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Abstract We discuss a certain special subset of Lagrange multipliers, called
critical, which usually exist when multipliers associated to a given solution are
not unique. This kind of multipliers appear to be important for a number of
reasons, some understood better, some (currently) not fully. What is clear, is
that Newton and Newton-related methods have an amazingly strong tendency
to generate sequences with dual components converging to critical multipliers.
This is quite striking because, typically, the set of critical multipliers is “thin”
(the set of noncritical ones is relatively open and dense, meaning that its closure is the whole set). Apart from mathematical curiosity to understand the
phenomenon for something as classical as the Newton method, the attraction
to critical multipliers is relevant computationally. This is because convergence
to such multipliers is the reason for slow convergence of the Newton method
in degenerate cases, as convergence to noncritical limits (if it were to happen)
would have given the superlinear rate. Moreover, the attraction phenomenon
shows up not only for the basic Newton method, but also for other related techniques (for example, quasi-Newton, and the linearly-constrained augmented
Lagrangian method). In spite of clear computational evidence, proving that
convergence to a critical limit must occur appears to be a challenge, at least
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IMPA – Instituto de Matemática Pura e Aplicada, Estrada Dona Castorina 110, Jardim
Botânico, Rio de Janeiro, RJ 22460-320, Brazil
E-mail: solodov@impa.br

2

A. F. Izmailov, M. V. Solodov

for general problems. We outline the partial results obtained up to now. We
also discuss the important role that noncritical multipliers play for stability,
sensitivity, and error bounds. Finally, an important issue is dual stabilization,
i.e., techniques to avoid moving along the multiplier set towards a critical one
(since it leads to slow convergence). We discuss the algorithms that do the job
locally, i.e., when initialized close enough to a noncritical multiplier, their dual
behavior is as desired. These include the stabilized sequential quadratic programming method and the augmented Lagrangian algorithm. However, when
the starting point is far, even those algorithms do not appear to provide fully
satisfactory remedies. We discuss the challenges with constructing good algorithms for the degenerate case, which have to incorporate dual stabilization
for fast local convergence, at an acceptable computational cost, and also be
globally efficient.
Keywords Critical Lagrange multipliers · Second-order sufficiency · Newtontype methods · Sequential quadratic programming · Newton-Lagrange
method · Superlinear convergence
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1 Introduction
In this exposition, we shall restrict our attention to the equality-constrained
optimization problem
minimize f (x) subject to h(x) = 0,

(1)

where the objective function f : Rn → R and the constraints mapping h :
Rn → Rl are at least twice differentiable, with their second derivatives being
continuous at the point of interest. The issues discussed below extend (at least
partially, sometimes completely) in various directions: to optimization problems involving inequality constraints; to more general variational problems of
which optimization is a special case; to problems with weaker smoothness requirements. Also, while we shall refer for illustration to the most basic form
of the Newton method for (1), it is important to mention that the conceptual
conclusions apply also to its various important modifications [32], and sometimes even to methods which do not look clearly “Newtonian” [35]. We keep
the focus here on sufficiently smooth equality-constrained optimization and
the basic Newton method, in order to avoid technical details and branching of
the exposition, and to make sure we transmit the main ideas with reasonable
brevity.
We start by recalling some classical terminology. Let L : Rn × Rl → R be
the usual Lagrangian of problem (1), i.e.,
L(x, λ) = f (x) + hλ, h(x)i,
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where h·, ·i is the usual inner product (the space would always be clear from
the context). Then stationary points and associated Lagrange multipliers of
problem (1) are characterized by the Lagrange optimality system
∂L
(x, λ) = 0,
∂x

h(x) = 0,

(2)

with respect to x ∈ Rn and λ ∈ Rl . Let M(x̄) stand for the set of Lagrange
multipliers associated to a stationary point x̄ of problem (1), i.e.,


∂L
l
M(x̄) = λ ∈ R
(x̄, λ) = 0 .
∂x
As is well known, if x̄ is a local solution of problem (1), and the constraints
regularity condition
rank h′ (x̄) = l
(3)
holds, then M(x̄) is a singleton. When the multiplier set M(x̄) is nonempty,
but (3) is violated, M(x̄) is an affine manifold of some positive dimension.
For such (degenerate, difficult) situations of nonisolated solutions, the goal of
this article is to discuss a certain special subclass of Lagrange multipliers with
very interesting properties. The multipliers in question are called “critical”;
see the next section for the definition. The relevance of this subcluss is (at
least) two-fold. First, Lagrange multipliers of this kind tend to attract dual
sequences of a good number of important optimization algorithms, and this
can be seen to be the reason for their slow convergence in the degenerate cases.
Second, multipliers that do not belong to this special subclass play a key role
in various theoretical developments; in particular, concerned with stability and
sensitivity issues, and with error bounds. Some facts of this kind will be mentioned below, but we shall mostly concentrate here on the (negative) influence
of critical multipliers on computational methods. We shall discuss our current understanding of the nature of the destructive phenomenon of attraction
to critical multipliers, outline the possible ways out of this unpleasant situation, and indicate what still needs to be done to construct more satisfactory
algorithms capable to handle degenerate problems.
In what follows, I stands for the identity matrix of an appropriate size.
All vector norms are Euclidean; all matrix norms are spectral (i.e., induced by
Euclidean). By Sn we denote the space of n × n symmetric matrices.
2 Critical and noncritical Lagrange multipliers: definitions and
some basic properties
A Lagrange multiplier λ̄ ∈ Rl associated to a stationary point x̄ is called
critical if there
exists ξ ∈ ker h′ (x̄) \ {0} such that

∂2L
(x̄, λ̄)ξ ∈ im(h′ (x̄))T ,
∂x2
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and noncritical otherwise. In other words, λ̄ is critical if the corresponding
reduced Hessian of the Lagrangian (i.e., the symmetric matrix H(λ̄) = H(x̄, λ̄)
2
of the quadratic form ξ → h ∂∂xL2 (x̄, λ̄)ξ, ξi : ker h′ (x̄) → R) is singular. This
notion was introduced in [23]; its theoretical and computational implications
are further studied in [30,31,10,32,33,28,39]; see also [34].
Observing that im(h′ (x̄))T = (ker h′ (x̄))⊥ , it is immediate that the multiplier is always noncritical if it satisfies the second-order sufficient optimality
condition (SOSC)
 2

∂ L
(x̄, λ̄)ξ, ξ > 0 ∀ ξ ∈ ker h′ (x̄) \ {0},
(4)
∂x2
or the corresponding condition for maximizers (i.e., with the reverse sign). If
λ̄ satisfies the condition
 2

∂ L
(x̄, λ̄)ξ, ξ ≥ 0 ∀ ξ ∈ ker h′ (x̄) \ {0}
(5)
∂x2
then it is noncritical if and only if it satisfies the SOSC (4). It is important
to emphasize, however, that (5) is not necessary for local optimality of x̄ in
the absence of the regularity assumption (3). Thus, in the degenerate context,
noncriticality and (4) are not equivalent even for minimizers. In fact, the common situation is that there are many more noncritical multipliers than those
that satisfy the SOSC (4), even counting also the ones with the reverse sign if
such exist, and that critical multipliers are “very few” within the set M(x̄).
This will be discussed again and illustrated by examples further below.
Even though of interest in this discussion are degenerate problems when
M(x̄) is not a singleton, let us start with the following well-understood property clarifying the role of noncritical multipliers in the regular/nondegenerate
case.
Proposition 1 For any stationary point x̄ of problem (1) and any associated Lagrange multiplier λ̄, the Jacobian of the Lagrange system (2) (or in
other words, the full Hessian of the Lagrangian) is nonsingular at (x̄, λ̄) if
and only if the regularity condition (3) holds (implying that λ̄ is unique) and
λ̄ is noncritical.
Consider now the Newton–Lagrange method (NLM), that is, the Newton
method applied to the Lagrange system (2). Specifically, for a current primaldual iterate (xk , λk ) ∈ Rn × Rl , the next iterate (xk+1 , λk+1 ) is defined by
the linear system
∂2L k k
∂L
(x , λ )(x − xk ) + (h′ (xk ))T (λ − λk ) = − (xk , λk ),
∂x2
∂x
h′ (xk )(x − xk ) = −h(xk ).

(6)

As is well known, this is also a way to write the iteration of the sequential
quadratic programming method (SQP) for the optimization problem (1); see,

Critical Lagrange multipliers

5

e.g., [34, Chapter 4]. An iteration of the latter consists in solving the subproblem


1 ∂2L k k
k
k
(x
,
λ
)(x
−
x
),
x
−
x
minimize hf ′ (xk ), x − xk i +
2 ∂x2
k
′ k
subject to h(x ) + h (x )(x − xk ) = 0.
As is easily seen, stationary points of this subproblem and the associated
Lagrange multipliers are characterized precisely by the linear system (6).
According to Proposition 1, local superlinear convergence of NLM/SQP
to a solution (x̄, λ̄) of system (2) is guaranteed if the regularity condition
(3) holds and the multiplier λ̄ is noncritical. Moreover, when the regularity
condition (3) holds, the unique λ̄ ∈ M(x̄) is typically noncritical (at least,
there is no particular reason why this should not be so).
At this point, we discard the regularity condition (3) and, thus, enter the
territory where the multiplier set M(x̄) is a nontrivial affine manifold.
The first (obvious) issue to comment is that now an algorithm (any primaldual algorithm) applied to solve (1) has (infinitely) many “correct dual targets”. Even if the algorithm appears to be successfully solving the problem,
i.e., the primal sequence converges to some degenerate solution x̄ and the dual
sequence approaches M(x̄) which is not a singleton, how the dual sequence
behaves is clearly of potential influence. It turns out that the latter is actually
crucial, and directly affects the speed of convergence, including that of the
primal sequence.
The second issue to mention is that M(x̄) may now very well consist of
“various kinds” of multipliers; in particular, it may contain critical multipliers,
and in a stable way: they usually do not disappear after small perturbations
preserving the deficient rank of the constraints’ Jacobian. At the same time, it
is important to emphasize that the set of critical multipliers is usually “thin”
within M(x̄). This follows from the fact that the set of critical multipliers is
characterized by the algebraic equation
det H(λ) = 0

(7)

over the affine set M(x̄). Thus, if there exists some λ ∈ M(x̄) violating this
equation (i.e., there exists a noncritical multiplier), then this is the case for all
λ in some relatively open and dense subset of M(x̄). In other words (and somewhat informally), typically “almost all” the multipliers are noncritical, while
critical multipliers are “few”. This will be seen from the examples discussed
below again and again.
One characteristic property of a noncritical multiplier is the primal-dual
Lipschitzian error bound estimating the distance to the solution set of the
Lagrange system (2), or equivalently, the upper-Lipschitzian behavior of this
solution set under canonical perturbations. The related results for much more
general problem settings can be found in [13,21,25,28]; see also [34, Chapter 1.3].
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Proposition 2 For any stationary point x̄ of problem (1) and any associated
Lagrange multiplier λ̄, the following three properties are equivalent:
(a) The multiplier λ̄ is noncritical.
(b) The error bound
kx − x̄k + dist(λ, M(x̄)) = O

 

 
∂L
(x, λ), h(x)
∂x

(8)

holds as (x, λ) ∈ Rn × Rl tends to (x̄, λ̄).
(c) For every σ = (a, b) ∈ Rn × Rl close enough to (0, 0), any solution
(x(σ), λ(σ)) of the canonically perturbed Lagrange system
∂L
(x, λ) = a,
∂x

h(x) = b,

(9)

which is close enough to (x̄, λ̄), satisfies the estimate
kx(σ) − x̄k + dist(λ(σ), M(x̄)) = O(kσk)

(10)

as σ → 0.
In particular, neither the Lipschitzian error bound (8), nor the upperLipschitzian behavior of the solution set, expressed by (10), can be expected
to hold near a critical λ̄. Hence, the consequences. And this is how the injurious
nature of critical multipliers starts to show up!
One interesting fact implied by Proposition 2 is the following: if x̄ is a
nonisolated stationary point of problem (1), and λ̄ is the limit of a sequence
of Lagrange multipliers associated with stationary points forming a sequence
convergent to x̄, then λ̄ is necessarily a critical Lagrange multiplier associated
with x̄. In particular, if x̄ is a nonisolated stationary point satisfying the regularity condition (3), then the unique Lagrange multiplier associated with x̄
is necessarily critical.
Finally, the next result from [23] demonstrates that when (3) is violated,
noncritical multipliers can be stable only subject to very special perturbations of problem (1). The proof of this result employs the estimate (10) from
Proposition 2.
Proposition 3 Let x̄ be a stationary point of problem (1), and let λ̄ be an
associated noncritical Lagrange multiplier.
Then for any d ∈ Rl , if there exist sequences {tk } of positive reals, {xk } ⊂
n
R , and {λk } ⊂ Rl , such that tk → 0, {xk } → x̄, {λk } → λ̄, and for each
k the point (xk , λk ) is a solution of the system (9) with a = O(tk ) and b =
tk d + o(tk ), then the sequence {(xk − x̄)/tk } has a limit point ξ, and any such
limit point satisfies the equality
h′ (x̄)ξ = d.

(11)
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The equality (11) implies that
d ∈ im h′ (x̄),
and when (3) is violated, the right-hand side of the previous inclusion is a
proper subspace in Rl . Therefore, the situation specified in Proposition 3 may
only happen for very special directions d of constraints’ perturbations. By
contrast, critical multipliers are stable under very reasonable assumptions,
and for “generic” perturbations (loosely speaking); see [23]. The next example
is a good illustration.
Example 1 Consider the problem
minimize x21 subject to x21 − x22 = b,
where b ∈ R is a parameter perturbing the right-hand side of the constraint.
For b = 0, this problem has the unique solution x̄ = 0, with h′ (x̄) = 0 (hence,
the regularity condition (3) is violated) and the multiplier set is M(x̄) = R.
It holds that det H(λ) = −4(1 + λ)λ, and there are two critical multipliers:
λ̄1 = −1 and λ̄2 = 0.
For a = 0 the perturbed Lagrange system (9) always has the unique solution, given by
√

((± b,√0), −1) if b ≥ 0,
(x(b), λ(b)) =
((0, ± −b), 0) if b < 0.
This means that the critical multiplier λ̄1 is stable when b moves from zero to
the right, while the other critical multiplier λ̄2 is stable when b moves from zero
to the left. Noncritical multipliers are never stable: they disappear subject to
perturbations (in the sense that around each of them there is a neighborhood
such that the perturbed problem does not have Lagrange multipliers in this
neighborhood for any b 6= 0).
3 Attraction of algorithms to critical multipliers and its
consequences
Passing from bad to worse. By now, there exists convincing theoretical and
numerical evidence of the following striking phenomenon. Despite critical multipliers being typically very “few” (for example, just one point when the set of
all Lagrange multipliers is a line, as in Example 4 below), dual sequences generated by NLM (6), and by other Newton-type methods for problem (1), have
a remarkably strong tendency to converge to critical multipliers when they
exist. This is the case not only for generic mathematical formulations of algorithms, but also for professional implementations of influential software; see
[32] for experiments with quasi-Newton SQP and its SNOPT implementation
[15], and linearly-constrained Lagrangian methods [48,45,14] and the MINOS
package [46]. Moreover, convergence to critical multipliers appears to be the
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precise reason for the lack of superlinear convergence rate, which is typical
for problems with degenerate constraints. See [30–32] for numerous examples
illustrating this behavior. These references also give some theoretical results
of a “negative” nature, showing that convergence to a noncritical multiplier is
highly unlikely in some sense. Here, we start with a couple of examples from
[30], which demonstrate well the attraction phenomenon.
Example 2 The problem with quadratic data
1
1
minimize x21 − x22 + 2x23 subject to − x21 + x22 − x23 = 0, x1 x3 = 0
2
2

4

4

3

3

2

2

1

1
λ2

λ

2

has the unique solution x̄ = 0, with h′ (x̄) = 0 (hence, the regularity condition
(3) is violated) and the multiplier set is M(x̄) = R2 . Furthermore, det H(λ) =
2(1 − λ1 )((2 − λ1 )(4 − λ1 ) − λ22 ), and hence, critical multipliers are those
λ ∈ R2 satisfying λ1 = 1 or (λ1 − 3)2 − λ22 = 1 (vertical line and two branches
of hyperbola in Figure 1).
Some NLM dual sequences corresponding to the primal starting point x0 =
(1, 2, 3) are shown in Figure 1a. Figure 1b shows the distribution of dual
iterates at the time of termination of the method according to the stopping
criterion, for dual trajectories generated starting from the points on the grid
in the domain [−2, 8] × [−2, 4] (step of the grid is 1/4).
Convergence of the dual sequences is inevitably to critical multipliers (and
convergence of both primal and dual sequences is slow).

0

0

−1

−1

−2

−2

−3
−4
−2

−3

0

2

λ1

4

6

(a) Dual sequences.

8

−4
−2

0

2

λ1

4

6

8

(b) Distribution of dual iterates at the
time of termination.

Fig. 1: NLM for Example 2; x0 = (1, 2, 3).
In the previous example, all the functions are quadratic and the problem
is fully degenerate (the multiplier set is the whole dual space). In the example
that follows, some functions are not quadratic, and the multiplier set is a
proper subspace of the dual space.
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Example 3 The problem with non-quadratic data
minimize x21 + x22 + x23
subject to sin x1 + sin x2 + sin x3 = 0, x1 + x2 + x3 + sin x1 x3 = 0
has the unique solution x̄ = 0, and the regularity condition (3) is violated (even
though h′ (x̄) 6= 0). The multiplier set is M(x̄) = {λ ∈ R2 | λ1 + λ2 = 0} (thick
straight line in Figure 2), and it can be seen that the only critical multipliers
are (−2, 2) and (6, −6).
Some NLM dual sequences corresponding to the primal starting point x0 =
(0.1, 0.2, 0.3) are shown in Figure 2.
Again, the dual sequences always converge to one of the two critical multipliers.

4

2

λ2

0

−2

−4

−6

−8
−4

−2

0

2
λ1

4

6

8

Fig. 2: Dual sequences of NLM for Example 3; x0 = (0.1, 0.2, 0.3).
Our next example, although very simple, allows us to demonstrate the
phenomenon in question analytically.
Example 4 Consider the following problem with quadratic data:
minimize ax2 subject to bx2 = 0,
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where a and b are nonzero real parameters. The unique feasible point (hence,
the unique solution of this problem) is x̄ = 0, and since h′ (x̄) = 0, it holds
that M(x̄) = R and
H(λ) =

∂2L
(x̄, λ) = 2(a + λb).
∂x2

Therefore, the unique critical multiplier is λ̄ = −a/b.
For each k, the equalities in (6) take the form
(a + λk b)(x − xk ) + bxk (λ − λk ) = −(a + λk b)xk ,

2bxk (x − xk ) = −b(xk )2 .

Assuming that xk 6= 0, we obtain from the second equality that xk+1 = xk /2,
and then the first equality gives λk+1 = (λk − a/b)/2, which can be further
written as
1
λk+1 + a/b = (λk + a/b).
2
Therefore, if x0 6= 0, then xk 6= 0 for all k, and the sequence {(xk , λk )} is well
defined by (6) and converges linearly to (0, λ̄). Moreover, if λ0 6= λ̄, then the
convergence rates of both {xk } and {λk } are linear.
Some primal-dual sequences of NLM for this example with a = b = 1 are
shown in Figure 3.
Given the illustrations above, as well as many more examples in [30–32], it
is natural to try to prove that NLM always converges to a critical multiplier
when one exists. Despite all the evidence, this turned out to be very hard. No
proof is known at this time for the general problem setting of (1). We proceed
to discuss what is currently known for some special cases.
The behavior observed in Example 4 is fully explained by the following
result for a one-dimensional problem with a single constraint, obtained in [41].
Even in this seemingly simple case, the proof is not at all simple!
Proposition 4 Let n = l = 1 and assume that f ′ (x̄) = h(x̄) = h′ (x̄) = 0,
h′′ (x̄) 6= 0.
Then for any x0 ∈ R \ {x̄} close enough to x̄, and any λ0 ∈ R, there exists
the unique sequence {(xk , λk )} ⊂ R × R such that (xk+1 , λk+1 ) satisfies (6)
for all k; this sequence converges to (x̄, λ̄), where λ̄ = −f ′′ (x̄)/h′′ (x̄); xk 6= x̄
holds for all k, and
1
xk+1 − x̄
= .
lim
k
k→∞ x − x̄
2
Note that the assumption f ′ (x̄) = h(x̄) = h′ (x̄) = 0 implies that x̄ is a
stationary point of problem (1), with M(x̄) = R, while h′′ (x̄) 6= 0 implies
that λ̄ = −f ′′ (x̄)/h′′ (x̄) is the unique critical Lagrange multiplier associated
with x̄. Linear convergence rate of {λk } can also be established under some
additional assumptions; see [41].
Proposition 4 is nice in the sense of its clear theoretical characterization
of convergence of the dual sequence (from any dual starting point!) to the
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−4
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−1

0
x

1

2

3

4

Fig. 3: Primal-dual sequences of NLM for Example 4.
(unique!) critical multiplier, and the associated slow primal convergence. But
it is also somewhat discouraging, as it suggests that there may be no chances
to escape convergence to a critical multiplier, and thus slow convergence. As
already mentioned, unfortunately (or fortunately), currently there exist no
full extensions of this nice (but discouraging) result to higher dimensions and
with f and h still general enough (moreover, such full extension could hardly
be possible: some further assumptions, and restrictions on the starting point
would have to come into play). We proceed with discussing a more special
case, namely, that of all the problem data being quadratic. Note, however,
that this model setting captures the most intrinsic consequences of constraints
degeneracy.
Consider the problem
minimize

1
1
hAx, xi subject to B[x, x] = 0,
2
2

(12)

where A is a symmetric n× n matrix, and B : Rn × Rn → Rl is a symmetric bilinear mapping, that is, B[x, x] = (hB1 x, xi, . . . , hBl x, xi), where B1 , . . . , Bl
are symmetric n × n matrices. Observe that x̄ = 0 is always a stationary
point
Pl
of problem (12), M(x̄) = Rl , and H(λ) = A + λB, where λB = i=1 λi Bi .
For problem (12), the Lagrange system (2) takes the form
H(λ)x = 0,

1
B[x, x] = 0,
2

12

A. F. Izmailov, M. V. Solodov

and the iteration subproblem (6) of NLM can be written as



H(λk ) (B[xk ])T
x − xk
=−
B[xk ]
0
λ − λk

!
H(λk )xk
1
,
B[xk , xk ]
2

(13)

where for a given ξ ∈ Rn , the matrix B[ξ] ∈ Rl×n is defined by B[ξ]x = B[ξ, x].
Extension of the results presented below to more general settings (with linear terms and/or higher-order terms) might be possible using, in particular,
the Lyapunov–Schmidt procedure (e.g., [19, Ch. VII]). This is a subject for
future research. Such an extension will certainly involve technical complications, as even in the purely quadratic setting the required analysis is already
quite involved [39].
Consider first an even more special case when l = 1, i.e., when (12) is a
problem with a single constraint:
minimize

1
1
hAx, xi subject to hBx, xi = 0,
2
2

(14)

where B is a symmetric n × n matrix. Assume that B is nonsingular. The
latter is, of course, a generic property, thus not restrictive. But in fact, this
assumption can be dropped, as is demonstrated below by the analysis for the
general quadratic problem (12). We impose this condition only in order to
present our assumptions for the special case of l = 1 in standard algebraic
terms. Specifically, under this assumption, λ̄ satisfies (7) (and hence, is a critical multiplier associated to x̄) if and only if −λ̄ is an eigenvalue of the matrix
B −1 A.
We shall further assume that the eigenvalue −λ̄ has the algebraic multiplicity 1, which also holds generically, and which essentially means that the critical
multiplier λ̄ is not “too critical” (one can further study critical multipliers “of
order 2”, i.e., those for which the corresponding eigenvalue has multiplicity 2,
etc.). This property can be equivalently expressed in the form
∆′ (λ̄) 6= 0,

(15)

where the function ∆ : Rl → R is given by ∆(λ) = det H(λ). The geometric
multiplicity of an eigenvalue is never higher than its algebraic multiplicity, and
hence, under our assumption,
dim ker H(λ̄) = 1.

(16)

Moreover, it can be seen that our assumption is in fact equivalent to the
combination of (16) and the condition
¯ ξi
¯ 6= 0
hB ξ,

(17)

for any ξ̄ ∈ Rn spanning ker H(λ̄). These properties are used in order to
establish the following result [50].
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Proposition 5 Let B be a nonsingular matrix, and assume that −λ̄ is an
eigenvalue of the algebraic multiplicity 1 of the matrix B −1 A.
Then there exists δ > 0 such that for any x0 ∈ Rn \ {0} satisfying
dist(x0 /kx0 k, ker H(λ̄)) < δ,

(18)

and any λ0 ∈ (λ̄ − δ, λ̄) ∪ (λ̄, λ̄ + δ), there exists the unique sequence {(xk ,
λk )} ⊂ R × R such that (xk+1 , λk+1 ) satisfies (13) for all k; this sequence
converges to (0, λ̄); xk 6= 0 and λk 6= λ̄ for all k;
1
kxk+1 k
= ,
k→∞ kxk k
2
lim

λk+1 − λ̄
1
= ,
k→∞ λk − λ̄
2
lim

and the sequence {xk /kxk k} converges to an element of ker H(λ̄).

im(B −1 A + λ̄I)

x0
x1
0

ξ¯

ker(B −1 A + λ̄I)

Fig. 4: Primal behavior of NLM.
The assertion of Proposition 5 is illustrated in Figure 4. The main idea of
the proof is as follows. In the case of problem (14), the NLM iteration system
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(13) can be seen to yield
k+1

x

1 hBξ k , ξ k i
Pk xk ,
=
2 hBξ k , Pk ξ k i

k+1

λ



1 hBξ k , ξ k i
(λk − λ̄)
− λ̄ = 1 −
2 hBξ k , Pk ξ k i

(assuming that hBξ k , Pk ξ k i 6= 0), where ξ k = xk /kxk k, and Pk = P (λk , λ̄)
is an n × n matrix such that P (λk , λ̄) tends to the projector onto the onedimensional subspace ker(A + λ̄B) = ker(B −1 A + λ̄I) along the subspace
im(B −1 A + λ̄I), as λk → λ̄. Therefore, if λk is close to λ̄, and ξ k is close to
ker(A + λ̄B), then Pk ξ k is close to ξ k , and hence, xk+1 is close to xk /2, and
λk+1 − λ̄ is close to (λk − λ̄)/2.
One may wonder whether the restriction (18) on the domain of attraction is
essential in Proposition 5. The answer is yes, as demonstrated by the following
example from [50].
Example 5 For the problem
minimize 2x21 + 2x22 + 5x2 x3 subject to x1 x2 + x1 x3 + x2 x3 = 0,
we have that det H(λ) = 2(λ − 5)(λ2 + 6λ + 10), implying that the unique
critical multiplier is λ̄ = 5, and the algebraic multiplicity of the corresponding
eigenvalue is 1.
However, if the iteration sequence {(xk , λk )} of NLM is well defined, and
if for some k it turns out that xk belongs to the linear subspace L spanned
by (1, −1, 3) and (3, 2, 2), then all the subsequent primal iterates remain in
L, and the sequence {λk } cannot converge (and in particular, cannot converge
to the critical multiplier). Apparently, this sequence usually has noncritical
accumulation points, though it is not clear whether the latter can be proven
formally. This behavior is rather persistent: even if x0 ∈
/ L, the directions
xk /kxk k quite often tend to the subspace L. One run of this kind is shown in
Figure 5, where x0 = (1, −1, 2), λ0 = 1. Moreover, small perturbations of the
starting point do not destroy this behavior.
What happens in this example is that the sequence {xk /kxk k} stays separated from ker H(λ̄), preventing the dual sequence initialized arbitrarily close
to the unique critical multiplier to converge to this multiplier, and this happens
when x0 /kx0 k is not close enough to ker H(λ̄).
Convergence to the critical multiplier is also a common behavior in Example 5, especially if λ0 is taken close to λ̄ (of course, in this case xk ∈
/ L for
all k). However, the above considerations show, in particular, that even for
problem (14), and even when a critical multiplier is unique, one cannot expect
that convergence to it can be proven for all starting points (x0 , λ0 ) with λ0
close enough to that critical multiplier.
Define the set of critical multipliers:
M0 = {λ ∈ Rl | det H(λ) = 0}.
The case when l > 1 is qualitatively more involved than l = 1 because in the
former case points in M0 are usually non-isolated (since this set is given by
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Fig. 5: Sequence {xk /kxk k} for NLM for Example 5; x0 = (1, −1, 2), λ0 = 1.
a single algebraic equation in l > 1 variables). This means, in particular, that
one cannot expect to prove convergence to a given point of this set: limits of
dual sequences would naturally depend on starting points.
Nevertheless, let us consider the dual behavior near a given λ̄ ∈ M0 . Our
first key assumption is (15), which certainly makes sense when l > 1 as well.
(We cannot be talking about any eigenvalues though, since λ̄ is not a scalar
anymore). It can be seen that (15) is still equivalent to (16) combined with
the natural counterpart of (17):
¯ ξ̄] 6= 0.
B[ξ,

(19)

Critical multipliers satisfying (15) can still be considered as critical “of order
1”, though now we do not refer to any multiplicities.
We need to state one more assumption, which is rather technical. Let Jl
be the set of all subsets of {1, . . . , n} whose cardinality is equal to l, and for
any J ∈ Jl , any l × n matrix M , and any n × n matrix H, define the n × n
matrix S(M, H; J) with the rows

(M T M )j if j ∈ J,
(S(M, H; J))j =
Hj
if j ∈ {1, . . . , n} \ J.
The assumption in question has the form
X
¯ H(λ̄); J) 6= 0.
det S(B[ξ],

(20)

J∈Jl

It can be easily seen that this property implies, in particular, that
¯ = l.
rank B[ξ]

(21)

Moreover, we are currently not aware of any examples satisfying (15) (or equivalently, (16) and (19)) and (21), but violating (20). Therefore, the conjecture
is that under (15), condition (20) is actually equivalent to (21). At the same
time, it can be seen by the transversality theorem that if n + 2 > 2l, then for
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all (A, B) in some massive (hence, dense) set in Sn ×
condition (21) holds for all nonzero ξ̄ ∈ ker H(λ̄).
The following result was established in [39].

Nl

i=1

Sn , for any λ̄ ∈ M0

Theorem 1 Assume that (15) and (20) hold for some λ̄ ∈ M0 and for ξ¯
spanning ker H(λ̄).
Then for any ℓ > 0 and any ρ > 0 there exists δ ∈ (0, ρ) such that for any
x0 ∈ Rn \ {0} and any λ0 ∈ B(λ̄, δ) \ M0 satisfying (18) and
−1
k B[x0 ](H(λ0 ))−1 (B[x0 ])T
B[x0 , x0 ]k
≤ℓ
(22)
| det H(λ0 )|
with the well-defined left-hand side, there exists the unique sequence {(xk ,
λk )} ⊂ Rn × Rl such that (xk+1 , λk+1 ) satisfies (13) for all k; this sequence
converges to (0, λ∗ ) for some λ∗ ∈ M0 ; xk 6= 0 and λk ∈ B(λ̄, ρ) \ M0 for all
k;
kxk+1 k
1
1
λk+1 − λ∗
lim
= ;
= ,
lim
k
k→∞ kx k
k→∞ λk − λ∗
2
2

the sequence {xk /kxk k} converges to ξ ∗ spanning ker H(λ∗ ); the sequence
{(λk − λ∗ )/kλk − λ∗ k} converges to some d ∈ Rl which is transverse (not
tangent) to M0 at λ∗ .
Example 5 demonstrates that it is essential to take x0 satisfying (18).
However, the behavior in that example is extremely atypical: usually NLM
eventually enters the attraction domain of a critical multiplier (when it exists),
even when the behavior is “chaotic” in the beginning. For the problem from
Example 2, dual sequence for x0 = (3, 2, 1), λ0 = (3.75, −0.25) is shown in
Figure 6. The initial part of this run also shows that x0 /kx0 k must be close
enough to ker H(λ̄) for the assertion of Theorem 1 to take effect.
Generally, in our experience, closeness of x0 /kx0 k to ker H(λ̄) plays a crucial role for convergence of the dual sequence to a critical multiplier close to
λ̄.
The additional assumption (20) and the additional restriction (22) on the
domain of attraction in Theorem 1 can be dropped when l = 1, but not when
l > 1 (see [39] for counterexamples).
By the parametric transversalityNtheorem it can be derived that for all
l
(A, B) in some massive set in Sn × i=1 Sn , for any λ̄ ∈ M0 it holds that
dim ker H(λ̄)(dim ker H(λ̄) + 1) ≤ 2l,

and if (16) is valid, then (15) holds as well. In particular, if l ≤ 2, then
(15) holds generically for all critical multipliers. In Example 2, which is a
fully quadratic problem with two constraints, critical multipliers violating (15)
correspond to the points where the vertical line intersects the hyperbola; see
Figure 7. The thin line demonstrates the typical structure of the set of critical
multipliers of the slightly perturbed (though still fully quadratic) problem: the
points of intersection disappear, and this set is now a smooth manifold.
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Fig. 6: Dual sequence of the NLM for Example 2.

If l ≥ 3, then critical multipliers violating (15) (hence, violating at least
one of the conditions (16) or (19)) may exist in a stable way, but usually (15)
holds for “almost all” critical multipliers.
Currently, there exists no theory of attraction to multipliers which are
critical “of order higher than 1” (that is, violate (15)), but problems like the
one in Example 2 suggest that such multipliers are even more attractive for
the Newton-type methods than critical multipliers “of order 1”. There are also
no formal proofs of attraction for problems with non-quadratic data; however,
problems like in Example 3 show that the phenomenon is there for general
functions as well. Advancing the theory in those directions constitutes some
open questions.

4 Dual stabilization techniques
We hope the exposition above (and supporting references) convinced the reader
that the effect of attraction to critical multipliers is real, very persistent, and it
slows down convergence of NLM. While we focus the discussion on NLM, it is
important to stress again that the same happens for various related algorithms;
for example, quasi-Newton SQP and linearly constrained Lagrangian methods.
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Fig. 7: Critical multipliers in Example 2 subject to perturbations.

Moreover, this is observed in professional software such as MINOS [46] and
SNOPT [15]; see [32].
If we do not want to resign to this unfortunate state of affairs (and we do
not!), we need to develop tools for avoiding (or at least significantly alleviating) the exhibited undesirable dual behavior. Such tools must aim to prevent
the dual sequence from moving along the set of Lagrange multipliers towards
critical ones; i.e., they should force the dual sequence to approach the multipliers set transversely. The natural name for such techniques is dual stabilization:
the shorter the way of dual iterates to their eventual limit, the better.
Fortunately, there are dual stabilization tools that do the job at least locally, in the sense that if the dual starting point is close enough to a noncritical
multiplier (or to a multiplier satisfying SOSC) then convergence to a critical
multiplier does not occur, and thus convergence to a solution is also fast. Such
local stabilization techniques are the subject of this section. In fact, somewhat
surprisingly, it turns out that one classical algorithm, known and widely used
for decades, possesses the needed dual stabilization property. However, as will
be discussed in the next section, the difficulties are still not resolved completely, in the global sense. In particular, when the dual starting point is not
close enough to a noncritical multiplier (or to a multiplier satisfying SOSC),
attraction to critical multipliers is still observed with a certain frequency, with
all the negative consequences.
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We shall discuss two methods that have the local stabilization property.
The first one has the word “stabilized” in its name; it is the stabilized sequential quadratic programming (sSQP) method or, in our context, the stabilized Newton–Lagrange method (sNLM). For a current primal-dual iterate
(xk , λk ) ∈ Rn × Rl , it generates the next iterate (xk+1 , λk+1 ) by solving the
linear system
∂L
∂2L k k
(x , λ )(x − xk ) + (h′ (xk ))T (λ − λk ) = − (xk , λk ),
∂x2
∂x
h′ (xk )(x − xk ) − σk (λ − λk ) = −h(xk ),

(23)

where σk ≥ 0 is the dual stabilization parameter. When σk = 0, the sNLM
iteration system (23) coincides with the NLM iteration system (6). The stabilization effect is achieved by positive σk , controlled appropriately.
The sSQP idea was introduced in [51] for inequality-constrained problems,
and in the form of solving certain min-max subproblems. Later, it was recognized that the min-max subproblem is actually equivalent to a quadratic
programming problem in the primal-dual space [42], and that the method is
applicable to equality-constrained problems as well. In the latter case, which
is the setting of our discussion, the sSQP subproblem takes the following form:


1 ∂2L k k
σk
k
k
minimize hf ′ (xk ), x − xk i +
+
(x
,
λ
)(x
−
x
),
x
−
x
kλk2
2 ∂x2
2
subject to h(xk ) + h′ (xk )(x − xk ) − σk (λ − λk ) = 0.
The Lagrange optimality system for this problem is precisely (23) above. The
idea is that the quadratic term kλk2 puts an “anchor” on the dual sequence,
preventing it from drifting along the multiplier set, towards critical multipliers.
Note also that there is the so-called “ellastic mode” feature in the constraints,
which makes the subproblems feasible without any constraint qualifications
or other assumptions. For the analysis of sSQP, see [51,20,13,11,33] and [34,
Chapter 7].
The (currently) sharpest local convergence result for sNLM was obtained
in [33]. It reveals precisely the dual stabilization property discussed above.
Here, we give a slightly strengthened version of the result in [33], with weaker
requirements on stabilization parameter values.
Theorem 2 Let λ̄ be a noncritical Lagrange multiplier associated to a stationary point x̄ of problem (1). Let σ : Rn × Rl → R be any function satisfying
with some C > 0 the following requirements: σ is continuous at every point of
{x̄} × M(x̄) close enough to (x̄, λ̄), σ(x̄, λ) = 0 for all λ ∈ M(x̄) close enough
to λ̄, and for all (x, λ) ∈ (Rn × Rl ) \ ({x̄} × M(x̄)) close enough to (x̄, λ̄) it
holds that
σ(x, λ) 6= 0, kx − x̄k ≤ C|σ(x, λ)|.

Then for any (x0 , λ0 ) ∈ Rn × Rl close enough to (x̄, λ̄) there exists the
unique sequence {(xk , λk )} ⊂ Rn × Rl such that (xk+1 , λk+1 ) satisfies, with
σk = σ(xk , λk ) and for each k, the system (23); this sequence converges superlinearly to (x̄, λ∗ ), where λ∗ ∈ M(x̄) is such that λ∗ → λ̄ as (x0 , λ0 ) → (x̄, λ̄).
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Since λ̄ is assumed noncritical, appropriate practical choices of the function
σ in Theorem 2 are suggested by the error bound property (8) in Proposition 2:
for any fixed τ > 0 and θ ∈ (0, 1], one can take
 θ

∂L
(x, λ), h(x)
,
(24)
σ(x, λ) = τ
∂x
which is readily computable.
Some primal-dual sequences of sNLM for Example 4 are shown by dashed
lines in Figure 8, and the dual stabilization effect is evident (just compare the
outcomes to the dotted lines of SNM, all leading to the critical multiplier).
At the same time, those dual sequences which are initialized close to the critical multiplier are still attracted to it. The attraction domain of the critical
multiplier in Example 4 for sNLM is shown in Figure 9. Observe that there is
no contradiction with Theorem 2: from some neighborhood of each noncritical
multiplier, convergence to the critical one does not occur. However, the size
of such neighborhood tends to zero (at superlinear rate) as the noncritical
multiplier in question approaches the critical one.
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Fig. 8: Primal-dual sequences of NLM and SNLM for Example 4.
Another method which turns out to have the dual stabilization property is
the classical augmented Lagrangian algorithm (called also the method of multipliers), which dates back to [22] and [47]. It remains an important technique
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Fig. 9: Primal-dual attraction domain of the critical multiplier for sNLM in
Example 4.
still attracting interest, both theoretical and practical; see [2–4,12,27,36] for
some recent developments, and also [7].
The augmented Lagrangian Lσ : Rn × Rl 7→ R for problem (1) is given by
Lσ (x, λ) = L(x, λ) +

1
kh(x)k2 ,
2σ

where σ > 0 is the (inverse of) penalty parameter. Given the current estimate
λk ∈ Rl of a Lagrange multiplier and σk > 0, an iteration of the augmented
Lagrangian method consists of computing the primal iterate xk+1 by solving
(usually approximately) the unconstrained subproblem
minimize Lσk (x, λk ) subject to x ∈ Rn ,

(25)

and then updating the multipliers by the explicit formula
λk+1 = λk +

1
h(xk+1 ).
σk

(26)

The following local convergence result, exposing the dual stabilization
property of the augmented Lagrangian method, was recently obtained in [29].
Again, we present here a slightly strengthened version of the result in [29].
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Theorem 3 Let λ̄ be a noncritical Lagrange multiplier associated to a stationary point x̄ of problem (1). Let σ : Rn × Rl → R be any function satisfying
with some C > 0 the following requirements: σ(x, λ) → 0 as (x, λ) → (x̄, λ̄),
and for all (x, λ) ∈ (Rn × Rl ) \ ({x̄} × M(x̄)) close enough to (x̄, λ̄) it holds
that
kx − x̄k + dist(λ, M(x̄)) ≤ C|σ(x, λ)|.

Then for any c > 3, for any (x0 , λ0 ) ∈ Rn × Rl close enough to (x̄, λ̄) there
exists a sequence {(xk , λk )} ⊂ Rn × Rl such that xk+1 is a stationary point of
problem (25) with σk = σ(xk , λk ), λk+1 computed according to (26), and
k(xk+1 − xk , λk+1 − λk )k ≤ c dist((xk , λk ), Ū )

for all k, where Ū is the solution set of the Lagrange optimality system (2);
any such sequence converges superlinearly to some (x̄, λ∗ ) with λ∗ ∈ M(x̄)
such that λ∗ → λ̄ as (x0 , λ0 ) → (x̄, λ̄).
Again, appropriate choices of σ in Theorem 3 are given by (24).
One may say that the augmented Lagrangian method is not of Newton
type, and therefore, should not be considered as a dual stabilization procedure
in our context. However, writing the optimality conditions for the subproblem
(25), and combining it with the updating rule for dual variables (26), we obtain
that
∂Lσk k+1 k
(x
,λ )
∂x
= f ′ (xk+1 ) + (h′ (xk+1 ))T λk + (h′ (xk+1 ))T h(xk+1 )
∂L k+1 k+1
(x
,λ
).
=
∂x

0=

(27)

Therefore, the next primal-dual iterate (xk+1 , λk+1 ) of the augmented Lagrangian method is, in fact, defined by the system of equations
∂L
(x, λ) = 0,
∂x

h(x) − σk (λ − λk ) = 0.

(28)

Linearizing this system at (xk , λk ) yields precisely the iteration system (23) of
sNLM. This gives the relation between sNLM and the augmented Lagrangian
method: the former is a “linearization” of the latter, or in other words, the
sNLM step is just the Newton step for the primal-dual iteration system (28)
of the augmented Lagrangian method. This explains the similarities in local
convergence properties of the two methods, and also similar techniques needed
for their state-of-the-art local convergence analysis [11,12]; see also [35] for a
discussion of a broader view on Newtonian methods. That said, there are also
some subtle but remarkable differences. For instance, there exist examples [29]
demonstrating that stabilization function σ(x, λ) employed in sNLM cannot
be allowed to tend to zero arbitrarily fast as (x, λ) → (x̄, λ̄), as this may
result in unsolvable iteration systems (23). At the moment, such examples
are not known for the augmented Lagrangian method. In other words, the

Critical Lagrange multipliers

23

augmented Lagrangian subproblem may possess some “good” solutions whose
“counterparts” are missing for the sNLM subproblem. On the other hand, the
augmented Lagrangian subproblems (which are unconstrained optimization
problems) are of course more difficult to solve than the sNLM subproblems
(which are linear systems).
In summary, there exist good local dual stabilization procedures. But this
is not the happy end of the story, precisely because they are local. For those
procedures to make the desired effect, they must be initialized close enough to
a noncritical multiplier. The role of critical multipliers in the context of global
convergence of algorithms is discussed next.

5 Critical multipliers and global behavior of algorithms
Augmented Lagrangian methods are very appealing in the context of degenerate problems because they combine (local) dual stabilization discussed above
with strong global convergence properties; see [2–4,36]. Note that, from (27), it
readily follows that every accumulation point (x̄, λ̄) of any primal-dual iterative sequence {(xk , λk )} generated by such methods satisfies the first equation
in the Lagrange optimality system (2). Therefore, if x̄ is also feasible, it is automatically a stationary point of problem (1), and λ̄ is an associated Lagrange
multiplier. This observation does not rely on any constraint qualification-type
conditions [49]. However, those conditions do come into play when one wants
to show the existence of accumulation points of dual sequences. In addition,
the penalty parameter has to be controlled appropriately, in order to reduce
the chances of convergence to infeasible points. In any case, theoretical and numerical results in [36] put in evidence that augmented Lagrangian methods are
a good choice for solving (potentially) degenerate problems, especially when
the primary concern is not speed but rather “quality of the outcome” (that is,
the tendency of the algorithm to successfully terminate at a good approximate
solution, rather than fail or terminate close to a nonoptimal stationary point).
But things are not as good if one is concerned with speed. Superlinear convergence of the augmented Lagrangian method can be expected only when the
inverse penalty parameter is asymptotically driven to zero. The latter leads
to ill-conditioned subproblems which are difficult to solve. In addition, there
exists some theoretical and numerical evidence of attraction to critical multipliers for the augmented Lagrangian method as well [24,40], when the dual
starting point is arbitrary. Although, the consequences of this for the convergence rate are not so persistently bad as in the case of Newton-type methods.
Perhaps, the reason is the exact penalization property of the augmented Lagrangian when the dual variable coincides with a true Lagrange multiplier.
However, in any case, superlinear convergence rate of major iterations of the
augmented Lagrangian method usually does not compensate for high computational costs of those iterations. One possible solution might be switching to
some cheaper Newton-type iterations at the final stage of the process, and
in fact, this strategy is currently implemented in the ALGENCAN solver [1,
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7], where the method for the final stage is precisely NLM [6]. For degenerate problems, one might consider replacing NLM by sNLM, but usually this
does not seem to give any serious benefits [40]. The reason is precisely that
the final phase sNLM algorithm is usually triggered “too late”, near a critical multiplier to which the augmented Lagrangian dual iterates have already
been attracted in the previous “global” phase. This nullifies potential fast
convergence of the final sNLM phase. Thus, critical multipliers have negative
influence in this context as well, not allowing to combine in a practically efficient scheme good local convergence properties of sNLM with good global
convergence properties of the augmented Lagrangian method. The situation is
similar for the augmented Lagrangian method itself: while close to noncritical
multipliers convergence is fast, the problem is that often enough (when from
arbitrary dual starting points) dual iterates are still steered towards critical
multipliers.
In view of the preceding discussion, it is natural to look for other globalization strategies for sNLM. In fact, this has been a matter of interest for several
research groups. One possibility is to combine sNLM with the augmented Lagrangian method in a more sophisticated way, trying to employ stabilized steps
not only at the final phase but as often as possible. Recall that sNLM is a “linearization” of the augmented Lagrangian method. Thus, one can try to use
sNLM directions when solving the augmented Lagrangian subproblem (25),
motivated by the understanding that the two methods are doing “more-or-less
the same thing” at each step, at least when the linearization (23) approximates well the primal-dual iteration system (28) of the augmented Lagrangian
method. The idea of combining some stabilized Newton-type steps for the Lagrange optimality system with augmented Lagrangian methods dates back at
least to [18] (see also [5, p. 240]). This idea has found its further development in
the very recent works [16,17], employing the so-called primal-dual augmented
Lagrangian. The usual augmented Lagrangian is used in [38].
Furthermore, combining with augmented Lagrangian methods is, of course,
not the only possibility to globalize sNLM. Hybrid globalizations employ the
standard globalized NLM as an outer-phase algorithm, trying to switch to the
full-step sNLM when convergence to a degenerate solution is detected. But, in
our experience, the positive effect of such switches is usually again nullified by
the attraction of the outer-phase algorithm to critical multipliers [26]. Another
attempt to globalize sSQP was suggested in [9], where it was combined with the
inexact restoration method [43,44]. However, as a globalization of sSQP, this
strategy is somewhat indirect; it can be more naturally viewed as using sSQP
to solve the subproblems of the inexact restoration method. In particular, it is
not known whether close to a solution one sSQP step per iteration is enough
or not (and thus, it is not known whether the method reduces to the usual
sSQP with fast convergence).
Yet another approach would be to find or construct merit functions for
which the sNLM direction is a direction of descent. This, however, proved difficult. It turns out that penalty functions employed for globalization of the
usual SQP (such as the l1 -penalty, for example) are not suitable. A promising
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recent proposal is based on a certain smooth two-parameter primal-dual exact penalty function from [8], see [37]. This development is currently for the
equality-constrained case only.
Much work remains to be done. At this time, we are not aware of numerical results convincingly showing that any of the globalized versions of
sNLM/sSQP steadily and reliably outperforms the usual NLM/SQP globalized
in standard ways, on degenerate problems. (The experience in [37] shows that
this globalization is reasonable, and preferable for certain types of degenerate
problems. It is, however, for equality constraints only.) As discussed above,
NLM/SQP is almost always attracted by critical multipliers when they exist
(which is the typical situation), thus losing superlinear convergence. While for
the already available globalizations of sNLM/sSQP the effect of attraction is
actually not so persistent, and superlinear convergence does in fact show up,
in many cases it does not compensate for extra computational costs needed to
achieve it, and/or for the still quite frequent cases of convergence to critical
multipliers. Morerover, in the latter cases sNLM may converge even slower
than NLM. Thus, developing really satisfactory globalization techniques for
sSQP, or more generally, algorithms efficient for the degenerate case, continues to be an important challenge, with many open questions. The effect of
attraction to critical Lagrange multipliers is the key difficulty which, depending on the algorithm, can manifest itself locally, “semi-locally”, or globally.
The goal should be either to develop some practical (i.e., not prohibitively expensive) global dual stabilization techniques allowing to avoid the attraction
phenomenon completely (or at least typically), or to improve efficiency in the
cases of convergence to critical multipliers.
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