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Abstract. We establish the first rate of convergence result for the class of derivative-free descent methods
for solving complementarity problems. The algorithm considered here is based on the implicit Lagrangian
reformulation [26, 35] of the nonlinear complementarity problem, and makes use of the descent direction proposed
in [42], but employs a different Armijo-type linesearch rule. We show that in the strongly monotone case, the
iterates generated by the method converge globally at a linear rate to the solution of the problem.
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1. Introduction

The classical nonlinear complementarity problem [31, 6], NOPis to find a poink € R"
such that

x=0, FX)=0, (x,F(X)=0, (€]

whereF : ®" — R", and{(-, -) denotes the usual inner productif?. Throughout this
paper, we shall assume th&at-) is continuously differentiable. In the case wheg) is
affine, NCPE) reduces to the linear complementarity problem [1].

Among popular approaches to solving NER(which recently attracted attention, are
derivative-free methods based on minimizing appropriate unconstrained or constrained
minimization reformulations of the original problem. The literature on derivative-free
algorithms is vast; see [11, 42, 15, 24, 14, 20, 34, 43]. To our knowledge, no rate of
convergence results have been previously established for any of the methods in this class.
In this paper, we describe a derivative-free descent algorithm for minimizing the implicit
Lagrangian [26, 35] merit function, and establish its linear convergence in the case when
F(-) is strongly monotone.

* Research of the first author is supported in part by NSF Grant CCR-9322479 and AFOSR Grant F49620-97-1-
0326. Research of the second author is supported by CNPq Grant 300734/95-6 and by PRONEX-Optimization.
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It is known that NCPF) can be cast as a problem of minimizing the followingplicit
Lagrangianfunction

1
M. (9 = (X, F00) + o (Il(x = @ F ()4 112 = [IXIIZ + I(F(x) — aX)4 112 = IFx)[1?)
)

wherea > 1 is a parameter an¢), denotes the orthogonal projection map onto the
nonnegative orthartkt}. The implicit Lagrangian was introduced in [26], and further
studied and extended in [23, 42, 18, 15, 33, 41, 43, 4, 36]; see [35] for a survey.

Letr (-) be thenatural residualfor NCP(F) [29], that is

r(x) :=x— - F®X))y =min{x, F(x)},

where the minimum is taken component-wise. It is well known ttigs = O if and only

if x is a solution of NCP). Below we summarize some of the properties of the implicit
Lagrangian that will be used in the sequel.

THEOREM1 (See [26, 23]) Letr > 1. Then the following statements hold :

1. My(x) > Oforall x € R".

2. x € R" solves NCP(F) if and only if M(x) = 0.

3. a7 Y a=DIrx)|%? < Mg (X) < (@ — DIr(x)||? for all x € ®".

In particular, M, (-) is nonnegative om" and assumes the value of zero precisely at the

solutions of NCPE). Thus one way to solve NCP] is via solving the unconstrained
minimization problem

min M, (X).

xemn

Note thatM, (-) is continuously differentiable wheneVvex-) is continuously differentiable.
In[42], itwas shown that wheR (-) is strongly monotone and continuously differentiable,
that is for somex > 0

(FOO —F(y), x—y) = ulx—ylI* Vx,yeq,
or, equivalently,
(VEX)Y, y) = ulyl?,
then the direction
d(X) = (B —a) (X — (X —aF (X)) + (L —aB) (FOO) — (FX) —ax)y) ()

is a descent direction fdvl, (-) atx € %", provideds > 0 is sufficiently small anct is not
the solution of NCPF). A descent method was proposed which uses an Armijo-type search
along this direction, and it was shown that this method converges to the solution oFNCP(
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An attractive feature of this algorithm is that it is derivative-free, i.e., no derivativeg of
need to be computed. This makes the method suitable for large-scale problems, as well as
applications where the derivatives I6f-) are not available or are costly to compute.

In this paper, we establish linear rate of convergence for a method based on the direction
given by (3) but with a stepsize rule somewhat different from thatin [42]. Note thatthis result
is not obvious because the implicit Lagrangidg (-) is not known to be strongly convex
(even locally, in the neighborhood of the solution). Even convexity can be established only
for the strongly monotonknear complementarity problems and under certain restrictions
on the parameter [33, 21]. Moreover, our algorithm does not make use of the gradient of
Me ().

We briefly mention some other approaches to solving NCPs. Various unconstrained
reformulations based on appropriate merit functions have been investigated in [18, 14, 24,
21, 27, 40, 41, 5]. Nonnegatively constrained reformulations are considered in [11, 26,
39, 9, 37, 10, 34]. A recent survey of merit functions for NCPs and related issues can be
found in [12]. Among other approaches we mention nonsmooth and semismooth methods
[7,8, 22, 3, 32, 16, 2, 19] and smooth equation-based methods [25, 38, 17].

The followingerror boundresult is central in the convergence rate analysis.

THEOREMZ2 (See [30]) Let K-) be strongly monotone with modulus> 0 and Lipschitz
continuous with constant > 0 on some set X containing* xthe solution of NCP(F).
Then

L+1
u

[x —x*|| <

Ir )| vx e X.

A few words about our notation. For a real-valued mat#of any dimension, A"
denotes its transpose. For a differentiable functfon " — R, V  will denote the
n-dimensional vector of partial derivatives with respecktoFor a differentiable vector
function F : ®" — R", VF will denote then x n Jacobian matrix whose rows are the
gradients of the components Bf By Q-linear andR-linear convergence we mean linear
convergence in the quotient sense and in the root sense, respectively, as defined in [28].

2. Descent Method and Its Convergence

First, let us re-write the implicit Lagrangian function in the following form :
n
Ma () = Y (%, Fi (X)), 4
i=1

wherey, : %% — % is given by
1
Vo(a,b) :=ab+ o ((@—ab)? —a?+ (b — ca)? — b?). (5)

It is easy to verify that

IV
ada

(a,b)y=b+ 0% (@—ab)y; —a—a(b—caa),)
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and
%

(a b)—a+—( a(@—ab), + (b—aa); —b).

We will adopt the foIIowmg notation :

e (x1, F1(X)) %(xl, F1(x))
I/fa 1/fa
5 % F)) = :  op % F0) = :
e (Xn, Fn(X)) L (xn, Fn(X))
With this notation, the gradient dfl, (-) is given by
VMg (X) = ‘”“ (x F(x))+VF(x)T AL (x F(x)).

We start with some preliminary results. The first assertion of Lemma 1 has been proven in
[18, 42] but we include its proof for completeness. Note that the second assertion is new,
and it is the key for obtaining the rate of convergence result.

LEMMA 1 Leta > 1. The following properties hold for all x R" :
1. (G (x, FOO), G (x, F(x)) = 0.

2. |12%(x, F(x)) + f"”« (X, FOO)| = e e — DIr ).

Proof: We establish the above inequalities component-wisealet x; andb = F; (x),
wherei € {1, ..., n}. Note that
Bt/fa at/fa
oa

We consider the followmg four possible cases.
Casel:a—ab>0andb—«wa=>0.
In that case,

3%

(@ b) +

1
(a b) = (l—;)(a—(a—ab)++b—(b—aa)+).

%

(ab)_aa b<0 and (ab)_ab a<no.

Hence

3% 0V

7 @ b)

(a b) > 0.

Sincea > ab > w?a andw > 1, it follows thata < 0 andb < 0. Therefore

(a‘”"‘( a, b) + a‘”‘* (@ b)) = (@ — D(a+b))?
> (o — 1)%b?

a—1 2 2
=< ) (@a—(@—ab),)

o

2
> (a - 1) (@a—(a—b))?

o
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where the last inequality follows from [13, Lemma 1] and the fact shat 1.
Case2:a—ab>0andb—«aa <0.
In that case,

o? —
81'//‘)’(a b)=0 and 1/f"(a b) = !

b.

Clearly,

AU 0V
w(b)x/f

(a,b) > 0.

Furthermore, we obtain
2 2
< Wa( b)+ wa(a b)) =<Ola 1b>
2 2
= (“ . 1) (@a— (@—ab),)?
o

2
> (“ — 1) @-(@—h))%

o

where the last step follows from [13, Lemma 1] and the fact thatyfer1, («? — 1) /a? >
(¢ — 1)/ .

Case3:a—ab < 0Oandb—aa > 0.
In that case,

o’ —
al//"'(a by=0 and 1p"‘(a b) =

Clearly,

0y 0V
lﬁ(b)lﬁ

(a,b) > 0.

We also have

2 2
<8w“(a b) + 1ﬁ"‘(a b)) = (O’ 1a>

o

2 2
= ("‘ 1) (@a—(a—ab);)?
o

2
> ("‘ — 1) @-(@—-h))%

o

where the last step follows from [13, Lemma 1] and the fact thatyfer1, o? > «.
Case4:a—ab < 0Oandb—aa < 0.
In that case,

alp"‘(a,b)zolb_a 0 and 1/f‘x(ab) «a—b
oa o

>0
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Thus

3% 0V

(a b) (a b) > 0.

Note thata < ab < o?a anda > 1 imply thata > 0 andb > 0. Therefore

(8‘”"‘( a b) + 81”"‘(a b)) — (- o) @+ b))
()
> a
o
2
= (“‘1> (@a— (a—ab),)?
o

2
> (“ - 1) @-(@—h))%

o

where the last step follows from [13, Lemma 1].
Summing up for all =1, ..., n completes the proof. O

We are now ready to state our derivative-free descent algorithm for minimizing the implicit
Lagrangian merit functioM, (-), and thus solving NCHY).

ALGORITHM 1 Choose Ren", y € (0, 1), and a sufficiently small constaft> O.
Having X, let

1/fa Y

d = (x F(x') — B

(x F(x)), (6)
Compute

X =x 4+ pid, (7
wherer; = ¥ with k being the smallest nonnegative integer k satisfying

x| I/’“'(x F(x') + I”“‘(x FOX )2 ®

Mo (X)) = M (x' +yd") > y

Some remarks are in order on the choice of the congtantolved in computing the
search direction in Algorithm 1 (we note that the same constant appears, for example, in
the methods of [42, 43]). When the modulus of strong monotonjcjtgnd the bounad
for | VF | over the (bounded) level s¢x | M,(X) < M, (x%} are available, the proof
of Theorem 3 shows that we can choose gny 2 /v2. When those constants are not
readily available, often some estimates of them can still be obtained (without computing the
derivatives). However, sometimes those estimates can be too costly to obtain or they are too
conservative. As a practical matter, we can start Algorithm 1 with some reasonably small
value of and adapt iteratively, by decreasing it if the linesearch step fails or the algorithm
does not appear to makeedictedprogress, i.e. the (computable) sequefidg(x')} does
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not appear to decrease linearly to zero. Note that Theorem 2.1 estalgishatlinear
convergence. Thus by monitoring the rakity (x'+1) /M, (x') over the first few iterations,

it should be possible to decregséo an acceptable value, if the initial value is not adequate.
Such adaptive approach would seem reasonable and fully implementable.

Note that no derivatives of (-) are needed for computing the search direction or the
stepsize in Algorithm 1. It can be checked that this algorithm employs the same search
direction as the method described in [42] (which is given by (3)). However, the stepsize is
computed according to a different rule.

Let x° be any starting point for Algorithm 1. Note that under our assumption of strong
monotonicity, the level set

L(Mq, X°) 1= {X | Ma(X) < Mo (x)}
is bounded ([15, Proposition 9]). By continuity Bf(-), it further follows that the quantity
D(X%) = sup[d() | | X € L(My, X%}

is finite, whered(x) is the search direction in Algorithm 1 computed at the paintience,
the set

B(x%) := LMy, X% + {x | Ix|| < D(x%}
is also bounded. We are now ready to state and prove our convergence result.

THEOREM 3 Suppose ) is continuously differentiable and strongly monotone with
modulusy > 0. Let X2 € %" be any given starting point, and suppose that)Fand
VF(.) are Lipschitz continuous with some constant-LO on the se#3(x%). Then for the
sequencdx'} generated by Algorithm 1, it holds that the sequefigk (x')} converges
to zero Q-linearly, andx'} converges R-linearly to the solution of NCP(F).

Proof: Becausé(-) andV F(-) are Lipschitz continuous dfi(x?), itis clear that’ M, (-)
is Lipschitz continuous on this bounded set. In particular, there exists 0O such that

VMg (x) = VM, (Wl < L1llx =yl VX, y e Bx°). ©)
Also, for somev > 0, we have
IVEO)| <v VX e LMy, x%. (10)

By the construction of the algorithm (see (8)) the sequeiMdg(x')} is nonincreasing.
Therefore the sequeng¢g'} is contained inC(M,, x°).
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For any® e [0, 1] we have thak', x' +0d' € B(x°) and
M, (X +6d") — My (x) =/ (VM, (X +td"),d')dt
0
= 60(VMy(x), d")

0
+[ (VMg (X' +td") — VM, (x"), d') dt
0

0
<9<VMa<x‘>,di>+L1f tld 2 dt
0

=0 <<VMa<x‘>,di> + L—fudi ||2), (11)

where the inequality follows from (9) and the Cauchy-Schwarz inequality.
We further obtain

—[ld'I? = —| 1/’“'(x FOX)IZ - 28¢ w“(x F(x')), 1/’“’<x Fx'))
—B°l I/’“(x FOd)?
> 1/""<x FONI2 =222, Foxy), 28, F )
—| %(x FOX)I?
= Ip"’(x Fx')) + 1'/"’((x FX)IP, (12

where the inequality follows from Lemma 1 if we tage= (0, 1).
Furthermore,

VYo

<x F(x')) + VF(x)T 1”"‘(x F(x')),d"

(%(X F(x)), %(X FOX)) + Bl %(X FOd)I?

I/’“(x F (1)), VE(X) I/"’%x F X))

%

—(VM,y(x),d") = -5

+(

<x F(x'), VF(x)T ‘”“‘(x F(x')))

= Bl %(X FOONNZ 4 gl 1lfo{(X FOX)I?

—pv || W (X F(x ))IIII %
where the inequality follows from Lemma 1, strong monotonicityraf), the Cauchy-
Schwarz inequality, and (10). / _ _

We shall now consider the right-hand-side of (13). Denote= d‘/’“ +(x', F(x")) and
V= "‘/’ﬂ (x' F(x')). We shall show that for a suitable chomeﬂgfthere exists a constant

Al

(X FOAII, (13)
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A > 0 such that
Bllul® + wlvll® — Bvlullllvll = Au+ vl (14
By the Cauchy-Schwarz inequality, it is sufficient to show that
(u = MI?+ (B = Mul® = (Bv + 20 ulll|v]| = O. (15
If w>xB8>xrand
2/ (=B =) = v+ 2 (16)

then the left-hand-side of (15) is greater or equal th@n — A||v|| — /B — Allul)?> which
is nonnegative. Hence it is enough to check (16) or, equivalently, the inequality

wp — %,821)2 > AB 4+ Au + Bav.
Take anys < 2u/v2. Then for the inequality above to hold, it is enough to guarantee that
%uﬂ > AB(1+v) + Au.
It is easy to check that the latter inequality is satisfied for

2 ﬁ}
41+v) 4"

A< min{
It follows that for this choice of8 andx, (14) holds.
Combining (13) and (14), we obtain

OV Ve

_ NPT W i [ [ iy )12
(VMo (), d) = Afl === (X', F (X)) + == (<, FOO)II
The latter inequality, (11) and (12) yield
iy _ [ [ AT [ o i iy 2
Me (X') — Mg (X +6’d)29<k 5 )II °a (X', F(X) + 3b (X', FOENI~

It follows from the latter inequality that (8) is satisfied whenever
= Lay¥/2= y,
that is
Y <A+ L2

In particular, (8) is certainly satisfied for

k> ’7|Ogl/y <—1 +;l/2>—‘

.”.
~
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It follows that
nm=y<k=n>0
Now from (8) and Lemma 1, we obtain

Yo 0V

Ma i _Ma i+1 2 i F i i F i 2
(x) (X)) =on ”—3a x, F(x')) + b X, FOED
2fe—1 2 iv)2
>on | —— ) IreOH|°.
[07
From Theorem 1, we further deduce that
. ) -1 .
Mo (X) = My (X +Y) = on?Z =M, (x)
o

and, rearranging terms, we obtain
20 —1 i i+1
1—0n"—— ) Ma(X') = Mo(X7) > 0
o

which means thatM, (x')} convergeQ-linearly to zero.
Furthermore, from Theorems 1 and 2, we have

) L + 1)2 )
I —x2 < S5 E D o,
uA(o — 1)
Hence, the fact thatM, (x')} convergesQ-linearly to zero implies thagx'} converges to
x* with R-linear rate. O

It can be checked that under the assumption of local Lipschitz continuRyeofdV F in
some neighborhood of the solution of the problem, the sequence generated by Algorithm 1
achieves amsymptotidinear rate of convergence. The result of Theorem 3 gives a global
linear rate under global assumption.

Finally, an interesting open question is whether the linear convergence result still holds
when the strong monotonicity assumption) is replaced by the uniforr®-property.

3. Concluding Remarks

A descent algorithm for solving strongly monotone nonlinear complementarity problems
was considered. The algorithm is based on the implicit Lagrangian merit function and does
not require any derivatives information. It was shown that the iterates generated by this
method converge linearly to the solution of the problem. This appears to be the first rate
of convergence result for the class of derivative-free descent methods for solving nonlinear
complementarity problems. Whether (and under what conditions) derivative-free descent
methods based on other merit functions converge linearly, can be a subject of future research.
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