
Dense Matrix Solvers - LAPACK routines
Introduction to Parallel Sparse Direct solvers



Introduction

BLAS Level 3 routines provide convenient optimized operations that involve 
operations between multiple matrices, e.g.  

- Multiply two matrices (GEMM) 
- Add a (special) product of two matrices to a third matrix (rank-k update) 
- Solve a triangular system LX = B where X & B are matrices (not vectors)

So far, we haven’t seen routines to solve linear systems of equations 
(with the exception of the triangular system solve; but that’s a special case)

Typical mode of use for routines we will examine:  
- We may want to solve systems of the form Ax = b where the matrix A is not 

necessarily an “easy” one to handle (i.e. a triangular matrix) 
- For many applications we may need to solve several systems like the one 

above with the same matrix A but for different right-hand-sides b1, b2, b3, … 
(and correspondingly producing multiple solutions  x1, x2, x3, …) 

- In many cases we can afford a more expensive “one-time” pre-computation 
for the sake of accelerating the solution of subsequent problems.





Introduction

Solvers for linear systems (Ax = b) come in two (main) flavors: 
- Iterative solvers (e.g. Conjugate Gradients) that converge to the solution  

after a number of iterations (hopefully not too many …) 
- Direct solvers produce the solution without iteration, by following a set 
algorithm that does not involve progressive “improvement” of a guess 

(e.g. Gauss Elimination, or Forward/Backward substitution when applicable)

Pros/Cons of iterative methods :  
+ Relatively easy to set-up, as a general rule they don’t require much 

pre-computation to be used 
+ Some can be used without building the matrix explicitly 

(as in our earlier use of Conjugate Gradients) 
- They may require many, many iterations to converge 

(“pre-conditioners” help, but are difficult to design) 
- Some matrices can be particularly bad for them 

(it can be common that you need to use double-precision computation  
to barely get single-precision accurate results)



Introduction

Solvers for linear systems (Ax = b) come in two (main) flavors: 
- Iterative solvers (e.g. Conjugate Gradients) that converge to the solution  

after a number of iterations (hopefully not too many …) 
- Direct solvers produce the solution without iteration, by following a set 
algorithm that does not involve progressive “improvement” of a guess 

(e.g. Gauss Elimination, or Forward/Backward substitution when applicable)

Pros/Cons of direct methods :  
+ No need to worry about how many iterations it will take (they “just” work …) 
+ In many cases they are capable of computing solutions to higher accuracy,  

even for some “bad/problematic” matrices  
- They require significant amounts of computation 

(up to O(N3) for systems with N equations and N unknowns) 
- Pre-computation often required, which is only amortized if solving for 

many right-hand sides 
??? Parallel Potential: Relatively easy to leverage for dense systems, 

much more challenging for sparse systems.



Solving a dense or a sparse matrix?

Systems (Ax = b) where the matrix A is dense offer the most direct opportunity 
for accelerated parallel computation 

- Support in MKL provided through “LAPACK routines” (we will see next) 
- Generally, matrices are given in row-major/column-major format  

(with some modestly-space-saving variants we will discuss …)  
- Parallel optimizations follow the pattern we have seen in GEMM-style 

operations (blocking, targeted vectorization, cache optimization)

Systems (Ax = b) where the matrix A is sparse offer the most highest impact, 
since they can scale to many millions of equations relatively easily (as opposed 
to dense methods that are rarely used beyond ~50,000 equations/unknowns)  

- Support in MKL provided through the PARDISO library 
(will visit briefly today, in more detail next lecture)  

- Generally, matrices are given in CSR/CSC compressed format 
- Parallel optimizations use highly advanced ideas and concepts,  

with great degree of sophistication both in theory and parallel programming 
(we will attempt to appreciate at least the “spirit” of such optimizations) 











General matrices

A = PLU
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Factorization Stage: Compute LU 
Factorization (or LU 
“decomposition”)
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Factorization Stage: Compute LU 
Factorization (or LU 
“decomposition”)
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Lower-triangular factor 
(“unitary” along the diagonal)
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<latexit sha1_base64="EI3q24vKMdniXE09UNNJLKjJpTY="></latexit>

Upper-triangular factor Permutation matrix

Factorization Stage: Compute LU 
Factorization (or LU 
“decomposition”)



General matrices

A = PLU
<latexit sha1_base64="vGMTHTffa/qslhtr3aS9NcRhtcw=">AAACA3icbVBNS8NAEJ3Ur1q/ot70slgETyWpgl6EqhcPHiqYttCWstlu2qWbTdjdCCUEvPhXvHhQxKt/wpv/xqSNoK0PFt6+N8PMPDfkTGnL+jIKC4tLyyvF1dLa+sbmlrm901BBJAl1SMAD2XKxopwJ6mimOW2FkmLf5bTpjq4yv3lPpWKBuNPjkHZ9PBDMYwTrVOqZex0f66HrxRcJOkc/n/qNk5R6ZtmqWBOgeWLnpAw56j3zs9MPSORToQnHSrVtK9TdGEvNCKdJqRMpGmIywgPaTqnAPlXdeHJDgg5TpY+8QKZPaDRRf3fE2Fdq7LtpZbakmvUy8T+vHWnvrBszEUaaCjId5EUc6QBlgaA+k5RoPk4JJpKluyIyxBITncaWhWDPnjxPGtWKfVyp3p6Ua5d5HEXYhwM4AhtOoQbXUAcHCDzAE7zAq/FoPBtvxvu0tGDkPbvwB8bHN80Slvg=</latexit>

A =

0

BB@

a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44

1

CCA

<latexit sha1_base64="2CF8R+RtsCJKcBqQvnI62ZtQ64Y="></latexit>

Aafter =

0

BB@

u11 u12 u13 u14

l21 u22 u23 u24

l31 l32 u33 u34

l41 l42 l43 u44

1

CCA

<latexit sha1_base64="efurqoK2IiMMq9w2wb3frwqR0zM="></latexit>
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Factorization (or LU 
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Both factors returned in-place  
overwriting the input matrix

Returned as a vector 
(encoding the permutation)







Computational complexity : O(N3) arithmetic operations, O(N2) memory 
- Uses very similar opportunities for parallelization as GEMM (e.g. blocking) 

- Starts being compute-bound for matrix sizes exceeding approximately 1000

General matrices
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Solve Stage: Use LU decomposition 
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Solve for w by permuting elements of b
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Solve for z using forward substitution
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Pw = b
<latexit sha1_base64="KytNCVclcHUBW2tEEoIxZGTzUjk=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEVyWpgm6EohuXFewD2lIm00k7dDIJMxOlhLjxV9y4UMStf+HOv3HSRtDWAwNnzrmXe+/xIs6Udpwva2FxaXlltbBWXN/Y3Nq2d3YbKowloXUS8lC2PKwoZ4LWNdOctiJJceBx2vRGV5nfvKNSsVDc6nFEuwEeCOYzgrWRevZ+J8B66PlJ7T5FF+jn56U9u+SUnQnQPHFzUoIctZ792emHJA6o0IRjpdquE+lugqVmhNO02IkVjTAZ4QFtGypwQFU3mVyQoiOj9JEfSvOERhP1d0eCA6XGgWcqsw3VrJeJ/3ntWPvn3YSJKNZUkOkgP+ZIhyiLA/WZpETzsSGYSGZ2RWSIJSbahFY0IbizJ8+TRqXsnpQrN6el6mUeRwEO4BCOwYUzqMI11KAOBB7gCV7g1Xq0nq03631aumDlPXvwB9bHN1Z/ltE=</latexit>

Lz = w
<latexit sha1_base64="fC6z1PTEvCIADLFc3u+W7d7SW2E=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEVyWpgm6EohsXLirYB7ShTKaTdujkwcxEqSFu/BU3LhRx61+482+ctBG09cDAmXPu5d573IgzqSzry5ibX1hcWi6sFFfX1jc2za3thgxjQWidhDwULRdLyllA64opTluRoNh3OW26w4vMb95SIVkY3KhRRB0f9wPmMYKVlrrmbsfHauB6ydV9is7Qz+8u7Zolq2yNgWaJnZMS5Kh1zc9OLySxTwNFOJaybVuRchIsFCOcpsVOLGmEyRD3aVvTAPtUOsn4ghQdaKWHvFDoFyg0Vn93JNiXcuS7ujLbUE57mfif146Vd+okLIhiRQMyGeTFHKkQZXGgHhOUKD7SBBPB9K6IDLDAROnQijoEe/rkWdKolO2jcuX6uFQ9z+MowB7swyHYcAJVuIQa1IHAAzzBC7waj8az8Wa8T0rnjLxnB/7A+PgGdNKW5Q==</latexit>

Ux = z
<latexit sha1_base64="Tf7bFt94HMlRoWBMtiM2K7/+C08=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuCpJFXQjFN24rGDaQlvKZDpph04ezEzEGuLGX3HjQhG3/oU7/8ZJG0FbDwycOede7r3HjTiTyrK+jMLC4tLySnG1tLa+sbllbu80ZBgLQh0S8lC0XCwpZwF1FFOctiJBse9y2nRHl5nfvKVCsjC4UeOIdn08CJjHCFZa6pl7HR+roeslzl2KztHP7z7tmWWrYk2A5omdkzLkqPfMz04/JLFPA0U4lrJtW5HqJlgoRjhNS51Y0giTER7QtqYB9qnsJpMLUnSolT7yQqFfoNBE/d2RYF/Kse/qymxDOetl4n9eO1beWTdhQRQrGpDpIC/mSIUoiwP1maBE8bEmmAimd0VkiAUmSodW0iHYsyfPk0a1Yh9Xqtcn5dpFHkcR9uEAjsCGU6jBFdTBAQIP8AQv8Go8Gs/Gm/E+LS0Yec8u/IHx8Q2EaJbv</latexit>

Solve for x using backward substitution





Symmetric, positive definite matrices

Defining property  
(for any nonzero vector x) xTAx > 0

<latexit sha1_base64="A+ObHHiZV/JSwZyHsuL/eoBGOy4=">AAACAnicbZDLSsNAFIZPvNZ6i7oSN8EiuCpJFXQlVTcuK/QGbSyT6aQdOpmEmYm0hOLGV3HjQhG3PoU738ZJG0Fbfxj4+M85zDm/FzEqlW1/GQuLS8srq7m1/PrG5ta2ubNbl2EsMKnhkIWi6SFJGOWkpqhipBkJggKPkYY3uE7rjXsiJA15VY0i4gaox6lPMVLa6pj77QCpvucnw/Fd9Ycvh+MLu2MW7KI9kTUPTgYFyFTpmJ/tbojjgHCFGZKy5diRchMkFMWMjPPtWJII4QHqkZZGjgIi3WRywtg60k7X8kOhH1fWxP09kaBAylHg6c50STlbS83/aq1Y+eduQnkUK8Lx9CM/ZpYKrTQPq0sFwYqNNCAsqN7Vwn0kEFY6tbwOwZk9eR7qpaJzUizdnhbKV1kcOTiAQzgGB86gDDdQgRpgeIAneIFX49F4Nt6M92nrgpHN7MEfGR/fkKKXhg==</latexit>



Symmetric, positive definite matrices

LU decomposition is replaced by  
“Cholesky” factorizationA = LLT

<latexit sha1_base64="fSRAJ9M80o+f+iA60kA7C8xpens=">AAACA3icbVC7SgNBFL3rM8bXqp02g0GwCrtR0EaI2likiJAXJGuYncwmQ2YfzMwKYQnY+Cs2ForY+hN2/o2zyQqaeGDgzDn3cu89bsSZVJb1ZSwsLi2vrObW8usbm1vb5s5uQ4axILROQh6Klosl5SygdcUUp61IUOy7nDbd4XXqN++pkCwMamoUUcfH/YB5jGClpa653/GxGrhecjlGF+jnU6mM72pds2AVrQnQPLEzUoAM1a752emFJPZpoAjHUrZtK1JOgoVihNNxvhNLGmEyxH3a1jTAPpVOMrlhjI600kNeKPQLFJqovzsS7Es58l1dmS4pZ71U/M9rx8o7dxIWRLGiAZkO8mKOVIjSQFCPCUoUH2mCiWB6V0QGWGCidGx5HYI9e/I8aZSK9kmxdHtaKF9lceTgAA7hGGw4gzLcQBXqQOABnuAFXo1H49l4M96npQtG1rMHf2B8fANE/pdH</latexit>

A =

0

BB@

a11 a21 a31 a41
a21 a22 a32 a42
a31 a32 a33 a43
a41 a42 a43 a44

1

CCA

<latexit sha1_base64="FXN5W9u9PIR4KU/On1oTntasBfU="></latexit>

A is a symmetric matrix



Symmetric, positive definite matrices

LU decomposition is replaced by  
“Cholesky” factorizationA = LLT

<latexit sha1_base64="fSRAJ9M80o+f+iA60kA7C8xpens=">AAACA3icbVC7SgNBFL3rM8bXqp02g0GwCrtR0EaI2likiJAXJGuYncwmQ2YfzMwKYQnY+Cs2ForY+hN2/o2zyQqaeGDgzDn3cu89bsSZVJb1ZSwsLi2vrObW8usbm1vb5s5uQ4axILROQh6Klosl5SygdcUUp61IUOy7nDbd4XXqN++pkCwMamoUUcfH/YB5jGClpa653/GxGrhecjlGF+jnU6mM72pds2AVrQnQPLEzUoAM1a752emFJPZpoAjHUrZtK1JOgoVihNNxvhNLGmEyxH3a1jTAPpVOMrlhjI600kNeKPQLFJqovzsS7Es58l1dmS4pZ71U/M9rx8o7dxIWRLGiAZkO8mKOVIjSQFCPCUoUH2mCiWB6V0QGWGCidGx5HYI9e/I8aZSK9kmxdHtaKF9lceTgAA7hGGw4gzLcQBXqQOABnuAFXo1H49l4M96npQtG1rMHf2B8fANE/pdH</latexit>

A =

0

BB@

a11 a21 a31 a41
a21 a22 a32 a42
a31 a32 a33 a43
a41 a42 a43 a44

1

CCA

<latexit sha1_base64="FXN5W9u9PIR4KU/On1oTntasBfU="></latexit>

L =

0

BB@

l11
l21 l22
l31 l32 l33
l41 l42 l43 l44

1

CCA

<latexit sha1_base64="VowD7YYzOqv3n3BMQkU4YhpSwK8="></latexit>

Only a single lower-triangular factor 
(used twice, via transpose)



Symmetric, positive definite matrices

LU decomposition is replaced by  
“Cholesky” factorizationA = LLT

<latexit sha1_base64="fSRAJ9M80o+f+iA60kA7C8xpens=">AAACA3icbVC7SgNBFL3rM8bXqp02g0GwCrtR0EaI2likiJAXJGuYncwmQ2YfzMwKYQnY+Cs2ForY+hN2/o2zyQqaeGDgzDn3cu89bsSZVJb1ZSwsLi2vrObW8usbm1vb5s5uQ4axILROQh6Klosl5SygdcUUp61IUOy7nDbd4XXqN++pkCwMamoUUcfH/YB5jGClpa653/GxGrhecjlGF+jnU6mM72pds2AVrQnQPLEzUoAM1a752emFJPZpoAjHUrZtK1JOgoVihNNxvhNLGmEyxH3a1jTAPpVOMrlhjI600kNeKPQLFJqovzsS7Es58l1dmS4pZ71U/M9rx8o7dxIWRLGiAZkO8mKOVIjSQFCPCUoUH2mCiWB6V0QGWGCidGx5HYI9e/I8aZSK9kmxdHtaKF9lceTgAA7hGGw4gzLcQBXqQOABnuAFXo1H49l4M96npQtG1rMHf2B8fANE/pdH</latexit>

A =

0

BB@

a11 a21 a31 a41
a21 a22 a32 a42
a31 a32 a33 a43
a41 a42 a43 a44

1

CCA

<latexit sha1_base64="FXN5W9u9PIR4KU/On1oTntasBfU="></latexit>

L =

0

BB@

l11
l21 l22
l31 l32 l33
l41 l42 l43 l44

1

CCA

<latexit sha1_base64="VowD7YYzOqv3n3BMQkU4YhpSwK8="></latexit>

Aafter =

0

BB@

l11 a21 a31 a41
l21 l22 a32 a42
l31 l32 l33 a43
l41 l42 l43 l44

1

CCA

<latexit sha1_base64="a4XbiDwIMx7QXK4nmGuFvLMgKgE="></latexit>

The factor L is returned in-place







Compact storage (RFP)

A =

0

BB@

a11 a21 a31 a41
a21 a22 a32 a42
a31 a32 a33 a43
a41 a42 a43 a44

1

CCA

<latexit sha1_base64="FXN5W9u9PIR4KU/On1oTntasBfU="></latexit>



Compact storage (RFP)

A =

0

BB@

a11 a21 a31 a41
a21 a22 a32 a42
a31 a32 a33 a43
a41 a42 a43 a44

1

CCA

<latexit sha1_base64="FXN5W9u9PIR4KU/On1oTntasBfU="></latexit>



Compact storage (RFP)

A =

0

BB@

a11 a21 a31 a41
a21 a22 a32 a42
a31 a32 a33 a43
a41 a42 a43 a44

1

CCA

<latexit sha1_base64="FXN5W9u9PIR4KU/On1oTntasBfU="></latexit>



Compact storage (RFP)

A =

0

BB@

a11 a21 a31 a41
a21 a22 a32 a42
a31 a32 a33 a43
a41 a42 a43 a44

1

CCA

<latexit sha1_base64="FXN5W9u9PIR4KU/On1oTntasBfU="></latexit>

ARFP =

0

BBBB@

a44 a43
a11 a33
a21 a22
a31 a32
a41 a42

1

CCCCA

<latexit sha1_base64="c8wCiJI/d5WxfqyGXiq0BkxjOEo="></latexit>




