastl — 28) |G| verticesw such that bottu, w)
and (v,w) are positive. Moreover, at mosbd[Zi| — 2 of these could have al-
ready been chosen by other negative edgeg) or (U, v). Thus(u,v) has at
least(1—4d)|G| + 2 choices ofw that satisfy the required condition. Since
0 < 1/4, (u,v) will always be able to pick such a. Let T, denote the
erroneous triangle, v, w.

Note that any positive edge,w) can be chosen at most 2 times by the
above scheme, once for negative mistakegamd possibly again for negative
mistakes orw. Thus we can give a value of,,, = 1/2 to each erroneous
triangle picked, ensuring thgt; containguy " < 1- Now, since we pick a
triangle for each negative mistake, we get thiatr; = %zTi 1> %mg.

Next, consider the case when at least half the mistakes argvpanis-
takes. Just as above, we will associate mistakes with esusnigiangles. We
will start afresh, without taking into account the labelngom the previous
part.
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Consider a positive edge betweer G andv € (j. Let |G| > |Cj|. Pick
aw € G such that(u,w) is positive and(v,w) is negative (see Figure 1).
There will be at leastG| — 8(|G| + | Cj|) such vertices as before and at most
O(|G|+|¢j|) of them will be already taken. Thus, there are at least—
20(|G|+1Gj|) > |G|(1—4d) > 0 choices fomw. Moreover only the positive
edge(u,w) can be chosen twice (once @sw) and once a$w, u)). Thus, as
before, to obtain a packing, we can give a fractional valug,qf = % to the
triangle Ty We getthaty i = 35+ 1> mf.

Now depending on whether there are more negative mistakesm@ pos-
itive mistakes, we can choose the triangles appropriadsig,hence account
for at least a quarter of the total mistakes in the clustering O

Lemma 4 along with Lemma 3 gives us the following corollary.

COROLLARY 5. Any clustering in which all clusters a@clean for some
3 < 1 has at mostimppr mistakes.

LEMMA 6. There exists a clusterin@PT in which each non-singleton
cluster is3-clean, and By < (& + 1)Mopr.

Proof: Consider the following procedure applied to the clusteah@PT and
call the resulting clustering OPT

Procedured-Clean-Up: Let COPT, c9PT ..., GOPT be the clusters in OPT.
1. LetS=0.
2. Fori=1,--- ,kdo:

a) If the number of-bad vertices inG°"T is more thard| P, then,

S=SuU°PT, ¢ = 0. We call this “dissolving” the cluster.

b) Else, letB; denote the}-bad vertices inG°"T. ThenS= SUB; and
¢ = COPT\ B;.

3. Output the clustering OPTC, Gy, -, Gy, { X} xes.

We will prove thatmopt andmgpy are closely related.

We first show that eaclyy is 6 clean. Clearly, this holds iff = 0. Now
if ¢ is non-empty, we know that;®°"T| > || > |G°PT|(1 - 8/3). For each
pointv € ¢, we have:

INT(v)N (|

Y]

0 0
(1-2)I6%FT = (I

0
= (1-20)I¢°"
1-9)c|

\Y
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Similarly, counting positive neighbors ofin ¢°°Tn ¢ and outsidecCT,
we get,

— 0 0
NY NG < 260+ 51AT
2_|a

3 (1-3/3)
< 9G] (asd< 1)

IN

Thus eaclt} is d-clean.

We now account for the number of mistakes. If we dissolve sgfe',
then clearly the number of mistakes associated with vertinethe orig-
inal cluster ¢OPT is at least(8/3)%|¢°PT|?/2. The mistakes added due to
dissolving clusters is at mogt°PT|2/2.

If ¢OPTwas not dissolved, then, the original mistakeg i’ T were at least
8/3|CPPT||Bj| /2. The mistakes added by the procedure is at ngCC"T.
Noting that §8 < 9/82, the lemma follows. |

For the clustering OPiven by the above lemma, we uggto denote the
non-singleton clusters arfslto denote the set of singleton clusters. We will
now describe AlgorithnCautiousthat tries to find clusters similar to OPT
Throughout the rest of this section, we assume&hatﬁ.

Algorithm Cautious:
1. Pick an arbitrary vertex and do the following:

a) LetA(v) = NT(v).
b) (Vertex Removal Step: While 3x € A(v) such thak is 33-bad w.r.t.
A(V), A(V) = A(V) \ {X}.

c) (Vertex Addition Step): LetY = {y|y € V,y is 756-good w.r.t. A(v)}.
LetA(v) = A(v)UY.2

2. DeleteA(v) from the set of vertices and repeat until no vertices are left
or until all the produced sets(v) are empty. In the latter case, output the
remaining vertices as singleton nodes.

Call the clusters output by algorith@autious A, Ay, - --. LetZ be the set
of singleton vertices created in the final step. Our main gaihbe to show
that the clusters output by our algorithm satisfy the priypstated below.

THEOREM 7. Vj, Jisuch thath’ C A;. Moreover, each Ais 118-clean.

3 Observe that in the vertex addition step, all vertices aceddn one step as opposed to
in the vertex removal step

journal -new. tex; 31/10/2003; 1:25; p.10
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In order to prove this theorem, we need the following two leasm

LEMMA 8. Ifve G, whered is ad-clean cluster irOPT, then, any vertex
w e ( is 36-good w.r.t. N"(v).

Proof: Asv e G, INF (V)N | > (1-98)|¢/| and|NT(v) N G| < 8| So,
(1-9)|G| < INT(v)| < (1+9)|G/|. The same holds fav. Thus, we get the
following two conditions.

INT (W) INT (V)] > (1-28)[ (| > (1-38)IN"(v)]

IN*(wW) NNF(V)| < INF(W) INF(V) N G|+ INF(wW) NNF(V) N G|
< 25/¢| < &5INT(v)| < 33N (V)]

Thus,w is 33-good w.r.t.N*(v). 0

LEMMA 9. Given an arbitrary set X, if¥ve G and v € C, i # j, then v
and v cannot both b&d-good w.r.t. X.

Proof:

Suppose that; andv; are both 3-good with respect t&. Then,|IN* (v1) N
X| > (1—33)|X| and|N*(v2) N X] > (1—33)|X|, henceNT(v1) NN*(v2) N
X| > (1—60)|X]|, which implies that

INT(v1) NN (v2)| > (1 69)[X| 1)

Also, sincev; andv; lie in 3-clean clusterg; and(j in OPT respectively,
INT(vi)\ G| <8|G, INT(v2) \ G| < 8|C| and G N ¢ = 0. It follows that

INT (va) NN (v2)| < &(|G |+ [ ) )

Now notice that&'| <|N*(va) NG|+ 0G| < INT(vi)NXN G+ [NT(vi)N
XNG|+9G| < INT(v))nXNG|+ 30X+ 9| < (1+33)X|+3|C|.
So, (] < 11+T3§|X|. The same holds focj. Using Equation 2JN*(vq) N
N*(vp)| < 251E0|X|.

However, sincéd < 1/9, we have 8(1+ 3d) < (1—6d)(1—9d). Thus the
above equation along with Equation 1 gives a contradictiod the result
follows. O

This gives us the following important corollary.

COROLLARY 10. After every application of the removal step 1b of the
algorithm, no two vertices from distine} and Cj can be present in &).

Now we go on to prove Theorem 7.
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Proof of Theorem 7We will first show that eachy; is either a subset db
or contains exactly one of the cluste(f§ The first part of the theorem will
follow.

We proceed by induction dnConsider the inductive step. For a cluster
let A be the set produced after the vertex removal phase suchusterd is
obtained by applying the vertex addition phaséitdVe have two cases. First,
we consider the case wheét) C S, Now during the vertex addition step, no
vertexu € Cj can ented for any j. This follows because, singg is &-clean
and disjoint fromA;, for uto enter we need th&(j| > (1 73)|Aj| and(1
9)|Cj| < 78|Aj], and these two conditions cannot be satisfied simultangous!
ThusA; C S

In the second case, some= CJ! is present inAl. However, in this case
observe that from Corollary 10, no vertices fraghcan be present i for
anyk # j. Also, by the same reasoning as for the c&ls€ S no vertex from
G will enter Al in the vertex addition phase. Now it only remains to show that
Cj € Ai. Note that all vertices of’j are still present in the remaining graph
G\ (Ur<iAr)-

Sinceu was not removed fron it follows that many vertices frond; are
present inAl. In particular,|N*(u) N A > (1—33)|A/| and|N*(u) NA]| <
38|AY|. Now (1—8)[ (| < |N*(u)| implies that| ¢j| < E8|Al| < 2/AY]. Also,
AN > [ANNT(u)| — INF(u) ﬁfﬂ > |AINNT(u)| - 8[(j|. So we have
AN Cl| > (1-58) A

We now show that all remaining vertices fro@Jﬁ will enter A; during the
vertex addition phase. Fav € (] such thatw ¢ A{, | N C]| < 53|A]| and
IN*(w) N Cj| < 8|Cj| together imply thafAl N NF(w)| < 58|A]| + 8|Cj| <
75|Al|. The same holds fdA NN+ (w)|. Sow s 75-good w.r.t.Al and will be
added in the Vertex Addition step. Thus we have shownAlf@t can contain
CJ! for at most ong and in fact will contain this set entirely.

Next, we will show that for every, Ji s.t. Cj’ CA,. Letvchosenin Step 1
of the algorithm be such thate CJ-’. We show that during the vertex removal
step, no vertex fronN*(v) N Cj’ is removed. The proof follows by an easy
induction on the number of vertices removed so(farin the vertex removal
step. The base cage = 0) follows from Lemma 8 since every vertex @
is 33-good with respect ttdN*(v). For the induction step observe that since
no vertex fromN* (v) N ¢} is removed thus far, every vertex i} is still 35-
good w.r.t. to the intermedia#v) (by mimicking the proof of Lemma 8 with
N*(v) replaced byA(v)). ThusA{ contains at leastl — 3)|(j| vertices ofC]|
at the end of the vertex removal phase, and hence by the seasadcbove,
CJ! C A after the vertex addition phase.

Finally we show that every non-singleton cluséeis 115-clean. We know
that at the end of the vertex removal phagegc A, x is 33-good w.r.t.Al.
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Correlation Clustering 13

Thus,|N*(x) N Al| < 35|A!|. So the total number of positive edges leavig

is at most 3|A{|2. Since, in the vertex addition step, we add vertices that are
78-good w.r.t.Al, the number of these vertices can be at ma@t® /(1 —
78)|Al| < 43|A|. Thus|A| < (1+48)|A].

Since all verticew in A; are at least &good w.r.t.Al, N*(v)NA > (1—
78)|A| > 18 |A| > (1-113)|A . Similarly, N* (v) NA < 73|A]| < 115/A/ .
This gives us the result. O
Now we are ready to bound the mistakesoin terms of OPT and OPT
Call mistakes that have both end points in some clugteasidA; as internal
mistakes and those that have an end poizt @&s external mistakes. Similarly
in OPT, we call mistakes among the sefS as internal mistakes and mis-
takes having one end point Bias external mistakes. We bound mistakes of
Cautiousin two steps: the following lemma bounds external mistakes.

LEMMA 11. The total number of external mistakes madeCdautiousare
less than the external mistakes madediyT .

Proof: From Theorem 7, it follows that cannot contain any vertaxin some
(. Thus,Z C S Now, any external mistakes made Ggutiousare positive
edges adjacent to verticesan These edges are also mistakes in Ofiiice
they are incident on singleton verticesSnHence the lemma follows. O
Now consider the internal mistakes AfNotice that these could be many
more than the internal mistakes of OPMowever, we can at this point apply
Lemma 5 on the graph induced M = |J; Ai. In particular, the bound on
internal mistakes follows easily by observing thadXl 1/4, and that the
mistakes of the optimal clustering on the graph induced g no more than

MopT. ThUus,

LEMMA 12. The total number of internal mistakes@autiousis < 4mppr.

Summing up results from the Lemmas 11 and 12, and using Lemmea @et
the following theorem:

THEOREM 13. Mcautious< (& + 5)Mopr, With & = ;.

5. A PTAS for maximizing agreements

In this section, we give a PTAS for maximizing agreements:tttial number
of positive edges inside clusters and negative edges betehasters.

As before, let OPT denote an optimal clustering @ndenote our clus-
tering. We will abuse notation and also use OPT to denote timeber of
agreements in the optimal solution. As noticed in the intatidn, OPT>
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14 Nikhil Bansal, Avrim Blum and Shuchi Chawla

n(n—1)/4. So it suffices to produce a clustering that has at least-O&f
agreements, which will be the goal of our algorithm. BetV;,V,) denote
the number of positive edges between $gt¥, C V. Similarly, letd (Vi, V)
denote the number of negative edges between the two. Let€pBdnote the
optimal clustering that has all non-singleton clustersizd greater thaan.

LEMMA 14. OPT(g) > OPT—e&n2/2.

Proof: Consider the clusters of OPT of size less than or equat tnd break
them apart into clusters of size 1. Breaking up a clusteragfsieduces our
objective function by at mog{), which can be viewed a2 per node in the
cluster. Since there are at meshodes in these clusters, and these clusters
have size at mogh, the total loss is at mosl%. O

The above lemma means that it suffices to produce a good apyation

to OPT(g). Note that the number of non-singleton clusters in GPTs less
thani. Let ¢PPT,..., GOPT denote the non-singleton clusters of GBPTand

let GO denote the set of points which correspond to singleton elsist

5.1. APTASDOUBLY-EXPONENTIAL IN 1/€

If we are willing to have a run time that is doubly-exponehtial/e, we
can do this by reducing our problem to the General Partiigmroblem of
(Goldreich et al., 1998). The idea is as follows.

Let G* denote the graph of only the edges inG. Then, notice that we
can express the quality of OF¢) in terms of just the sizes of the clusters,
and the number of edges @i between and inside each 6f*7,..., G27".

In particular, ifs = |G°PT| ande j = 87 (GOPT, ¢PPT), then the number of
agreements in OR®) is:

[iiaj + [(Sk2+1> eK+1,k+1} + i;(s-sj e,_’j)] _

The General Partitioning property tester of (Goldreichlgtl®98) allows
us to specify values for thg ande;, and if a partition ofG* exists satisfying
these constraints, will produce a partition that satistiesé constraints ap-
proximately. We obtain a partition that has at least GPT en? agreements.
The property tester runs in time exponentia(iﬂr)"+1 and polynomial im.

Thus if we can guess the values of these sizes and number es edgu-
rately, we would be done. It suffices, in fact, to only guessvilues up to an
additive+-¢n for thes, and up to an additive-e3n? for thes j, because this

introduces an additional error of at m&e). So, at mosO((l/s3)1/£2) calls
to the property tester need to be made. Our algorithm pracegdinding a
partition for each possible value gfande j and returns the partition with
the maximum number of agreements. We get the following tesul
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Correlation Clustering 15

THEOREM 15. The General Partitioning algorithm returns a clustering of
graph G which has more thaBPT— en? agreements with probability at least

1-&. It runs in time &()"*) x poly(n, %)

5.2. ASINGLY-EXPONENTIAL PTAS

We will now describe an algorithm that is based on the sami lidesa of
random sampling used by the General Partitioning algoritfime idea behind
our algorithm is as follows: Notice that if we knew the densf positive
edges between a vertex and all the clusters, we could jputhe cluster that
has the most positive edges to it. However, trying all pdesilues of the
densities requires too much time. Instead we adopt thevoilp approach:
Let {O;} be the clusters in OPT. We select a small random s\'set ver-
tices and cluster them correctly inféM } with W C O; Vi, by enumerating all
possible clusterings & . Since this subset is picked randomly, with a high
probability, for all verticesy, the density of positive edges betweeandW
will be approximately equal to the density of positive edgesveenv and
Oi. So we can decide which cluster to puinto, based on this information.
However this is not sufficient to account for edges betweemtarticesvy
andvs, both of which do not belong t@/. So, we consider a partition of the
rest of the graph into subsdik of sizemand try out all possible clusterings
{Ui; } of each subset, picking the one that maximizes agreemetitsasipect
to {W}. This gives us the PTAS.

Firstly note that if| G27| < en, then if we only consider the agreements
in the graphG\ G2, it affects the solution by at mosh?. For now, we will
assume thatGoT"| < en and will present the algorithm and analysis based on
this assumption. Later we will discuss the changes requaatbal with the
other case.

In the following algorithme is a performance parameter to be specified

later. Letm = 882_5()40009% +2), k=1 ande’ = §—38. Let p; denote the density

of positive edges inside the clust€P” " andn;; the density of negative edges
between clusters;°”T and ¢PFT. That is,pi = &t (G°FT, GOFT)/ (677" and

nij =& (GOFT, CPPT)/(IGPPT|CPPT)). Letw C V be arandom subset of size
m.

We begin by defining a measure of goodness of a clustétig of some
setU; with respect to a fixed partitiof\M }, that will enable us to pick the right
clustering of the sat);. Let j andn;j be estimates of; andn;; respectively,
based oW }, to be defined later in the algorithm.

DEFINITION 2. Uiy, ..., Ujky1) is €-good w.r.t. Wi,... W, if it satisfies
the following for all1 < j,Z <k
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16 Nikhil Bansal, Avrim Blum and Shuchi Chawla
(1) & (Uij, W) > p; (%) — 18'm?
(2) 3 (Uij, We) > i [Wj W, | — 6/
and, for at leas{1— €')n of the vertices x and |,
(3) 3" (Ujj,x) € &+ (W, x) £ 2¢'m.
Our algorithm is as follows:
AlgorithmDivide&Choose
1. Pick a random subs® C V of sizem.

2. For all partitiondM, ..., W1 of W do

a) Letg = & (W, W)/ (")), andnj = & (W, W)/ W] [Wj|.
b) Letg= 2 — 1. Consider a random partition 9f\W into Uy, ..., U,

such tharlntVi, Uil =m.
¢) For alli do:

Consider all(k+ 1)-partitions ofU; and letUjs, ..., Ujk,1) be a par-
tition that is€’-good w.r.t Wy,..., W1 (by Definition 2 above). If
there is no such partition, chooss, . . ., Uj k1) arbitrarily.

d) LetA; = J;Ujj foralli. Leta({W}) be the number of agreements of
this clustering.

3. Let{W} be the partition oV that maximizes({W }). Return the clus-
ters{Ai}, {X}xea.., corresponding to this partition &Y.

We will concentrate on the "right" partition &% given byW, =W n G°F7,
Vi. We will show that the number of agreements of the clusteting. ., Axi1
corresponding to this partitiof\} is at least OPT) — 2en? with a high
probability. Since we pick the best clustering, this givealPTAS.

We will begin by showing that with a high probability, for moglues
of i, the partition ofU;s corresponding to the optimal partition is good with
respect to{W }. Thus the algorithm will find at least one such partition. Nex
we will show that if the algorithm finds good partitions for stdJ;, then it
achieves at least OPTO(g)n? agreements.

We will need the following results from probability theoBlease refer to
(Alon and Spencer, 1992) for a proof.

FACT 1: LetH(n,m.l) be the hypergeometric distribution with parameters
n,mandl| (choosingl samples frorm points without replacement with the
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Correlation Clustering 17
random variable taking a value of 1 on exaathyout of then points). Let
0<e<1. Then

2
gml _ oy g
n

Im
Pr ‘H(numvl)_F‘ Z

FACT 2. LetXy, X, ..., X, be mutually independent random variables such
that|X; — E[X]| < mforalli. LetS= y{' , X, then
a2
Pr[|S—E[S| > a] < 2e am?
We will also need the following lemma:

LEMMA 16. LetY and S be arbitrary disjoint sets and Z be a set picked
from S at random. Then we have the following:

Z|
B

Proof: &*(Y,Z) is a sum of Z| random variable&* (Y, V) (v e Z), each bounded

above bylY| and having expected ValL?ég—’S).
Thus applying Fact 2, we get

e

55 (Y,9)| > €]Y]|Z|| <267

Pr||5%(Y,2) -

Pr(|5t(Y,Z) — |Z|5%(Y,9)/|S| > €'1Z||Y|] < 2 €712 NP/AZNPE < pge?l2I/2

O

Now notice that since we pickad uniformly at random fronV, with a
high probability the sizes diis are in proportion td¢°PT|. The following
lemma formalizes this.

LEMMA 17. With probability at leastl — 2ke£eM/2 gver the choice of W,
Vi, W € (1£¢€)T|cOPT).

Proof: For a given, using Fact 1 and sinc&°FT| > en,
Pr||W| — %‘GOPTH S 8/%|C‘iOPT‘ < 2 €M /20  pg-elem/2

Taking a union bound over tHevalues ofi we get the result. O
Using Lemma 17, we show that the computed valuep; @ndn;j are close
to the true valueg; andn;; respectively. This gives us the following two
lemmas.

LEMMA 18. If Wi € ¢°PTand W C ¢PPT, i # j, then with probability at
least1— 4e £“e™/4 over the choice of W&t (W, W) e %Eﬁ(qopﬂ PPN +
3¢/,
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18 Nikhil Bansal, Avrim Blum and Shuchi Chawla

Proof: We will apply Lemma 16 in two steps. First we will boudd (W, W)
in terms ofs* (W, ¢°FT) by fixing W, and considering the process of picking
W, from CPPT.

UsingW for Y, W, for Z and ¢°PT for Sin Lemma 16, we get the follow-
ing*.

Pr [\5+(W|=VV1) - ?&(V\/n N > E'mZ} < 2g ¢"em/4
We used the fact than > |W,| > em/2 with high probability. Finally, we
again apply Lemma 16 to bourl (W, C°PT) in terms of&* (GOFT, CPFT).
TakingY to be CPP7, Z to beW andSto be G°°T, we get

?y( COPT CjOPT)| > 28/% cOPT)| CjOPTq < pgtPem/4

Pr [W(w., COPTy -
Again we used the fact thaitf| < 22| GOPT| with high probability. So, with
probability at least & 4e ¢°#™/4, we have| 75" (W, COPT) — M S (GOPT, PP
< 28’%|QOPT\|CJ-OPT| < 2¢'m? and|&* (W, W) — 28 (W, COPT)| < &'mP. This
gives us

MFMWW§W@W§Wb%ﬂ<%”W4
O

LEMMA 19. With probability at leastL — e °¢™4 over the choice of W,
pi > pi — 9

Proof: Note that we cannot use an argument similar to the previcusnke
directly here since we are dealing with edges inside the saménstead we
use the following trick.

Consider an arbitrary partition @°"Tinto 7 sets of siz&'n’ each where
n' = [GOF]. Let this partition beG3"", -+, G37F and letW; = W N G377
Letm’ = |W|. Now conside®™ (W j,,W j,). Using an argument similar to the

previous lemma, we get that with probability at least 4e €em/4

Wi, [
6+( |-,J'1vVV|7]'2) € olg'lr IOJ;T 6+(Ci(,)ijTa CPJZPT) + 28/‘\/\’1'-,]'1HVVI71'2‘
|Ci-,J'1 HCi-,J'z
Noting th IWEjq [V, | nm? o e —€'3em/4
g ati‘ coPteorT < (1+3¢') 3z, with probability at least 1- 4e ,

i.j1 i.jp

we get,

m'2 /
Pr {18 (Whjy W) — 78" (G G2 D < 8 WEjy [ j || > 1—8e =76/

2 Lj1 7 +,)2

4 We are assuming thaV is a set of sizen chosen randomly from with replacement,
sincemis a constant, we will have no ties with probability-1D(n™1).
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This holds for every value off, and j, with probability at least 1 5 e¢"m/4
2
Now, & (WLW) > 5, cj, 87 (Whju W) > e B 3,1, 87 (G- G ) >

I"Jl’ 2 12 1]1 ’ |7J2 -
2 12 12,412 VVI
T (p% - 255 > (m- %) ME O
Now letUj; = Uin CjOPT. The following lemma shows that for all with a
high probability allUjjs areg’-good w.r.t.{W}. So we will be able to find

€’-good partitions for modt;s.

LEMMA 20. Foragiveni, letl; =U;n PP, then with probability at least
132k e #*m4 over the choice of |JVj <k, {U;; } are€’-good w.r.t{W;}.

Proof: Consider the partitiogU;; } of U;.
Using an argument similar to Lemma 18, we gt(Uj;, W) — 5% (COPT, GOPT)| <
3¢'m? with probability at least 1- 4e—€%M/4 Also, again from Lemma 18,
[ (W, W) — 8% (COPT, GOPT)| < 3&'mP. So,[8* (Ui}, W) — &* (W), W)| <
6¢e'm? with probability at least 1- 8e£“eM/4 This gives us the second condi-
tion of Definition 2.
Similarly, using Lemma 19, we obtain the first condition. Taiture prob-
ability in this step is at most 15e=*m/4,
Now, conside®™ (x,U;j). This is a sum ofn {0, 1} random variables (cor-

responding to pickingy; fromV), each of which is 1 iff the picked vertex lies
in COPTand is adjacent ta. Applying Chernoff bound, we get,

Pr (15" (x,Uij) — 05+ (x, CJ_OPT)| > s’m} < 2e€7m/2
Similarly we havepr ||8" (x,W;) — 25" (x, CPFT)| > ¢'m| < 2a€7m/2.

So we getPr (|8 (x,Uij) — 8" (x,W;)| > 2¢'m] < 4e €M/,

Note that, here we are assuming tiatandU; are picked independently
fromV. However, pickindJ; fromV \ W is similar to picking it fromV since
the collision probability is extremely small.

Now, the expected number of points that do not satisfy cai8 for
someUj; is dne€°M2 The probability that more thagin of the points fail
to satisfy condition 3 for one of thejjs in Uj is at mostks,—1n4ne*€'2m/2 <
4g-¢*m/2 This gives us the third condition.

The total probability that somig; does not satisfy the above conditions is
at most

8o €em/4 + 165_:’[2 g €em/4 + i_lfefs’zm/Z
3
< 328712678’ em/4

O
Now we can bound the total number of agreemen®:0f. ., A, {X}xea., in
terms of OPT:
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THEOREM 21. If |G27| < en, then A> OPT— 3en? with probability at
leastl — €.

Proof: From Lemma 20, the probability that we were not able to fired-a
good partition olJ; w.r.t. Wi, - - - ,\W is at most 3,,:."}—2e*5'35m/4. By our choice
of m, this is at most2/4. So, with probability at least-1€/2, at most/2 of
theU;s do not have ag’-good partition.

In the following calculation of the number of agreements,assume that
we are able to find good partitions of &lis. We will only need to subtract at
mostsn2/2 from this value to obtain the actual number of agreemeirtses
eachU; can affect the number of agreements by at maost

We start by calculating the number of positive edges insidiisterA,;.
These are given b¥ 53 xen, 0" (Uaj,x). Using the fact thalt),j is good w.r.t.
{W} (condition (3)),

2 XEA| 0" (Uaj,x)
ZXEAJ (6+ (ij s X) - 28'm) — €/n|Uaj|
Xb (VVJanJ) *zslm‘Aj‘ *8/n|Uaj|

> {0 %% M 18e'm?} — 2¢/miA| — €'n|Ua)|

v

The last inequality follows from the fact thidh; is good w.r.t{W} (condition
(2)). From Lemma 17,

Z‘C T 1gem?) - 2emiA | — €Uy

18e’mn 2e'm Aj| — €'n|Uaj|

Pj(1- 8)
2\5

Yxea 07 (Uaj,x) = 5 {
> Thj(1-¢)

N c
Thus we boung .8+ (A},Uaj) asy . 8" (Aj,Uaj) > pj(1— s’)z% —18'm?
3s’n|Aj|.
Now using Lemma 19, the total number of agreements is at least

2 [ﬁ'(l—s’)z—CJQPTZ] —18¢'n’k — 3¢'n?
i [P 7

Z‘C‘OPT‘Z A2 "2
>3 |(pj—9€)(1-¢€) ~5—| —18'n%k—3e'n

Hence A > OPTH — 11e'kr? — 21¢'n’k > OPT — 32¢'n?k.

Similarly, consider the negative edgesAn Using Lemma 18 to estimate
o (Uai,Ubj), we get,

Zé* (Uai,Upj) > 8 (G277, ¢FT) — 9¢'n® — 2¢'n| A — €'nlA||
al

Summing over all < j, we get the total number of negative agreements is at
least OPT — 12¢'k?n?.
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So we haveA > OPT— 44¢'k’n? = OPT—en?/2. However, since we lose
en?/2 for not findinge’-good partitions of every; (as argued beforegn?
due toG2T}T, anden?/2 for usingk = £ we obtainA > OPT- 3en?.

The algorithm can fail in four situations:

1. More thang/2 U;s do not have ar’-good partition. However, this hap-

pens with probability at most/2.

2. Lemma 17 does not hold for soré¢. This happens with probability at
most ke €°€M/2,

3. Lemma 19 does not hold for someThis happens with probability at
most & eg—€%em/4
€2

4. Lemma 18 does not hold for some pair. This happens with probability
at most &%e €°em/4,

Observing that the latter three probabilities sum up to astrag2 by our
choice ofm. So, the algorithm succeeds with probability greater thare.10

Now we need to argue for the case whefR"}T| > en. Notice that in this
case, using an argument similar to Lemma 17, we can showMhat| > £
with a very high probability. This is good because, now withigh proba-
bility, Ujk+1) Will also beg'-good w.r.t W1 for most values of. We can
now count the number of negative edges from these vertic#aorporate
them in the proof of Theorem 21 just as we did for the othelusters. So in
this case, we can modify algorithBivide&Chooseto considere’-goodness
of the (k+ 1)th partitions as well. This gives us the same guarantee as in
Theorem 21. Thus our strategy will be to run Algoritidivide&Chooseonce
assuming thatGoR"| > en and then again assuming tHao"}| < en, and
picking the better of the two outputs. One of the two casekomitespond to
reality and will give us the desired approximation to OPT.

Now eachU; hasO(k™) different partitions. Each iteration tak€{nm)
time. There ar&/m Us, so for each partition &/, the algorithm takes time
O(r?k™). Since there ar&™ different partitions of/V, the total running time
of the algorithm ig0(n2k2™) = O(n2e™ &0 °9(2))y This gives us the following
theorem:

THEOREM 22. For anyd € [0, 1], usinge = g, Algorithm Divide&Choose

1 1
runs in time CQnZeO(W '09(3))) and with probability at leasi — g produces a
clustering with number of agreements at le@RT— on°.
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6. Random noise

Going back to our original motivation, if we imagine theres@me true cor-
rect clustering OPT of oun items, and that the only reason this clustering
does not appear perfect is that our functibi, B) used to label the edges
has some error, then it is natural to consider the case tleaettors are
random. That is, there is some constant noise vatel/2 and each edge,
independently, is mislabeled with respect to OPT with pbilig v. In the
machine learning context, this is called the problem ofr&gy with random
noise. As can be expected, this is much easier to handle tleandrst-case
problem. In fact, with very simple algorithms one can (W.hjmrroduce a
clustering that is quite close to OPT, much closer than thabmar of dis-
agreements between OPT ahdThe analysis is fairly standard (much like
the generic transformation of Kearns (1993) in the machéaening context,
and even closer to the analysis of Condon and Karp for grapitipaing
(Condon and Karp, 1999)). In fact, this problem nearly mesaaspecial case
of the planted-partition problem of McSherry (2001). Wesamt our analysis
anyway since the algorithms are so simple.

One-sided noise: As an easier special case, let us consider only one-sided
noise in which each truet” edge is flipped to “-” with probability v. In that
case, ifu andv are in different clusters of OPT, théN™(u) "N*(v)] =0

for certain. But, ifu andv are in the same cluster, then every other node
in the cluster independently has probability— v)? of being a neighbor to
both. So, if the cluster is large, théh" (u) andN* (v) will have a non-empty
intersection with high probability. So, consider clustgrigreedily: pick an
arbitrary nodev, produce a clustet, = {u: |[N*(u) "N*(v)| > 0}, and then
repeat orv — C,. With high probability we will correctly clusteall nodes
whose clusters in OPT are of siz&logn). The remaining nodes might be
placed in clusters that are too small, but overall the nurobedge-mistakes

is only O(n).

Two-sided noise: For the two-sided case, it is technically easier to con-
sider the symmetric difference ®f*(u) andN*(v). If u andv are in the
same cluster of OPT, then every nodeZ {u,v} has probability exactly
2v(1—v) of belonging to this symmetric difference. But,ufandv are in
different clusters, then all nodes in OPT(u) U OPT(v) have probability
(1—v)?4v2=1-2v(1-V) of belonging to the symmetric difference. (For
w ¢ OPT{(u) U OPT(v), the probability remains\g1—v).) Since 2(1—v)

is a constant less thary2, this means we can confidently detect thaind

v belong to different clusters so long g8PT(u) U OPT(v)| = w(y/nlogn).
Furthermore, using justN™(v)|, we can approximately sort the vertices by
cluster sizes. Combining these two facts, we can w.h.pectyrcluster all
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vertices in large clusters, and then just place each of thersinto a cluster
by itself, making a total 0O(n%2) edge mistakes.

7. Extensions

So far in the paper, we have only considered the case of edigtaén
{+,—}. Now we consider real valued edge weights. To address ttiage
we need to define a cost model — the penalty for placing an eudgei or
between clusters.

One natural model is a linear cost function. Specificaltyuteassume that
all edge weights lie in—1, +1]. Then, given a clustering, we assign a cost of
X if an edge of weighk is within a cluster and a cost 8§ if it is placed
between two clusters. For example, an edge weighibgiricurs a cost of
0.25 if it lies inside a cluster and. D5 otherwise. A 6-weight edge, on the
other hand, incurs a cost of 2 no matter what.

Another natural model is to consider weighted disagreesndiat is, a
positive edge incurs a penalty equal to its weight if it lietvireen clusters,
and zero penalty otherwise, and vice versa for negativesedde objective
in this case is to minimize the sum of weights of positive edbetween
clusters and negative edges inside clusters. A special afatbés problem
is edge weights lying if—1,0,+1}. Zero-weight edges incur no penalty,
irrespective of the clustering, and thus can be thought afiasing edges.

In this section we show that our earlier results generabizéhé case of
linear cost functions for the problem of minimizing disagmeents. However,
we do not have similar results for the case of weighted desamgents or
agreements. We give evidence that this latter case is hajopimximate.

LINEAR COST FUNCTIONS

First we consider the linear cost function pAl,+1] edges. It turns out,
as we show in the following theorem, that any algorithm thadidia good
clustering in a graph witk-1 or —1 edges also works well in this case.

THEOREM 23. Let A be an algorithm that produces a clustering on a graph
with +1 and — 1 edges with approximation ratip. Then, we can construct an
algorithm A that achieves an approximation ratio @p+ 1) on a[—1, 1]—graph,
under a linear cost function.

Proof: Let G be a[—1,1]—graph, and le6' be the graph with+1 and—1
edges obtained when we assign a weight of 1 to all positive®dyG and
—1 to all the negative edges (0 cost edges are weighted ailpjtraet OPT
be the optimal clustering 08 and OPTthe optimal clustering o&'. Also,
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let M be the measure of cost (@) in the {+,—} penalty model andn in
the new|—1, 1] penalty model.

Then,my,; < Myp < 2Mopr. The first inequality follows by design. The
latter inequality holds because the edges on which OPT scauwgreater
penalty inm' than inm are either the positive edges between clusters or
negative edges inside a cluster. In both these situatioRq, i@curs a cost
of at least ¥2 inmand at most 1 imr.

Our algorithmA' simply runsA on the graphG’' and outputs the resulting
clusteringA. So, we haveq, < pm’OPT < 2pMoprT.

Now we need to bounthy in terms ofmm,. Notice that, if a positive edge
lies between two clusters iy or a negative edge lies inside a cluster, then the
cost incurred byA for these edges i is 1 while it is at most 1 iim. So, the
total cost due to such mistakes is at mot On the other hand, if we con-
sider cost due to positive edges inside clusters, and negadiges between
clusters, then OPT also incurs at least this cost on thosesgigcause cost
due to these edges can only increase if they are clusteifededifly). So cost
due to these mistakes is at mogipr.

So we have,

ma < My +Mopt < 2pMopT+ MopT
= (2p+1)mopt

O
Interestingly, the above theorem holds generally for asctdscost func-
tions that we callunbiased An unbiased cost function assigns a cost of at
Ieast% to positive edges lying between clusters and negative eigite

clusters, and a cost of at mo@btherwise. A 6-weight edge always incurs
a cost of% as before. For example, one such functiori—*'bﬁ if an edge of
weightx lies between clusters aﬁﬁzf otherwise.

WEIGHTED AGREEMENTYDISAGREEMENTS

Next we consider minimizing weighted disagreements or meing weighted
agreements. Consider first, the special case of edge wéygigsn {—1,0,+1}.
Notice that, as before, if a perfect clustering exists, ihereasy to find it, by
simply removing all the- edges and producing each connected component
of the resulting graph as a cluster. The random case is atgoiedefined
appropriately. However, our approximation techniques dbappear to go
through. We do not know how to achieve a constant-factoryen éogarith-
mic factor, approximation for minimizing disagreementsat&that we can
still use ourDivide & Choosealgorithm to achieve an additive approximation
of en? for agreements. However, this does not imply a PTAS in thisaas
because OPT might b#n?).

journal -new tex; 31/10/2003; 1:25; p.24



Correlation Clustering 25

Now, suppose we allow arbitrary real-valued edge weighiisglin [—oo, 4-co].
For example, the edge weights might correspond to the log @ddwo
documents belonging to the same cluster. It is easy to séehihgoroblem
of minimizing disagreements for this variant is APX-hargl, rleducing the
problem of minimum multiway cut to it. Specifically, | be a weighted
graph with special nodesg, - - -, V. The problem of minimum multiway cut
is that of finding the smallest cut that separates these alpecdes. This
problem is known to be APX-hard (Garey and Johnson, 2000)cdveert
this problem into a disagreement minimization problem digvis: among
each pair of special nodes andv;j, we put an edge of weighte. Then,
notice that any clustering algorithm will definitely put &aaf v1, - - -, vk into
separate clusters. The number (or total weight) of disagee¢s is equal to
the value of the cut separating the special nodes. Thus, lgoyitam that
achieves an approximation ratio pffor minimizing disagreements, would
achieve an approximation ratio pffor minimum multiway cut problem. We
get the following:

THEOREM 24. The problem of minimizing disagreements on weighted graphs
with unbounded weights is APX-hard.

Note that the above result is pretty weak. It does not precthe possi-
bility of achieving a constant approximation, similar te tone for{+, —}-
weighted graphs. However we have reason to believe thdteuhtfore, we
cannot obtain a PTAS for maximizing agreements in this cé¢e.show
that a PTAS for maximizing agreements gives a polynomiaétprocedure
for O(nf) coloring a 3- colorablegraph. While it is unknown whether this
problem is NP-Hard, the problem is well-studied and the kastvn result
is due to Blum and Karger (1997), who give a polynomial tingoathm to
O(n®/14) color a 3-colorable graph.

THEOREM 25. Given a PTAS for the problem of maximizing agreements,
we can use the algorithm to obtain an algorithm fofr® coloring a3 —
colorable graph, for ang > 0.

Proof: Let G = (V,E) be a 3 colorable graph, and let= |E| andn = |V|.
Let K be ann vertex complete graph obtained frdgas follows: an edge
of K has weight-1 if eis an edge irG, and has a positive weight &M/ (2)
otherwise. Her® is a parameter to be specified later.

If we choose each color class as a cluster, it is easy to seththeesult-
ing clustering agrees on thra negative weight edges and on at Ieagfé%g
positive weight edges. Thus the total weight of agreementhie optimal
clustering is at leasin(1+ 6/3). Let us invoke the PTAS for maximizing
agreements witle’ = /30, then we obtain a clustering which has cost of
agreements at least(1+6/3)/(1+6/30) > m(1+8/5).
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We now claim that the size of largest cluster is at leg$t Suppose not.
Then the weight of positive agreements can be at nﬁ%t- 5. (”45) which is

aboutdm/5. Since the total weight of negative edgemighe total weight of
agreements for the clustering cannot be more thé+ 6/5), violating the
guarantee given by the PTAS. Hence, there exists a clussizeht leash/5
in this clustering. Call this clustez.

Now observe that since the PTAS returns a clustering witleasdt(1 +
0/5)m agreements, and the total weight of all positive edges iscst &m,
the total weight of negative agreements is at |¢hast 4—55)m. This implies that
C contains at mos@m negative weight edges. Thus the density of negative

weight edges il is at most®™ /(") ~ 205- {5 Thatis, the cluste€ has

2
an edge density of at most aboutd2ines that ofG and size at least/5.

We can now apply this procedure recursively@asinceC is also 3-
colorable). After 2logn such recursive steps, whelpe= %5, we obtain a
set of density at most/h? times that ofC (and hence independent). Call this
independent sdt Note that the size df is at leasin/(52'°%"). Choosingd
such thab = 5%¢, it is easy to verify that has size at least' &.

Now we can remové from G and iterate orG — 1 (sinceG — 1 is also
3-colorable). It is easy to see that this procedure give®(@i) coloring of
G. O

8. Conclusions

In this paper, we have presented a constant-factor appapximfor minimiz-
ing disagreements, and a PTAS for maximizing agreementshéoproblem
of clustering vertices in a fully-connected gra@hwith {+, —} edge labels.
In Section 7 we extended some of our results to the case of/ahzd la-
bels, under a linear cost metric. As mentioned before, arasting open
guestion is to construct good approximations for miningzagreements and
maximizing agreements for the case of edge weights lyidg-ih, 0, +1}, or
to prove hardness of approximation for this case. Anothirésting ques-
tion is to determine whether the lower bound given by errasddangles is
tight to within a small constant factdt Such a fact might lead to a better
approximation for minimizing disagreements.

5 Interestingly, we were unable to come up with an example fuictvthis factor is larger
than 2. The latter is achieved in a star-like topology whélredmges incident to a “root” vertex
are positive and all other edges are negative.
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8.1. SUBSEQUENTWORK

Following the initial publication of this work, several b&t approximations
and lower bounds have been developed for minimizing dissgeats and
maximizing agreements for general weighted graphs. Imozoet. al. (2003)
and Emanuel et. al. (2003) independently developed |logifapproxima-
tions for the problem of minimizing disagreements. Theelashow that this
problem is equivalent to the minimum multiway cut problenmeTapproxi-
mation for minimizing disagreements in the unweighted a@ae improved
to a factor of 4 by Charikar, Guruswami and Wirth (2003). Tlaso give
a 0.7664-approximation for maximizing agreements in a ggngeighted
graph, which was recently improved to 0.7666 by Swamy (20C4parikar
et. al. also improve our hardness of approximation resultrfimimizing dis-
agreements to 29/28, and give a hardness of approximatidi®f16 for
maximizing agreements.
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