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Abstract. We consider the extended linear complementarity problem (XLCP) introduced by Mangasarian and
Pang [22], of which the horizontal and vertical linear complementarity problems are two special cases. We give
some new sufficient conditions for every stationary point of the natural bilinear program associated with XLCP to
be a solution of XLCP. We further propose some unconstrained and bound constrained reformulations for XLCP,
and study the properties of their stationary points under assumptions similar to those for the bilinear program.
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1. Introduction

The extended linear complementarity problem (XLCP) introduced by Mangasarian and
Pang [22], is to find a pair of vectorsandy in ™ such that

Mx—NyéP, iCZO, yzov <xay>:07 (1)

whereM and N are two real matrices of ordet x n, P is a polyhedral set it™, and
(-,-) denotes the usual inner product. Throughout the paper we assume that the feasible set
of XLCP is nonempty :

{(z,y) | Mz — Ny € P,z >0,y > 0} # 0.
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In the special case when = n andP is a singleton, XLCP reduces to the horizontal linear
complementarity problem which has been a subject of extensive research is recent years
[34,14,1, 32,12, 31]. If one further assumes tNdst the identity matrix, then the classical
linear complementarity problem [2] is obtained.

Associated with XLCP is the natural bilinear program (BLP)

minimize (z,y) @)
subjectto Mo — Ny e P, >0, y > 0.
Clearly, a pair of vector$z, y) solves XLCP if and only if(x, y) is a global minimizer
of BLP with zero optimal value. In [22], Mangasarian and Pang established a number of
properties of XLCP and related BLP. Among other things, it was shown that if the matrix
MN'T is copositive on the dual of the recession cone of th@s#ten every Karush-Kuhn-
Tucker (KKT) point of (2) is a solution of XLCP. A further study of XLCP and associated
BLP was undertaken by Gowda [13]. For example, copositivenea$8f was replaced
by a more general X-row-sufficiency property. It was also pointed out in the latter reference
that the XLCP stated here is essentially equivalent to the “general linear complementarity
problem” considered by Ye [33] in the context of interior points algorithms.

In this paper, we give some new sufficient conditions for every KKT point of BLP (2)
to be a solution of XLCP (1). Our primary goal, however, is to derive some optimization
reformulations which are, just like BLP, equivalent to the original problem XLCP, yet
their feasible sets have simpler structure. Consider, for a moment, the classical linear
complementarity problem of findingzac " such that

2203 QZ'FQZO, <Z,QZ+(]>:07

whereQ is ann x n matrix andg € R". The natural quadratic problem that one associates
with LCP is (see [2])

minimize (z,Qz + q)
subjecttoz > 0, Qz+ q > 0.

It is well known that this quadratic program is, in general, not very useful for solving the
LCP, in part because its feasible set typically has a fairly complicated structure. Clearly, sit-
uation with the BLP (2) associated with XLCP is very similar. In recent years, considerable
amount of research on complementarity problems has focused on obtaining optimization
reformulations with simple constraints. Of particular interest are unconstrained reformula-
tions (for example, [24, 19, 15, 6, 16, 26, 4, 18, 20, 17, 23]) and reformulations where the
feasible set contains only nonnegativity constraints (see [10, 24, 9, 3, 30, 7]). Research in
this direction is vast and is by no means limited to the cited references. For example, bound
constrained reformulations can be also constructed for the variational inequality problem
[27].

Motivated by the above mentioned developments for standard complementarity problems,
we propose a number of smooth optimization reformulations for XLCP of the form

minimize f(z,y) := p(z,y) + ¥ (z,y) 3)
subject to (z,y) € B,
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where the seB in 12" contains only some nonnegativity constraints if any at all, the
functionp is a smooth external penalization for the polyhedral/zet

(2,1) =0 if Mx — NyeP
PRYIY S 0 otherwise ,

andv is a nonnegative “complementarity function” satisfying the condition
(z,y) € B, ¢(r,y) =0 <= x>0, y>0, (z,y)=0.

Obviously, the appropriate choice pfdepends on the choice of the &tAnd of course,
some additional conditions will have to be imposed on the functicio obtain useful
reformulations. We consider two types of problems. For the first Bigethe nonnegative
orthant iniR?", i.e.

B={(x,y) € R*" [z >0,y > 0}.

We consider several complementarity functions. First of all, we can choasthassquare
of the bilinear function itself :

1

Yi(z,y) = §(<x,y>)2.

This functiont; has been used for other types of problems in [8, 9]. Another possible
choice which we shall study is

. 1 - 2,2
)= 53

A related least squares formulation has been employed for standard complementarity prob-
lems in [25]. The function), has an advantage ovey in that it grows somewhat slower
on the nonnegative orthant.

Given that all feasiblec andy are nonnegative for this choice &% it is tempting to
consider the bilinear function itself

¢3(I7y) = <9:,y>,

which is simpler than eithep, or,. However, as we shall see, using this function results
in reformulations with weaker properties (see also remarks in [9]).

Note that the functiong, andi, are essentially of growth order four. We therefore also
consider the following functions which have quadratic growth (thus, in general, one would
expect them to be more attractive computationally). These functions are well known in
complementarity literature :

n

2
Ya(w,y) == %Z (\/%2 +yl - yi) 5

=1

which is the (squared) Fischer-Burmeister function [5, 16, 4]; the implicit Lagrangian
function [24, 29]

¥s(@,y) = (z,y) + % (I = ag) 1 = l2l* + | (y — ax)+ 1> = llyl*) ,
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where(+) . stands for the projection operator onto the nonnegative orthantyand is a
parameter; and the restricted implicit Lagrangian [10, 24, 29]

Yoles) = (o) + 5 (1 = ay) I = [l2]?).

For functionsy, andiys we also consider the unconstrained reformulations with
B =R,

The paper is organized as follows. In Section 2, we study the BLP (2) and give some suffi-
cient conditions which guarantee that every KKT point of BLP solves the XLCP. In Section
3 we consider the bound constrained reformulations, and in Section 4 the unconstrained
reformulations. We establish the equivalence between their stationary points and solutions
of XLCP under some of the same assumptions used for the bilinear program. Section 5
contains concluding remarks.

Throughout this paper, we assume that the polyhedraPsit R appearing in the
statement of XLCP (1) is represented as

P={ueR"|Gu> g}

whereG is somek x m real matrix andy € R*. For this representation, the recession cone
[28] of the setP is the set

0FP = {ueR™|Gu >0},
and its dual is

(0tP)* = {veR™| (v,u) >0foralluc 0P}
= {veR™ |v=CG"pfor someu > 0},

whereG'" denotes the transpose of matéix Finally, we recall that a square matxixis
said to be copositive on a coigif (Qu,v) > 0 for all v € K, and strictly copositive if the
latter inequality is strict for ald # v € K.

2. The Bilinear Program

We start with some sufficient conditions for every KKT point of the bilinear program

minimize (x,y) (@)
subjecttoz >0, y > 0, G(Mxz — Ny) > g

to be a solution of the XLCP. Note that the first condition in Theorem 1 below has been
established in [22]. We include its proof for completeness. The other two conditions appear
to be new. It should be noted that the second condition in Theorem 1 cannot be satisfied for
the horizontal LCP, because in that c#és a singleton and, henc@)™P)* is the whole
space. However, it is not difficult to construct examples when this condition holds in the
more general case of XLCP wheFeis not a singleton. With respect to the last condition



SOME OPTIMIZATION REFORMULATIONS 191

in Theorem 1, observe that it is equivalent to saying tha) is a solution of XLCP. Of
course, to obtain this trivial solution, no reformulations are needed. However, the XLCP
may have other solutions, and the BLP may have other KKT points. Theorem 1 guarantees
that if (0, 0) € P then all KKT points of BLP are solutions of XLCP.

THEOREM 1 Suppose that one of the following three conditions is satisfied :
(i) The matrixM N T is copositive or{0*P)*.

(ii) ItholdsthatM "v <0andN v > 0forall v € (0TP)*.

(iii) It holds that(0,0) € P.

Then every KKT point of the BLP solves the XLCP.

Proof: If (z,y) is a KKT point of (4) then there exist vectousc R* andt, s € " such
that (see, for example, [21])

y—M'G pu—t=0, 24+ NG 'pp—s5=0,
0= {(x,t) =(y,s) = (u, GMx — GNy — g),

GMz—-—GNy—g>0, un>0, zy,t,s>0.
Suppose that assumption (i) is satisfied. Using the KKT conditions, we obtain

0< <x,y> = <$7y> - <I7t> - <y7s> + <t7s> - <tvs>
= (xz—s,y—t)—(t,9)
= _<NTGTM7 MTGT/O - <t7 5>
= —(MN"(G"p),GTu) — (t,5) <0,
where the last inequality follows from copositivity 8/ N ™ on (0*P)* and the fact that
G € (07P)*, and nonnegativity of ands. It immediately follows thatz, y) = 0, and
hence(z, y) is a solution of XLCP.
Now suppose that assumption (ii) holds. We have that
0 = (z,t) + (y,s)
= (2, y—M"G"p)+(y,z+ N'GTp)
= 2z, y) — (&, MTGTp) + (y, NTG T p). (5)
Under the assumption that "v < 0, NTv > 0 for all v € (0*P)*, it follows from
nonnegativity oft andy that each of the terms in the right-hand-side of (5) is nonnegative.
Hence they are all zero. In particulds;, y) = 0 and(z, y) solves the XLCP.
Finally, let the last condition (iii) hold. Sinc@,0) € P, it follows that0 > g. From (5)
we further obtain
2(z,y) — (GMz — GNy — g, 1) — (g, 1)
= 2<$,y> - <g7,u>7
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where the last equality follows from the KKT conditions. Becagse 0 while > 0,
both terms in the right-hand-side of the latter inequality are nonnegative. Kepnge= 0
and(z, y) is a solution of XLCP. [ |

In [13], an X-row-sufficiencyproperty was introduced. In particular, a pair of matrices
M andN is said to be X-row-sufficient with respect to a polyhedral?Réf the following
property holds :

ve (0P, (MTv); (NTv); <0, i=1,...,n =
(MTv); (NTv); =0, i=1,...,n.

Itis easy to see that (i), i.e. copositivenesdbN T on (07 P)*, implies X-row-sufficiency
with respect toP. Note that (i), on the other hand, implies that the matriX/ N T is
copositive on01P)*.

COROLLARY 1 If the feasible region of BLP is nonempty and one of the assumptions of
Theorem 1 is satisfied, then XLCP is solvable.

Proof: The result follows from the fact that the quadratic objective function of the BLP

is always bounded below on the feasible region. Thus BLP has solutions whenever it is
feasible. Theorem 1 further guarantees that these solutions of BLP solve the XLCP under
the given assumptions. ]

3. Bound Constrained Reformulations

We now turn our attention to bound constrained reformulations. For simplicity, we shall
consider only one exterior penalty function for the Betin particular, we shall use

1
p(@,y) = SI(=GMz + GNy + )%,

where|| - || is the 2-norm. The problem under consideration is therefore the following :

minimize (1/2)||(-GMz + GNy + g)+|* + ¢(z,y)
subjecttoxz >0, y > 0.

(6)

In principle, one could use some of the other smooth penalty functions as well.
To establish the equivalence of KKT points of (6) and solutions of XLCP (1), we require
the complementarity function to possess (some of) the following properties :

. (z,y) >0 forallz >0, y > 0; moreover ¥(z,y) =0 <= (z,y) =0.
. 2>0, y>0, (Voh(x,9),Vyb(z,y)) <0 = (x,y) =0.
. P(z,y) =0 = Vi, ¥(z,y)=0.

V. z;, =0, y;, >0 = [Vyw(:c,y)]z =0 and
Yi=0, 2z, >0 = [Vup(x,y)]; = 0.

V. (z,Va¥(z,y)) + (y, Vyo(z,y)) = cp(z, y), wherec > 0.
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VI. (Vo(z,y), Vy(z,y)) >0 forall >0, y>0.

The properties listed above are quite natural. Before proceeding with the analysis, we show
that some complementarity functions of interest satisfy all of them.

LEmMA 1 Complementarity functions,, v, and, satisfy all properties I-VIy)5 sat-
isfies all properties except llly)5 satisfies all properties except Il; angs satisfies all
properties except Il and III.

Proof: For functionsy, 1, andiys, the assertions can be checked by direct observation.
For the Fischer-Burmeister functia, all properties except V are well known (see, for
example, [11]). We proceed to prove V. Let

ela,b) = % (\/a2+62—a—b)2.

With this notation,

n

bal,y) =Y p(xi,9)-

i=1

Let v, and y, denote partial derivatives @f with respect tow and b, respectively. If
a=>b=0,clearlyap,(a,b) + bpp(a,b) = 0 = 2p(a,b). Assume now that, # 0 or
b # 0. Then we can write

polast) = (VT T —a—0) (o 1),

and similarly forey (a, b). Then we have

a® b?
aga(a,t) +bos(a,) = (V¥ ¥ -a-b) (m e mb>

2
= (\/CLQ +b2—a-— b) = 2p(a, b).
Summing up for all, we obtain Property V.
For the implicit Lagrangiags, properties|,llland VI are also well known (see [24, 3, 23]).
Let
1
o(a,b) == ab + % ((a—ab)l —a® + (b—aa)} — b?).

We then have

Observe that
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and
wp(a,b) =a+ é (—ala—ab)y + (b— aa)y —b).

Property IV can now be verified directly. Furthermore,

2
ape(a,b) + bpp(a,b) = ab— % + g(a —ab); —a(b—aa)t

+ab s b( b) +b(b )
ab— — —bla—« —(0—aa
« + « +
1 1 1
= 2ab— —(a® + %)+ —(a — ab)® + =(b— aa)?
ab——(a” +b%) + —(a —ab)} + ~(b—aa)}
= 2¢(a,b),

from which Property V follows.
The restricted implicit Lagrangiatis can be analyzed similarly; we omit the details.
[ |

It should be noted that for some of the complementarity functions, the properties con-
sidered above can be further strengthened. In I-VI we only list what seem to be minimal
conditions necessary in the context of this paper.

We next establish that providedsatisfies appropriate assumptions, every KKT point of
(6) is a solution of XLCP under precisely the same conditions that guarantee this property
for the BLP (4). We point out that (6) has the advantage over the latter in that its feasible
set has simple structure.

THEOREM 2 Suppose that one of the following four sets of assumptions is satisfied :
(i) The functiony satisfies 1,11,111,IV; and the matrix\/ N T is copositive or{0P)*.

(i) The functiony satisfies 1,111,V; and it holds thaf/ v < 0 and N"v > 0 for all
ve (0TP)~

(iii) The functiony satisfies I,V; and0, 0) € P.

(iv) The functiony satisfies 1,111,IV,V,VI; and the matrid/ N " is strictly copositive on
(0FP)*.

Then every KKT point of (6) solves XLCP.

Proof: Letusdenote := G (—GMz+GNy+g). Observe that € (0*P)* because
(-GMz+GNy+g)+ > 0. Let(x, y) be a KKT point of (6). Then there exist two vectors
t, s € ®" such that

~MTv+ Veo(z,y) —t =0, NTo+ Vy(z,y) —s=0, @)

0= (z,t) = (y,s), 2,y,t,5>0. ©)
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We further obtain
—(MNTv,v) = —(M"v,N"v)
= (Vat(z,y) — 1, Vyi(z,y) — s)
= (Vath(z,y), Vyo(a,y)) — {t, Vyi(z,y)) — (s, Varb(z,y)), ©)

where the inequality follows from the nonnegativitytdnds.

Suppose that the assumptions in (i) are satisfied. Note that if for sad, ... ,n} it
holds thatt; > 0 then (8) implies that; = 0. In that case, by Property 1V, it follows that
[Vy¥(z,y)]; = 0. Hence,

<t, Vyw(% y)> =0.

By the same argument, also

(s, Vaip(z,y)) = 0.

It now follows from (9) and the copositiveness@fN T on (0TP)* that

0> (Vot(z,y), Vyib(z,y)).

By Property Il, we conclude that(x,y) = 0. We also have that > 0 andy > 0.
Therefore, by Property lx, y) = 0.

It remains to establish thdt/= — Ny € P. By Property lll,%(x,y) = 0 implies that
V¥ (z,y) = 0. Recalling the definition of, it is easy to see that KKT conditions
(7),(8) for problem (6) reduce to the KKT conditions for the following convex program :

minimize (1/2)(|(-GMx + GNy + g)+|?

subjecttoz > 0, y > 0. (10)

It follows that(x, y) is a global solution of this problem. Hence because of the feasibility
of the given XLCP(—GMz + GNy + g)+ =0, i.e. Max — Ny € P. Thereforg(z, y) is
a solution of XLCP.

Now suppose that the assumptions in (ii) are satisfied. Using KKT conditions (7),(8) and
Property V, we obtain

0 = (z,t) + (y,5)
= <$7 Vﬂﬁ(% y)> + <ya Vyw(wv y)> - <.7J, MTU> + <y7 NTU>
= cp(z,y) — (&, M v) + (y, N o). (11)
Since it holds that/ "v < 0 andN v > 0 for v € (0*P)*, it follows from nonnegativity
of x andy that all terms in the right-hand-side of the above equality are zero. In particular,
Y(xz,y) = 0 and, by Property I{x,y) = 0. Now using Property lll, the proof that
Mz — Ny € P follows as before by considering (10).
Suppose now that the conditions in (iii) hold. By (11) we further obtain
0 = Cw(xvy) + <—M.’E + Ny7’l)>
= cp(z,y) + (G(=Mz + Ny) + g, (-GMz + GNy + g))
(g, (=GMz + GNy + g))
ap(z,y) +[[(~GMz + GNy + g)+||* = (9, (~GMz + GNy + g)).
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Since(0,0) € P, we havey < 0; from the above we see the(z,y) = 0 and(—GMzx +
GNy—g)+ = 0. Together with nonnegativity af andy, and taking into account Property
I, this means thafz, y) solves XLCP.

Finally, suppose that the assumptions in (iv) are satisfied. By (9) and Properties IV and
VI, we obtain that

—(MN "v,v) > 0.

By strict copositiveness af/ N T on (07P)*, it follows thatv = 0. By KKT conditions
(7),(8) and Property V, we further obtain

0 = <J}, wa(x, y) - t> + <yv Vyw(xay) - 8)
(2, Vato(z, ) + (y, Vyib(z,y))

= cp(z,y).
By Property I, it now follows thatz,y) = 0. The proof thatMz — Ny € P follows as
before, using (10) and Property Il1. [ ]

Remark. It can be seen from the proof of Theorem 2 that every KKT point of (6) which

is feasible with respect to the setis necessarily a solution of XLCP, providedsatis-

fies Properties | and V (note that all functions considered in this paper possess these two
properties).

According to Lemma 1 and Theorem 2, all KKT points of the bound constrained mini-
mization problem (6) are solutions of the XLCP under precisely the same conditions needed
for the BLP, provided the functiong,, i, or ¢, are used in (6). If one is to use in (6)
the bilinear function itself (i.e3), then the equivalence holds only(if, 0) € P. So this
reformulation has much weaker properties, which is consistent with observations made in
[9]. For the implicit Lagrangian)s, the equivalences hold under the same assumptions as
forq1, 1 0reyy, exceptthat copositivenessf N ' on(0+7P)* has to be replaced by strict
copositiveness. This is also consistent with some results [11] for standard complementarity
problems.

We also tried to use the feasible set

B={(z,y) x>0}

thus keeping only nonnegativity constraints:foas one would naturally try for the restricted
implicit Lagrangiam)g (or another function considered in [30]). While some results can
still be obtained with those reformulations, they seem to be overall weaker than Theorem
2.

4. Unconstrained Reformulations

We now consider the unconstrained problem

1
min_ —||(~GMz + GNy + g)+ || + (2, y). (12)
(. y)eRn 2
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Naturally, one might expect this problem to be useful for resolving the XLCP onhyisf
anunconstraineccomplementarity function. The two most interesting (smooth) functions
of this class are the Fischer-Burmeister function[5, 16, 4] and the implicit Lagrangian
Vs [24, 29].

To establish the equivalence of stationary points of (12) and solutions of XLCP (1), we
require the complementarity functianto possess (some of) the following properties :

l. ¢(z,y) >0 forall z, y ; moreover
Ylr,y) =0 <= x>0,y>0, (z,y) =0.

. (Va(z,y), Vyp(z,y)) >0 forall z, y.
M. (Vop(z,y), Vy(z,y)) =0 = (z,y) =0.
IV. fo(ﬂfay) =0 <« v(x,y)w(mvy) =0.

V. (z,Va¥(z,y)) + (y, Vyo(z,y)) = cp(z, y), wherec > 0.

These properties are standard, except for V which has been established in Lemma 1. Thus
we omit the proofs.

LEmMA 2 The functiony, satisfies all properties I-Vi5 satisfies all properties except
for III.

We next describe conditions which guarantee that stationary points of the unconstrained
problem (12) are solutions of the XLCP.

THEOREM 3 Suppose that one of the following three sets of conditions is satisfied :
(i) The functiony satisfies 1,11,111,1V; and matrix\ N T is copositive or{0*P)*.

(i) The functiom) satisfies I,I1,I\V; and matrix\/ N T is strictly copositive orf0P)*.

(i) The functiony satisfies I,V; and0, 0) € P.

Then every stationary point of (12) is a solution of XLCP.

Proof: Let(x,y) be a stationary point of problem (12). Then we have

—M v+ V,(z,y) =0 (13)
and
NTo+V,i(z,y) =0, (14)
wherev := GT(-GMzx + GNy + g)+ € (0*P)*. It follows that
0 = —(M"o,N"w) — (M"v,V,(x,y))
= —(MNTv,0) = (Voih(,y), Vyio(z,y)). (15)

Suppose that the assumptions in (i) are satisfied. Copositiven@g¢svdf on (0*P)* and
Property Il imply that

(Vatb(z,y), Vyto(z,y)) = 0.
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By Property lll,%)(z,y) = 0. Hence, by Property Iy > 0, y > 0 and{z,y) = 0.
It remains to show that/xz — Ny € P. By Property IV,&)(x, y) = 0 implies that

Therefore the stationarity conditions (13), (14) for problem (12) reduce to the condition
that

0= V(Ly)H(—GMJ} +GNy + g)+||2.

In view of convexity and the fact that the setis nonempty, the latter equality implies that
(-GMz + GNy+g)+ =0,i.e. Mz — Ny € P, and we have thdtr, y) solves XLCP.

Now suppose that the assumptions in (i) hold. By strict copositivenesd &t on
(0*P)*, and Property I1, it follows from (15) that = v = GT (-GMz + GNy + g) .
Then the stationarity conditions (13), (14) for problem (12) reduce to

Vmw(%y) =0 and Vyi/J(vaI) =0,

that sV, , ¥ (z,y) = 0. By Property IV, we conclude that(x,y) = 0. Therefore, by
Property I,z andy are complementary. The proof thatz — Ny € P follows as before.
Assume now that (iii) is satisfied. We have

0 = (&, —M v+ Vaih(z,y)) + (y, N v+ Vy(z,y))
(x, Vou(z,y)) + (v, Vyib(z,y)) + (—Mz + Ny, v)
= 2Y(z,y) + (—GMx + GNy +g,(-GMz +GNy + g)+)
—(9,(=GMz +GNy +g)+)
2(x,y) + |(=GMz + GNy + g)||” — (9, (~GMz + GNy +g)4),

where the third equation follows from Property V. Siriée0) € P, we have thay < 0. It
now follows that(—GMxz + GNy + ¢g)+ = 0 andy(z,y) = 0. By Property |,(z,y) is a
solution of XLCP. ]

5. Concluding Remarks

We have studied several optimization reformulations for the extended linear complemen-
tarity problem. For the bilinear programming reformulation, some new conditions were
established which guarantee that every Karush-Kuhn-Tucker point of the reformulation is
a solution of the XLCP. We also proposed some new unconstrained and bound constrained
reformulations, and established the equivalence of their stationary points to the solutions
of XLCP under the same assumptions used for the bilinear program.
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