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Today’s lecture

• Explain our motivation for developing physics-based 
animation and modeling techniques.

• Discuss class logistics, expected work from students, 
software infrastructure and prerequisites

• Briefly introduce the various topics which will be 
covered in CS839

We will give a first opportunity for exposure to the class 
software infrastructure, and next lecture we will proceed 
directly to authoring/animation/visualization of dynamic 
solid geometry
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Computer Graphics :  Making beautiful images  
Simulation & Modeling :  Create (dynamic) content which 
can be rendered into beautiful images  

... and why use simulation?
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Motivation :  Expressive fictional characters  
[Videos © Weta Digital, Industrial Light+Magic]
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• Class meets : MWF 4:00pm - 5:15pm

• Class will meet approximately 29 out of 43 MWF days

• Scheduled lecture cancellations will be posted on course 
website at least 2 weeks ahead of time

• Lecture density will be highest in beginning of semester, 
and reduced towards the end.

• Website : http://pages.cs.wisc.edu/~sifakis/courses/cs839-f19

• Check for lecture notes, assignments & reading materials
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Course information

• Office Hours : CS6387, MWF 1:30-2:15pm

• Regular office hours only on days with planned lectures

• Other times by appointment

• Piazza : https://piazza.com/wisc/fall2019/cs839/home

• Please email the instructor if you are have issues enrolling

• Email : sifakis@cs.wisc.edu

• Please add “[CS839]” in the beginning of the subject line!

• Email policy : Feel free to email as frequently as you need. 
Typically you will receive a response within 24hrs. However, be 
prepared to wait until next office hours (worst case) to get a 
comprehensive answer. If urgent, ask for an appointment.

https://piazza.com/wisc/fall2019/cs839/home
mailto:sifakis@cs.wisc.edu
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Course information

• Objectives

• Familiarize yourselves with the concepts and techniques of 
physics-based modeling and simulation

• Obtain an understanding of available techniques, and know what 
papers to refer to for deeper insights and technical details

• Acquire hands-on experience creating software for physics 
based simulation. Work with (often large) software libraries and 
implement reusable, efficient and well-structured code

• Learn how to obtain information through literature search

• Exercise your presentation skills
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Evaluation

• Will be based on three components, with flexibility to adjust effort 
and emphasis between them 

• Attendance, Participation and Class Service

• Regular (small scale) individual Programming Assignments

• Larger scale class project (individual, or team upon approval)

• Expectation is that students will dedicate about 80hrs of effort 
outside of lectures during the semester, divided among these 
categories for an “AB” grade. Final grade based on effort and quality 
of work

• Substantial flexibility of allocation of effort, however at least half 
of effort should be dedicated to development/programming.
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Evaluation

• Attendance, Participation and Class Service may include:

• An optional 10-15min in-class presentation of a research paper

• Must prepare PowerPoint/Keynote slides, which will be 
subsequently posted on course website

• Topics in coordination with instructor

• Scribing of theoretical class lectures (LaTeX or Keynote)

• Participation in developing components of software 
infrastructure, beta-testing and troubleshooting

• Prominent presence in Piazza discussions, having an active role in 
issue resolution with software infrastructure
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Evaluation

• Individual (small scale) programming assignments

• Primarily contained within the first half of the semester

• Assignments will ask you to implement an established process, 
and familiarize yourselves with fundamental modeling and 
simulation techniques

• Sample topics:

• Author a procedural animation for a set of deformable bodies 
(e.g. parts of a virtual character, or various inanimate objects)

• Implement a time integration scheme for simulating cloth or 
volumetric solids

• Implement a simple collision detection and/or response 
algorithm
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Evaluation

• Larger-scale class project

• Either individual, or in groups of 2 (with your recommendation, 
and the instructor’s consent)

• Deliverable at end of semester

• The goal of the project is to extend somewhat beyond what is a 
standard practice, and ideally experiment with an original idea.

• Sample topics:

• Accelerate the performance of a specific simulation, by using 
a more advanced or specialized algorithmic technique.

• Model a nonstandard trait for a virtual material (e.g. 
viscoelasticity, anisotropy, surface tension)

• Apply a known technique to an original application
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Prerequisites
No formal prerequisites, but ...

• Course will have a heavy mathematical component:

• A basic knowledge of calculus and linear algebra is assumed 
(more details in next slides)

• Specialized mathematical topics will be adequately reviewed in class, and 
supplemented with notes and/or literature references.

• Course will be implementation-intensive:

• You should be comfortable with C++ programming

• You will need to study and use third-party libraries

• Experience with C++ templates will be useful (but not essential)

• Experience with parallel programming (threads, MPI, OpenMP, CUDA) is not 
required, but if you have it you are encouraged to pick projects that leverage 
this exposure.



CS839 Physics-Based Modeling and Simulation - 4 Sep 2019

Prerequisites (Computer Graphics)

You are expected to have working knowledge of:

• The general material of CS559 (Undergraduate Computer Graphics)

• More emphasis on geometry (Points, Polygons, Transforms) and 
associated mathematical concepts. Basic understanding of the graphics 
pipeline is a plus, although we would not need to intervene in shaders, 
textures and interactive graphics tricks all that much.

• Ask the instructor if you have doubts about your prior exposure, or 
concerned about the adequacy of your past experience. 

But, we will review in class topics such as:

• Numerical approximations of derivatives and integrals
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functions, e.g.
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• Numerical approximations of derivatives and integrals

• Computing certain types of exotic derivatives, e.g.
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Prerequisites (mathematical background)
You are expected to have working knowledge of:

• Vector valued functions, and functions of several variables

• Computing derivatives (and partial derivatives) of moderately complex 
functions, e.g.

But, we will review in class topics such as:

• Numerical approximations of derivatives and integrals

• Computing certain types of exotic derivatives, e.g.

Find @f/@x, @f/@y when f(x, y) =
xp

x2 + y2

Find f 0(t) when f(t) = det(A+ tB)
[Answer: f 0(t) = det(A+ tB) · tr{(A+ tB)�1B}]
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Software infrastructure

• First half of class will heavily use the Pixar USD (Universal 
Scene Description) pipeline dynamic scene content

• [Immediate Task] Obtain from :  
https://graphics.pixar.com/usd/docs/index.html 
https://github.com/PixarAnimationStudios/USD

• You are welcome to use Linux, MacOS, or Windows

• Make sure you can compile fully, including the 
visualization tool “usdview” 
(Try .usda files under USD/extras/usd/tutorials/*/, or 
http://pages.cs.wisc.edu/~sifakis/courses/cs839-f19/data/TestSimulation.usda)

• Report issues on Piazza, as soon as possible

• Extra office hours on USD set-up :  Sept 5th 3:30-5:00pm

https://graphics.pixar.com/usd/docs/index.html
https://github.com/PixarAnimationStudios/USD
http://pages.cs.wisc.edu/~sifakis/courses/cs839-f19/data/TestSimulation.usda
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Software infrastructure

• We will use elements of the PhysBAM physics-based 
modeling library, mostly for prototyping purposes

• Clone source from the GitHub (report access issues) 
https://github.com/uwgraphics/PhysicsBasedModeling-Core

• Used at Walt Disney Animation studios, Pixar, Intel 
Corporation, Industrial Light+Magic

• The version above has been recently retrofitted (at UW) 
for Linux&MacOS compatibility (tested on g++, icc, clang)

• Includes much more than we will actively use

• No dynamics; we shall implement those from scratch

https://github.com/uwgraphics/PhysicsBasedModeling-Core
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SIGGRAPH 98, Orlando, July 19–24 COMPUTER GRAPHICS Proceedings, Annual Conference Series, 1998

Figure 5 (top row): Dancer with short skirt; frames 110, 136 and 155. Figure 6 (middle row): Dancer with long skirt;
frames 185, 215 and 236. Figure 7 (bottom row): Closeups from figures 4 and 6.
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Figure 2: The friction between a rotating sphere and a piece of
cloth draped over it creates a complex structure of wrinkles and
folds.
intersections especially since the convex-hull property of the subdi-
vision means intersections are unlikely in the first place. A solution
is guaranteed to exist, since the new nodes can simply be left on the
triangle they were created on. Once we have a smoothed but inter-
section free subdivided mesh, we can subdivide again continuing
until the desired resolution is reached. Since the cloth is originally
separated by a finite distance, but each step of subdivision smooth-
ing moves the nodes exponentially less and less, we very quickly
find no more adjustments need to be made.
We caution the reader that this post-processing technique per-

forms exceptionally well because we use a fairly high resolution
dynamic simulation mesh. The efficiency of our repulsion and col-
lision processing algorithms allows the use of such a mesh, and we
have not noticed any problems with visual artifacts. However, on
a relatively coarser mesh, one should be aware of potential arti-
facts such as ”popping” that might result from using this subdivi-
sion scheme.

9 Examples

We demonstrate several examples using our simple cloth model
with highly complicated folding where most of the nodes (tens of
thousands in the dynamics and hundreds of thousands after subdi-
vision) are in close contact with each other as opposed to, say, the
simple draping of a skirt about a mannequin. In figure 1, a curtain is
draped over the ground and a sphere. Our biphasic spring model en-
ables complex wrinkling and eliminates undue deformation. When
the sphere moves up and away, the curtain flips back over on itself
resulting in a large number of contacts and collisions. The highly

Figure 3: A tablecloth draped over table legs with no tabletop is
dragged to the ground by a descending sphere.

Not available in this version

Figure 4: Frames from a production animation of a robe draped
over a digital character.

complex structure of folds and wrinkles is stable due to our static
friction model. When a second ball pushes through the complex
structure eventually slipping underneath, the algorithm still effi-
ciently and correctly resolves all contacts and collisions. Note how
realistically the cloth unravels by the final frame.
Figure 2 illustrates our static and kinetic friction algorithm with a

piece of cloth draped over a rotating sphere. Figure 3 shows a table-
cloth draped over four table legs with no tabletop. The object-cloth
contact is tricky due to the sharp corners of the legs particularly
when a sphere descends through the cloth down onto the ground,
but our repulsion forces prevent unnatural snagging. Simulation
times were reasonable even for these complex examples. Typically,
a piece of cloth with 150× 150 nodes runs at about 2 minutes per
frame on a 1.2GHz Pentium III. Finally, figure 4 shows the draping
and folding of a robe around a digital character from a production
animation system utilizing a number of our techniques.

10 Conclusions and Future Work

The synergy of efficient repulsion forces combined with robust geo-
metric treatment of collisions has allowed us to efficiently simulate
complex cloth motion. The prevention of self-intersection together
with kinetic and static friction produces complex, yet stable folding
and wrinkling unachievable by simpler approaches. In addition,
our post-processing subdivides simulation data without introducing
self-intersection resulting in even higher quality animations. Our
algorithm makes few assumptions about the internal cloth dynam-
ics, and thus can easily be incorporated into existing codes with
advanced cloth models.
We are close to a fully parallel implementation exploiting the

parallel nature of most of our scheme. Other areas we plan to de-
velop include modeling different values for kinetic and static fric-
tion coefficients, adaptive meshing to better resolve folds, and op-
timization of the bounding volume hierarchy. Furthermore, we are
eager to apply our techniques to characters with highly wrinkled
loose fitting skin.
Two rather important problems that we have not addressed are

the interactions between cloth with sharp objects and the behav-
ior of cloth when trapped in between two solid deformable or rigid
bodies. We refer the reader interested in sharp objects to the recent
developments of [Kane et al. 1999; Pandolfi et al. 2002]. For the
case of intersecting collision bodies additional technologies like the
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complex structure of folds and wrinkles is stable due to our static
friction model. When a second ball pushes through the complex
structure eventually slipping underneath, the algorithm still effi-
ciently and correctly resolves all contacts and collisions. Note how
realistically the cloth unravels by the final frame.
Figure 2 illustrates our static and kinetic friction algorithm with a

piece of cloth draped over a rotating sphere. Figure 3 shows a table-
cloth draped over four table legs with no tabletop. The object-cloth
contact is tricky due to the sharp corners of the legs particularly
when a sphere descends through the cloth down onto the ground,
but our repulsion forces prevent unnatural snagging. Simulation
times were reasonable even for these complex examples. Typically,
a piece of cloth with 150× 150 nodes runs at about 2 minutes per
frame on a 1.2GHz Pentium III. Finally, figure 4 shows the draping
and folding of a robe around a digital character from a production
animation system utilizing a number of our techniques.

10 Conclusions and Future Work

The synergy of efficient repulsion forces combined with robust geo-
metric treatment of collisions has allowed us to efficiently simulate
complex cloth motion. The prevention of self-intersection together
with kinetic and static friction produces complex, yet stable folding
and wrinkling unachievable by simpler approaches. In addition,
our post-processing subdivides simulation data without introducing
self-intersection resulting in even higher quality animations. Our
algorithm makes few assumptions about the internal cloth dynam-
ics, and thus can easily be incorporated into existing codes with
advanced cloth models.
We are close to a fully parallel implementation exploiting the

parallel nature of most of our scheme. Other areas we plan to de-
velop include modeling different values for kinetic and static fric-
tion coefficients, adaptive meshing to better resolve folds, and op-
timization of the bounding volume hierarchy. Furthermore, we are
eager to apply our techniques to characters with highly wrinkled
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Figure 12. Simulated tying of ribbons into a reef knot.

Figure 13. A closeup of the reef knot.

no matter the projectile’s velocity. Implementation of the inextensi-
bility constraint for 3D triangle meshes would require a constraint
formulation that does not lock bending modes, such as that pro-
posed by English and Bridson [2008].

8 Results

In §3 and §6, we described simple experiments and empirical mea-
surements supporting the guaranteed safety and good energy be-
havior of the proposed contact algorithm, for both conservative and
dissipative contact. We turn our attention to challenging problems
involving complex contact geometries, sharp features, and sliding
during extremely tight contact.

Knots We simulate the tying of ribbons into reef and bowline
knots (see Figs. 12 and 14, respectively). The ribbons are mod-
eled as a loose knot, assigned a material with stiff stretching and
weak bending, and their ends are pulled by a prescribed force; the
bowline knot requires also the prescription of fixed vertices behind
the cylinder where a finger normally holds the material in place.
The final configuration is faithful to the shape of actual “boyscout
manual” knots.

This example demonstrates the strength of asynchrony in allocat-
ing resources to loci of tight contact. As the knot tightens, progres-
sively finer time steps are used for the tightest areas of contact.
If instead of prescribing reasonable forces we directly prescribe
an outward motion of the two ends of the ribbon, the simulations
execute to the point where the mesh resolution becomes the lim-
iting reagent, i.e., a tighter knot cannot be tied without splitting

Figure 14. Simulated tying of a ribbon into a bowline knot.

Figure 15. Virtual trash compactor and assorted virtual trash.

Figure 16. Experiments with a bed of nails highlight the method’s ability to

deal with sharp boundaries, isolated points of contact, sliver triangles, and

localized points of high pressure between two nearly incident surfaces.

triangles; past this point, the computation slows as penalty interac-
tions burrow to deeper layers and the mean time step decays. This
highlights both a feature and a potential artistic objection to the
method: when presented with an impossible or nearly-impossible
situation (non-stretchy ribbon with prescribed diametrically oppos-
ing displacements at its ends) the method’s safety guarantee induces
Zeno’s Paradox.

0 1.25

0
2

0
4

0
6

0
8

0
1

0
0

Simulated time (seconds)

P
e

rc
e

n
ta

g
e

 o
f 
v
e

rt
ic

e
s

3.7 10-7 1.0 10-4

time step
(log scale) (larger)(smaller)

0.50 1.000.25 0.75

Trash compactor We
place triangle meshes
of varying complexity
into a virtual trash
compactor consisting of
a floor and four walls,
and then prescribe
the inward motion of
opposing walls (see
Fig. 15 and incident
image). The method is
able to simulate the approach of the walls without ever allowing
for seen or unseen penetrations. As with the knots, the overall
rate of progress decays as the simulation approaches a limiting
configuration.

Bed of nails We crafted a prob-
lem to test the handling of isolated
point contacts and sharp bound-
aries. Four sliver triangles are as-
sembled into a nail, and many such
nails are placed point-up on a flat
bed. We drape two stacked fabrics
over the bed of nails (see Fig. 16),
and observe that the simulated trajectory is both realistic and free of
penetrations, oscillations, or any other artifacts typically associated
to contact discontinuities. Next, we prescribe the motion of one end
of the fabric, tugging on the draped configuration to demonstrate
sliding over sharp features.

We extend the bed of nails into a landing pad for various coarsely-
meshed projectiles. Variably-sized to barely fit or not fit between
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Figure 5 (top row): Dancer with short skirt; frames 110, 136 and 155. Figure 6 (middle row): Dancer with long skirt;
frames 185, 215 and 236. Figure 7 (bottom row): Closeups from figures 4 and 6.
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Figure 2: The friction between a rotating sphere and a piece of
cloth draped over it creates a complex structure of wrinkles and
folds.
intersections especially since the convex-hull property of the subdi-
vision means intersections are unlikely in the first place. A solution
is guaranteed to exist, since the new nodes can simply be left on the
triangle they were created on. Once we have a smoothed but inter-
section free subdivided mesh, we can subdivide again continuing
until the desired resolution is reached. Since the cloth is originally
separated by a finite distance, but each step of subdivision smooth-
ing moves the nodes exponentially less and less, we very quickly
find no more adjustments need to be made.
We caution the reader that this post-processing technique per-

forms exceptionally well because we use a fairly high resolution
dynamic simulation mesh. The efficiency of our repulsion and col-
lision processing algorithms allows the use of such a mesh, and we
have not noticed any problems with visual artifacts. However, on
a relatively coarser mesh, one should be aware of potential arti-
facts such as ”popping” that might result from using this subdivi-
sion scheme.

9 Examples

We demonstrate several examples using our simple cloth model
with highly complicated folding where most of the nodes (tens of
thousands in the dynamics and hundreds of thousands after subdi-
vision) are in close contact with each other as opposed to, say, the
simple draping of a skirt about a mannequin. In figure 1, a curtain is
draped over the ground and a sphere. Our biphasic spring model en-
ables complex wrinkling and eliminates undue deformation. When
the sphere moves up and away, the curtain flips back over on itself
resulting in a large number of contacts and collisions. The highly

Figure 3: A tablecloth draped over table legs with no tabletop is
dragged to the ground by a descending sphere.

Not available in this version

Figure 4: Frames from a production animation of a robe draped
over a digital character.

complex structure of folds and wrinkles is stable due to our static
friction model. When a second ball pushes through the complex
structure eventually slipping underneath, the algorithm still effi-
ciently and correctly resolves all contacts and collisions. Note how
realistically the cloth unravels by the final frame.
Figure 2 illustrates our static and kinetic friction algorithm with a

piece of cloth draped over a rotating sphere. Figure 3 shows a table-
cloth draped over four table legs with no tabletop. The object-cloth
contact is tricky due to the sharp corners of the legs particularly
when a sphere descends through the cloth down onto the ground,
but our repulsion forces prevent unnatural snagging. Simulation
times were reasonable even for these complex examples. Typically,
a piece of cloth with 150× 150 nodes runs at about 2 minutes per
frame on a 1.2GHz Pentium III. Finally, figure 4 shows the draping
and folding of a robe around a digital character from a production
animation system utilizing a number of our techniques.

10 Conclusions and Future Work

The synergy of efficient repulsion forces combined with robust geo-
metric treatment of collisions has allowed us to efficiently simulate
complex cloth motion. The prevention of self-intersection together
with kinetic and static friction produces complex, yet stable folding
and wrinkling unachievable by simpler approaches. In addition,
our post-processing subdivides simulation data without introducing
self-intersection resulting in even higher quality animations. Our
algorithm makes few assumptions about the internal cloth dynam-
ics, and thus can easily be incorporated into existing codes with
advanced cloth models.
We are close to a fully parallel implementation exploiting the

parallel nature of most of our scheme. Other areas we plan to de-
velop include modeling different values for kinetic and static fric-
tion coefficients, adaptive meshing to better resolve folds, and op-
timization of the bounding volume hierarchy. Furthermore, we are
eager to apply our techniques to characters with highly wrinkled
loose fitting skin.
Two rather important problems that we have not addressed are

the interactions between cloth with sharp objects and the behav-
ior of cloth when trapped in between two solid deformable or rigid
bodies. We refer the reader interested in sharp objects to the recent
developments of [Kane et al. 1999; Pandolfi et al. 2002]. For the
case of intersecting collision bodies additional technologies like the

Figure 12. Simulated tying of ribbons into a reef knot.

Figure 13. A closeup of the reef knot.

no matter the projectile’s velocity. Implementation of the inextensi-
bility constraint for 3D triangle meshes would require a constraint
formulation that does not lock bending modes, such as that pro-
posed by English and Bridson [2008].

8 Results

In §3 and §6, we described simple experiments and empirical mea-
surements supporting the guaranteed safety and good energy be-
havior of the proposed contact algorithm, for both conservative and
dissipative contact. We turn our attention to challenging problems
involving complex contact geometries, sharp features, and sliding
during extremely tight contact.

Knots We simulate the tying of ribbons into reef and bowline
knots (see Figs. 12 and 14, respectively). The ribbons are mod-
eled as a loose knot, assigned a material with stiff stretching and
weak bending, and their ends are pulled by a prescribed force; the
bowline knot requires also the prescription of fixed vertices behind
the cylinder where a finger normally holds the material in place.
The final configuration is faithful to the shape of actual “boyscout
manual” knots.

This example demonstrates the strength of asynchrony in allocat-
ing resources to loci of tight contact. As the knot tightens, progres-
sively finer time steps are used for the tightest areas of contact.
If instead of prescribing reasonable forces we directly prescribe
an outward motion of the two ends of the ribbon, the simulations
execute to the point where the mesh resolution becomes the lim-
iting reagent, i.e., a tighter knot cannot be tied without splitting

Figure 14. Simulated tying of a ribbon into a bowline knot.

Figure 15. Virtual trash compactor and assorted virtual trash.

Figure 16. Experiments with a bed of nails highlight the method’s ability to

deal with sharp boundaries, isolated points of contact, sliver triangles, and

localized points of high pressure between two nearly incident surfaces.

triangles; past this point, the computation slows as penalty interac-
tions burrow to deeper layers and the mean time step decays. This
highlights both a feature and a potential artistic objection to the
method: when presented with an impossible or nearly-impossible
situation (non-stretchy ribbon with prescribed diametrically oppos-
ing displacements at its ends) the method’s safety guarantee induces
Zeno’s Paradox.
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Trash compactor We
place triangle meshes
of varying complexity
into a virtual trash
compactor consisting of
a floor and four walls,
and then prescribe
the inward motion of
opposing walls (see
Fig. 15 and incident
image). The method is
able to simulate the approach of the walls without ever allowing
for seen or unseen penetrations. As with the knots, the overall
rate of progress decays as the simulation approaches a limiting
configuration.

Bed of nails We crafted a prob-
lem to test the handling of isolated
point contacts and sharp bound-
aries. Four sliver triangles are as-
sembled into a nail, and many such
nails are placed point-up on a flat
bed. We drape two stacked fabrics
over the bed of nails (see Fig. 16),
and observe that the simulated trajectory is both realistic and free of
penetrations, oscillations, or any other artifacts typically associated
to contact discontinuities. Next, we prescribe the motion of one end
of the fabric, tugging on the draped configuration to demonstrate
sliding over sharp features.

We extend the bed of nails into a landing pad for various coarsely-
meshed projectiles. Variably-sized to barely fit or not fit between
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Figure 1: Tracking enables artistic expression and physical simulation to work hand-in-hand, as demonstrated in our animation of a character’s
unfortunate event. We begin (left to right) with the artist’s animation, automatically generate a set of Petrov-Galerkin test functions (visualized
as colored patches), and then solve the constrained Lagrangian mechanics equations to flesh out wrinkles and folds.

Abstract

We combine the often opposing forces of artistic freedom and math-
ematical determinism to enrich a given animation or simulation
of a surface with physically based detail. We present a process
called tracking, which takes as input a rough animation or simula-
tion and enhances it with physically simulated detail. Building on
the foundation of constrained Lagrangian mechanics, we propose
weak-form constraints for tracking the input motion. This method
allows the artist to choose where to add details such as characteris-
tic wrinkles and folds of various thin shell materials and dynamical
effects of physical forces. We demonstrate multiple applications
ranging from enhancing an artist’s animated character to guiding a
simulated inanimate object.

CR Categories: I.3.7 [Computer Graphics]: Three-Dimensional Graphics
and Realism—Animation

Keywords: directable animation, tracking, rigging, Galerkin, thin shells

1 Introduction

Simulating thin, flexible materials often means giving up artistic
control, yet manually animating their fine folds and wrinkles is an
arduous task. How can we provide simultaneous artistic control and
physical realism for materials like cloth, leather, or metal?

We present a process called tracking, which begins with a rough
animation already set by the artist and uses physical simulation to
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†e-mail: wardetzky@mi.fu-berlin.de

add fine-scale details without deviating from the artist’s intentions.
The artist sets the scale of features to be left intact, and our solver
computes the equations of motion at the remaining finer scales.

Motivating scenarios Consider two
scenarios where tracking is important:
(a) fleshing out a rough preview of
a physical simulation and (b) adding
physical detail to an animated character.

Coarse-to-fine design cycle To ac-
celerate the simulation design process,
artists use large time steps and coarse
geometry to generate rapid previews
before committing resources to a full-
detail physical simulation (see Fig. 2).
When the technical director approves a
promising preview, one might consider
reusing the parameters of the preview
in a full-resolution simulation; unfor-
tunately, an ordinary simulator’s output
often does not resemble the preview. Our tracking solver, on the
other hand, guarantees a similarity between input and output while
adding physically simulated detail at fine scales.

Enriching animation with physics Our work takes one step to-
ward colocating animated and physical behavior (see Fig. 1). The
animation depicts a puppet-like character whose body consists of a
thin, flexible material governed by the laws of physics. In this sce-
nario, there is no distinct spatial or temporal boundary separating art
from physics. This must be contrasted with common instances of
disjoint couplings, e.g.: skeleton-driven simulation, simulated fur,
or cloth over an animated body (spatially disjoint); and animated
keyframes interpolated by physics-based optimization (temporally
disjoint). To the best of our knowledge, the spatial and temporal
colocation of artistic animation and thin shell physics has not been
an explicit goal of prior work in the simulation literature.

1.1 A tracking solution

The scenarios we target in this paper have two main characteristics.
On the one hand, we focus on materials governed by the so-called

ACM Transactions on Graphics, Vol. 26, No. 3, Article 50, Publication date: July 2007.
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Figure 5 (top row): Dancer with short skirt; frames 110, 136 and 155. Figure 6 (middle row): Dancer with long skirt;
frames 185, 215 and 236. Figure 7 (bottom row): Closeups from figures 4 and 6.
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Figure 2: The friction between a rotating sphere and a piece of
cloth draped over it creates a complex structure of wrinkles and
folds.
intersections especially since the convex-hull property of the subdi-
vision means intersections are unlikely in the first place. A solution
is guaranteed to exist, since the new nodes can simply be left on the
triangle they were created on. Once we have a smoothed but inter-
section free subdivided mesh, we can subdivide again continuing
until the desired resolution is reached. Since the cloth is originally
separated by a finite distance, but each step of subdivision smooth-
ing moves the nodes exponentially less and less, we very quickly
find no more adjustments need to be made.
We caution the reader that this post-processing technique per-

forms exceptionally well because we use a fairly high resolution
dynamic simulation mesh. The efficiency of our repulsion and col-
lision processing algorithms allows the use of such a mesh, and we
have not noticed any problems with visual artifacts. However, on
a relatively coarser mesh, one should be aware of potential arti-
facts such as ”popping” that might result from using this subdivi-
sion scheme.

9 Examples

We demonstrate several examples using our simple cloth model
with highly complicated folding where most of the nodes (tens of
thousands in the dynamics and hundreds of thousands after subdi-
vision) are in close contact with each other as opposed to, say, the
simple draping of a skirt about a mannequin. In figure 1, a curtain is
draped over the ground and a sphere. Our biphasic spring model en-
ables complex wrinkling and eliminates undue deformation. When
the sphere moves up and away, the curtain flips back over on itself
resulting in a large number of contacts and collisions. The highly

Figure 3: A tablecloth draped over table legs with no tabletop is
dragged to the ground by a descending sphere.

Not available in this version

Figure 4: Frames from a production animation of a robe draped
over a digital character.

complex structure of folds and wrinkles is stable due to our static
friction model. When a second ball pushes through the complex
structure eventually slipping underneath, the algorithm still effi-
ciently and correctly resolves all contacts and collisions. Note how
realistically the cloth unravels by the final frame.
Figure 2 illustrates our static and kinetic friction algorithm with a

piece of cloth draped over a rotating sphere. Figure 3 shows a table-
cloth draped over four table legs with no tabletop. The object-cloth
contact is tricky due to the sharp corners of the legs particularly
when a sphere descends through the cloth down onto the ground,
but our repulsion forces prevent unnatural snagging. Simulation
times were reasonable even for these complex examples. Typically,
a piece of cloth with 150× 150 nodes runs at about 2 minutes per
frame on a 1.2GHz Pentium III. Finally, figure 4 shows the draping
and folding of a robe around a digital character from a production
animation system utilizing a number of our techniques.

10 Conclusions and Future Work

The synergy of efficient repulsion forces combined with robust geo-
metric treatment of collisions has allowed us to efficiently simulate
complex cloth motion. The prevention of self-intersection together
with kinetic and static friction produces complex, yet stable folding
and wrinkling unachievable by simpler approaches. In addition,
our post-processing subdivides simulation data without introducing
self-intersection resulting in even higher quality animations. Our
algorithm makes few assumptions about the internal cloth dynam-
ics, and thus can easily be incorporated into existing codes with
advanced cloth models.
We are close to a fully parallel implementation exploiting the

parallel nature of most of our scheme. Other areas we plan to de-
velop include modeling different values for kinetic and static fric-
tion coefficients, adaptive meshing to better resolve folds, and op-
timization of the bounding volume hierarchy. Furthermore, we are
eager to apply our techniques to characters with highly wrinkled
loose fitting skin.
Two rather important problems that we have not addressed are

the interactions between cloth with sharp objects and the behav-
ior of cloth when trapped in between two solid deformable or rigid
bodies. We refer the reader interested in sharp objects to the recent
developments of [Kane et al. 1999; Pandolfi et al. 2002]. For the
case of intersecting collision bodies additional technologies like the

Figure 12. Simulated tying of ribbons into a reef knot.

Figure 13. A closeup of the reef knot.

no matter the projectile’s velocity. Implementation of the inextensi-
bility constraint for 3D triangle meshes would require a constraint
formulation that does not lock bending modes, such as that pro-
posed by English and Bridson [2008].

8 Results

In §3 and §6, we described simple experiments and empirical mea-
surements supporting the guaranteed safety and good energy be-
havior of the proposed contact algorithm, for both conservative and
dissipative contact. We turn our attention to challenging problems
involving complex contact geometries, sharp features, and sliding
during extremely tight contact.

Knots We simulate the tying of ribbons into reef and bowline
knots (see Figs. 12 and 14, respectively). The ribbons are mod-
eled as a loose knot, assigned a material with stiff stretching and
weak bending, and their ends are pulled by a prescribed force; the
bowline knot requires also the prescription of fixed vertices behind
the cylinder where a finger normally holds the material in place.
The final configuration is faithful to the shape of actual “boyscout
manual” knots.

This example demonstrates the strength of asynchrony in allocat-
ing resources to loci of tight contact. As the knot tightens, progres-
sively finer time steps are used for the tightest areas of contact.
If instead of prescribing reasonable forces we directly prescribe
an outward motion of the two ends of the ribbon, the simulations
execute to the point where the mesh resolution becomes the lim-
iting reagent, i.e., a tighter knot cannot be tied without splitting

Figure 14. Simulated tying of a ribbon into a bowline knot.

Figure 15. Virtual trash compactor and assorted virtual trash.

Figure 16. Experiments with a bed of nails highlight the method’s ability to

deal with sharp boundaries, isolated points of contact, sliver triangles, and

localized points of high pressure between two nearly incident surfaces.

triangles; past this point, the computation slows as penalty interac-
tions burrow to deeper layers and the mean time step decays. This
highlights both a feature and a potential artistic objection to the
method: when presented with an impossible or nearly-impossible
situation (non-stretchy ribbon with prescribed diametrically oppos-
ing displacements at its ends) the method’s safety guarantee induces
Zeno’s Paradox.
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Trash compactor We
place triangle meshes
of varying complexity
into a virtual trash
compactor consisting of
a floor and four walls,
and then prescribe
the inward motion of
opposing walls (see
Fig. 15 and incident
image). The method is
able to simulate the approach of the walls without ever allowing
for seen or unseen penetrations. As with the knots, the overall
rate of progress decays as the simulation approaches a limiting
configuration.

Bed of nails We crafted a prob-
lem to test the handling of isolated
point contacts and sharp bound-
aries. Four sliver triangles are as-
sembled into a nail, and many such
nails are placed point-up on a flat
bed. We drape two stacked fabrics
over the bed of nails (see Fig. 16),
and observe that the simulated trajectory is both realistic and free of
penetrations, oscillations, or any other artifacts typically associated
to contact discontinuities. Next, we prescribe the motion of one end
of the fabric, tugging on the draped configuration to demonstrate
sliding over sharp features.

We extend the bed of nails into a landing pad for various coarsely-
meshed projectiles. Variably-sized to barely fit or not fit between
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Figure 1: Tracking enables artistic expression and physical simulation to work hand-in-hand, as demonstrated in our animation of a character’s
unfortunate event. We begin (left to right) with the artist’s animation, automatically generate a set of Petrov-Galerkin test functions (visualized
as colored patches), and then solve the constrained Lagrangian mechanics equations to flesh out wrinkles and folds.

Abstract

We combine the often opposing forces of artistic freedom and math-
ematical determinism to enrich a given animation or simulation
of a surface with physically based detail. We present a process
called tracking, which takes as input a rough animation or simula-
tion and enhances it with physically simulated detail. Building on
the foundation of constrained Lagrangian mechanics, we propose
weak-form constraints for tracking the input motion. This method
allows the artist to choose where to add details such as characteris-
tic wrinkles and folds of various thin shell materials and dynamical
effects of physical forces. We demonstrate multiple applications
ranging from enhancing an artist’s animated character to guiding a
simulated inanimate object.
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1 Introduction

Simulating thin, flexible materials often means giving up artistic
control, yet manually animating their fine folds and wrinkles is an
arduous task. How can we provide simultaneous artistic control and
physical realism for materials like cloth, leather, or metal?

We present a process called tracking, which begins with a rough
animation already set by the artist and uses physical simulation to
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add fine-scale details without deviating from the artist’s intentions.
The artist sets the scale of features to be left intact, and our solver
computes the equations of motion at the remaining finer scales.

Motivating scenarios Consider two
scenarios where tracking is important:
(a) fleshing out a rough preview of
a physical simulation and (b) adding
physical detail to an animated character.

Coarse-to-fine design cycle To ac-
celerate the simulation design process,
artists use large time steps and coarse
geometry to generate rapid previews
before committing resources to a full-
detail physical simulation (see Fig. 2).
When the technical director approves a
promising preview, one might consider
reusing the parameters of the preview
in a full-resolution simulation; unfor-
tunately, an ordinary simulator’s output
often does not resemble the preview. Our tracking solver, on the
other hand, guarantees a similarity between input and output while
adding physically simulated detail at fine scales.

Enriching animation with physics Our work takes one step to-
ward colocating animated and physical behavior (see Fig. 1). The
animation depicts a puppet-like character whose body consists of a
thin, flexible material governed by the laws of physics. In this sce-
nario, there is no distinct spatial or temporal boundary separating art
from physics. This must be contrasted with common instances of
disjoint couplings, e.g.: skeleton-driven simulation, simulated fur,
or cloth over an animated body (spatially disjoint); and animated
keyframes interpolated by physics-based optimization (temporally
disjoint). To the best of our knowledge, the spatial and temporal
colocation of artistic animation and thin shell physics has not been
an explicit goal of prior work in the simulation literature.

1.1 A tracking solution

The scenarios we target in this paper have two main characteristics.
On the one hand, we focus on materials governed by the so-called
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Figure 1: Tracking enables artistic expression and physical simulation to work hand-in-hand, as demonstrated in our animation of a character’s
unfortunate event. We begin (left to right) with the artist’s animation, automatically generate a set of Petrov-Galerkin test functions (visualized
as colored patches), and then solve the constrained Lagrangian mechanics equations to flesh out wrinkles and folds.

Abstract

We combine the often opposing forces of artistic freedom and math-
ematical determinism to enrich a given animation or simulation
of a surface with physically based detail. We present a process
called tracking, which takes as input a rough animation or simula-
tion and enhances it with physically simulated detail. Building on
the foundation of constrained Lagrangian mechanics, we propose
weak-form constraints for tracking the input motion. This method
allows the artist to choose where to add details such as characteris-
tic wrinkles and folds of various thin shell materials and dynamical
effects of physical forces. We demonstrate multiple applications
ranging from enhancing an artist’s animated character to guiding a
simulated inanimate object.

CR Categories: I.3.7 [Computer Graphics]: Three-Dimensional Graphics
and Realism—Animation

Keywords: directable animation, tracking, rigging, Galerkin, thin shells

1 Introduction

Simulating thin, flexible materials often means giving up artistic
control, yet manually animating their fine folds and wrinkles is an
arduous task. How can we provide simultaneous artistic control and
physical realism for materials like cloth, leather, or metal?

We present a process called tracking, which begins with a rough
animation already set by the artist and uses physical simulation to

∗e-mail: {miklos|sm2545|eitan}@cs.columbia.edu
†e-mail: wardetzky@mi.fu-berlin.de

add fine-scale details without deviating from the artist’s intentions.
The artist sets the scale of features to be left intact, and our solver
computes the equations of motion at the remaining finer scales.

Motivating scenarios Consider two
scenarios where tracking is important:
(a) fleshing out a rough preview of
a physical simulation and (b) adding
physical detail to an animated character.

Coarse-to-fine design cycle To ac-
celerate the simulation design process,
artists use large time steps and coarse
geometry to generate rapid previews
before committing resources to a full-
detail physical simulation (see Fig. 2).
When the technical director approves a
promising preview, one might consider
reusing the parameters of the preview
in a full-resolution simulation; unfor-
tunately, an ordinary simulator’s output
often does not resemble the preview. Our tracking solver, on the
other hand, guarantees a similarity between input and output while
adding physically simulated detail at fine scales.

Enriching animation with physics Our work takes one step to-
ward colocating animated and physical behavior (see Fig. 1). The
animation depicts a puppet-like character whose body consists of a
thin, flexible material governed by the laws of physics. In this sce-
nario, there is no distinct spatial or temporal boundary separating art
from physics. This must be contrasted with common instances of
disjoint couplings, e.g.: skeleton-driven simulation, simulated fur,
or cloth over an animated body (spatially disjoint); and animated
keyframes interpolated by physics-based optimization (temporally
disjoint). To the best of our knowledge, the spatial and temporal
colocation of artistic animation and thin shell physics has not been
an explicit goal of prior work in the simulation literature.

1.1 A tracking solution

The scenarios we target in this paper have two main characteristics.
On the one hand, we focus on materials governed by the so-called

ACM Transactions on Graphics, Vol. 26, No. 3, Article 50, Publication date: July 2007.
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Topics : 3D elasticitysparse symmetric (since KT = K) solver, such as MINRES. This
gives one approach to generating a motion basis for unconstrained
models, however the topic is a subject of ongoing research.

Figure 13: Multibody dynamics simulation with large deformations:
Motion basis (r = 40) uses linear modes Ψ7, . . .Ψ26 and their derivatives.
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Interactive Skeleton-Driven Dynamic Deformations. ACM Trans. on Graphics 21,
3 (July), 586–593.

CHOI, M. G., AND KO, H.-S. 2005. Modal Warping: Real-Time Simulation of
Large Rotational Deformation andManipulation. In IEEE Trans. on Vis. and Comp.
Graphics, vol. 11, 91–101.

COTIN, S., DELINGETTE, H., AND AYACHE, N. 1999. Realtime Elastic Defor-
mations of Soft Tissues for Surgery Simulation. IEEE Trans. on Vis. and Comp.
Graphics 5, 1, 62–73.

DEBUNNE, G., DESBRUN, M., CANI, M.-P., AND BARR, A. H. 2001. Dynamic
Real-Time Deformations Using Space & Time Adaptive Sampling. In Proc. of
ACM SIGGRAPH 2001, 31–36.

FALOUTSOS, P., VAN DE PANNE, M., AND TERZOPOULOS, D. 1997. Dynamic
Free-Form Deformations for Animation Synthesis. IEEE Trans. on Vis. and Comp.
Graphics 3, 3, 201–214.

FUNG, Y. 1977. A First Course in Continuum Mechanics. Prentice-Hall, Englewood
Cliffs, NJ.
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MÜLLER, M., DORSEY, J., MCMILLIAN, L., JAGNOW, R., AND CUTLER, B. 2002.
Stable Real-Time Deformations. In Proc. of the Symp. on Comp. Animation 2002,
49–54.
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Abstract
In this paper, a novel Delaunay-based variational approach to
isotropic tetrahedral meshing is presented. To achieve both robust-
ness and efficiency, we minimize a simple mesh-dependent energy
through global updates of both vertex positions and connectivity.
As this energy is known to be the L1 distance between an isotropic
quadratic function and its linear interpolation on the mesh, our min-
imization procedure generates well-shaped tetrahedra. Mesh design
is controlled through a gradation smoothness parameter and selec-
tion of the desired number of vertices. We provide the foundations
of our approach by explaining both the underlying variational prin-
ciple and its geometric interpretation. We demonstrate the quality
of the resulting meshes through a series of examples.
Keywords: Isotropic meshing,Delaunay mesh,sizing field,slivers.

1 Introduction
Three-dimensional simplicial mesh generation aims at tiling a
bounded 3D domain with tetrahedra so that any two of them are
either disjoint or sharing a lower dimensional face. Such a dis-
cretization of space is required for most physically-based simula-
tion techniques: realistic simulation of deformable objects in com-
puter graphics, as well as more general numerical solvers for par-
tial differential equations in computational science, need a discrete
domain to apply finite-element or finite-volume methods. Most ap-
plications have specific requirements on the size and shape of sim-
plices in the mesh. Isotropic meshing is desirable in the common
case where nearly-regular tetrahedra (nearly-equal edge lengths)
are preferred.

Creating high quality tetrahedral meshes is a difficult task for a vari-
ety of reasons. First, the mere size of the resulting meshes requires
robust, disciplined data structures and algorithms. There are also
basic mathematical difficulties which make tetrahedral meshing
significantly harder than its 2D counterpart: the most isotropic 3D
simplex, the regular tetrahedron, does not tile 3D space (let alone
specific domains), while the equilateral triangle does tile the plane;
unlike the 2D case, even well-spaced vertices can create degenerate
3D elements such as slivers (see Fig. 2). Dealing with boundaries is
also fundamentally more difficult in 3D: while it always exists a 2D
triangulation conforming to any set of non intersecting constraints,
this is no longer true in 3D [Shewchuk 1998a]. All these facts ren-
der both the development of algorithms and suitable error analysis
for the optimal 3D meshing problem very challenging. Given that
one can often observe in applications that the worst element in the
domain dictates accuracy and/or efficiency [Shewchuk 2002a], it is
clear that great care is required to design the underlying meshes and
ensure that they meet the desired quality standards.

1.1 Previous Work & Nomenclature
The meshing community has extensively studied a number of tech-
niques over the last 20 years. We do not aim at covering all previ-

Figure 1: Variational Tetrahedral Meshing: Given the boundary of a do-
main (here, a human torso), we automatically compute the local feature size
of this boundary as well as an interior sizing field (left, cross-section), be-
fore constructing a mesh with a prescribed number of vertices (here 65K)
and a smooth gradation conforming to the sizing field (right, cutaway view).
The resulting tetrahedra are all well-shaped (i.e., nearly regular).
ous work since comprehensive surveys are available [Carey 1997;
Owen 1998; Frey and George 2000; Teng et al. 2000; Eppstein
2001]. To motivate our work we briefly review both the usual
nomenclature and the main difficulties involved in isotropic tetra-
hedral mesh generation. Throughout tet will be the abbreviation for
tetrahedron.

Proper mesh generation requires a number of successive stages,
which are governed by a number of key factors:
⋄ Shape Quality Measures: Element shape/size requirements are

typically application-dependent. Consequently, an extraordinar-
ily large number of quality measures has been proposed, ranging
from minimum or maximum bounds on dihedral or solid angles,
to more complex geometric ratios. We recommend [Shewchuk
2002a] for a clear exposition of both the history behind these mea-
sures and their relation to (1) the conditioning of finite element
stiffness matrices and (2) the accuracy of linear interpolation of
functions and their gradients. Among the most popular quality
measures of a tet are the radius and radius-edge ratios. The lat-
ter measures the ratio between the circumsphere radius and the
shortest edge length. It is not a fair measure since it does not
approach zero for a class of degenerate tets called slivers (sliv-
ers result when four tet vertices are close to a great circle of a
sphere and spaced roughly equally along this circle, see Fig. 2).
The radius ratio, which takes the quotient of inscribed and cir-
cumscribed sphere radii (times three for normalization purposes),
is a good measure for any kind of degeneracy.

Figure 2: Tet shapes: the regular tet (leftmost) is well shaped, unlike the
other tets displayed: each represents a type of degeneracy. The rightmost
one with 4 near-cocircular vertices is usually referred to as a sliver.

⋄ Sizing requirement: Accuracy and efficiency of numerical
solvers depend on the local size of tets. Consequently, a sizing
field, prescribing the ideal local edge length as a function of space,
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