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Convergence Analysis of Perturbed
Feasible Descent Methods'

M. V. SoLopbov?

Communicated by Z. Q. Luo

Abstract. We develop a general approach to convergence analysis of
feasible descent methods in the presence of perturbations. The important
novel feature of our analysis is that perturbations need not tend to zero
in the limit. In that case, standard convergence analysis techniques are
not applicable. Therefore, a new approach is needed. We show that, in
the presence of perturbations, a certain €-approximate solution can be
obtained, where € depends linearly on the level of perturbations. Appli-
cations to the gradient projection, proximal minimization, extragradient
and incremental gradient algorithms are described.

Key Words. Feasible descent methods, perturbation analysis, approxi-
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1. Introduction

We consider the general mathematical programming problem of mini-
mizing a differentiable function f: R"—R over a closed convex set X in R",
min f(x). (H
xeX
We assume that fe C;(X), that is, f(-) has Lipschitz continuous partial
derivatives on X,

IVA(x)=Vf(MIsLix—yll, VYxeX,yeX, (2)

where L is a positive scalar, V/(-) denotes the gradient of f(-), and | |
denotes the Euclidean norm.
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Let [-]” denote the orthogonal projection onto X. Following Ref. 1.
we consider a broad class of feasible descent methods that can be represented
by the formula

X"Yi=[x—nVf(x)+e(x. M), (3)

where 1 is a positive scalar and the mapping e: R""' = ®R" is the defining
feature of each particular algorithm; see Section 3. This is a rather general
framework that includes the gradient projection algorithm (Refs. 2 and 3),
proximal minimization algorithm (Refs. 4 and 5), extragradient algorithm
(Refs. 6 and 7), and incremental gradient algorithms (Ref. 8), among others.
We note in passing that, in the noise-free case, the characteristic mappings
e( -, -) of classical feasible descent methods satisfy the condition e(x', ;) =0
as i—oc by the algorithm construction; see Ref. 1 for details. Only incremen-
tal methods are an exception to this rule; see Ref. 8 for details.

In this paper, we are concerned with the behavior of feasible descent
algorithms in the presence of perturbations,

xncw::[x_an'(x)‘f'e(.\', 77)"’5(’(, T])]* @)

Here, e(-, - ) plays the same role as in (3), namely, it is the characteristic of
the method, while 6(-, - ) represents perturbations due to inexact computa-
tion of the gradient of f(-), or inexact subproblem solution, or both. We
say that perturbations are essential (nonvanishing) if

o(x', n;)+0, asi—oC.

In this paper, we consider nonvanishing perturbations and make only the
mild assumption that the perturbations are uniformly bounded,

6(x, n)l| <€, for some € >0, VxeX, n<. (5)

The latter is the only practical assumption in the case where the perturbations
cannot be effectively controlled. This may happen, for example, when the
function and/or gradient values are not given explicitly, but instead are
computed as an approximate solution of some possibly difficult subproblem.
We note that very little is known about the convergence properties of essen-
tially perturbed algorithms. The primary contribution of this paper is laying
down theoretical framework for analysis of such algorithms.

Convergence and rate of convergence of feasible descent methods have
been studied extensively; see Ref. 1 and references therein. We point out
that the previous work either deals with the case where no perturbations are
present [5(x', 17;) = 0] or assumes some conditions that explicitly or implicitly
imply that perturbations vanish in the limit [5(x', ;) —>0]. Some conditions
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of this type have been used in the analysis of matrix splitting methods.

SR I

10(x". n)ll <cilx X, ¢>0, ¢ sufficiently small,

or
Y I8(x. n) | < .
=0

In particular, the first condition has been used in Refs. 9 and 10 and the
second in Ref. 11. Note that either assumption ensures that

S{x', n;)—0, asi—.

Similar tolerance requirements are common in other methods that involve
solving subproblems (e.g., Refs. 12 and 13). In the above-mentioned cases,
the convergence properties of the algorithm stay intact, except possibly for
the rate of convergence. We emphasize that the setting considered in this
work 1s fundamentally different. Condition (5) no longer guarantees the
convergence of the iterates generated by (4) to an exact solution of (1).
Moreover, standard relations such as

) = (1) 20,

[+ = x| -0, asi—x,
need not hold; see Section 2. This makes traditional convergence analysis
techniques (Refs. 14 and 15) inapplicable. In this paper, we develop a new
approach to the analysis of feasible descent algorithms with nonvanishing
perturbations. Our analysis extends some of the ideas presented in Refs. 16~
19 for methods of unconstrained optimization and is close in spirit to the
study of an unconstrained gradient method in Ref. 19. Essential perturba-
tions were considered in Ref. 20 in a different context of incremental gradi-
ent-type methods with decaying stepsize. A special case of an approximate
gradient projection method with decaying stepsize is also studied in Ref. 21.
We note that, in the present paper, the stepsize is bounded away from zero.
Therefore, the situation and the analysis required are completely different
from those of Refs. 20 and 21.
We now define the following residual function:

r(x)i=x—[x=Vf(x)]",

which is central for the subsequent analysis. It is well known that some
xeR” satisfies the minimum principle optimality condition (Ref. 22) for
problem (1) if and only if »(x) =0. We shall call such x a stationary point
of (1). For a nonnegative upper semicontinuous function €: R"—>R.,, we
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define an €( - )-stationary set of problem (1) as follows:
S(e(+)):={xeX||r(x)] <€(x)}. (6)

Clearly, S(0) is the set of all stationary points in the usual sense [we shall
use the notation S:=S(0)]. In Section 2, we show that, for any bounded
sequence of iterates generated by (4), there exists at least one accumulation
point which is in the set S(e€), with € depending linearly on the level of
perturbations.

We note that another important property of the residual function r(-)
is that, under certain conditions, its norm provides a (local) upper bound
on the distance to the set S; see Refs. 1 and 23. Namely, there exist positive
constants u and v, depending on /() and X only, such that

dix, S)Y<ulr()]l, Vx with |r(x)| < v, N

where d(-, §) denotes the Euclidean distance to .S. Moreover, under addi-
tional assumptions, this condition holds with v =0 (global error bound,
Refs. 24-26). Therefore, if xeS(€) and the bound (7) holds with v>e, it
follows immediately that

d(x, S)<plr(x)| <pe.

The rest of the paper is organized as follows. In Section 2, we develop
our general technique for convergence analysis of perturbed algorithms. In
Section 3, we show how our results apply to the gradient projection, proximal
point, extragradient and incremental gradient algorithms. Section 4 contains
some concluding remarks.

One more word about our notation. The usual inner product of two
vectors xeR”", yeR" is noted by (x, y>. The Euclidean 2-norm of xeR" is
given by [x]>= (x, x). For a bounded sequence {x'} in R”", It,_ . {x'} denotes
the set of all accumulation points of {x'}. For two nonnegative scalar
functions s; : R, >R, and s, : Ry >R, we say that s, = O(s,) if there exists
a positive constant ¢ such that

lim Sl(l)/Sz([) =cC.

=00

2. Convergence Analysis of Methods with Perturbations

In this section, we present our general framework for the analysis of
feasible descent methods in the presence of essential perturbations. Our
argument is based on monitoring the behavior of f(-) on the iterates of the
algorithm. We emphasize that this behavior is nonmonotone and Lyapunov-
type convergence analysis (Refs. 15 and 27) cannot be applied.



JOTA: VOL. 93, NO. 2, MAY 1997 341
We first state three well-known results that will be used later.

Lemma 2.1. See Ref. 14, p.6. Let f(-)eCL(X). Then,
S (»)=f(x)=<Vf(x), y=xDI < (L/2)ly—xIP,  Vx, yeX.

Lemma 2.2, See Ref. 14, p.121. For any xe®R", any yeR", and any
ze X, the following relations hold:

=D z-[y]"> <0,
11" =) < lix =yl
Lemma 2.3. See Ref. 28, Lemma 1. For any xe‘R”, any ye®R", and
any >0,
max{1, n}lx—[x—y1"|
> lx—[x—ny]" |
>min{l, n}llx—[x—y]"|.

The method under consideration is the following model algorithm.

Algorithm 2.1, Start with any x°eX. For i=0,1,2,...,let

x*leT(x', 1),

where
T(x, n)=[x—nVf(x)+e(x, n)+8(x, n)]",

and the following conditions are satisfied:
le(x, Ml <cillx—T(x, M,  0<ea<l, (8)
e, ), x—T(x, Yz —olx—Tx, NI, 0<a<l,  (9)
c3<liminf n;, limisup m<min{l, 2(1—¢;)/L—c3}, (10)

i

where
0<es<(l—ca)/L.

In Section 3, we show that various important optimization methods fall
within the framework of Algorithm 2.1. Condition (8) is standard for feasible
descent methods and is a consequence of the algorithm construction
(Ref. 1). The bounds (10) imposed on the stepsize are also fairly standard.
With respect to (9), we note the following. If the left-hand-side of (9) is
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nonnegative for all x, then we set ¢,:=0; otherwise, we set ¢c;:=c¢;. It follows
that 0 <c,<1.

To study the convergence properties of Algorithm 2.1, we need to esti-
mate the level of perturbations in the limit. We say that €(x) is the exact
asymptotic level of perturbations (Ref. 20) at a point xeX, if

€(x)=1lim sup 60", nd)ll.
Hen
It is easy to see that €(-): R"—>R, is upper semicontinuous.

For clarity of presentation, we briefly outline our argument. Using

Lemmas 2.1-2.3 and conditions (8)-(10), we show that

SO =f(T(x, m) =z 9(x),

where ¢(x) is a certain lower semicontinuous function which depends on
the residual r(x) and the asymptotic level of perturbations €(x); note that
@(+ ) need not be nonnegative. If f(+) is bounded from below on X, then
for any sequence of iterates generated by Algorithm 2.1, there must exist at
least one accumulation point belonging to the level set {xeX|@(x)<0};
otherwise, we get a contradiction. Finally, using the dependence of ¢(-) on
r(+) and &(-), we establish a certain relationship between the level sets of
@(+) and the €(- )-stationary sets (6) of problem (1).
We are now ready to state and prove our main resuit.

Theorem 2.1. Suppose that fe C;(X) and f(- ) is bounded from below
on X. Let conditions (8)-(10) be satisfied. Then, there exist positive constants
d, and d, such that:

(i) for every bounded sequence {x'} generated by Algorithm 2.1,
there exists an accumulation point ¥ of {x'} such that

xeS(die(+));
(i) for every subsequence {x"} of {x'} satisfying
lim sup f(x™) <lim inf f(x') +1¢, for some t >0,

it follows that
It {x"}cS(die(:)+dyt'"?);

m-— oo

(iti) in particular, if the sequence {f(x")} converges, then

It {x}cSde(-)).

i—00
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Proof. Let x:=x' and n:=mn,. Then, for every i=0,1,2,..., by
Lemma 2.1,
SO =f(T(x, M) = =<Vf(x), T(x, n) = x> = (L/2)IT(x, )~ x])*. (11)
By Lemma 2.2, taking
y=x—nVf(x)te(x,n)+d(x,n) and z=xelX,
we have
x=nVf(x) +e(x, ) +6(x, ) = T(x, n), x = T(x, 1)> <0.
Hence,
—Vf(x), T(x, m)—x>=(1/n)
x[llx=T(x, m))* +<e(x, M) +8(x, n), x=T(x, m>].
Using (9), we have
—<Vf(x), T(x, ) —x>=(1/n)
x [(1=e)llx = T(x, MI*+{8(x, n), x=T(x, 7))].
Combining the latter inequality with (11), we further obtain
Sx)=f(T(x, )
2[(1=c2)/n—L/2NT(x, m) = x>+ (1/m<8(x, m), x~ T(x, n)>
2[(1~¢)/n= L2 T(x, ) = xI*+ (1/mI8Ce, mIlllx— T(x, )l
>(1/m(1 == Ln/2)| T(x, n) = xII*~ (1/7)€() T(x, n) = x|
> {L7c3/[4(1 = c2) = 2L} I TG, m) = x 17 = (1/e3) €I T(x, ) — I, (12)

where the second relation follows from the Cauchy-Schwartz inequality, the
third inequality follows from the definition of €(-), and the last inequality
follows from (10) for i sufficiently large, say i>1;.

By Lemmas 2.3 and 2.2, the triangle inequality, and (8), it follows that

min{1, n}|lr(x)l

<lx=[x=nV )l

<llx—T(x, I+ I T(x, n)—[x— V()]
<llx=TCx, m)ll + lle(x, ;) +5(x, n)|
<(I+c)lix=T(x, n)li+ €(x).
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For i>i,, using (10), we obtain
lx=T(x, M ={1/(1 +eD)]lesllr(x) | — e(x)]. (13)
Similarly,
Ilx—T(x, )l
=|x =[x — V()" + [x— nVIOI" = T(x, )l
<max{l, n}llr()ll + lle(x, n) +5(x, n)ll
< Nr() |+ ellx = Tx, n)ll + €(x).
Hence,
= T, I <[1/(1=e)IlIrx) [ + €(x)]. (14)
For i>i;, combining (12)-(14) yields
Sx)=f(T(x, ) =2 {L?e3/2(1 + 1)’[2(1 — &2) = Les] Heslir(x) | — €(x)?
—[1/es(1 ~en)]e()Ir(x) [ + €(x)]
= by [[r(x) > ~ bae(x) [ r(x) | - bse(x),
where
by == L*c3/2(1+¢)’[2(1 — ¢2) — L3,
by=L*c3/2(1 + )’ [2(1 —¢2) — Les] + 1 /es(1 — cy),
byi=1/cs(1—c1) — L?e3/2(1 +¢))[2(1 = ¢2) — Les)].

By (8)-(10), it is easy to see that 5, >0 and b, > 0. We next check that b3>0,
By (10),

1/¢32> L/[2(1 —¢2) — Les].
Hence,
Lc3/2(1+ )’ [2(1 =) = Les] < L/2< (1= c2) /e3< 1 /es(1 =~ ¢y),

where the second inequality follows from (10). Hence, b, >0.
We next define the following auxiliary function @: X —» R, which is
crucial for our analysis:

@(x) = by | r(x)|* = bae(x) [ r(x) | — bse(x)*.
With this definition, we have
S = f(T(x, 1) = o(x). (15)
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It is easy to see that, since ||7(- )| is continuous, b,> 0, 3> 0, and since ()
is nonnegative and upper semicontinuous, then ¢(-) is lower semicontinu-
ous. We shall consider the level sets of ¢(-) defined as

Lo, t) = {xeX|p(x)<t}, >0, (16)

Note that the set L(g, ) is closed for any teR (Ref. 29, Theorem 7.1).
Denoting u= ||r(x) |, € = €(x), and resolving the following quadratic inequal-
ity in u:

bluz_bzeu—b;;EZ_ISO,
we conclude that

u<bhy€/2b,+(1/2b1)/ (b3 +4b,bs)e* + 4byt.

Hence,
L(@, )= {xeX||Ir(x)| Sbs €(x)/2b, + (1/2b))/ (b} + 4b, by)e(x)* +4b,1}.
In particular,

2L(, 0)={xeX|r(x)|| <[by+ /b3 +4b, bs]€(x)/2b,}.

Defining
d, = [by+ /b3 +4b, bs]/2b,,
dZ = bl_l/za

and taking into account the definition (6) of S(e(-)), we further conclude
that

L(p, 1) S(die(-)+dy1'?), (17)
L(p,0)=8(d €(-)). (18)

We next prove that there exists an accumulation point % of {x'} such that
xe Z(p, 0). Suppose that the opposite holds. By (15), we have

SO =f(T Dz ex'),  Vizi.
Since by our assumption

It {x}nL(e,0)=0,

f— %

it follows from (16) and lower semicontinuity of ¢(-) that, for some i,
sufficiently large and some ¢ >0,

p(x)=c>0,  Vizi,.
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Denoting
k= max{i, i}, for any i>k,
we have
il . ) i1
fE)=fH=F &) —f(DH= Y e=(i—k)e.
1=k =k

Letting i —» oo, we get that { f(x')} > —oo, which contradicts the fact that
f(+) is bounded from below on X. Hence, the assumption is invalid, and
Iti o {x'} N L(p,0)# . Now, the first assertion of the theorem follows
from (18).

Consider now a subsequence {x"} of {x'}, and a 1>0 such that

lim sup f(x") <lim inf f(x) + 1.

h— = X

We shall establish that
It {x"}c 2o 1)

" —> oG

Suppose this is not true. Then, passing onto a subsequence, if necessary,
{x"} — y¢ L(p, 1). Therefore, by (16), for some ¢>0,

p(y)=t+2c.

By the lower semicontinuity of ¢(-), there exists &, sufficiently large such
that

e(x")>t+c, Vk>k,.
Let ky := min{k|i,, > }. By (15),

Sy = f(xt Yy >t +e, Vk >max{k,, ka}. (19)
Also, since {x"«} —y,
f(»)=lim f(x')<lim sup f(x") <lim inf f(x') +1. (20)
k — o m—» L i— o

Combining the last relation with (19), we have

lim inf f(x') < lim inf f(x""")

1o k

<lim sup f(x"«)—t—¢
k-

= lim f(x")—t—c

k—x

=f(y)—t—c<f(y)—t,
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which contradicts (20). Hence,

It {x"}<Z(p,0),

nm— oC

and the second assertion of the theorem follows from (17).
For the last assertion, note that if the sequence { f(x)} converges, then
for every subsequence {x"} of {x'} it follows that

lim sup f(x*) =lim inf f(x").
=

m— oC

Hence,

It {x'}cP(e0),

and the last assertion of the theorem follows from (18). The proof is
complete. O

Remark 2.1. If lim sup; €(x') <€, and if the error bound (7) holds with
v>d, €, then it follows that there exist an accumulation point x of the
sequence {x'} and a stationary point £€S such that

[%— X[l <ud e,

where u is as specified in (7) and 4, is given in Theorem 2.1.

3. Applications

In this section, we briefly discuss applications of our analysis to a num-
ber of well-known algorithms.

3.1. Gradient Projection Algorithm. We first consider the gradient pro-
jection algorithm (Refs. 2 and 3). In the presence of perturbations, it takes
the following form:

Xt =[x = nVf(x)+8(x, n)]*.
Obviously, this method is a special case of Algorithm 2.1 corresponding to
e(x, n)=0, VxeX.

Consequently, we can take ¢, =0 and ¢, =0 in (8)-(10). Provided the stepsize
satisfies the standard conditions

0<eig<ni<2/L—cs,
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it can be verified that
di=0(L%),
where d, is the constant involved in Theorem 2.1.
3.2. Proximal Minimization Algorithm. Given a current iterate x', the

proximal minimization algorithm (Refs. 4 and 5) generates the next iterate
x'*! according to

X =arg min w(x) = f(x)+ (1/20) x—x|)%,
veX
This method also falls within the presented framework as can be seen from

the following,. If the subproblems above are solved exactly, then the gradient
projection optimality condition is satisfied, that is,

xi+|=[xi+l___cvwi(xi+l)]+’ VC>0

Suppose that only approximate solutions to the subproblems are available
and that & is the corresponding error. Then, we have

A= [ =y () + 8, )

="' - m(Vf(X'+ b +%(X"“ - X’)>+ (x', m)]”

=[x'=nNVf(x" )+ 80 )"
=[x = nVf(x') +e(x, n)+8(x, 1)),
where
e(x', ) =n(Vf(x") = Vf(x'")).
By the Lipschitz continuity of the gradient,
lleGx's nll < mLilx'= """
hence, it is easy to see that (8)-(10) are satisfied provided
limisup n;<1/L.
If /() is convex then
e(x', i), X' = x" 1 = VA ) = VAT ), X=X 20,
and we can further take ¢,=0. It can be checked that
di=0(L?),

where d, is the constant involved in Theorem 2.1.
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3.3. Extragradient Method. Consider now the extragradient method
(Refs. 6 and 7), which updates a current iterate according to the double-
projection formula

X =[x = V(X' = 0V (DI
This iteration can be rewritten as
xt =[x = V(X)) +e(x', 1)),
where
e(x', 1) =nfVf (x) = Vf([x' = nVf ()] ).
In the presence of perturbations, we have
XM =[x = nVf(x) +e(x', n)+8(x, )l
where 8(x', n;) is the aggregate perturbation at the ith iteration. Let
y'=[x'—nVf(x)]".
By the Lipschitz continuity of the gradient, we have
le(x', n)ll = n: 19/ (»") = V(X))
<nLlly'=x'|.
Furthermore,

i+ "+1||

=Xz x' =yl - Iy =x
=llx'= I = Ilx' = nVf D] — [x' = VOO
2 x =yl = VA = V()
=(1—nL)Ix' =1,

f|x

where the second inequality follows from Lemma 2.2 and the last inequality
from the Lipschitz continuity of the gradient. Combining the last two rela-
tions, we obtain

leGx', n)ll <[l /(1= L)X = x|
It can be verified that conditions (8)-(10) are satisfied provided

n:<1/2L.
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3.4. Incremental Gradient Algorithms. Incremental algorithms are
designed to solve the problem

K
min f(x) == ¥ fi(x)
xeR" J=1
of minimizing a finite summation of continuously differentiable (partial)
objective functions f;: R" - R, j=1, ..., K, where the number K is typically
large. This is an important problem in machine learning (in particular, neural
network) applications, where weights and thresholds of the network com-
prise the problem variable xe R", K is the number of training samples, and
/i) represents the error associated with the jth sample, j=1,..., K; see
Ref. 30 for a detailed description.
In applications where K is large, the following incremental gradient
algorithm proved to be very useful: having x', compute

xi+] — T(XI, T’i),
where T: R" x R, —>R" is given by

T(x,m)=x-nY Vfi(z’),

j=1
with
Z'=x, ZT'=2-nVhii), j=1,...,K—1.

This algorithm processes partial objective functions one at a time and imme-
diately updates the variables; hence, the connotation “incremental”. On the
domain of large neural network training problems, this algorithm is known
to be often superior to standard optimization techniques which process all
the partial objective functions before adjusting the variables. In particular,
it is typically more effective than the standard gradient descent method,
given by

K
T(x,n):=x-n 2 V() =x=nVf(x).

Incremental methods constitute an area of active research; see Refs. 31-34,
17-18, and 20-21. We note that, in the above-mentioned papers, the stepsizes
are chosen to satisfy the following condition:

17 < 0.

D8

Z niz:w»

i=0 i

0

This condition implies that the stepsizes tend to zero limit, while many
heuristic rules used by practitioners keep them bounded away from zero.
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The theory presented in this paper allows us to consider the computationally
important case where

lim inf 0,2 77>0.

We next show that the incremental gradient algorithm falls within our
framework.
By the construction of the algorithm, we have

T(x, m)=x- TIZVf(Z’)

-

K
x= n{ 2 Vi(x)+ Z Vi (z)) - Vf(X)]}
f(X)+5(x n),

V() =V (x) + ¥ (X)]]

I
||M>g -

where

K .
8(x, n):=—n Y [Vi(z) - Vfi(x)].
j=1
It is now clear that we have a special case of Algorithm 2.1. We refer the
reader to Ref. 8 for a detailed analysis.

4. Concluding Remarks

A unified approach to the analysis of perturbed feasible descent methods
has been presented. It was established that a certain e-approximate solution
can be obtained, where € depends linearly on the level of perturbations. It
is shown that the perturbed gradient projection, proximal minimization,
extragradient and incremental gradient methods fall within the presented
framework. Applications of the ideas presented here to other classes of
optimization algorithms [for example, projection methods which are not
descent methods [e.g., Refs. 35 and 36)] is an interesting subject of future
research.
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