
Parallel Sparse Direct Solvers 
A survey of Intel MKL PARDISO



Introduction

As far as solvers for linear systems are concerned, we have so far seen: 
 

- Iterative, sparse system solvers, e.g. Conjugate Gradients  
(Pros: matrix free, parallel; Cons: Inaccurate unless iterated to convergence) 

- Direct, dense system solvers, e.g. LAPACK 
(Pros: Most accurate, broadly usable, parallel; Cons: Limited to small matrices) 

- Triangular, dense or sparse, system solvers (BLAS Level 2/3) 
(Pros: Inexpensive, parallel when dense; Cons: Limited scope, memory bound)



Introduction

Today we visit a very popular library that implements a direct solver, on sparse 
linear systems of equations 

- Called the “PARDISO” sparse direct solver 
- Initially developed as a stand-alone project (still ongoing)  

- Incorporated into the Math Kernel Library  
- Extremely optimized, using advanced theory and parallelism

Objective: 
- Obtain a user-level understanding of how to use this library 

- Review an implementation applied to one of our benchmark problems 
- Understand the underlying semantics (API options, interface details) 

- Have some superficial appreciation of the design strategies that 
went into creating such a library



Principle of operation (most common case)

PARDISO computes the Cholesky 
Decomposition (or a slight variation 

called the LDL factorization)
A = LLT

<latexit sha1_base64="fSRAJ9M80o+f+iA60kA7C8xpens=">AAACA3icbVC7SgNBFL3rM8bXqp02g0GwCrtR0EaI2likiJAXJGuYncwmQ2YfzMwKYQnY+Cs2ForY+hN2/o2zyQqaeGDgzDn3cu89bsSZVJb1ZSwsLi2vrObW8usbm1vb5s5uQ4axILROQh6Klosl5SygdcUUp61IUOy7nDbd4XXqN++pkCwMamoUUcfH/YB5jGClpa653/GxGrhecjlGF+jnU6mM72pds2AVrQnQPLEzUoAM1a752emFJPZpoAjHUrZtK1JOgoVihNNxvhNLGmEyxH3a1jTAPpVOMrlhjI600kNeKPQLFJqovzsS7Es58l1dmS4pZ71U/M9rx8o7dxIWRLGiAZkO8mKOVIjSQFCPCUoUH2mCiWB6V0QGWGCidGx5HYI9e/I8aZSK9kmxdHtaKF9lceTgAA7hGGw4gzLcQBXqQOABnuAFXo1H49l4M96npQtG1rMHf2B8fANE/pdH</latexit>
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<latexit sha1_base64="FXN5W9u9PIR4KU/On1oTntasBfU="></latexit>

Most commonly used for 
symmetric matrices 

- Can either be positive definite or 
not (takes advantage if they are)  
- Also works for non-symmetric 
matrices (slightly less efficiently)

Ax = LLTx = b
<latexit sha1_base64="UIre8TUyiyFRJdIq/qjWrywfeAY=">AAACCXicbZC7SgNBFIbPeo3xtmppMxgEq7AbBW2EqI1Figi5QbKG2clsMmT2wsysGJa0Nr6KjYUitr6BnW/jbLKCJv4w8POdc5hzfjfiTCrL+jIWFpeWV1Zza/n1jc2tbXNntyHDWBBaJyEPRcvFknIW0LpiitNWJCj2XU6b7vAqrTfvqJAsDGpqFFHHx/2AeYxgpVHXRB0fq4HrJRf36BxVKuPb2g9JgTvumgWraE2E5o2dmQJkqnbNz04vJLFPA0U4lrJtW5FyEiwUI5yO851Y0giTIe7TtrYB9ql0ksklY3SoSQ95odAvUGhCf08k2Jdy5Lu6M91SztZS+F+tHSvvzElYEMWKBmT6kRdzpEKUxoJ6TFCi+EgbTATTuyIywAITpcPL6xDs2ZPnTaNUtI+LpZuTQvkyiyMH+3AAR2DDKZThGqpQBwIP8AQv8Go8Gs/Gm/E+bV0wspk9+CPj4xsdWJlS</latexit>

LTx = z
<latexit sha1_base64="CJpZVAZr0leSvrOe56PhX6TcKsk=">AAACA3icbZC7SgNBFIbPeo3xtmqnzWAQrMJuFLQRgjYWFhFyg2QNs5PZZMjshZlZMS4LNr6KjYUitr6EnW/jbBJBE38Y+PjPOcw5vxtxJpVlfRlz8wuLS8u5lfzq2vrGprm1XZdhLAitkZCHouliSTkLaE0xxWkzEhT7LqcNd3CR1Ru3VEgWBlU1jKjj417APEaw0lbH3G37WPVdL7lKb6o/fIfO0H3aMQtW0RoJzYI9gQJMVOmYn+1uSGKfBopwLGXLtiLlJFgoRjhN8+1Y0giTAe7RlsYA+1Q6yeiGFB1op4u8UOgXKDRyf08k2Jdy6Lu6M9tSTtcy879aK1beqZOwIIoVDcj4Iy/mSIUoCwR1maBE8aEGTATTuyLSxwITpWPL6xDs6ZNnoV4q2kfF0vVxoXw+iSMHe7APh2DDCZThEipQAwIP8AQv8Go8Gs/Gm/E+bp0zJjM78EfGxzfmN5es</latexit>

Lz = b
<latexit sha1_base64="f/CnHHGJq849nddBDrt4pBNkBK0=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawCK5KUgXdCEU3LlxUsBdoQ5lMJ+3QyYWZiVBD3Pgqblwo4ta3cOfbOGkjaOsPAx//OYc553cjzqSyrC+jsLC4tLxSXC2trW9sbpnbO00ZxoLQBgl5KNoulpSzgDYUU5y2I0Gx73LackeXWb11R4VkYXCrxhF1fDwImMcIVtrqmXtdH6uh6yXX6Q/do3Pkpj2zbFWsidA82DmUIVe9Z352+yGJfRoowrGUHduKlJNgoRjhNC11Y0kjTEZ4QDsaA+xT6SSTC1J0qJ0+8kKhX6DQxP09kWBfyrHv6s5sSzlby8z/ap1YeWdOwoIoVjQg04+8mCMVoiwO1GeCEsXHGjARTO+KyBALTJQOraRDsGdPnodmtWIfV6o3J+XaRR5HEfbhAI7AhlOowRXUoQEEHuAJXuDVeDSejTfjfdpaMPKZXfgj4+MbWliW0A==</latexit>

Once factorization is computed 
solution to Ax=b is obtained 

via forward/backward substitution
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x = b

Benchmark - Laplacian system

Same system as we saw before 
(Small change : Since the matrix below is negative definite, we instead 

solve the system (-A)x=(-b) which is positive definite)
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Benchmark - Laplacian system

For symmetric matrices, PARDISO expects to be given only the 
upper-triangular part of the matrix (lower triangular entries should not be 

included in the CSR representations)

(but if you feel you need to give the lower-triangular part instead, just let 
PARDISO know you’re using column-major/CSC instead of row-major/CSR)



Main routine (main.cpp)
#include "DirectSolver.h"
#include "Laplacian.h"
#include "Timer.h"
#include "Utilities.h"

int main(int argc, char *argv[])
{
    using array_t = float (&) [XDIM][YDIM][ZDIM];

    float *xRaw = new float [XDIM*YDIM*ZDIM];
    [...]
    array_t z = reinterpret_cast<array_t>(*zRaw);
    
    CSRMatrix matrix;

    // Initialization
    {
        Timer timer;
        timer.Start();
        InitializeProblem(x, f);
        matrix = BuildUpperTriangularLaplacianMatrix(); // This takes a while ...
        timer.Stop("Initialization : ");
    }

    // Call PARDISO solver
    DirectSparseSolver(matrix, x, f);

    return 0;
}

SparseDirect/LaplacePARDISO_0_0

Contrast with: 
LaplaceSolver/LaplaceSolver_1_3



Main routine (main.cpp)
#include "DirectSolver.h"
#include "Laplacian.h"
#include "Timer.h"
#include "Utilities.h"

int main(int argc, char *argv[])
{
    using array_t = float (&) [XDIM][YDIM][ZDIM];

    float *xRaw = new float [XDIM*YDIM*ZDIM];
    [...]
    array_t z = reinterpret_cast<array_t>(*zRaw);
    
    CSRMatrix matrix;

    // Initialization
    {
        Timer timer;
        timer.Start();
        InitializeProblem(x, f);
        matrix = BuildUpperTriangularLaplacianMatrix(); // This takes a while ...
        timer.Stop("Initialization : ");
    }

    // Call PARDISO solver
    DirectSparseSolver(matrix, x, f);

    return 0;
}

SparseDirect/LaplacePARDISO_0_0

Very slightly modified: 
Previously we were specifying fixed 
values of x by setting them directly, 
now we obtain the same by slight 

adjustments to f



Main routine (main.cpp)
#include "DirectSolver.h"
#include "Laplacian.h"
#include "Timer.h"
#include "Utilities.h"

int main(int argc, char *argv[])
{
    using array_t = float (&) [XDIM][YDIM][ZDIM];

    float *xRaw = new float [XDIM*YDIM*ZDIM];
    [...]
    array_t z = reinterpret_cast<array_t>(*zRaw);
    
    CSRMatrix matrix;

    // Initialization
    {
        Timer timer;
        timer.Start();
        InitializeProblem(x, f);
        matrix = BuildUpperTriangularLaplacianMatrix(); // This takes a while ...
        timer.Stop("Initialization : ");
    }

    // Call PARDISO solver
    DirectSparseSolver(matrix, x, f);

    return 0;
}

SparseDirect/LaplacePARDISO_0_0

These contain all the essential 
changes relative to: 

LaplaceSolver/LaplaceSolver_1_3



Laplacian matrix (Laplacian.cpp)
#include "CSRMatrixHelper.h"
#include "Laplacian.h"

inline int LinearIndex(const int i, const int j, const int k) { return ((i*YDIM)+j)*ZDIM+k; }

CSRMatrix BuildUpperTriangularLaplacianMatrix()
{
    static constexpr int matSize = XDIM * YDIM * ZDIM;
    CSRMatrixHelper matrixHelper(matSize);
    
    for (int i = 1; i < XDIM-1; i++)
    for (int j = 1; j < YDIM-1; j++)
    for (int k = 1; k < ZDIM-1; k++) {
        matrixHelper( LinearIndex(i, j, k), LinearIndex(i, j, k) ) = 6.;
        if (i < XDIM-2)
            matrixHelper( LinearIndex(i, j, k), LinearIndex(i+1, j, k) ) = -1.;
        if (j < YDIM-2)
            matrixHelper( LinearIndex(i, j, k), LinearIndex(i, j+1, k) ) = -1.;
        if (k < ZDIM-2)
            matrixHelper( LinearIndex(i, j, k), LinearIndex(i, j, k+1) ) = -1.; }
    
    // Need to put part of the "identity" matrix on nodes of the margin
    for (int i = 0; i < XDIM; i++)
    for (int j = 0; j < YDIM; j++)
    for (int k = 0; k < ZDIM; k++)
        if ( i == 0 || i == XDIM-1 || j == 0 || j == YDIM-1 || k == 0 || k == ZDIM-1 )
            matrixHelper( LinearIndex(i, j, k), LinearIndex(i, j, k) ) = 1.;

    return matrixHelper.ConvertToCSRMatrix();
}

SparseDirect/LaplacePARDISO_0_0



Laplacian matrix (Laplacian.cpp)
#include "CSRMatrixHelper.h"
#include "Laplacian.h"

inline int LinearIndex(const int i, const int j, const int k) { return ((i*YDIM)+j)*ZDIM+k; }

CSRMatrix BuildUpperTriangularLaplacianMatrix()
{
    static constexpr int matSize = XDIM * YDIM * ZDIM;
    CSRMatrixHelper matrixHelper(matSize);
    
    for (int i = 1; i < XDIM-1; i++)
    for (int j = 1; j < YDIM-1; j++)
    for (int k = 1; k < ZDIM-1; k++) {
        matrixHelper( LinearIndex(i, j, k), LinearIndex(i, j, k) ) = 6.;
        if (i < XDIM-2)
            matrixHelper( LinearIndex(i, j, k), LinearIndex(i+1, j, k) ) = -1.;
        if (j < YDIM-2)
            matrixHelper( LinearIndex(i, j, k), LinearIndex(i, j+1, k) ) = -1.;
        if (k < ZDIM-2)
            matrixHelper( LinearIndex(i, j, k), LinearIndex(i, j, k+1) ) = -1.; }
    
    // Need to put part of the "identity" matrix on nodes of the margin
    for (int i = 0; i < XDIM; i++)
    for (int j = 0; j < YDIM; j++)
    for (int k = 0; k < ZDIM; k++)
        if ( i == 0 || i == XDIM-1 || j == 0 || j == YDIM-1 || k == 0 || k == ZDIM-1 )
            matrixHelper( LinearIndex(i, j, k), LinearIndex(i, j, k) ) = 1.;

    return matrixHelper.ConvertToCSRMatrix();
}

SparseDirect/LaplacePARDISO_0_0

Storing only the upper-triangular 
part, in CSR format
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Benchmark - Laplacian system

Storing only the upper-triangular part, in CSR format



Laplacian matrix (Laplacian.cpp)
#include "CSRMatrixHelper.h"
#include "Laplacian.h"

inline int LinearIndex(const int i, const int j, const int k) { return ((i*YDIM)+j)*ZDIM+k; }

CSRMatrix BuildUpperTriangularLaplacianMatrix()
{
    static constexpr int matSize = XDIM * YDIM * ZDIM;
    CSRMatrixHelper matrixHelper(matSize);
    
    for (int i = 1; i < XDIM-1; i++)
    for (int j = 1; j < YDIM-1; j++)
    for (int k = 1; k < ZDIM-1; k++) {
        matrixHelper( LinearIndex(i, j, k), LinearIndex(i, j, k) ) = 6.;
        if (i < XDIM-2)
            matrixHelper( LinearIndex(i, j, k), LinearIndex(i+1, j, k) ) = -1.;
        if (j < YDIM-2)
            matrixHelper( LinearIndex(i, j, k), LinearIndex(i, j+1, k) ) = -1.;
        if (k < ZDIM-2)
            matrixHelper( LinearIndex(i, j, k), LinearIndex(i, j, k+1) ) = -1.; }
    
    // Need to put part of the "identity" matrix on nodes of the margin
    for (int i = 0; i < XDIM; i++)
    for (int j = 0; j < YDIM; j++)
    for (int k = 0; k < ZDIM; k++)
        if ( i == 0 || i == XDIM-1 || j == 0 || j == YDIM-1 || k == 0 || k == ZDIM-1 )
            matrixHelper( LinearIndex(i, j, k), LinearIndex(i, j, k) ) = 1.;

    return matrixHelper.ConvertToCSRMatrix();
}

SparseDirect/LaplacePARDISO_0_0

For all values along the boundary  
create an equation like xijk = const



#include "DirectSolver.h"
#include "Utilities.h"

#include "mkl.h"

#include <iostream>

void DirectSparseSolver(
    CSRMatrix& matrix,
    float (&x)[XDIM][YDIM][ZDIM],
    float (&f)[XDIM][YDIM][ZDIM],
    const bool writeOutput)
{
    MKL_INT n = matrix.mSize; // Matrix size
    MKL_INT mtype = 2;        // Real symmetric positive definite matrix
    MKL_INT nrhs = 1;         // Number of right hand sides
    void *pt[64];             // Internal solver memory pointer pt
                              // should be "int" when using 32-bit architectures, or "long int"
                              // for 64-bit architectures. void* should be OK in both cases
    MKL_INT iparm[64];        // Pardiso control parameters
    MKL_INT maxfct, mnum, phase, error, msglvl;
    MKL_INT i;
    float ddum;               // Scalar dummy (PARDISO needs it)
    MKL_INT idum;             // Integer dummy (PARDISO needs it)
    
    // Set-up PARDISO control parameters

    for ( i = 0; i < 64; i++ )
    {

PARDISO solver (DirectSolver.cpp)
SparseDirect/LaplacePARDISO_0_0





#include "DirectSolver.h"
#include "Utilities.h"

#include "mkl.h"

#include <iostream>

void DirectSparseSolver(
    CSRMatrix& matrix,
    float (&x)[XDIM][YDIM][ZDIM],
    float (&f)[XDIM][YDIM][ZDIM],
    const bool writeOutput)
{
    MKL_INT n = matrix.mSize; // Matrix size
    MKL_INT mtype = 2;        // Real symmetric positive definite matrix
    MKL_INT nrhs = 1;         // Number of right hand sides
    void *pt[64];             // Internal solver memory pointer pt
                              // should be "int" when using 32-bit architectures, or "long int"
                              // for 64-bit architectures. void* should be OK in both cases
    MKL_INT iparm[64];        // Pardiso control parameters
    MKL_INT maxfct, mnum, phase, error, msglvl;
    MKL_INT i;
    float ddum;               // Scalar dummy (PARDISO needs it)
    MKL_INT idum;             // Integer dummy (PARDISO needs it)
    
    // Set-up PARDISO control parameters

    for ( i = 0; i < 64; i++ )
    {

PARDISO solver (DirectSolver.cpp)
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#include "DirectSolver.h"
#include "Utilities.h"

#include "mkl.h"

#include <iostream>

void DirectSparseSolver(
    CSRMatrix& matrix,
    float (&x)[XDIM][YDIM][ZDIM],
    float (&f)[XDIM][YDIM][ZDIM],
    const bool writeOutput)
{
    MKL_INT n = matrix.mSize; // Matrix size
    MKL_INT mtype = 2;        // Real symmetric positive definite matrix
    MKL_INT nrhs = 1;         // Number of right hand sides
    void *pt[64];             // Internal solver memory pointer pt
                              // should be "int" when using 32-bit architectures, or "long int"
                              // for 64-bit architectures. void* should be OK in both cases
    MKL_INT iparm[64];        // Pardiso control parameters
    MKL_INT maxfct, mnum, phase, error, msglvl;
    MKL_INT i;
    float ddum;               // Scalar dummy (PARDISO needs it)
    MKL_INT idum;             // Integer dummy (PARDISO needs it)
    
    // Set-up PARDISO control parameters

    for ( i = 0; i < 64; i++ )
    {

PARDISO solver (DirectSolver.cpp)
SparseDirect/LaplacePARDISO_0_0



                              // for 64-bit architectures. void* should be OK in both cases
    MKL_INT iparm[64];        // Pardiso control parameters
    MKL_INT maxfct, mnum, phase, error, msglvl;
    MKL_INT i;
    float ddum;               // Scalar dummy (PARDISO needs it)
    MKL_INT idum;             // Integer dummy (PARDISO needs it)
    
    // Set-up PARDISO control parameters

    for ( i = 0; i < 64; i++ )
    {
        iparm[i] = 0;
    }
    iparm[0] = 1;         // No solver default
    iparm[1] = 3;         // Parallel nested dissection
    iparm[3] = 0;         // No iterative-direct algorithm
    iparm[4] = 0;         // No user fill-in reducing permutation
    iparm[5] = 0;         // Write solution into x
    iparm[6] = 0;         // Not in use
    iparm[7] = 0;         // Max numbers of iterative refinement steps
    iparm[8] = 0;         // Not in use
    iparm[9] = 13;        // Perturb the pivot elements with 1E-13
    iparm[10] = 1;        // Use nonsymmetric permutation and scaling MPS
    iparm[11] = 0;        // Not in use
    iparm[12] = 0;        // Maximum weighted matching algorithm is switched-off
                          // Try iparm[12] = 1 in case of inappropriate accuracy
    iparm[13] = 0;        // Output: Number of perturbed pivots
    iparm[14] = 0;        // Not in use
    iparm[15] = 0;        // Not in use
    iparm[16] = 0;        // Not in use
    iparm[17] = -1;       // Output: Number of nonzeros in the factor LU
    iparm[18] = -1;       // Output: Mflops for LU factorization
    iparm[19] = 0;        // Output: Numbers of CG Iterations
    iparm[23] = 1;        // Two-level factorization*/
    iparm[26] = 1;        // Check matrix for errors
    iparm[27] = 1;        // Use float precision
    iparm[34] = 1;        // Use zero-based indexing

PARDISO solver (DirectSolver.cpp)
SparseDirect/LaplacePARDISO_0_0





                              // for 64-bit architectures. void* should be OK in both cases
    MKL_INT iparm[64];        // Pardiso control parameters
    MKL_INT maxfct, mnum, phase, error, msglvl;
    MKL_INT i;
    float ddum;               // Scalar dummy (PARDISO needs it)
    MKL_INT idum;             // Integer dummy (PARDISO needs it)
    
    // Set-up PARDISO control parameters

    for ( i = 0; i < 64; i++ )
    {
        iparm[i] = 0;
    }
    iparm[0] = 1;         // No solver default
    iparm[1] = 3;         // Parallel nested dissection
    iparm[3] = 0;         // No iterative-direct algorithm
    iparm[4] = 0;         // No user fill-in reducing permutation
    iparm[5] = 0;         // Write solution into x
    iparm[6] = 0;         // Not in use
    iparm[7] = 0;         // Max numbers of iterative refinement steps
    iparm[8] = 0;         // Not in use
    iparm[9] = 13;        // Perturb the pivot elements with 1E-13
    iparm[10] = 1;        // Use nonsymmetric permutation and scaling MPS
    iparm[11] = 0;        // Not in use
    iparm[12] = 0;        // Maximum weighted matching algorithm is switched-off
                          // Try iparm[12] = 1 in case of inappropriate accuracy
    iparm[13] = 0;        // Output: Number of perturbed pivots
    iparm[14] = 0;        // Not in use
    iparm[15] = 0;        // Not in use
    iparm[16] = 0;        // Not in use
    iparm[17] = -1;       // Output: Number of nonzeros in the factor LU
    iparm[18] = -1;       // Output: Mflops for LU factorization
    iparm[19] = 0;        // Output: Numbers of CG Iterations
    iparm[23] = 1;        // Two-level factorization*/
    iparm[26] = 1;        // Check matrix for errors
    iparm[27] = 1;        // Use float precision
    iparm[34] = 1;        // Use zero-based indexing

PARDISO solver (DirectSolver.cpp)
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    iparm[0] = 1;         // No solver default
    iparm[1] = 3;         // Parallel nested dissection
    iparm[3] = 0;         // No iterative-direct algorithm
    iparm[4] = 0;         // No user fill-in reducing permutation
    iparm[5] = 0;         // Write solution into x
    iparm[6] = 0;         // Not in use
    iparm[7] = 0;         // Max numbers of iterative refinement steps
    iparm[8] = 0;         // Not in use
    iparm[9] = 13;        // Perturb the pivot elements with 1E-13
    iparm[10] = 1;        // Use nonsymmetric permutation and scaling MPS
    iparm[11] = 0;        // Not in use
    iparm[12] = 0;        // Maximum weighted matching algorithm is switched-off
                          // Try iparm[12] = 1 in case of inappropriate accuracy
    iparm[13] = 0;        // Output: Number of perturbed pivots
    iparm[14] = 0;        // Not in use
    iparm[15] = 0;        // Not in use
    iparm[16] = 0;        // Not in use
    iparm[17] = -1;       // Output: Number of nonzeros in the factor LU
    iparm[18] = -1;       // Output: Mflops for LU factorization
    iparm[19] = 0;        // Output: Numbers of CG Iterations
    iparm[23] = 1;        // Two-level factorization*/
    iparm[26] = 1;        // Check matrix for errors
    iparm[27] = 1;        // Use float precision
    iparm[34] = 1;        // Use zero-based indexing
    maxfct = 1;           // Maximum number of numerical factorizations.
    mnum = 1;             // Which factorization to use.
    msglvl = 1;           // Print statistical information in file
    error = 0;            // Initialize error flag

    // Initialize the internal solver memory pointer. This is only
    // necessary for the FIRST call of the PARDISO solver
    for ( i = 0; i < 64; i++ )
    {
        pt[i] = 0;
    }

    // Reordering and Symbolic Factorization. This step also allocates

PARDISO solver (DirectSolver.cpp)
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    error = 0;            // Initialize error flag

    // Initialize the internal solver memory pointer. This is only
    // necessary for the FIRST call of the PARDISO solver
    for ( i = 0; i < 64; i++ )
    {
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    }
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    phase = 11;
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        matrix.GetValues(), matrix.GetRowOffsets(), matrix.GetColumnIndices(),
        &idum, &nrhs, iparm, &msglvl, &ddum, &ddum, &error);
    if ( error != 0 )
        throw std::runtime_error("PARDISO error during symbolic factorization");

    std::cout << "Reordering completed ... " << std::endl;
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        matrix.GetValues(), matrix.GetRowOffsets(), matrix.GetColumnIndices(),
        &idum, &nrhs, iparm, &msglvl, &ddum, &ddum, &error);
    if ( error != 0 )
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        throw std::runtime_error("PARDISO error during symbolic factorization");

    std::cout << "Reordering completed ... " << std::endl;
    std::cout << "Number of nonzeros in factors = " <<  iparm[17] << std::endl;
    std::cout << "Number of factorization MFLOPS = " << iparm[18] << std::endl;

    // Numerical factorization
    phase = 22;
    PARDISO (pt, &maxfct, &mnum, &mtype, &phase, &n,
        matrix.GetValues(), matrix.GetRowOffsets(), matrix.GetColumnIndices(),
        &idum, &nrhs, iparm, &msglvl, &ddum, &ddum, &error);
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        &idum, &nrhs, iparm, &msglvl, static_cast<void*>(&f[0][0][0]), &x[0][0][0], &error);
    if ( error != 0 )
        throw std::runtime_error("PARDISO error during solution phase");

    std::cout << "Solve completed ... " <<std::endl;

    // Termination and release of memory.
    phase = -1;           // Release internal memory
    PARDISO (pt, &maxfct, &mnum, &mtype, &phase, &n,
        &ddum, matrix.GetRowOffsets(), matrix.GetColumnIndices(),
        &idum, &nrhs, iparm, &msglvl, &ddum, &ddum, &error);

    if (writeOutput) WriteAsImage("x", x, 0, 0, XDIM/2);
}
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