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Instituto de Mateḿatica Pura e Aplicada, Estrada Dona Castorina 110,
Jardim Bot̂anico, Rio de Janeiro, RJ 22460-320, Brazil

Received December 16, 1997; Revised March 12, 1998; Accepted May 5, 1998

Abstract. We establish the first rate of convergence result for the class of derivative-free descent methods
for solving complementarity problems. The algorithm considered here is based on the implicit Lagrangian
reformulation [26, 35] of the nonlinear complementarity problem, and makes use of the descent direction proposed
in [42], but employs a different Armijo-type linesearch rule. We show that in the strongly monotone case, the
iterates generated by the method converge globally at a linear rate to the solution of the problem.
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1. Introduction

The classical nonlinear complementarity problem [31, 6], NCP(F), is to find a pointx ∈ <n

such that

x ≥ 0, F(x) ≥ 0, 〈x, F(x)〉 = 0, (1)

whereF : <n → <n, and〈·, ·〉 denotes the usual inner product in<n. Throughout this
paper, we shall assume thatF(·) is continuously differentiable. In the case whenF(·) is
affine, NCP(F) reduces to the linear complementarity problem [1].

Among popular approaches to solving NCP(F) which recently attracted attention, are
derivative-free methods based on minimizing appropriate unconstrained or constrained
minimization reformulations of the original problem. The literature on derivative-free
algorithms is vast; see [11, 42, 15, 24, 14, 20, 34, 43]. To our knowledge, no rate of
convergence results have been previously established for any of the methods in this class.
In this paper, we describe a derivative-free descent algorithm for minimizing the implicit
Lagrangian [26, 35] merit function, and establish its linear convergence in the case when
F(·) is strongly monotone.

∗ Research of the first author is supported in part by NSF Grant CCR-9322479 and AFOSR Grant F49620-97-1-
0326. Research of the second author is supported by CNPq Grant 300734/95-6 and by PRONEX–Optimization.
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It is known that NCP(F) can be cast as a problem of minimizing the followingimplicit
Lagrangianfunction

Mα(x) := 〈x, F(x)〉 + 1

2α

(‖(x − αF(x))+‖2− ‖x‖2+ ‖(F(x)− αx)+‖2− ‖F(x)‖2
)
,

(2)

whereα > 1 is a parameter and(·)+ denotes the orthogonal projection map onto the
nonnegative orthant<n

+. The implicit Lagrangian was introduced in [26], and further
studied and extended in [23, 42, 18, 15, 33, 41, 43, 4, 36]; see [35] for a survey.

Let r (·) be thenatural residualfor NCP(F) [29], that is

r (x) := x − (x − F(x))+ = min{x, F(x)},
where the minimum is taken component-wise. It is well known thatr (x) = 0 if and only
if x is a solution of NCP(F). Below we summarize some of the properties of the implicit
Lagrangian that will be used in the sequel.

THEOREM1 (See [26, 23]) Letα > 1. Then the following statements hold :

1. Mα(x) ≥ 0 for all x ∈ <n.

2. x ∈ <n solves NCP(F) if and only if Mα(x) = 0.

3. α−1(α − 1)‖r (x)‖2 ≤ Mα(x) ≤ (α − 1)‖r (x)‖2 for all x ∈ <n.

In particular,Mα(·) is nonnegative on<n and assumes the value of zero precisely at the
solutions of NCP(F). Thus one way to solve NCP(F) is via solving the unconstrained
minimization problem

min
x∈<n

Mα(x).

Note thatMα(·) is continuously differentiable wheneverF(·) is continuously differentiable.
In [42], it was shown that whenF(·) is strongly monotone and continuously differentiable,

that is for someµ > 0

〈F(x)− F(y), x − y〉 ≥ µ‖x − y‖2 ∀ x, y ∈ <n,

or, equivalently,

〈∇F(x)y, y〉 ≥ µ‖y‖2,
then the direction

d(x) := (β − α) (x − (x − αF(x))+)+ (1− αβ) (F(x)− (F(x)− αx)+) (3)

is a descent direction forMα(·) at x ∈ <n, providedβ > 0 is sufficiently small andx is not
the solution of NCP(F). A descent method was proposed which uses an Armijo-type search
along this direction, and it was shown that this method converges to the solution of NCP(F).
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An attractive feature of this algorithm is that it is derivative-free, i.e., no derivatives ofF(·)
need to be computed. This makes the method suitable for large-scale problems, as well as
applications where the derivatives ofF(·) are not available or are costly to compute.

In this paper, we establish linear rate of convergence for a method based on the direction
given by (3) but with a stepsize rule somewhat different from that in [42]. Note that this result
is not obvious because the implicit LagrangianMα(·) is not known to be strongly convex
(even locally, in the neighborhood of the solution). Even convexity can be established only
for the strongly monotonelinear complementarity problems and under certain restrictions
on the parameterα [33, 21]. Moreover, our algorithm does not make use of the gradient of
Mα(·).

We briefly mention some other approaches to solving NCPs. Various unconstrained
reformulations based on appropriate merit functions have been investigated in [18, 14, 24,
21, 27, 40, 41, 5]. Nonnegatively constrained reformulations are considered in [11, 26,
39, 9, 37, 10, 34]. A recent survey of merit functions for NCPs and related issues can be
found in [12]. Among other approaches we mention nonsmooth and semismooth methods
[7, 8, 22, 3, 32, 16, 2, 19] and smooth equation-based methods [25, 38, 17].

The followingerror boundresult is central in the convergence rate analysis.

THEOREM2 (See [30]) Let F(·) be strongly monotone with modulusµ > 0 and Lipschitz
continuous with constant L> 0 on some set X containing x∗, the solution of NCP(F).
Then

‖x − x∗‖ ≤ L + 1

µ
‖r (x)‖ ∀x ∈ X.

A few words about our notation. For a real-valued matrixA of any dimension,A>

denotes its transpose. For a differentiable functionf : <n → <, ∇ f will denote the
n-dimensional vector of partial derivatives with respect tox. For a differentiable vector
function F : <n → <n, ∇F will denote then × n Jacobian matrix whose rows are the
gradients of the components ofF . By Q-linear andR-linear convergence we mean linear
convergence in the quotient sense and in the root sense, respectively, as defined in [28].

2. Descent Method and Its Convergence

First, let us re-write the implicit Lagrangian function in the following form :

Mα(x) =
n∑

i=1

ψα(xi , Fi (x)), (4)

whereψα : <2→ < is given by

ψα(a, b) := ab+ 1

2α

(
(a− αb)2+ − a2+ (b− αa)2+ − b2

)
. (5)

It is easy to verify that

∂ψα

∂a
(a, b) = b+ 1

α
((a− αb)+ − a− α(b− αa)+)
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and
∂ψα

∂b
(a, b) = a+ 1

α
(−α(a− αb)+ + (b− αa)+ − b) .

We will adopt the following notation :

∂ψα

∂a
(x, F(x)) :=


∂ψα
∂a (x1, F1(x))

...
∂ψα
∂a (xn, Fn(x))

 , ∂ψα

∂b
(x, F(x)) :=


∂ψα
∂b (x1, F1(x))

...
∂ψα
∂b (xn, Fn(x))

 .
With this notation, the gradient ofMα(·) is given by

∇Mα(x) = ∂ψα

∂a
(x, F(x))+∇F(x)>

∂ψα

∂b
(x, F(x)).

We start with some preliminary results. The first assertion of Lemma 1 has been proven in
[18, 42] but we include its proof for completeness. Note that the second assertion is new,
and it is the key for obtaining the rate of convergence result.

LEMMA 1 Letα > 1. The following properties hold for all x∈ <n :

1. 〈 ∂ψα
∂a (x, F(x)), ∂ψα

∂b (x, F(x))〉 ≥ 0.

2. ‖ ∂ψα
∂a (x, F(x))+ ∂ψα

∂b (x, F(x))‖ ≥ α−1(α − 1)‖r (x)‖.

Proof: We establish the above inequalities component-wise. Leta := xi andb := Fi (x),
wherei ∈ {1, . . . ,n}. Note that

∂ψα

∂a
(a, b)+ ∂ψα

∂a
(a, b) = (1− 1

α
) (a− (a− αb)+ + b− (b− αa)+) .

We consider the following four possible cases.
Case 1 : a− αb ≥ 0 andb− αa ≥ 0.

In that case,

∂ψα

∂a
(a, b) = αa− b ≤ 0 and

∂ψα

∂b
(a, b) = αb− a ≤ 0.

Hence
∂ψα

∂a
(a, b)

∂ψα

∂b
(a, b) ≥ 0.

Sincea ≥ αb ≥ α2a andα > 1, it follows thata ≤ 0 andb ≤ 0. Therefore(
∂ψα

∂a
(a, b)+ ∂ψα

∂b
(a, b)

)2

= ((α − 1)(a+ b))2

≥ (α − 1)2b2

=
(
α − 1

α

)2

(a− (a− αb)+)2

≥
(
α − 1

α

)2

(a− (a− b)+)2,



DESCENT METHOD FOR NCP 9

where the last inequality follows from [13, Lemma 1] and the fact thatα > 1.
Case 2 : a− αb ≥ 0 andb− αa < 0.

In that case,

∂ψα

∂a
(a, b) = 0 and

∂ψα

∂b
(a, b) = α2− 1

α
b.

Clearly,

∂ψα

∂a
(a, b)

∂ψα

∂b
(a, b) ≥ 0.

Furthermore, we obtain(
∂ψα

∂a
(a, b)+ ∂ψα

∂b
(a, b)

)2

=
(
α2− 1

α
b

)2

=
(
α2− 1

α2

)2

(a− (a− αb)+)2

≥
(
α − 1

α

)2

(a− (a− b)+)2,

where the last step follows from [13, Lemma 1] and the fact that, forα > 1, (α2−1)/α2 >

(α − 1)/α.
Case 3 : a− αb < 0 andb− αa ≥ 0.

In that case,

∂ψα

∂b
(a, b) = 0 and

∂ψα

∂a
(a, b) = α2− 1

α
a.

Clearly,

∂ψα

∂a
(a, b)

∂ψα

∂b
(a, b) ≥ 0.

We also have(
∂ψα

∂a
(a, b)+ ∂ψα

∂b
(a, b)

)2

=
(
α2− 1

α
a

)2

=
(
α2− 1

α

)2

(a− (a− αb)+)2

≥
(
α − 1

α

)2

(a− (a− b)+)2,

where the last step follows from [13, Lemma 1] and the fact that, forα > 1,α2 > α.
Case 4 : a− αb < 0 andb− αa < 0.

In that case,

∂ψα

∂a
(a, b) = αb− a

α
> 0 and

∂ψα

∂b
(a, b) = αa− b

α
> 0
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Thus

∂ψα

∂a
(a, b)

∂ψα

∂b
(a, b) ≥ 0.

Note thata < αb < α2a andα > 1 imply thata > 0 andb > 0. Therefore(
∂ψα

∂a
(a, b)+ ∂ψα

∂b
(a, b)

)2

= ((1− 1/α)(a+ b))2

>

(
α − 1

α
a

)2

=
(
α − 1

α

)2

(a− (a− αb)+)2

≥
(
α − 1

α

)2

(a− (a− b)+)2,

where the last step follows from [13, Lemma 1].
Summing up for alli = 1, . . . ,n completes the proof. 2

We are now ready to state our derivative-free descent algorithm for minimizing the implicit
Lagrangian merit functionMα(·), and thus solving NCP(F).

ALGORITHM 1 Choose x0 ∈ <n, γ ∈ (0, 1), and a sufficiently small constantβ > 0.
Having xi , let

di := −∂ψα
∂b

(xi , F(xi ))− β ∂ψα
∂a

(xi , F(xi )), (6)

Compute

xi+1 = xi + ηi d
i , (7)

whereηi = γ ki with ki being the smallest nonnegative integer k satisfying

Mα(x
i )− Mα(x

i + γ kdi ) ≥ γ 2k‖∂ψα
∂a

(xi , F(xi ))+ ∂ψα
∂b

(xi , F(xi ))‖2. (8)

Some remarks are in order on the choice of the constantβ involved in computing the
search direction in Algorithm 1 (we note that the same constant appears, for example, in
the methods of [42, 43]). When the modulus of strong monotonicityµ, and the boundν
for ‖∇F‖ over the (bounded) level set{x | Mα(x) ≤ Mα(x0)} are available, the proof
of Theorem 3 shows that we can choose anyβ ≤ 2µ/ν2. When those constants are not
readily available, often some estimates of them can still be obtained (without computing the
derivatives). However, sometimes those estimates can be too costly to obtain or they are too
conservative. As a practical matter, we can start Algorithm 1 with some reasonably small
value ofβ and adapt iteratively, by decreasing it if the linesearch step fails or the algorithm
does not appear to makepredictedprogress, i.e. the (computable) sequence{Mα(xi )} does
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not appear to decrease linearly to zero. Note that Theorem 2.1 establishesglobal linear
convergence. Thus by monitoring the ratioMα(xi+1)/Mα(xi ) over the first few iterations,
it should be possible to decreaseβ to an acceptable value, if the initial value is not adequate.
Such adaptive approach would seem reasonable and fully implementable.

Note that no derivatives ofF(·) are needed for computing the search direction or the
stepsize in Algorithm 1. It can be checked that this algorithm employs the same search
direction as the method described in [42] (which is given by (3)). However, the stepsize is
computed according to a different rule.

Let x0 be any starting point for Algorithm 1. Note that under our assumption of strong
monotonicity, the level set

L(Mα, x0) := {x | Mα(x) ≤ Mα(x
0)}

is bounded ([15, Proposition 9]). By continuity ofF(·), it further follows that the quantity

D(x0) := sup{‖d(x)‖ | x ∈ L(Mα, x0)}

is finite, whered(x) is the search direction in Algorithm 1 computed at the pointx. Hence,
the set

B(x0) := L(Mα, x0)+ {x | ‖x‖ ≤ D(x0)}

is also bounded. We are now ready to state and prove our convergence result.

THEOREM 3 Suppose F(·) is continuously differentiable and strongly monotone with
modulusµ > 0. Let x0 ∈ <n be any given starting point, and suppose that F(·) and
∇F(·) are Lipschitz continuous with some constant L> 0 on the setB(x0). Then for the
sequence{xi } generated by Algorithm 1, it holds that the sequence{Mα(xi )} converges
to zero Q-linearly, and{xi } converges R-linearly to the solution of NCP(F).

Proof: BecauseF(·) and∇F(·) are Lipschitz continuous onB(x0), it is clear that∇Mα(·)
is Lipschitz continuous on this bounded set. In particular, there existsL1 > 0 such that

‖∇Mα(x)−∇Mα(y)‖ ≤ L1‖x − y‖ ∀ x, y ∈ B(x0). (9)

Also, for someν > 0, we have

‖∇F(x)‖ ≤ ν ∀ x ∈ L(Mα, x0). (10)

By the construction of the algorithm (see (8)) the sequence{Mα(xi )} is nonincreasing.
Therefore the sequence{xi } is contained inL(Mα, x0).
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For anyθ ∈ [0, 1] we have thatxi , xi + θdi ∈ B(x0) and

Mα(x
i + θdi )− Mα(x

i ) =
∫ θ

0
〈∇Mα(x

i + tdi ), di 〉 dt

= θ〈∇Mα(x
i ), di 〉

+
∫ θ

0
〈∇Mα(x

i + tdi )−∇Mα(x
i ), di 〉 dt

≤ θ〈∇Mα(x
i ), di 〉 + L1

∫ θ

0
t‖di ‖2 dt

= θ
(
〈∇Mα(x

i ), di 〉 + L1θ

2
‖di ‖2

)
, (11)

where the inequality follows from (9) and the Cauchy-Schwarz inequality.
We further obtain

−‖di ‖2 = −‖∂ψα
∂b

(xi , F(xi ))‖2− 2β〈∂ψα
∂a

(xi , F(xi )),
∂ψα

∂b
(xi , F(xi ))〉

−β2‖∂ψα
∂a

(xi , F(xi ))‖2

≥ −‖∂ψα
∂b

(xi , F(xi ))‖2− 2〈∂ψα
∂a

(xi , F(xi )),
∂ψα

∂b
(xi , F(xi ))〉

−‖∂ψα
∂a

(xi , F(xi ))‖2

= −‖∂ψα
∂a

(xi , F(xi ))+ ∂ψα
∂b

(xi , F(xi ))‖2, (12)

where the inequality follows from Lemma 1 if we takeβ ∈ (0, 1).
Furthermore,

−〈∇Mα(x
i ), di 〉 = −〈∂ψα

∂a
(xi , F(xi ))+∇F(xi )>

∂ψα

∂b
(xi , F(xi )), di 〉

= 〈∂ψα
∂a

(xi , F(xi )),
∂ψα

∂b
(xi , F(xi ))〉 + β‖∂ψα

∂a
(xi , F(xi ))‖2

+〈∂ψα
∂b

(xi , F(xi )),∇F(xi )
∂ψα

∂b
(xi , F(xi ))〉

+β〈∂ψα
∂a

(xi , F(xi )),∇F(xi )>
∂ψα

∂b
(xi , F(xi ))〉

≥ β‖∂ψα
∂a

(xi , F(xi ))‖2+ µ‖∂ψα
∂b

(xi , F(xi ))‖2

−βν‖∂ψα
∂a

(xi , F(xi ))‖‖∂ψα
∂b

(xi , F(xi ))‖, (13)

where the inequality follows from Lemma 1, strong monotonicity ofF(·), the Cauchy-
Schwarz inequality, and (10).

We shall now consider the right-hand-side of (13). Denoteu := ∂ψα
∂a (x

i , F(xi )) and
v := ∂ψα

∂b (x
i , F(xi )). We shall show that for a suitable choice ofβ, there exists a constant
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λ > 0 such that

β‖u‖2+ µ‖v‖2− βν‖u‖‖v‖ ≥ λ‖u+ v‖2. (14)

By the Cauchy-Schwarz inequality, it is sufficient to show that

(µ− λ)‖v‖2+ (β − λ)‖u‖2− (βν + 2λ)‖u‖‖v‖ ≥ 0. (15)

If µ > λ, β > λ and

2
√
(µ− λ)(β − λ) ≥ βν + 2λ (16)

then the left-hand-side of (15) is greater or equal than(
√
µ− λ‖v‖−√β − λ‖u‖)2 which

is nonnegative. Hence it is enough to check (16) or, equivalently, the inequality

µβ − 1

4
β2ν2 ≥ λβ + λµ+ βλν.

Take anyβ ≤ 2µ/ν2. Then for the inequality above to hold, it is enough to guarantee that

1

2
µβ ≥ λβ(1+ ν)+ λµ.

It is easy to check that the latter inequality is satisfied for

λ ≤ min

{
µ

4(1+ ν) ,
β

4

}
.

It follows that for this choice ofβ andλ, (14) holds.
Combining (13) and (14), we obtain

−〈∇Mα(x
i ), di 〉 ≥ λ‖∂ψα

∂a
(xi , F(xi ))+ ∂ψα

∂b
(xi , F(xi ))‖2.

The latter inequality, (11) and (12) yield

Mα(x
i )− Mα(x

i + θdi ) ≥ θ
(
λ− L1θ

2

)
‖∂ψα
∂a

(xi , F(xi ))+ ∂ψα
∂b

(xi , F(xi ))‖2.

It follows from the latter inequality that (8) is satisfied whenever

λ− L1γ
k/2≥ γ k,

that is

γ k ≤ λ(1+ L1/2)
−1.

In particular, (8) is certainly satisfied for

k ≥
⌈

log1/γ

(
1+ L1/2

λ

)⌉
=: K .
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It follows that

ηi ≥ γ K =: η > 0.

Now from (8) and Lemma 1, we obtain

Mα(x
i )− Mα(x

i+1) ≥ ση2‖∂ψα
∂a

(xi , F(xi ))+ ∂ψα
∂b

(xi , F(xi ))‖2

≥ ση2

(
α − 1

α

)2

‖r (xi )‖2.

From Theorem 1, we further deduce that

Mα(x
i )− Mα(x

i+1) ≥ ση2α − 1

α2
Mα(x

i )

and, rearranging terms, we obtain(
1− ση2α − 1

α2

)
Mα(x

i ) ≥ Mα(x
i+1) ≥ 0

which means that{Mα(xi )} convergesQ-linearly to zero.
Furthermore, from Theorems 1 and 2, we have

‖xi − x∗‖2 ≤ α(L + 1)2

µ2(α − 1)
Mα(x

i ).

Hence, the fact that{Mα(xi )} convergesQ-linearly to zero implies that{xi } converges to
x∗ with R-linear rate. 2

It can be checked that under the assumption of local Lipschitz continuity ofF and∇F in
some neighborhood of the solution of the problem, the sequence generated by Algorithm 1
achieves anasymptoticlinear rate of convergence. The result of Theorem 3 gives a global
linear rate under global assumption.

Finally, an interesting open question is whether the linear convergence result still holds
when the strong monotonicity assumption onF(·) is replaced by the uniformP-property.

3. Concluding Remarks

A descent algorithm for solving strongly monotone nonlinear complementarity problems
was considered. The algorithm is based on the implicit Lagrangian merit function and does
not require any derivatives information. It was shown that the iterates generated by this
method converge linearly to the solution of the problem. This appears to be the first rate
of convergence result for the class of derivative-free descent methods for solving nonlinear
complementarity problems. Whether (and under what conditions) derivative-free descent
methods based on other merit functions converge linearly, can be a subject of future research.
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