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1 IntroductionSuppose a seller is able to provide a service at total cost C to any number of users. Suppose furtherthat they have done market research to determine the probability distribution from which theirusers valuations for receiving the service are drawn. What selling mechanism then should the sellerrun to to obtain the highest possible pro�t? In a seminal paper [13], Myerson essentially answersthis question. If the seller aims to maximize their expected pro�t, they must �rst compute eachuser's virtual valuation, and then sell the item to all users with non-negative virtual valuation ifthe sum of their virtual valuations is above the cost C. It turns out that in many natural scenarios,this mechanism has a de�cit on some possible instances of the users' values. A seller that is averseto such a loss might prefer a di�erent mechanism.In this paper we consider the general problem of Bayesian optimal mechanism design for arbitrarysingle-parameter agent problems (see e.g., [10, 2, 1]) when the seller requires the mechanism tonever produce a de�cit. In a single-parameter agent problem each agent has a publicly knownpartitioning of possible outcomes into two sets, the reject set and the accept set. It is assumed thatagent i has valuation zero for any outcome in the reject set and private valuation vi for any outcomein the accept set. For auction-like problems, agent i's accept set is simply the set of allocationswhere agent i is allocated their desired good and the reject set is the set of allocations where i isnot allocated their desired good. The truthtelling strategy for agent i would be to report to themechanism (a.k.a. bid) their true private value, vi.We follow a standard approach to pro�t maximization and assume that the agents' private valu-ations come from a known probability distribution. Our goal then is to design the seller optimalmechanism given knowledge of this distribution. We also make the assumption that this Bayesianprior distribution is independent but not necessarily identically distributed.Motivating ProblemsThis paper considers a number of motivating problems, all of which �t in this single-parameteragent framework. Consider the following examples:Fixed cost excludible good. In this case, the example from the �rst paragraph, the seller mustpay a �xed cost C if any items are sold and zero otherwise. A motivating example of such a goodis a digital good with production cost C. This is a special case of the general multicast pricingproblem considered in [5, 6, 11].Fixed cost non-excludible good. In this case there is a �xed cost, C, for providing the goodor service to all users and no cost for serving nobody. However, the mechanism is not allowed toserve some users and not others (i.e., the cost for such allocations is in�nite). We will sometimesrefer to this as the all-or-none case. The classic example of a �xed cost non-excludible good is thebridge building problem where if the bridge is built than anyone can use it.Submodular costs. In this case the additional cost in providing the good to any users is adecreasing function of the set of users already being provided. The excludible and non-excludible�xed cost problem and the multicast pricing problem are special cases of the general submodularcost problem. 1



Combinatorial auction (single-parameter). In this case each agent desires a subset of a setof items. The cost function is such that allocations to agents with disjoint subsets have cost zeroand all other allocations have in�nite cost. See e.g., [10, 1].Supermodular costs. In this case the additional cost in providing the good to any users is anincreasing function of the set of users already being provided. The single-parameter combinatorialauction problem is a special case of a supermodular cost function.Mechanism Design Solution ConceptsThe fundamental di�erence between mechanism design and algorithm design is that the inputs toa mechanism are the private values of sel�sh agents that will attempt to submit bids that result inoutcomes that maximize their own utility. We adopt the following solution concepts for designingmechanisms for such sel�sh agents.Ex post incentive compatibility. Otherwise known as truthful or strategyproof mechanisms,ex post incentive compatible mechanisms (via the revelation principle) are such that each agent,independent of the acts of any other agent, has a dominant strategy of stating their true valuationas their bid.Bayesian incentive compatibility. Bayesian incentive compatible mechanisms are those whereeach agent has an optimal strategy of bidding their true valuation given that the other agents valuescome from a prior distribution and that all other agents bid their true values. Note that such atruthtelling strategy may not be optimal ex post, i.e., once the bids of other agents are known.Overview of ResultsThe major focus of this paper, besides describing the Bayesian optimal mechanism, is computingit eÆciently, i.e., in polynomial time. Myerson's optimal mechanism solves the single-parameteragent optimal mechanism design problem for any cost function given that the seller only wantsto maximize their expected pro�t and spurious de�cits are acceptable. For submodular costs, viaa general algorithm due to Iwata et al. [9], it is possible to compute this optimal mechanism.However, for the single parameter combinatorial auction (and, thus general supermodular costs)this computational problem is NP-hard [10]. Of course the usual questions arise here as to whetherit is possible to approximate the optimal mechanism via a polynomial time computation. For thisproblem, we show that Myerson's reduction from the eÆcient mechanism to the optimal mechanismvia virtual valuations respects approximations. Given an incentive compatible mechanism thatapproximates eÆciency, the Myerson approach can be used to obtain an incentive compatiblemechanism that gives the same approximation factor against the optimal mechanism.For the problem of designing the ex post incentive compatible optimal no-de�cit mechanism weconsider both the form in which the optimal mechanism takes as well as the problem of computing it.Like above, the answer to these questions depends on types of cost functions we are considering. Weshow that for supermodular costs functions, the Myerson mechanism is indeed no-de�cit. Of course,by the above discussion such a mechanism is hard to compute. For the submodular case, and eventhe special case of a �xed cost excludible good, we show that Myerson is not no-de�cit. We then2



consider the most natural way to try to obtain a no-de�cit mechanism that achieves good expectedpro�t: merging the Myerson mechanism which has optimal expected pro�t with a thresholdingmechanism, e.g. Moulin and Shenker's [12] cost sharing mechanism, which has no-de�cit. We showthat even for the �xed cost excludible good problem when bidders are independent and identicallydistributed, this mechanism is not optimal. We further show the somewhat surprising result thateven though in this case the problem is completely symmetrical, the optimal no-de�cit mechanismis not. None-the-less, as these thresholding mechanisms are intuitively easy to understand, we asktwo questions, �rst, when are thresholding mechanisms optimal, and second can we compute them.We show that these mechanisms are indeed optimal for all-or-nothing costs; yet computing theoptimal thresholding mechanism on this special case is NP-hard.We then consider relaxing the our solution concept from ex post incentive compatibility to Bayesianincentive compatibility. We show that while the ex post incentive compatibility payment rule ofMyerson is not no-de�cit on some realizations of the agents' valuations, there is a bayesian incentivecompatible payment rule for Myerson's mechanism that obtains the same expected pro�t as theoriginal Myerson payment rule and guarantees that there is never a de�cit. We leave the problemof computing this payment rule as an open question.Related WorkThis work is based heavily on the result of Myerson [13] and generalizations observed by Bulowand Roberts [3] on optimal mechanism design. Cornelli re-derives these results for the special caseof a �xed cost excludible good and considers the related problem of designing optimal non-directrevelation mechanisms (where the set of allowable bids is a subset of possible valuations of thebidders) [4]. Mehta and Vazirani consider the related computational question of how to computethe optimal \take it or leave it" o�ers for each agent (prior to seeing any agent bids), given aBayesian prior distribution on agent valuations and a cost functions given by the multicast pricingspecial case of submodular costs [11].Another branch of related work is that of worst-case pro�t maximizing mechanism design. For thetrivial cost function, Goldberg et al. give an approximately optimal worst case auction [8, 7]. Fiatet al. consider the �xed cost excludible good problem and more general multicast pricing problem.They give approximately optimal mechanisms under certain assumptions [6].OrganizationThe rest of the paper is organized as follows, in Section 2 we give formal de�nitions for the con-cepts considered above. In Section 3 we review the Myerson mechanism, the derivation of virtualvaluations, and the proof that Myerson is optimal in the general context of any single parameteragent problem. In Section 4 we prove that Myerson is no-de�cit for supermodular cost functions.Since it is NP-hard to compute, we also consider approximating the optimal Myerson mechanismfor (single-parameter) combinatorial auction problem. For the submodular case, in Section 5 weconsider the use of Myerson combined with thresholding mechanisms. We show that such a hybridmechanism is optimal for all-or-nothing cost, but NP-hard to compute. For other submodular costswe show that this technique does not give the optimal mechanism. We consider the relaxed solu-tion concept of bayesian incentive compatibility in Section 6 and show that the optimal no-de�citb.i.c. mechanism obtains the same expected pro�t as Myerson. We conclude in Section 7 with adiscussion and open questions. 3



2 Notation and preliminariesLet B be the set of bidders and c(A) denote the cost of an allocation A � B. We say that cost issubmodular, if for all allocations A1 and A2, c(A1) + c(A2) � c(A1 [ A2) + c(A1 \ A2). Likewise,cost is supermodular, if for all allocations A1 and A2, c(A1) + c(A2) � c(A1 [A2) + c(A1 \A2).Each agent has a true type ti distributed according to the distribution Fi and corresponding densityfunction fi. Without loss of generality, we assume that ti is in the range [0; T ] for all i. Given abid bi of agent i, we de�ne the Virtual Valuation of this bidder to be vi(bi) = bi � 1�fi(bi)Fi(bi) . Werestrict our attention to distributions Fi for which vi is an increasing function of bi. This is astandard assumption and is called Monotone Hazard Rate. This assumption essentially impliesthe uniqueness of the pricing strategy that maximizes the pro�t of the auctioneer. Under thisassumption, there is a one-to-one correspondence between vi(bi) and bi. So we will use b and vinterchangeably in the rest of the paper.For a mechanism M , the allocation served at bid vector b is denoted by M(b). When M is arandomized mechanism, M(b) is a random variable. We use v to denote a vector in the virtualvaluation space. For a virtual valuation vector v and allocation A, we de�ne the virtual surplus ofthis allocation at vector v to be Sv(A) =Pi2A vi � c(A).The price charged to bidder i by a mechanism M at bid vector b is denoted by pMi (b). Each bidderaims to maximize her pro�t and therefore reports a bid bi = argmax [ti�pMi (b�i; bi)]. A mechanismis called truthful, if for all bidders i and all vectors b�i, we have bi = ti. The following lemma is awell-known characterization of truthful mechanisms.Lemma 1 For any truthful (randomized or deterministic) mechanism M , let qMi (b) be the prob-ability that bidder i gets served when the bid vector b is reported. Then, pMi (b) = biqMi (b) �R t=bit=0 qMi (t; b�i)dt.The above lemma suggests that for describing a mechanism, it is suÆcient to specify the (distri-bution over) allocation(s) for every possible bid vector. If a mechanism is deterministic, the pricepMi (b) is the minimum bid that i must bid in order to be served. Whenever it is clear from thecontext, we drop the superscript M .3 The Extended Meyerson mechanism is optimalIn this section, we charaterize the optimal mechanism for Bayesian auctions. When there areonly two bidders and a single item with cost c, Meyerson [13] gives a simple characterization ofthe optimal mechanism. M� serves the bidder with the higher virtual valuation, as long as thisvirtual valuation is larger than the cost c of the item. Below we review how this mechanism canbe generalized to a larger number of bidders and general cost functions.For a mechanism M and bid vector b, let qA(b) denote the probability of serving allocation A atbid vector b. Then, the probability of serving bidder i is given by qi(b) = PA:i2A qA(b). Recallthat by Lemma 1, the price charged to agent i is given by pi(b) = biqi(b) � R t=bit=0 qi(t; b�i)dt. Theexpected revenue of the auctioneer is given by Pi Rb pi(b)f(b)db. Here f is the joint density of thebid vector, f = Qi fi. We can rewrite the revenue collected from bidder i as follows:4



Zb pi(b)f(b)db = Zb�i "Zbi biqi(b)fi(bi)dbi � Zbi  Z t=bit=0 qi(t; b�i)dt! fi(bi)dbi# f(b�i)db�i= Zb�i "Zbi biqi(b)fi(bi)dbi � Zt  Z bi=1bi=t fi(bi)dbi! qi(t; b�i)dt# f(b�i)db�i= Zb�i �Zbi biqi(b)fi(bi)dbi � Zt (1� Fi(bi)) qi(t; b�i)dt� f(b�i)db�i= Zb�i �Zbi �bi � 1� Fi(bi)fi(bi) � qi(b)fi(bi)dbi� f(b�i)db�i= Zb viqi(b)f(b)dbThe net pro�t of the auctioneer is given byZb "Xi viqi(b)�XA c(A)qA(b)# f(b)db = Zb "Xi XA:i2A viqA(b)�XA c(A)qA(b)# f(b)db= ZbXA qA(b) "Xi2A vi � c(A)# f(b)db= ZbXA qA(b)Sb(A) f(b)dbThis gives us the following lemma.Lemma 2 The expected pro�t of any truthful deterministic or randomized mechanism M is exactlyequal to its expected virtual surplus | Rb(Pi pi(b)� c(M(b)))f(b)db = Rb Sb(M(b))f(b)db.Therefore, in order to maximize pro�t, the mechanism should deterministically select the allocationA that maximizes the virtual surplus Sv(A) =Pi2A vi�c(A). We call this mechanism the ExtendedMyerson mechanism1.Theorem 3 The Extended Myerson mechanism given by EM(b) = argmaxASb(A) is the optimaltruthful mechanism for the Bayesian auction problem.3.1 The discrete-valued caseAlthough all the de�nitions given above assume that the buyers' bids are continuous variables, itis easy to formulate similar expressions when bids are discrete-valued. We give analogues for thediscrete case below, and leave the proofs to the reader.For the ith bidder, let xi;j denote the jth value that bi can take. Let the corresponding probabilitybe given by fi;j, and let Fi;j = Pk=jk=0 fi;k denote the cumulative probability. The jth virtualvaluation of bidder i is given by vi;j = xi;j � 1�F (i;j)fi;j (xi;j+1 � xi;j).1We assume for convenience, that the mechanism breaks ties in a consistent fashion. That is, we assume thereis an implicit ordering over allocations, and whenever the virtual surplus maximizing allocation is not unique, themechanism picks the allocation that precedes all other maximizers in the ordering. This is important for truthfulness.5



The price pi(b) charged by a truthful mechanism M , when bidder i reports bi = xi;j, is given bypi(b) = biqi(b) �Pk=j�1k=0 qi(xi;k; b�i)(xi;k+1 � xi;k). The virtual surplus of an allocation and theExtended Myerson mechanism are de�ned as before.3.2 An example and the no-de�cit constraintConsider the following example. There are three bidders with independent but identically dis-tributed bids | 9 with probability 0:6, 12 with probability 0:2 and 16 with probability 0:2. Thevirtual valuations of the bidders are given by v(9) = 7, v(12) = 8 and v(16) = 16. Let the cost ofany allocation containing one bidder be 15, the cost of an allocation with two bidders be 24, andthe cost of serving all of them be 30:4. This is a submodular cost function.The allocations served by the Extended Myerson mechanism and the corresponding virtual surplusesfor all possible bid vectors are given in Figure 1.Note that when all the bidders bid 16, they all get served and the price charged to each is 9. Theseller earns 27, and therefore makes a loss of 3:4. On the other hand, the expected pro�t of theallocation is 1:4016, which is larger than that of any other truthful mechanism.v3 = 7 7 8 1616 (2);1 (2);1 (123);8.68 (1);17 (1);1v3 = 8 7 8 1616 (2);1 (123);1.6 (123);9.68 (123);1.67 (1);1v3 = 16 7 8 1616 (123);8.6 (123);9.6 (123);17.68 (3);1 (123);1.6 (123);9.67 (3);1 (3);1 (123);8.6Figure 1: An example in which EM does not satisfy no-de�cit. Each table gives the allocationand virtual surplus of EM for a particular setting of v3. The horizontal-axis represents v1 andvertical-axis represents v2.De�nition 1 The no-de�cit constraint. A mechanism M is said to satisfy the no-de�cit con-straint, if for all bid vectors b, the pro�t of the seller Pi pMi (b)� c(M(b)) is positive.4 Extended Myerson satis�es no-de�cit for supermodular func-tionsIn this section we prove that the Extended Myerson mechanism always satis�es the no-de�cit con-straint if the cost function is supermodular. We start with a few properties of the EM mechanism.6



Lemma 4 If any bidder served by EM unilaterally increases her bid, then the allocation of themechanism stays the same. That is, given any two bid vectors b and b0 with bj = b0j for all j 6= i,and bi < b0i, if i 2 EM(b), then EM(b0) = EM(b).Proof: For an allocation A, let �(A) = Sb0(A) � Sb(A). Then, for any allocation A containing i,�(A) = b0i � bi > 0, whereas, for any other allocation, �(A) = 0. If i 2 EM(b), then �(EM(b)) ��(A) for any allocation A. Also, we have Sb(EM(b)) � Sb(A) for all A, by de�nition. Therefore,Sb0(EM(b)) � Sb0(A) for all A, and EM(b0) = EM(b).We get the following corollary:Corollary 5 The payment for bidder i given allocation A with i 2 A and other bids b�i is theminimum bid bi such that EM(b) = A.Proof: Note that the payment for bidder i is less than the minimum bid bi withM(b) = A, becausei 2 A. Suppose the payment is less than bi, and is given by b0i. Then, A2 = M(b0i; b�i) containsbidder i, but A1 6= A2. This contradicts the lemma above.Now we are ready to prove the main theorem:Theorem 6 Extended Myerson satis�es no-de�cit for supermodular costs.Proof: Note that for all bid vectors b withEM(b) = A, and for all i 2 A, we have Sb(A) � Sb(Anfig).So we have bi � vi(bi) � c(A) � c(A n fig).Now let mini(A) be the minimum bid bi of bidder i, with i 2 A, such that for some bid vector b�i,A is served, that is, M(bi; b�i) = A. Then Corollary 5 implies that the payment of bidder i at anyvector b with M(b) = A is given by pi(b) � mini(A), which is larger than c(A)� c(A n fig) by ourobservation above.Now, taking a sum over all i, we get that the total payment collected is at least Pimini(A) �Pi[c(A) � c(A n fig)]. The net pro�t obtained is at least Pi[c(A) � c(A n fig)] � c(A). Note thatsubmodularity implies c(A) � c(A n fig) � c(B) � c(B n fig), for any set B � A with i 2 B.We order the bidders in A in an arbitrary order { n1; � � � ; nk. Then, the net pro�t is given byPi[c(A)� c(A n fig)] � c(A) �Pi[c([j�ifnjg)� c([j<ifnjg)]� c(A) = c(A)� c(A) = 0.4.1 Computation of the optimal mechanismNext we consider the problem of computing the Extended Meyerson mechanism for supermodularcosts. In particular, we consider the problem of determining the winning allocation, given the bidvector, bid distributions and the cost function. Note that the input to this problem is in itselfexponential in size. We therefore assume that the algorithm is provided with the following in orderto �nd the optimal mechanism:� A distribution oracle. Given i and bi, it returns Fi(bi).7



� A virtual value oracle. Given i and bi, it returns vi.� A cost oracle. Given A, it returns c(A).In order to solve this problem, given a bid vector b, the mechanism designer must determine the setA that maximizes the surplus Sb(A) =Pi2A vi � c(A). Note that because costs are supermodular,the function Sb(A) is a submodular function. The NP-hardness of this problem now follows fromthe NP-hardness of maximization over submodular functions.As an example, we reduce the problem of �nding the maximum independent to this problem. Inparticular, let the bidders correspond to vertices. The cost of an allocation A is 0 if the correspond-ing set of vertices is an independent set (note that this can be computed in O(n2) time), and 1otherwise. It is easy to check that this cost is increasing and supermodular.Bids of each bidder take on values 0 or 1. Each bid vector corresponds to a set of vertices containingexactly those vertices that have bid 1. The allocation that maximizes the virtual surplus corre-sponds to the maximum independent set in the graph. The reduction is approximation-preserving.Therefore, it is hard to approximate Problem 1 better than 
(n1��) unless P=NP.Theorem 7 It is NP-hard to approximate the expected pro�t of EM for a supermodular cost func-tion better than an 
(n1��) factor.Given the above result, we consider a special case of this problem, namely the single-parametercombinatorial auction problem. We �rst note a relationship between pro�t maximization in aBayesian setting and computing the social optimum in a worst-case setting. Note that for any bidvector b, the socially optimal solution is one that maximizes SOPTb(A) =Pi2A bi � c(A). On theother hand, the pro�t maximizing solution aims to maximize Sb(A) =Pi2A vi(bi)� c(A). If thereexists an algorithm to compute an optimal solution to the �rst problem, then we can use the samealgorithm to compute the optimal solution to the second problem, by simply giving the virtualvaluation vector to the algorithm as input. A truthful mechanism in the �rst case would transforminto a truthful mechanism in the second, because virtual valuations are increasing functions of bids.Note that it is NP-hard to �nd the socially optimal solution for combinatorial auctions. However, forthe special setting of single-parameter agents, there are randomized auctions [1] that approximatethe social optimum well, and are truthful in expectation, or with high probability.We �rst show that any truthful deterministic mechanism that approximates the social optimumgives an approximation to pro�t maximization in the Bayesian setting. Next we show how to modifythe randomized auction of [1] to get a (1 + �)-approximation to pro�t for the Bayesian setting viaan auction that is truthful in expectation.Theorem 8 Given a polynomial-time truthful deterministic mechanism M that approximates thesocial optimum of a combinatorial auction in a worst-case setting, there exists a polynomial-timetruthful mechanism M 0 that approximates the expected pro�t in a Bayesian setting.Proof: The mechanism M 0 can be described as follows. Given the bid vector b and costs c, we �rstdetermine the virtual valuations vector v. We then run the mechanismM on the virtual valuationsv along with the cost vector c. Let A be the allocation determined by M and p be the vector8



of prices to be charged to bidders. M 0 returns the allocation A along with price vector p0, wherep0i = v�1i (pi).2Noting that SOPTv(A) = Sb(A), it is clear that the virtual surplus of the mechanism M 0 is thesame as the pro�t of M , and therefore the two mechanisms obtain the same approximation. It onlyremains to show that M 0 is truthful.Note that the truthfulness of M implies that M is monotone in all its input bids, viz., the vectorv. Since the allocation of M 0 is the same as that of M , and vi is increasing in bi, M 0 is alsomonotone in the bids b. Furthermore, the price charged by M is the minimum vi for which i 2 A.Correspondingly, M 0 charges the bidder the minimum bid (v�1i (pi)) for which the bidder i 2 A.Therefore, M 0 is truthful.Finally, we use the same technique as in the above proof to adapt the randomized mechanism of [1]to our setting. We obtain a (1 + �) approximation to pro�t. The resulting mechanism is monotonein the input bids, because the mechanism of [1] is monotone. However, because the mechanism israndomized, we cannot simply take the virtual inverse of the price charged by M to compute theprice charged by M 0. The price charged in this case is given by pi(b) = biqi(b) � R t=bit=0 qi(t; b�i)dt,where qi(b) is the probability that bidder i gets served when the bid vector is b. Aarcher et. al. [1]compute this price by using a sampling technique. We use the same technique but replace the bidvalues used in their method, by the virtual inverse of the values. This gives us an estimate of theprice pi(b).Theorem 9 There exists a polynomial time mechanism that is truthful in expectation and obtainsa (1 + �)-approximation to the single-parameter combinatorial auction in a Bayesian setting.5 Submodular costs, threshold mechanisms and all-or-none costsIn this section we consider submodular cost functions. As shown in Section 3.2, in this case, theExtended Meyerson mechanism does not always satisfy the no-de�cit constraint. We now consider asimple family of mechanisms that always satis�es the no-de�cit constraint. A threshold mechanismis characterized by values �i(A) for i 2 A signifying the minimum bid of bidder i such that for somebids of other bidders, allocation A is served. In particular, the mechanism characterized by thesevalues is given by the following:M(b) = argmaxA:8i2A;bi��i(A)Sb(A)Note that if the threshold mechanism M satis�es the condition in Corollary 5, and the constraintthat for all allocations A, Pi2A �i(A) � c(A), then it satis�es the no-de�cit constraint.A natural question to ask is whether threshold mechanisms are optimal in the class of all truthfulmechanisms satisfying no-de�cit. Unfortunately, this is not the case, even when the cost functionis symmetric and submodular, and all the bids are identically distributed, as we show through anexample below.Consider the example of section 3.2 again. Recall that in this example, EM makes a loss. Theoptimal no-de�cit mechanism for this function is given in Figure 2, and has strictly larger pro�tthan any threshold mechanism, or any symmetric mechanism.2In the case of discrete-valued variables, we de�ne v�1i (pi) to be the smallest bid bi for which vi(bi) � pi.9



v3 = 7 7 8 1616 (2);1 (2);1 (123);8.68 (1);17 (1);1v3 = 8 7 8 1616 (2);1 (123);1.6 (123);9.68 (123);1.67 (1);1v3 = 16 7 8 1616 (123);8.6 (123);9.6 (123);17.68 (3);1 (123);1.6 (13);9.67 (3);1 (3);1 (13);8.6Figure 2: An example in which the optimal no-de�cit mechanism is not a threshold mechanism.The expected revenue of the optimal no-de�cit mechanism is 1:3744. The expected revenue of theoptimal no-de�cit threshold mechanism is 1:3728.Although threshold mechanisms are not optimal for arbitrary submodular cost functions, we nowshow that they are indeed optimal for a special class of cost functions, that we call all-or-none costs.An all-or-none cost function is one in which the only allocations served are the empty allocationor the one containing all bidders. That is, for all allocations A with A 6= ; and A 6= B, the costc(A) =1.Lemma 10 Let M be any truthful mechanism for an all-or-none cost function c. Then, pMi (b) isnon-increasing in bids bj with j 6= i.Proof: Suppose that there are bidders i and j such that pMi (b) not non-increasing in bj . Then,there are bid vectors b and b0 with b0k = bk for all k 6= j and b0j > bj , such that pi(b0) > pi(b). Notethat M is truthful, and so pi does not depend on bi. So we choose bi = b0i = pi(b0)+pi(b)2 . Now, i isserved at b but not at b0. However, since c is an all-or-none cost function, we have M(b) = B andM(b0) = ;. This means that the pro�t of bidder j is zero at b0. Then it is immediate, that whenthe bid vector is b0, it is bene�cial for bidder j to lie and report bj instead of b0j, and thereby obtainstrictly positive pro�t. This contradicts the truthfulness of M .Theorem 11 There exists a threshold mechanism that is optimal for any all-or-none cost functionamong the class of all truthful mechanisms satisfying no-de�cit.Proof: Let M be any optimal truthful mechanism satisfying no-de�cit. We will de�ne a thresholdmechanism M 0 with pro�t at least as large as the pro�t of M , thereby proving the theorem.Let � be the bid vector with bi = T , the highest bid, for every i. Let �i(B) = pMi (�) for all i. Then,Pi �i(B) = Pi pMi (�) � c(B), because M satis�es no-de�cit. Consider the threshold mechanismM 0 given by thresholds �i. 10



For any bid vector b with M(b) = B, we must have Sb(B) > 0. Otherwise, we can increase thepro�t of M by serving B only when Sb(B) > 0 and serving the empty set otherwise. Note also,that for all b with M(b) = B and all i, we have bi � pMi (b) � pMi (�) = �i(B). Here the secondinequality follows from Lemma 10. These two conditions along with the de�nition of M 0 imply thatM 0(b) = B.This means that for all b with M(b) = B, we have M 0(b) = B. We get Sb(M(b)) � Sb(M 0(b)), forall vectors b. Lemma 2 now implies that M 0 has a larger expected pro�t than M .5.1 Computational hardness of the optimal threshold mechanismAlthough threshold mechanisms are not always optimal, their simplicity is appealing and may makethem practically useful. In this section we investigate the complexity of computing the optimalthreshold mechanism. In particular, given bid distributions and a cost function, we consider thedecision problem of determining whether there is a threshold mechanism with total expected pro�tgreater than some given value P .We show that even for a very simple input, in which every bidder has only two possible bids, and thecost function is an all-or-none function, it is NP-hard to compute the optimal threshold mechanism(which is also the optimal mechanism satisfying no-de�cit in this case). As before, we assume thatthe mechanism has oracle access to bid distributions, virtual valuations and the cost function. Wereduce the knapsack problem to the problem of computing the optimal mechanism.Theorem 12 The problem of computing the optimal no-de�cit mechanism is NP-hard.Proof of Theorem 12: We reduce the knapsack problem to the problem of computing the optimalmechanism. The input to the knapsack problem is a set of items 1; � � � ; n, with sizes s1; � � � ; sn, andvalues u1; � � � ; vn, and two positive real numbers S and U . The goal is to determine whether thereis a subset A of items with small total size Pi2A si � S and large total value Pi2A ui � U .The reduction is as follows. We assume that S <Pi si, otherwise the knapsack problem is trivial tosolve. We rescale the sizes si and S such that for all i, S� si > ui, and for all i and j, S > ui+uj ,and sisj > uiuj .We construct a bidder for every item. The ith bidder has the following bid distribution | li = S�ui�si+� with probability fi = si+uiS+ui and hi = S�ui+� with probability 1�fi = S�siS+ui . The virtualvaluations of bidder i are given by vi(hi) = hi and vi = vi(li) = �+ uisi+ui (S�ui� 2si) > �� siuisi+ui .We pick � > siuisi+ui for all i so that vi(li) > 0. Let the cost of serving all users be C = Pi hi � S,and for serving any other non-empty subset be 1.Now, it is easy to check that for all i, vi+Pj 6=i hj > C, but for all i and j, vi+ vj+Pk 6=i;j hk < C.Therefore, any mechanism should serve all bidders at bid vectors in which at most one bidderbids a low value and all the others bid high values. Let bi denote the bid vector fli; h�ig. Theoptimal mechanism serves all bidders at all these bid vectors bi, along with fhig. Note however, thepayments made by bidders when everyone bids hi are li, andPi li =Pi hi�Pi si <Pi hi�S = C.Therefore, the optimal mechanism does not satisfy no-de�cit.The optimal no-de�cit mechanism serves some subset of the vectors bi. Let this subset be A. Then,in order to satisfy no de�cit, it must be the case that Pi2A li+Pi62A hi � C. This is satis�ed if andonly ifPi2A si � S. The virtual surplus at vector bi is given by �j(1�fj) fi1�fi (vi+Pj 6=i hj�C) =11



�j(1�fj)ui. De�ne t such that the virtual surplus at bid vector fhig is �j(1�fj)t. Then, the totalexpected pro�t of the auctioneer is [�j(1�fj)](Pi2A ui+ t). This pro�t exceeds [�j(1�fj)](U + t)if and only if Pi2A ui � U .Therefore, the reduction is complete and a solution to the problem of computing the optimal no-de�cit mechanism gives a solution to the knapsack problem.
6 Optimality via Bayesian Incentive CompatibilityIn this section, we consider weakening the solution concept to Bayesian Incentive Compatibility.A mechanism M is said to be Bayesian incentive compatible (b.i.c.), if for all bidders i, and forall types ti, the expected pro�t of the bidder is maximized when the bidder reveals her true value.That is, argmaxbi Ebj ;j 6=i[qMi (b)(ti � pMi (b))] = ti. As before, qMi (b) denotes the probability thatbidder i gets served by M when the bid vector is b.The no-de�cit constraint in the Bayesian case is the same as before { for any given set of bids, thenet pro�t of the auctioneer should be non-negative.Given that the optimal incentive-compatible mechanism does not always satisfy the no-de�cit con-straint, a natural question to ask is whether there exists an optimal b.i.c. mechanism that satis�esthe constraint. As we show below, this is always the case, regardless of the cost function. Althoughthe proof is constructive, unfortunately, it does not give us a means of computing the optimalno-de�cit b.i.c. mechanism in polynomial time.Theorem 13 For all submodular cost functions, there exists an optimal b.i.c. mechanism thatsatis�es the no-de�cit constraint.Note that for any incentive compatible mechanism M , we can de�ne another mechanism M i, inwhich the prices charged to bidder i change, however, in expectation, Ebj ;j 6=i[qMi (b)(ti � pMi (b))]remains the same for all types ti and bids bi. This can be done, for instance, by decreasing theprice charged to bidder i for some setting of the bids of other bidders, bj for j 6= i, and matchingit with a corresponding increase in pMi (b) for some other setting of the bids bj, j 6= i.If the mechanism M is b.i.c., then so is M i, because the expected pro�t of any bidder in the twomechanisms is exactly the same. The expected pro�t of the auctioneer, the expectation being takenover bids of all bidders, also stays the same. However, the pro�t for any particular setting of bidschanges. Note that the outcome (allocation) of the mechanism stays the same. In particular, it isthe same as the allocation of EM . The only quantity that changes is the price charged to biddersthat are served.We use this idea to rebalance the pro�t of the auctioneer, such that the expected pro�t stays thesame, whereas now, for all settings of the bids, the actual pro�t is non-negative.We allow the new mechanism M 0 to charge prices pMi (b) that are greater than bi or smaller thanzero. That is, the mechanism is not necessarily ex-post IR, but it is ex-ante IR. Likewise, theauctioneer may sometimes make a payment to one of the bidders in order for the mechanism to beb.i.c., however, she always makes non-negative pro�t by charging the other bidders a high price.12



Let EM be the optimal truthful mechanism, as before. Let �(b) = Pi2M(b) pMi (b) � c(M(b)) bethe pro�t of the auctioneer at bid vector b, and R(b) = �(b)f(b) be its contribution to the totalexpected pro�t. First we describe a procedure that transfers an � amount of expected pro�t fromone bid vector to another, while still maintaining bayesian incentive compatibility.Procedure Transfer:Input: A b.i.c. mechanism M ; two bid vectors b1 and b2; a bidder i with b1i = b2i and i 2M(b1) \M(b2); a small positive number � > 0.Output: A b.i.c. mechanism M 0 with the same allocation rule as M , and with RM 0(b1) =RM (b1) + � and RM 0(b2) = RM (b2)� �.1. pM 0i (b1) = pMi (b1) + �f(b1) ; pM 0i (b2) = pMi (b2)� �f(b2) .2. All other prices in M 0 are the same as that in M .It is immediate that R(b1) increases by an � amount and R(b2) decreases by the same amount.Note that because we only change the price of the ith bidder, and b1i = b2i , the expected pro�t ofbidder i remains the same. Therefore, the mechanism M 0 output by the above procedure is alsob.i.c.Now, we apply the above procedure iteratively, until the mechanism satis�es no-de�cit. The algo-rithm is given below.The rebalancing algorithm:Repeat the following steps until there are no bid vectors with R(b) < 0.1. Let b1 be a bid vector for which R(b1) < 0, and b2 be another bid vector for which R(b2) > 0,with M(b1) =M(b2).2. Let � = minf�R(b1);R(b2)g.3. If there exists a bidder i 2 M(b1) with b1i = b2i , run the procedure Transfer with parametersb1; b2; i, and �.4. Otherwise, we de�ne a new bid vector b3 and transfer pro�t from b2 to b1 via b3, as follows.(a) Suppose there exist bidders i and j inM(b1), with b1i < b2i and b1j > b2j . Let b3 be de�nedas b3k = maxfb1k; b2kg for all bidders k.(b) Suppose b1k < b2k for all bidders k. De�ne b3 as b3j = b1j and b3k = b2k for all k 6= j.(c) Finally, suppose b1k > b2k for all bidders k. De�ne b3 as b3i = b2i and b3k = b1k for all k 6= i.5. Run the procedure Transfer with parameters b1; b3; j, and �, and then again with parametersb3; b2; i, and �.Next we argue the correctness of the rebalancing algorithm.
13



6.1 Correctness of the rebalancing algorithmIn order to verify the correctness of the rebalancing algorithm, we begin by showing that if M doesnot satisfy the no-de�cit condition, then we can always �nd bid vectors b1 and b2 satisfying theconditions in step 1. If M does not satisfy no-de�cit, then, by de�nition, there must exist a bidvector b1 with R(b1) < 0. Furthermore, for every allocation A, the expected pro�t of M over bids bfor whichM(b) = A is positive. In particular, it is given byPb:M(b)=AfPi2A vi(b)�c(A)g, which isstrictly positive by de�nition. Let A = M(b1). Then, there exists a bid vector b2 with M(b2) = Aand R(b2) > 0. The pair b1 and b2 satisfy the conditions of step 1.If there exists a bidder i 2 M(b1) with b1i = b2i , then the pair b1 and b2 satis�es all the conditionsrequired for the transfer procedure, and we are done.Otherwise, note that the bidder b3 de�ned in step 4 satis�es EM(b1) � EM(b3), or EM(b2) �EM(b3). This follows from Lemma 4, because we either have b3k � b1k for all k 2 EM(b1), or b3k � b2kfor all k 2 EM(b2). Again in this case, the pairs b1 and b3, and the pairs b2 and b3 satisfy theconditions of the transfer procedure.Now note that the pro�t of b3 stays the same as before, because in one transfer step, it decreasesby an � amount and in the second, it increases by the same amount �.It only remains to show that the algorithm converges to a mechanism that satis�es no-de�cit. Inorder to do this, we consider a non-negative potential function that is non-zero only when themechanism does not satisfy no-de�cit, and show that at every step of the iteration, the potentialfunction decreases. The potential function is given by #M =Pb #M(b) = �Pb:R(b)<0R(b).We only change the prices at bid vectors b1, b2 and b3, and therefore, it is suÆcient to considerthe value of the potential at these bid vectors. As we argued before, R(b3) stays the same beforeand after the iteration. The contribution of b2 to the potential function is zero before and after theiteration, because R(b2) � 0 at both times. Finally, the contribution of b1 is �R(b1) before theiteration but decreases by an � amount during the iteration. Therefore, there is a net decrease inthe potential after each iteration, and the algorithm converges to a no-de�cit mechanism.Furthermore, note that at every step, the pro�t of at least one bid vector goes from a non-zerovalue to zero. Since there are only a �nite number of bid vectors, the process terminates in a �nitenumber of steps.This concludes the proof of Theorem 13.7 ConclusionsAcknowledgementsWe are grateful to Amitabh Sinha for several helpful discussions.References[1] A. Archer, C. Papadimitriou, K. Tawar, and E. Tardos. An Approximate Truthful Mechanismfor Combinatorial Auctions with Single Parameter Agents. In Proc. 14th Symp. on Discrete14
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