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Abstract. Inthe parallel variable distribution framework for solving optimization problems (PVD), the variables
are distributed among parallel processors with each processor having the primary responsibility for updating its
block of variables while allowing the remaining “secondary” variables to change in a restricted fashion along
some easily computable directions. For constrained nonlinear programs convergence theory for PVD algorithms
was previously available only for the case of convex feasible set. Additionally, one either had to assume that
constraints are block-separable, or to use exact projected gradient directions for the change of secondary variables.
In this paper, we propose two new variants of PVD for the constrained case. Without assuming convexity of
constraints, but assuming block-separable structure, we show that PVD subproblems can be solved inexactly by
solving their quadratic programming approximations. This extends PVD to nonconvex (separable) feasible sets, and
provides a constructive practical way of solving the parallel subproblems. For inseparable constraints, but assuming
convexity, we develop a PVD method based on suitable approximate projected gradient directions. The approxi-
mation criterion is based on a certain error bound result, and it is readily implementable. Using such approximate
directions may be especially useful when the projection operation is computationally expensive.

Keywords: parallel optimization, variable distribution, constrained optimization, sequential quadratic
programming, projected gradient

1. Introduction and motivation

We consider parallel algorithms for solving constrained optimization problems
min f(x), (L.1)
xeC

where C is a nonempty closed set in %", and f : R" — N is a continuously differentiable
function. Our approach consists of partitioning the problem variables x € )" into p blocks
X1, ..., Xp, such that

p
x=(x,....,xp), x e, I=1,...,p, Zn,:n,
=1
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and distributing them among p parallel processors. Note that in this notation we shall not
explicitly account for possible re-arranging of variables.

In most parallel algorithms, an iteration usually consists of two steps: parallelization
and synchronization, [2]. Consider for the moment the unconstrained case, corresponding
to C = N". Typically, the synchronization step aims at guaranteeing a sufficient decrease
in the objective function, while the parallel step produces candidate points (or candidate
directions) by simultaneously solving certain subproblems (P;) for/ =1, ..., p. Each (P))
is defined on a subspace of dimension (significantly) smaller than n, in such a way that
these p subspaces “span” the whole variable space 9i". Most methods, such as Block-
Jacobi [2], updated conjugate subspaces [10], coordinate descent [21], and parallel gradient
distribution [14], define (P;) as a minimization problem on the /-th block of variables,
i.e., in ™. More recently, Parallel Variable Distribution (PVD) algorithms, introduced
in [6] and further studied and extended in [7, 19, 20], advocated subproblems (P;) of
slightly higher dimensions than »;. In the /-th subproblem, in addition to the associated
“primary” optimization variables x;, there are p — 1 “secondary” variables representing
in a condensed form all the remaining n — n; problem variables (see Algorithm 1 below).
Since those remaining n — n; variables are allowed to change only in a restricted fashion
(in a subspace of dimension p — 1), the additional computational burden of solving such
enlarged subproblems is not big. The idea is that the “forget-me-not” terms add an extra
degree of freedom yielding algorithms with better robustness and faster convergence. We
refer the reader to [6, 12, 22] for numerical validation of PVD-type methods. We note
that not having any variables in parallel subproblems completely fixed can be especially
important in the constrained case, i.e., when C # %" in (1.1). Without this, the method can
simply fail. We shall return to this issue later on.

1.1. General PVD framework

To formalize the notion of primary and secondary variables, we need to introduce some
notation. Let [ denote the complement of / in the index set {1, ..., p}, where p is the
number of parallel processors. Given some direction d’ € %", which we shall call PVD-
direction, we denote by D;ﬁ the n; x (p — 1) block-diagonal matrix formed by placing the
blocks di, ..., d;;q df en™ t=1,..., p—1)of the chosen direction d' along its block
diagonal as follows:

d,
d

i di_, . (1.2)
iy
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Note that if / denotes the identity matrix of appropriate dimension, the linear transformation

Ai — In,xn, Onlxp—l
7 \o D:
nyxnp I

maps (x;, up) € R x RP~1into (x, D;Q,LL,-) € N". In the unconstrained case, more general
transformations can be used, which give rise to a fairly broad parallel variable transforma-
tion framework discussed in [7]. However, the theory of [7] does not appear to extend to
the constrained case, which is the focus of the present paper.

We describe next the basic PVD algorithm [6, 19, 20].

Algorithm 1 (PVD).  Start with any x° € C. Choose a PVD-direction d° € R". Seti := 0.
Having x', check a stopping criterion. If it is not satisfied, compute x'*" as follows.

Farallelization. For each processor | € {1,..., p} compute a (possibly approximate)
solution (yf, pL;;) e N x NP1 of

min ¥/ (x;, p7) := f(x, X} + Dijuz)
(P) {%m .
(%2 x; + D;-pL,-) eC.

Synchronization. Compute x'*' € C such that

< min Y (y], 1.
Sl )_16{1 ..... p}wl(yl’ﬂl)

Seti :=i + 1; choose new PVD-direction d'; and repeat.

The idea of PVD algorithm is to balance the reduction in the number of variables for
each (P;) with allowing just enough freedom for the change of other (secondary) variables.
Due to this, the parallel subproblems better approximate the original problem that has to
be resolved. Note that because the secondary variables can change only along chosen fixed
directions, their inclusion does not significantly increase the dimensionality of the parallel
subproblems (P;). Indeed, the number of variables in (P;) isn; + p — 1, only p — 1 more than
if the secondary variables were excluded. Of course, in the context of parallel computing it
is reasonable to assume that p is small relative to n;.

The synchronization step in Algorithm 1 may consist of minimizing the objective function
in the affine hull, subject to feasibility, of all the points computed in parallel by the p
processors. This would require solving a p-dimensional problem, which is again small
compared to the original one. If (1.1) is a convex program, one can alternatively define x'*+!
as a convex combination of the candidate points. In principle, for convergence purposes,
any point with the objective function value at least as good as the smallest computed by
all the processors is acceptable. As for PVD-directions, they are typically some easily
computable feasible descent directions for the objective function f at the current iterate x’,
e.g., quasi-Newton or steepest descent directions in the unconstrained case.
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Algorithm 1 is a rather general framework, which has to be further refined and specialized
to obtain implementable/practical versions. In this respect, the two principal questions are:

— how to set up parallel subproblems; e.g., how to choose PVD-directions, and
— how to solve each parallel subproblem, including some criteria for inexact resolution.

When (1.1) is unconstrained, some of these issues have been addressed in [19], which
contains improved convergence results (compared to [6]), including linear rate of conver-
gence. These results, as well as useful generalizations such as algorithms with inexact
subproblem solution and a certain degree of asynchronization, were obtained by impos-
ing natural restrictions (of sufficient descent type) on the PVD-directions. An even more
general framework for the unconstrained case was developed later in [7], where subprob-
lems are obtained via certain nondegenerate transformations of the original variable space.
These transformations can be very general, and there need not even be a distinction between
primary and secondary variables. However, this approach does not seem to extend to the
constrained case. It seems also that intuitively justifiable transformations do have some kind
of primary-secondary variable structure. For those reasons, in the present paper we shall
restrict our consideration to specific transformations of the form (1.2).

When (1.1) is a constrained optimization problem, many questions are still open, espe-
cially for a nonconvex feasible set C. When C is convex with block-separable structure (i.e.,
C is a Cartesian product of closed convex sets), it was shown in [6] that every accumula-
tion point of the PVD iterates satisfies the first-order necessary optimality conditions for
problem (1.1). It was further stated that in the case of inseparable convex constraints, the
PVD approach may fail. This conclusion was supported by a counter-example, which we
reproduce below:

min x12 +x§
s.t. x1+x—2>0.

This strongly convex quadratic program has the unique global solution at x = (1, 1). Con-
sider any point X X such that x| + X, = 2, X1 > 0, X, > 0, and observe that

%) = argmin{x] + %3 | x; + £, — 2> 0},
X1

%, = argmin{] + x3 | &1 +x, —2 > 0}.
X2

Therefore, if we apply Algorithm 1 using x as its starting point and fixing the secondary
variables, then this PVD variant will stay at this same nonoptimal point X, thus failing to
solve the original problem. This shows that in the constrained case, a special care should
be taken in setting up the parallel subproblems.

For a general convex feasible set, it was shown in [20] that using the projected gradient
directiond(x) :=x — P¢[x — V f(x)] for secondary variables does the job (here P¢[-] stands
for the orthogonal projection map onto the closed convex set C). Specifically, it was estab-
lished that setting d' := d(x’) would ensure convergence of PVD methods for problems
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with general (inseparable) convex constraints. Some criteria for inexact subproblem solu-
tion were also given in [20]. When C is a polyhedral set, computing the projected gradient
direction requires solving at every synchronization step of Algorithm 1 a single quadratic
programming problem. For this, a wealth of fast and reliable algorithms is available [5, 11].
It should be noted that in the case of nonlinear constraints, the task of computing the pro-
jected gradient directions is considerably more computationally expensive. Actually, even
in the affine case computing those directions exactly (or very accurately) may turn to be
rather wasteful, especially when far from the solution of the original problem. Therefore,
improvements are necessary.

In this paper, we propose two new versions of PVD for the nonlinearly constrained
case. The first one applies to problems with block-separable nonconvex feasible sets. It
is based on the use of sequential quadratic programming techniques (SQP). Our second
proposal is for inseparable convex feasible sets. We introduce a computable approximation
criterion which allows to employ inexact projected gradient directions. This criterion is
based on an error bound result, which is of independent interest. We emphasize that its is
readily implementable and preserves global convergence of PVD methods based on exact
directions.

Our notation is fairly standard. The usual inner product of two vectors x, y € R" is
denoted by (x, y), and the associated norm is given by |x|*> = (x, x). When using other
norms, we shall specify them explicitly. Analogous notation will be used for subspaces of
any other dimensions; for example, the reduced subspaces 9%". For the sake of simplicity,
we sometimes use a compact (transposed) notation when referring to composite vectors. For
instance, (x;, pj) stands for the column vector (I’jfl ). For a differentiable function f : R" —
N, V f(x) will denote the n-dimensional column vector of partial derivatives of f at the
point x € 9R". For a differentiable vector-function c¢: R" — R™, ¢/(x) will denote the
m x n Jacobian matrix whose rows are the transposed gradients Vc;(x)", j = 1,...,m
of the components of ¢. For a function & we write h € C 2’1(X ) if its partial derivatives are
Lipschitz-continuous on the set X with modulus L > 0.

2. Nonconvex separable constraints

Suppose the feasible set C in (1.1) is described by a system of inequality constraints:

C:={xeNN|ckx) <0}, (2.3)
where ¢:0N" — R™. In this section, we assume that C has block-separable structure.
Specifically,

c(x) = (c1(x1), ..., cp(xp)), where ¢; : RN — R™,

l=1,...,p, Zp:mlzm. 2.4)
I=1

Our proposal is to solve parallel subproblems (P;) of Algorithm 1 inexactly, by making one
step of the sequential quadratic programming method (SQP) [3, Ch. 13]. Since SQP methods
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are local by nature, we modify the synchronization step in Algorithm 1 by introducing a
suitable line-search based on the following exact penalty function [9]:

P
05 (x) == f(x) +0 Z ANERIIE (2.5)
=1

where o is a positive parameter, and y* := max{0, y} with maximum taken componentwise.
Given x', the [-th block of V f(x") will be denoted by g/ := (L,xn, Op;xn,)V f(x'). Our
algorithm is the following.

Algorithm 2.  Start with any x° € C. Choose parameters o > 0 and t, B € (0, 1), and
positive definite n; X n; matrices Mlo,l =1,...,p. Seti:=0.
Having x', check a stopping criterion. If it is not satisfied, compute x' T as follows.

Parallelization. For each processor € {1, ..., p} compute (8;, )Lf) e N x W™ as a KKT
point of

i i 1 .
(op) {acwn (a1, 81) + §<51, M| )

cr(sf) +€i(x))3 < 0.
Synchronization. Define

8 = (8],....8) €N and A :=(A],....1) eN".

Line-search. Choose o; > |\ |« + o and compute
A= (VD 8) =0 Y e (x])],-
=1

Using the merit function (2.5), find m;, the smallest nonnegative integer m, such that
O, (X' + B"8) < 0, (x') + TB" A, 2.6)

Set t; = ™, x'*t1 .= x' 41,8, i := i + 1. Choose new matrices Mil=1,..., p, and
repeat.

The above proposal has to be compared to the original PVD algorithm [6]. Two remarks
are in order. First, Algorithm 2 can be viewed as a PVD method with inexact solution of
parallel subproblems. Indeed, “hard” nonlinear PVD subproblems (P;) of Algorithm 1 are
approximated here by “easy” quadratic programming subproblems (QP;). And secondly,
the PVD approach is extended to the case of nonconvex constraints. Note that the inclusion
of forget-me-not terms does not seem to be crucial in the block-separable case (for example,
such terms were not specified in the analysis of [6]). Thus, we drop here secondary variables
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in (P), by taking null PVD-directions. However, the use of secondary variables deserves
further study for feasible sets with inseparable constraints. We also note that Algorithm 2
can be thought of as a distributed parallel implementation of SQP, where a block-diagonal
matrix is chosen to generate quadratic approximations of the objective function. We remark
that the contribution of Algorithm 2 is meant primarily to PVD framework rather than
general SQP methods.

In Algorithm 2, we assume that subproblems (QP,) have nonempty feasible sets for every
iteration (this is guaranteed, for example, if for each / the Jacobian ¢; maps ™ onto R™, or
if ¢; is convex). Alternatively, it is known that feasibility of subproblems can be forced by
introducing an extra “slack” variable [1, p. 377]. It is sometimes argued that SQP methods
are not convenient for solving large-scale (with n and m large) nonlinear programs when
there are inequality constraints present. More precisely, it is argued that the combinatorial
aspect introduced by the complementarity condition in the KKT system associated to each
QP makes the subproblems resolution relatively costly. On the other hand, SQP techniques
are known to be very efficient for small to medium size problems, and they are often the
method of choice in that setting. In relation to Algorithm 2, it is important to note that each
subproblem (QP;) is a quadratic programming problem of relatively small dimension (n;
and m; are presumed to be small compared to n and m). There exist a number of very fast
and reliable algorithms for solving such problems (see, e.g., [5]). In Section 4, we report
some numerical results for Algorithm 2, obtained via simulation on a serial computer.

For further reference, we state the optimality conditions for (QP,): the pair (5!, )»f) €
R x R solves the KKT system

g+ M8+ (c](x})) A =0, (2.7)
a(x)) +c(x)s) <0, (2.7b)
A =0 and (A, c(x]) +c)(x])s)) = 0. (2.7¢)

Denoting by 6, (x; d) the usual directional derivative of the merit function 9, at x € )" in
the direction d € 0", we next state that §' is a descent direction for this function at the point
x'. This in turn will imply that the line-search procedure in Algorithm 2 is well-defined.

Lemmal. If f,c € C}'' (W), then

P

)4
0, (x';8) < AT < =Y (8, M{s)) —a Y |ef (x)],
=1

=1

(2.8)

where x', 81, AL, Mli are defined in Algorithm 2.

Proof: Defining the index-sets I} (x) := {j | ¢;(x") > O}, I_(x") := {j | ¢;(x") = 0},
we have that (e.g., see [9, p. 301])

0, (x'; 8) = (VF(),8) + 0 Y (Vo). 8) +oi Y (Vep(x), 8 )F.

jeli(x) jel-(x)



118 SAGASTIZABAL AND SOLODOV

Using (2.7b) componentwise, we have

o <0 ifjer(xh)
Vei(xh), 8 < —c;(x' o,
(Ve o) < C’(x){zo if j € I_(x")
implying that
(Ve;(x), 8') < —lef (D], j e L(x),
(Ve; (), 8N < —lcf DL J e 1=(x).
Hence,
6, (x';8") < (Vf(x'),8') —o; Z o (x])], = A" (2.9)

=1

To obtain the right-most inequality in (2.8) we proceed as follows:
A P
(Vf(x'),8) Zg,,a,

(M3} + (c;(x0)) "4} 5]

Mu

l

P

(Mis].81) = > (. ) (x])8i)

=1

I|
Mu

—
Il
—_

Mw

(M. 57) +Z)‘z’cl (7))
=

(M]3}, 57) +Z)\11C1 (x1)):

=1

~
Il
—_

M-:

~
Il
—_

where the second equality is by (2.7a), the fourth is by (2.7¢), and the inequality follows
from (2.7¢) and the fact that ¢;" (x}) > ¢;(x}).
Combining the latter relation with (2.9), we now have that

sz
M'u

A< =) (M5, 5)+

A1 Cz x, a,§ :|C1 xl

1

-
Il

1

M'u

<Ml 81’ 61>

[ Mm

(M or)|e" (x1)],
(M]sl, 81) — Z

1

Mﬁ

-
I

1
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where the second inequality is by the Cauchy-Schwarz inequality, and the last is by the
choice of o;. This completes the proof. o

For Algorithm 2 to be globally convergent, we assume that the penalization parameter
o; is kept bounded above, which essentially means that the multipliers A; stay bounded.
From the practical point of view, the latter assumption is natural. In what follows, we
show convergence of Algorithm 2 to Karush-Kuhn-Tucker (KKT) points of (1.1), i.e., pairs
(X, 1) € MW" x R satisfying

V@ + @ Th=0,
c(x) <0, (2.10)
A>0 and (A, c(¥))=0.

Theorem 1. Suppose that f, c € C 11‘ L"), and let the feasible set C have block-separable
structure given by (2.4). Let {(x', A!)} be a sequence generated by Algorithm 2. Assume
there exists an iteration index iy such that o; = & for all i > iy and the matrices Mf are
uniformly positive definite and bounded for alll =1, ..., p and all iteration indices i. Then
either 6y, (x") = —o0, or every accumulation point (x, ») of the sequence {(x', A1)} is a
KKT point of the problem, i.e., it satisfies (2.10).

Proof: If for some iteration index i it happens that
8 =0 and ¢ (xj)=0, I=1,...,p, (2.11)

then (2.7a)—(2.7¢) reduce to

Now taking into account separability of constraints, it follows that (x, A’) satisfies the KKT
system (2.10).

Suppose now that (2.11) does not hold for any i. By (2.8) in Lemma 1, §' is then a direction
of descent for the merit function 6,, at x’. By standard argument, the line-search procedure
is well-defined and terminates finitely with some stepsize #; > 0. The entire method is then
well-defined and generates an infinite sequence of iterates.

We prove first that the sequence of stepsizes {t;} is bounded away from 0. Take any
t € (0, 1]. Since f € C;''(M"), by [1, Proposition A.24] we have that

. ) . L Lt? .
f&x'+18") < f&H+(VF(EY), 8 + TI|8‘|2. (2.12)
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Similarly, since c € C i Lo, using the equivalence of the norms in the finite-dimensional
setting, for some R; > 0 we have that

R1t2|8;|2 > |er(x] +18)) — ei(x)) — 1e)(x])8} ]
= |cl(x,i + t(Sf) — t(c,(xli) + c;(x;)Sf) —(1- t)c;(x;)|1
= [(ei(xf +18]) = t(ci(xf) + € (x)8]) — (4 = Der(x])) 7],

> Jei (xf + 18)) |, = [(t(er(x]) + ) (x])8]) + (A = Der(x)) ] .

where the equality is obtained by adding and subtracting ¢;(x;), the second inequality

follows from |a|; > |a™|;, and |(a — b)T|; > |a™|; — |bT]|; is used in the last inequality.
Re-writing the above relation, we obtain

(¢ (e (xf) + €1 (x0)8]) + (1 = D (x)) |, + Rir?[si [

(@) + ()3 ], + =0l )], + R s

2

)

e (xr +187)]

IA

A

= (1 =0l|c (x))], + Rit?|5]

where the second inequality is by the convexity of |(-)*]|;, and the equality is by (2.7b).
Together with (2.12), the last inequality yields

)4
O (X" +18") = f(x' +18") +0: Y _ | (x] +18])],
=1

P
< FODHUVEED. ) +o;(1—0)) |ef ()], + Rat?|8 2
=1

= 0, (x") 4 A" + Ryt*[8')7,

where R, >0 is a fixed constant depending on R;, L, o. By a direct comparison of the
latter relation with (2.6), we conclude that (2.6) is guaranteed to be satisfied once m is
large enough so that t = B falls within the set of ¢ satisfying tA” + R,t?|8'|> < ttA’. In
particular, since the line-search procedure did not accept the stepsize ¢t = ™!, it follows
that

(t — DA!

‘ 2.13
Ry|8°|? 19

eitherm; =0ort = g™~ >

By (2.8) in Lemma 1 and the uniform positive definiteness of matrices M;, there exists
R3 > 0 such that

P P
—AT =Y (M8 8) = Y RsJs)]” = Rsls'P,
=1 =1
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and using (2.13), we conclude that
t; = ™ >t :=min{l; B(1 — T)R3/R,} > 0.

By the assumption that o; = ¢ foralli > iy, from (2.6) it follows that the sequence {65 xH}
is nonincreasing. Hence, it is either unbounded below, or it converges. In the latter case,
(2.6) implies that ; Al — 0, and since #; > f > 0, it holds that

Al = 0.

By the definition of A’ and the uniform positive definiteness of matrices M!, we conclude
that

8 >0, ¢(xj))—>0 I1=1..p

Now, passing onto the limit in (2.7a)—(2.7c) as i — 00, and taking into account the bound-
edness of the matrices M;, we obtain the assertions of the theorem. O

3. Convex inseparable constraints

Suppose now that the feasible set C is defined by a system of convex inequalities, i.e.,
¢:R" — N in (2.3) has convex components ¢;(-), j =1, ..., m. We emphasize that in this
section we do not assume separability of constraints. In this setting, it appears that the only
currently known way to ensure convergence of the PVD algorithm is to use the projected
gradient directions for the change of secondary variables [20]. Omitting the iteration indices
i, if x is the current iterate, to compute these directions one has to solve a subproblem of
the following structure:

1 ’
Cr(gl;loilz —(x =Vl (3.14)

This is done by some iterative algorithm. As already discussed in Section 1, solving
this problem in the general nonlinear case can be quite costly. Moreover, when far from
a solution of the original problem, exact (or even very accurate) projection directions
are perhaps unnecessary. This suggests developing a stopping rule for solving (3.14) or,
equivalently, an approximation criterion for projection directions to be used in the PVD
scheme. For algorithmic purposes, it is important to make this criterion constructive and
implementable.

Assuming some constraint qualification condition [13], we have that z solves (3.14),
ie.,

2= Pelx =V fx)]



122 SAGASTIZABAL AND SOLODOV

if, and only if, the pair (z, u) € R" x RN satisfies the KKT system

V.LE @) =2 —x+ V) +@a=0,
c(z) =0, (3.15)
u>0 and (u,c(z)) =0,

where
L(z,u) = %Iz — (x = VL)I* + (u, c(2)) (3.16)

is the standard Lagrangian for problem (3.14).

Suppose z € C and u € R} is some current approximation to a primal-dual optimal solu-
tion of (3.14), generated by an iterative algorithm applied to solve this problem. Lemma 2
below establishes an error bound for the distance from z to Pz[x — V f(x)] in terms of
violations of the KKT conditions (3.15) by the pair (z, u). A nice feature of this estimate is
that unlike some (perhaps, most) error bounds results in the literature (see [18] for a survey),
it does not involve any expressions which are not readily computable or any other quantities
which are not observable. Furthermore, this error bound holds globally, i.e., not just in
some neighbourhood of the solution point. Thus it can be easily employed for algorithmic
purposes.

Lemma 2 is related to error bounds for strongly convex programs obtained in [15]. How-
ever, Theorem 2.2 in [15] involves certain constants which are in general not computable,
while Corollary 2.4 in [15] assumes not only that z is primal feasible, but also that (z, u)
is dual feasible, which here means that u > 0, V,L(z, u) =0. In Lemma 2 we only as-
sume that z is primal feasible and that the approximate multiplier # is nonnegative. Our
assumptions are not only weaker but they also appear to be more suitable in an algorith-
mic framework, as they will be satisfied at each iteration of many standard optimization
methods. Dual feasibility, in contrast, is unlikely to be satisfied along iterations of typical
algorithms, except in the limit.

Lemma2. Letc:R" — N" be convex and differentiable, and suppose that the set C given
by (2.3) satisfies some constraint qualification.
Then for any z € C and u € Y, it holds that

|z — Pelx = V()] < e(z,u),

where

1 1
ez, u) := EIVZL(Z, w)| + E\/IVZL(Z, w)|* — 4u, c(2)). (3.17)

Proof: Letz= Pc[x — V f(x)] and i be the associated multiplier, so that the pair (z, &)
satisfies (3.15). Denote

y :=(V,L(z,u) — V,L(z,u),z — z) — {c(z) — ¢c(2), u — i),
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where L(-, -) is defined by (3.16). Take any z € C and u € i"?. Denoting further y = x —
V f(x), we have that
y=z—-y+@Qu—-G-y+@ "),z —72) — (c(@) —c(Z), u — ir)
=lz=2+ U, c@) — @@ — @ E = 2)) + (i, c(z) — c2) — @Dz = 2))
> |z —z% (3.18)

where the inequality follows from u# > 0, & > 0 and the facts that, by the convexity of c(-),
c(?) —c(z) = ()(FZ—2)>0and c(z) —c(z) — (D) (z—2) = 0.
On the other hand,

y =(V:L(z,u),z = 2) = {c(2), u) + (u, c(2)) + (u, c(2))
< IV:L(z, w)llz — z| = (u, c(z)), (3.19)

where the equality follows from the KKT conditions (3.15), and the inequality follows from
the facts that u > 0, u > 0 and c(z) < 0, ¢(z) < 0, and the Cauchy-Schwarz inequality.
Denoting ¢ := |z — z|, & := |V,L(z,u)| > 0 and 8 := —(u, c(z)) > 0, and combining
(3.18) with (3.19), we obtain the following quadratic inequality in ¢:

?—at—p<0.

Resolving this inequality, we obtain that

t < %(a +Va?+4p).

Recalling definitions of the quantities involved, we conclude that

lz—z| < %|VZL(Z, u)| + %\/|VZL(Z, w)? —4u, c(2)) = &(z, u). O

‘We propose the following PVD algorithm based approximations of the projected gradient
directions.

Algorithm 3. Choose parameters oy € (0,1) and oo € (0, (1 — 01)?). Start with any
x0eC. Seti:=0.
Having x', check a stopping criterion. If it is not satisfied, proceed as follows.

PVD-direction choice. Compute 7' =~ Pe[x' — V f(x')] such that 7 € C and the associated
approximate Lagrange multiplier u' € R for Problem (3.14) satisfy

o . ol =X,
ez u') < mm{o , %}Iz’ —x'|, (3.20)
POV )]
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where £(Z', u') is given by (3.17). Setd’ := x' — 7.
Compute x'*! as follows.

Parallelization. For eachprocessorl € {1, ..., p} compute asolution (yli, M;;) e R x w7
of (P;) as defined in Algorithm 1.

Synchronization. Compute x'*' € C such that

< min Y (y], uh).
f(x ) = ]e[l,...,p]ll[l (ylv Ml)

Seti ;=i + 1; and repeat.

Note that Algorithm 3.1 is a general-purpose method for problems with no special struc-
ture. The example presented in the Introduction shows that for such problems computing a
meaningful direction for secondary variables is indispensable. Compared to any alternative,
computing an approximate projected gradient direction seems to be quite favorable in terms
of cost, and perhaps even the best one can do. Regarding the tolerance criterion (3.20), we
note that if z' is the exact projection point then &(z', u’) = 0, while z' — x’ # 0 (if 7/ = x'
then x' satisfies the first-order necessary optimality condition x’ = Pe[x’ — V £ (x')]). From
this, itis easy to see that the projection problem (3.14) always has inexact solutions satisfying
(3.20). Hence, the method is well-defined.

As for the convergence properties of Algorithm 3, our result is the following.

Theorem 2. Letc:N" — N" be convex and differentiable, and f € Ci‘l (C). Suppose {x'}
is a sequence generated by Algorithm 3. Then either f is unbounded from below on C, or
the sequence { f (x')} converges, and every accumulation point of the sequence {x'} satisfies
the first-order necessary optimality condition.

Proof: Consider any iterationi = 0, 1, ..., any processor [/ € {1, ..., p}, and the point
i i an+p—1 . 2 2
(xl—ozdl,—ozel-)efh’p . 0 <o <min I,Z((l—al) — o) ¢,

where e; = (1, ..., 1) € RP~!. We first show that this point is feasible for the corresponding
subproblem (P;) of minimizing the function ] (x;, u7) := f (x;, x] + Djup). Indeed, using
the notation (1.2),

(xli —ad}, x; — aDl’iel-) = (xl’ —ad}, x; — ad;)
x' —ad
=(l-ax' +ai €C,
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where the first equality follows from the structure of D;i, and the inclusion is by the facts
that x', z/ € C, a € (0, 1), and the convexity of the set C. As a result, we have that

¥ (%, 0) = i (v 1g)
> 1//[ (xl’ O) — l’(xl’ — otd,i, —otei)
= f(x') — f(xli —ad}, x; — aDlliel-)
= f(x) — f(x' —ad')
. . L .
= (V) dY) = Sald'], (3.21)

F&D = £, % + D)

where the last inequality follows from f € C i’l (C) (e.g, [1, Proposition A.24]).
By the construction of the algorithm and Lemma 2,

2" = Pelx’ = VDIl < (@, u).
Hence, there exists some &' € %" such that

Z & =Pl = VDL E] < e ). (322)
Define the (continuous) residual function

R(x) :=x — Pc[x — Vf(x)].
With this notation,

X — g =g — g = RK).

By properties of the projection operator (e.g., see [1, Proposition B.11]), since x’ € C we
have that

0> (x' = V@) — Pclx’' = V)], x" = Pelx’ = V)]
— (xi _ Vf(xl) _Zi _Ei,xi _Zi _§l>
= —(VF@&H,d) + (V') &) +1d — &'

Hence,
(VFED,d') = |[REHIP = [V LDIE

Combining the latter relation with (3.21) and (3.22), and taking into account the synchro-
nization step of Algorithm 3, we further obtain

feah = f*h = oz(|R(x')|2 —e(Z u)|VFQEH| - 5a|d‘|2). (3.23)
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Observe that
ld'| < [R(xD|+ €] < IR+ e, u') < [R(x)| + o1d'],

where the first relation is by the Cauchy-Schwarz inequality, the second follows from (3.22),
and the last from (3.20). Hence,

IR(x)| = (1 —op)|d'].

Using (3.23), the latter inequality, and again (3.20), we have that
i i+1 2 La\ i
JE) = f&T) za (L —0)" =0y = —= JId'[". (3.24)

By the choice of « and assumptions on parameters o; and o, the sequence {f(x')} is
nonincreasing. If £(-) is bounded below on C, then { f (x')} is bounded below, and hence it
converges. In the latter case, { f(x?) — F(x*™1)} — 0 and therefore {d'} — 0, by (3.24). On
the other hand,

ld'| > |R(x)| — €] = |R(x)| — ez, u') > |R(x)| — oqd'],
so that
IR(x)| < (1 +ap)ld'].

We conclude that {R(x)} also tends to zero. By the continuity of R(-), it then follows that
for every accumulation point x of the sequence {x'}, R(X) = 0. Itis well known that the latter
is equivalent to the the minimum principle necessary optimality condition x € C, (V f(x),
x—x)>0forall x € C. O

4. Preliminary numerical experience

To get some insight into computational properties of our approach in Section 2, we con-
sidered test problems taken from the study of Sphere Packing Problems [4]. In particular,
the problems chosen are the same as the ones used in [16]. Not having access to a parallel
computer, we have carried out a simulation, i.e., the subproblems are solved serially on a
serial machine. Even though this is admittedly a rather crude experiment, it nevertheless
gives some idea on what one might expect in actual parallel implementation.

Given p spheres in R” with v, pe{l,2,...}, so that x € R*?, the problems are as
follows.
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Problem 1.
p=l p v
min Z Z Zx(i—l)v+zx(_/'—l)v+z
i=1 j=i =1
v
st Y Xy —1=0. i=1...p.

1

-
Il

Problem 2. Given an integer y > 1,
> :
2
i=1 = () (=t — XG—tyor) + 1)”

v
2 .
s.t. Zx(i_l)v+t—1=0, i=1,...,p.
=1

2
=
gl

Problem 3.
r=1 p v , —6
i=1 j=i+1 =1
p—1 )4 v R —3
-2y > ((Z(X<il)v+t — X(j-1yvte) ) )
i=1 j=i+l t=1

v
2 .
s.t. Zx(i_l)v_”—l:O, i=1,...,p.
=1

We have implemented in Matlab our Algorithm 2, the serial SQP method, and the general
PVD Algorithm 1. All codes were run under Matlab version 6.0.0.88 (Release 12) on
a Sun UltraSPARCstation. Details of the implementation are as follows. Algorithm 1 is
implemented using the function constr.m from the Matlab Optimization Toolbox for
solving the subproblems ( P;). Algorithm 2 and the serial SQP method are quite sophisticated
quasi-Newton implementations with line-search based on the merit function (2.5). Each
(QP)) is solved by the Null-Space Method [8]. The penalty parameter o; is updated using a
modification of the Mayne and Polak rule [17] that allows o; to decrease, if warranted. The
stepsize ¢; is computed with an Armijo rule that uses safeguarded quadratic interpolation.
In order to prevent the Maratos’ effect (i.e., to ensure that the unit stepsize is asymptotically
accepted if possible), a second-order correction is added to the search direction § when
necessary [3, Ch. 13.4]. Finally, the quasi-Newton matrices are updated by the BFGS
formula, using also the Powell correction and the Oren-Luenberger scaling. The methods
stop when the relative error, measured by the sum of the norm of the reduced gradient and
the norm of the constraints, is less than 1072.

We first compare our Algorithm 2 with the general PVD Algorithm 1. Since this com-
parison turned out rather obvious and one-sided (which is certainly not surprising), we do
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Table 1. Results for Algorithms 1 and 2 on Problem 1.

Algorithm 1 Algorithm 2
Name P Iteration Time Iteration Time
Problem 1 p=2 1 81 23 1.25
v=3 p=4 9 19.1 13 2.35
p=328 5 153.8 10 10.8
p=16 5 287.6 9 66.5

Starting points are feasible, generated randomly. Times are measured (in
seconds) using the intrinsic Matlab function cputime.

not report exhaustive testing for this part. In Table 1 we report the number of iterations
and the running times for Algorithms 1 and 2 on Problem 1 (results for other problems
follow the same trend and do not yield any further insight). Note that the running times
reported are serial, without any regard to the parallel nature of the algorithms. Because the
iterative structure of the two algorithms is the same, this seems to be a meaningful and fair
comparison. It is already clear from intuition that solving exactly the general nonlinear sub-
problems (P;) in Algorithm 1 is very costly, and is unlikely to yield a competitive algorithm.
This was easily confirmed by our experience. Of course, one could use heuristic consider-
ations to (somehow) adjust dynamically the tolerance in solving the subproblems (in our
experiment, all subproblems are solved to within the tolerance of 107>, same as the origi-
nal problem). However, there is no convergence analysis to support such a strategy within
Algorithm 1 in the constrained case (strictly speaking, there is no even a convergence proof
for Algorithm 1 in the case under consideration, since the feasible set is nonconvex!). As dis-
cussed above, one of the motivations for our Algorithm 2 is precisely to provide a construc-
tive implementable way of solving subproblems (P;) inexactly, by solving their quadratic
approximations. The results in Table 1 confirm that the proposed approach certainly makes
sense.

Our next set of experiments concerns with the comparison between Algorithm 2 and
serial SQP. It is not easy to come up with a meaningful comparison of a serial method and
a parallel method on a serial machine. For example, the overall running time of a “parallel”
method obtained on a serial machine is considered notoriously unreliable to predict time
that would be required by its parallel implementation (i.e., just dividing the time by the
number of “processors” is not a good measure). We therefore focus on indicators which we
feel should be still meaningful for the actual parallel implementation, as discussed below. To
evaluate the gain in computing the search directions, we report the total time spent solving
quadratic programming subproblems within the SQP and within the serial implementation of
Algorithm 2. Since no communication between the processors would be needed within this
phase, the “expected” time for solving QPs by the parallel implementation of Algorithm 2
can indeed be obtained dividing by the number of processors. It is somewhat surprising that
even for smaller problems, see Table 2, the serial time for solving QPs in Algorithm 2 is
already considerably smaller than in standard SQP, with the difference becoming drastic
for larger problems. If we approximate the “speedup” efficiency for computing directions
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Table 2. Results for Algorithm 2 and the SQP method on sphere packing problems.

SQP Algorithm 2
Problem Iteration Callsto QP time Iteration Calls to
v, P QP time no. oracle (serial) “speedup” % no. oracle
Problem 1 2 43 11 12 31 143 14 30
v=4 4 8.81 10 13 5 175 31 36
59.4 9 12 4.48 1323 13 20
16 179 16 38 2.69 6656 16 23
32 766 9 12 3.07 24951 9 10
v=10 2 7.35 11 13 3.03 242 11 13
424 9 12 55 771 10 13
314 9 13 12.1 2603 11 15
16 2167 8 13 17.6 12251 8 13
Problem 2 2 A5 12 13 .55 81 26 28
n=1v=4 4 13.8 15 40 2.52 549 15 22
23 15 19 2.16 1056 26 27
16 3070 65 1030 214 14293 32 740
32 29101 341 594 1152 25263 341 471
n=2v=4 2 2.57 18 19 1.4 183 17 30
17.2 20 33 3.04 570 19 34
8 91.5 15 21 6.96 1319 21 22
16 1385 31 59 18.4 7511 29 68
32 21865 65 76 186.2 11736 147 172
n=4v=4 2 2.06 50 137 .63 316 28 59
95 104 265 12.8 748 76 162
8 224 34 35 15.2 1488 44 64
16 1807 159 215 48.96 3687 288 319
32 8077 95 155 47.7 16827 139 203
Problem 3 2 91 10 11 95 96 16 17
v=3 4 28.6 54 89 6.95 411 58 132
8 209 59 123 12.7 1651 53 109
16 1522 141 223 112 1359 181 257
32 35679 187 445 374 9551 201 511
v=4 2 1.38 35 49 725 194 34 66
7.29 33 56 1.23 592 29 55
8 134 88 132 12.9 1044 154 235
16 2222 198 407 46.3 4802 274 599
32 23289 267 630 100.5 23173 300 752

Starting points are generated randomly, with coordinates in [—10, 10]. Times of solving QPs are measured (in
seconds) using the intrinsic Matlab function cputime.
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in parallel by

time spent solving QPs in SQP

* 100,
time spent solving QPs in serial Algorithm 2

then these efficiencies vary from acceptable (around 80%) to very high (over 10000%),
and grow fast with the size of the problem. This confirms our motivation as discussed in
Section 2, i.e., smaller QPs are significantly easier to solve. Obviously, the possible price to
pay in Algorithm 2 is “deterioration” of directions compared to a good implementation of
the full SQP algorithm. This issue is addressed by reporting the numbers of iterations and
calls to the oracle evaluating the function and derivatives values, see Table 2. We note that
the numbers of iterations and function/derivatives evaluations are usually slightly higher
for Algorithm 2, but not always. Overall, those numbers for the two methods are quite
similar. Given the impressive gain that Algorithm 2 exhibits in solving QP subproblems,
this indicates that the parallel implementation of this algorithm should indeed be efficient,
at least when computing the function and derivatives is cheap relative to solving QPs. In
particular, this should be the case for large-scale problems where the functions and their
derivatives are given explicitly.

5. Concluding remarks

Two new parallel constrained optimization algorithms based on the variables distribution
(PVD) have been presented. The first one consists of a parallel sequential quadratic pro-
gramming approach for the case of block-separable constraints. This is the first PVD-type
method whose convergence has been established for nonconvex feasible sets. The second
proposed algorithm employs approximate projected gradient directions for the case of gen-
eral (inseparable) convex constraints. The use of inexact directions is of particular relevance
when the projection operation is computationally costly.
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