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Abstract. We study various error measures for approximate solution of proximal point regularizations of the
variational inequality problem, and of the closely related problem of finding a zero of a maximal monotone
operator. A new merit functionisproposed for proximal point subproblemsassociated with thelatter. Thismerit
function is based on Burachik-lusem-Svaiter’'s concept of ¢-enlargement of a maximal monotone operator.
For variational inegualities, we establish a precise relationship between the regularized gap function, whichis
anatura error measure in this context, and our new merit function. Some error bounds are derived using both
merit functions for the corresponding formulations of the proximal subproblem. Wefurther use the regularized
gap function to devise a new inexact proximal point algorithm for solving monotone variational inequalities.
Thisinexact proximal point method preserves al the desirable global and local convergence properties of the
classical exact/inexact method, while providing a constructive error tolerance criterion, suitable for further
practical applications. The use of other tolerance rulesis also discussed.

Key words. variational inequalities —proximal point subproblems —error bound — (enlargement of) maximal
monotone operator — regularized gap function

1. Introduction

One of the principal applications of error bounds in mathematical programming [24],
istheir use for constructing computational algorithms, and analizing their convergence.
This paper is devoted to the study of a new merit function for proximal point problems
and associated error bounds. It also discusses the relation between this merit function
and theregularized gap function[1, 13] in the context of variational inequalities. Finally,
these theoretical results are applied to devise inexact proximal-based algorithmsfor the
variational inequality problem which employ constructive approximation criteria.

Givenafunction F : H — H, where H isareal Hilbert space, andaset C in , the
associated variational inequality problem, VIP(F, C) for short, isto find apoint x € H
such that

xeC, (F(xX),y—x)>0 VyeC, (@D}

where (-, -) denotes the inner product in . Throughout this paper, we shall assume
that the set C is closed and convex, and F is (maximal) monotone, i.e., (F(X) — F(y),
X —vy) > Oforal x,y € H. A problem closely related to VIP(F, C) is that of finding
azero of amaximal monotone operator T : find an x € H such that

0e T(x). 2
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Recall that maximality means that the graph G(T) = {(X,v) e H x H | v € T(X)} is
not properly contained in the graph of any other monotone operator. Clearly, (2) can be
related to (1) by the choiceof C = #H, F = T. Conversely, (1) can be reformulated as
theinclusion problem (2) if wetake T = F 4+ N¢, where N¢ isthe normal operator for
the set C. This operator T is monotone, and it is also maximal because C, the domain
of N¢, intersects the interior of the domain of F (which we assume here to be ) [26].

In this setting, the classical regularization technique is the proximal point method
(see [27,28,25,22,20,15,12]; and [19] for a survey). This method consists of solving
aseguence of regularized subproblems. Specificaly, if appliedto (1), themethod consists
of resolving subproblems of the form

VIP(F, C),  F(X) := AmF(X) + (x — x5, €)

where x¥ is the current approximation to a solution, and Ak is a positive regularization
parameter; and if applied to (2), subproblems are

0e Tk(®), Ti(X) = AT(X) + (X — XX . (4)

The devise of inexact proxima point methods, where subproblems are solved only
approximately, is of special importance for obtaining realistic frameworks which can
further serve as the basis for implementable/practical proximal-based computational
techniques. As we shall see, the theory and methodology of error bounds[24] will be
very helpful in this regard. We shall study inexact solutions for both formulations of
proximal subproblems (i.e., (3) and (4)), paying a special attention to how the two are
connected in the inexact framework.

We note that convergence of most inexact proximal methods in the literature re-
quires a priori summability of certain tolerance parameters or error terms (e.g., [28,
2,39,8,11,9]; see also Sect. 2 below). This requirement is known to be not very con-
structive. Recently, methods with improved constructive error tolerance criteria have
been introduced in [37,36]. The key advantage of these criteria is that the condition
of a priori summability is removed, and the tolerance parameters are required to be
merely bounded away from one (as opposed to summable!) which gives, in principle,
amore realistic computational model. To force convergence, an inexact proximal stepis
supplemented (followed) by areadily available projection step in [37], or extragradient
step in [36]. Furthermore, to guarantee local (super)linear convergence, one does not
have to change the error tolerance criterion used for global convergence. The relaxed
constructivetolerance rules giveamoreflexible proximal framework which can be used,
for example, for constructing Newton-type methods with improved global convergence
properties [35,33]. Another interesting application is the modified forward-backward
splitting method of Tseng [40] (devel oped independently), which can be shown to belong
to the framework of [36].

The methodsin [37,36] deal with the problem (2) of finding a zero of an operator,
rather than VIP(F, C) which is our problem here. Even though the two problems can be
regarded as equivalent, it often appears advantageous to deal with VIP(F, C) directly,
i.e., totakefull advantage of the specia structureof theoperator T (whichis F+ Nc¢). So
in this paper, we propose an approach based on approximate proximal iterations which
is designed specifically to solve the variational inequality problem. The approximation
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criteriaare managed by the regularized gap function [1,13], which is a natural measure
of the error in this setting. To facilitate this development, we first study the relationship
between inexact solutions of proximal subproblemsin the form (3) and in the form (4),
as well as the associated merit functions and error bounds. This study is interesting
by itself, but it also would alow us to adapt the convergence analysis in the general
framework of [36] to the proposed new algorithm.

Therest of the paper is organized asfollows. In Sect. 2, weformally introduce merit
functions for various forms of proximal subproblems, and derive some error bounds
based on them. We also establish the relationships between different error measures.
In Sect. 3, we show how the introduced error measures can be used in the design of
inexact proximal point methods. Furthermore, a new inexact proximal point method
with a constructive error tolerance criterion based on the regularized gap function is
proposed. Convergenceresults are also given in this section. Some concluding remarks
can be found in Sect. 4.

2. Merit functionsand error bounds for proximal subproblems

We start with the problem (2) of finding a zero of T (for now, an arbitrary maximal
monotone operator). The associated proximal point problem at x € H with some
regularization parameter 1 > 0, isto find y € H such that

0eAT(Y) +y—X. )

It is convenient to state this problem in the form of a*“proximal system”: findy, v € H
such that

ve Ty, (6)
Aw4+y—x=0. (7)

To handle approximate solutions, equation (7) istypically relaxed to
[Av+y—=x[ <o or [av+y—X[|=oly—xl, )

where o > 0 is an error tolerance parameter. For convergence of most proximal-based
algorithms, parameterso haveto be summable (and hence, tend to zero) over the course
of iterations, e.g. [28,2,39,8,11,9]. One drawback in this regard is that it is often not
clear how to choose the sequence of o’sin a constructiveway to ensurethis summability
condition. Recently, methodswith constructive (and lessrestrictive) tolerancerules have
been developedin [37,36]. In particular, in [37] (8) was replaced by

[Av+y—X|| < omax{ilv], Iy — x|},
where the tolerance parameters o have to be merely uniformly less than one for con-

vergence (i.e., they need not be summable, or tend to zero; they can even be fixed).
Furthermore, in [36], theinclusion (6) was also relaxed, as we shall discuss next, to the
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conditionv € T#(y), where T*(y) isacertain outer approximation of T(y). Specifically,
given ¢ > 0, the e-enlargement of T is defined by

TEX)={veH|VyeH, ueTy), v—UuXx—y) > —¢}. 9

This enlargement of T has been introduced by Burachik, lusem and Svaiter in [4]; its
properties and some applications can be foundin [4,6,36,7,5]. It is easy to observe that

TO=T,
TX) CTé(x), Ve>0,xeH.

These basic properties are immediate consequences of the definition (9), and of the
maximal monotonicity of T. Thus T¢ can be regarded as an outer approximation of T.
An approximate solution of (6)—(7), asintroduced in [36], isapair (y, v) such that

ve Ty,

[Av+ Yy — x| and & are“small” . (10)

This notion, and its use in a convergent proximal-based algorithm, would be made
precise later. At first glance, the introduction of T¢ instead of T may seem in some
sense artificial. However, it is not so for several reasons. First of al, the relations
ve Ty, w+y—Xx =238 # 0donotimply the existence of some ¢ > 0 such that
0 € AT?(y) + Yy — X, no matter how small is § or how large ¢ is allowed to be (see an
examplein [36]). Thus (10) is ameaningful extension of the classical notion of inexact
solution of the proximal point subproblems. Second, aswe shall see, T¢ arises naturally
when one considers inexact solutions of regularized VIP(Fg, C). Specifically, even if
exact values of F are used in the latter, approximate resolution of VIP(Fy, C) givesrise
to certainelementsin T = (Fc+ Nc)®. The precise characterization of thisrelationship
is one of the subjects of this paper.

We next proceed to formally study approximate solutions in the sense of (10), the
associated error measure (merit function), and the resulting error bounds. Let us define
afunctionet : H x H — R U {+o0} by

eT(X,v):=infle >0]ve T°X). (11

Observe that e7 is aways nonnegative. Note also that et(x, v) = 0 if, and only if,
v € T(X). It is also easy to see that the function et is lower semi-continuous, and for
any ¢ > 0it holds that

e>eT(X,v) & ve T X).

Now we are ready to introduce our merit function for the proximal system (6)—(7). In
particular, define St x : H X H +— R U {400} as

Srax(Yov) i= Ao +y — X2+ 21 e (Y, v) . (12)
Thisisindeed amerit function, because it is nonnegative, and

Stax(y,v) =06 v=(/M)X-Y), veT(y
< (Y, v) solves (6)—~7).
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Of course, in genera the exact value of et(y, v), and hence of Sr; x(y, v), is not
computable. Observe however, that if some e > 0is known such that v € T4(y), then
one immediately obtains an upper bound:

veTiY) = Stx(V.v) < rv+y—x|2+25e. (13)

Computable bounds would be precisely what we shall use in our algorithm.

2.1. General properties of the proximal-system merit function

In this subsection, we primarily focus on propertiesof the merit function Sinthe general
case, i.e., when no additional assumptions are imposed on the operator T, other than it
being maximal monotone.

We start with atechnical result which is a consequence of the “weak transportation
formula’ [6]. We shall proveit directly.

Lemmal. Takevi € T?(x1), v2 € T®2(x2),and p,q > 0, p+ q = 1. Define

X:= pX1+0Qx2, v:= puvi+Qquz, &:= Pe1+Qe2+ pg{vi — v2, X1 — X2).
Thené > Oand v € T#(X).
Proof. Theidentity

(w—=v,z2=X) = p{w —v1,Z—X1) + q(w — v2,Z — X2) — Pq{vL — v2, X1 — X2)

holds for any z, w € H. In particular, if w € T(z), using Definition 9 and the above
identity, we obtain that

(w—"0,Z—X) > —pe1 — Qe2 — pPg(v1 — v2, X1 — X2)

—&.

If & < O, thenthemaximality of T impliesv € T(X), andtakingz = X, w = v, theabove
inequality yields a contradiction. Hence e > 0, and by (9) it followsthat v € T#(X).
]

Notethat # x H isitself a Hilbert space, with the canonical inner product:

(X1, X2), (Y1, ¥2) ) 1= (X1, Y1) + (X2, ¥2),  V(X1,X2), (Y1, ¥2) € H x H.

We next prove a somewhat surprising property that Sr., x is aclosed proper (strongly)
convex functionon H x H.

Theorem 1. Takeany x € H, » > 0. Thefunction St ; x(:, -) is closed proper convex.
Moreover, it is (1, A2)-strongly convex, i.e, if (a, b) € 9ST.). x(z, w), then

Srax(Y,v) = Sy x(Z w)+(y—2za) + (v—w,b)
+ 1y = zI2 + 2%|lv — w||?

for any (y,v) € H x H.
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Proof. Notethat Sr ;. x isnonnegative, lower-semicontinuous, and not identically +oco.
Therefore, it is enough to show that for any

(X1, v1), (X2, v2) e HxH, p,q>0, p+q=1,
it holds that

Stx(X, v) < PSSt a,x (X1, v1) + qSt; x (X2, v2)

14
— pq(lIx1 — x2)1% + A2|jvr — v2]|?), (14

where
X:= pX1+ 00Xz, v:= pvi—+quz.

Inequality (14) will thenimply that Sr.; x is (closed proper) convex and in fact, (1, A2)-
strongly convex on H x H.

If p=0orq = 0 then (14) holds trivialy. The same applies to the case
Sr.).x(X1, v1) = 400 0Or Sty x(X2, v2) = 400. Therefore, let us suppose that

g1 :=e7(X1, V1) < +00, €2:=&T7(X2,v2) < +00. (15)
Thenvy € T1(X1), v2 € T#2(X2), and from Lemma 1 we immediately get that
e(X, 0) < pe1+ Qe2 + PO(vs — v2, X1 — X2) . (16)
For any &1, & € H, it holds that
Ip&1 + gé2ll® = pliELl® + allé2ll® — pallés — &%

Taking £1 = Avy + X1 — X, &2 = Avz + X2 — X, and using the above identity, we further
obtain

A0 + X — X[I? = pllavs + X1 — X||2 4+ qllAvz + X2 — X||?
— pqllA(vy — v2) + X1 — X2|?.

Multiplying inequality (16) by 2, adding it to inequality (17), and using (12), we have
that

(17)

Srax(X, ) < p(llAve + X1 — X|12 + 2he1) + q(l|Avz + X2 — X||? + 21e2)
+ PO(21(v1 — v2, X1 — X2) — [|A(v1 — v2) + X1 — X2]|?)
p(llAvy + X1 — X[|? 4 2ke1) + q([|Av2 + X2 — X[ + 2hez)
— pa(lixe — X212 + A2[lvy — v2[|?).

Using now (15) and again (12), the inequality (14) follows.
|

Thenext result providesinformation onthe structure of the subgradient of St x(-, -).
Lemma?2. Takeanyx € H, A > 0.1fze H and w € T(z), then
2(u, Au) € 39St x(Z, w) ,

whereu := Aw +z — X.
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Proof. Sincew € T(2), forany y, v € H we have

(v-—w,y—2) = —et(y,0).

Multiplying the above inequality by —2x and adding ||Av + y — x||2 to both sides, we
obtain that

1A +y—x|12 = 20(v —w, y — 2) < Srax(y,v).

Observethat Sy x(z, w) = [Aw +z — x||2. Direct algebraic manipulations yield the
following:

w4+ y—X?—2Av—w,y—2) =
= |Aw+Z—X|[2 4+ 20w +Z— X, A(v — w) + Y — X)
+ Ao —w) +y—2zP—2A(v —w,y— 2)
=Srix(Z,w) +20w+z2—XA(v—w) +Y—X)
+ 2%l — w® + Ily — z|)?
> Srax(Zw) +2w+z—XA(v—w) +y—X)
= Stax(Z, w) +2(u, y — 2) + 2(Au, v — w),

which implies the desired resullt.
]

Asadirect consegquence of the strong convexity of S, we obtain the following error
bound.

Corollary 1. Takeanyx € Hand > 0. Let y*, v* betheexact solution of the proximal
system (6)—(7). Then for any y, v € H, it holdsthat

Iy — y*1I% 4+ 22|jv — v*[|> < Srax(y, v) .

In particular,

Iy — Il < V/Srax(y, v).

Proof. It holdsthat St x(y*, v*) = 0. Since Sr;. x is aways nonnegative, (y*, v*) is
its minimizer. By the classical optimality conditions for convex optimization, (0, 0)
ST A x(Y*, v*) (see dso Lemma 2, where we take u = 0). Choosing now z = y* and
w = v* in Theorem 1 implies the result.

]

Asan aside, we shall now briefly discussthe casewhere T = 9 f, the subdifferential
of aproper lower semicontinuous convex function f, and state an additional property of
our merit function in that case. The primary focus of the present paper is the variational
inequality problem, not optimization, and so we do not study the case T = af in
much detail. We note that an application to nondifferentiable optimization of the error
tolerancecriterion of [37] (whichisconceptually related to the merit functionintroduced
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above), can be found in [30,29] in the context of bundle methods. This devel opment,
however, is technically quite involved, and so we shall not describeit here.

If T = of, then the proximal subproblem (5) is equivalent to the following opti-
mization problem:

. 1
min W, x(y) == A f(y) + =y — x||. (18)
yeH 2

Let y* be the solution of (18) (equivalently, the solution of (5)). By the convexity of
v, x, foraly e Handr € a9, x(y), it holdsthat

W x(Y) — Wox(Y) = (r,y =y < Iriilly — y*Il..

Using Corollary 1, and the fact that 9W; x(y) 51 = Av+ Yy — X, wherev € 9f(y) = T,
we obtain that

Ui x(Y) = Wi x(Y) < Stax(¥.v).

Hence, Sprovides abound for the optimal value of the proximal problem (18).

The next lemma shows how the proposed merit function S (or any appropriate
computabl e upper bound, for example given by (13)), can be used to effectively manage
the approximate solutions of proximal subproblems. Here, T is again an arbitrary
maximal monotone operator.

Lemma 3. Lety, v be an approximate solution of (6)—7). Define
xtTi=x—2v.
Then for any solution of (2) x* (i.e., 0 € T(x*)), it holds that
IX* = X2 < X" = x|+ (Srax(y. v) = Iy = xI1%).
Proof. First notethat (x* —y, 0 — v) > —eT(Yy, v). Therefore,
(X" =y, x=x") <het(y,v).
Notealso that |Av + y — X||2 = ||y — xT 2. Combining these relations with the identity

2 2 2 2
X = XF% = 1X* = X7 = |y = X ||* + 2(x* =y, x = xT) = [ly = x|,

and using (12), implies the desired result.
]

Lemma 3 revedls that if we have any y, v € #H such that St x(y, v) is smal (in
comparison with ||y — x||?), then x* = x — v is closer to the solution set T~1(0)
than x. Thisisthe basisfor general inexact extragradient-proximal framework discussed
in Sect. 3.
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2.2. Thecaseof VIP

Inthissection, we study the preci serel ationshi p between inexact sol utionsof regularized
proximal variational inequality subproblems (3), and inexact solutions of regularized
inclusion subproblems (4). Specifically, we establish that the (computable!) regularized
gap function measure for the former provides an upper bound for the proximal merit
function S, defined by (12), for the latter.

The regularized gap function for VIP(F, C), introduced independently by Fuku-
shima[13] and Auchmuty [1], is defined as

1
fo F.c(X) i= max (F(X), X —y) — —[Ix — y|I? (19)
yeC 20
1
= (F(x), x = Po(x = aF())) = o= [IX = Pe(x — aF(x) 12,

where Pc denotes the orthogonal projection operator onto C, and « > 0is a parameter
(weuse F and C assubscriptsin thisdefinition, becausein our applications F will change
from one iteration to the next). This regularized gap function, and some other functions
closely related to it (e.g., theimplicit Lagrangian, the D-gap function), are fundamental
in the theory, error bounds, and computational techniques for variational inequality
and complementarity problems (see, for example, [13,21,41]; and [14,31] for related
surveys). Among other things, it holdsthat f, Fc(X) > Oforal x e Candal « > 0,
and fy rc(X) = 0forsomex € C, o > 0if, and only if, x solves VIP(F, C). Thus
fo.F.c isamerit function on the feasible set C for VIP(F, C). Furthermore, f, F.c() is
continuous/differentiablewhenever sois F(-) [13].
Havingany x € C, » > 0, define

Freg(y) := AF(y) +y — X.

Thenby f1 F, c we shal denote the regularized gap function for VIP(Freg, C), where
we set o« = 1 for simplicity. Our result is the following.

Lemma4. Takeanyx € C, A > 0. Thenfor any y € C, it holdsthat
SFE+Ne).ax (Y, V) < 2F1 R c(Y) s
where
v:=(1/4) (X = Pc(x = AF(y))) .
Proof. Define
q:=Pc(y—Fey), v:i=(¥—Fegl)—0q r=y—q &:=—(1/){vr).
Using the properties of the normal cone, it is easy to see that

ve Nc(@), >0, v+ Fegly)=r.
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Furthermore,
f1 Frg.C(Y) = (Freg(y). y — a) — (1/2)]ly — q?
= (r—v.r) — 12| (20)
= (1/2)Ir 1> — (v,r)
= (1/2)[Ir | + 2e.
Note also that
Yy — Freg(y) =X — AFK(y),
and therefore
g = Pc(x—=AF(y)),
v =X—AF(y) — Pc(x — AF(Y)).
Hence,
r=aw+y-—x, (21)
v=F(y)+ (/). (22)
Now we claim that
ve (F+ Ne)(y). (23)

Indeed, if w € (F + N¢)(2) then z € C, and there exists some ¢ € Nc¢(z) such that
w = F(2) + ¢. Therefore

(v-—wy-2=(Fy -F2.y-2+(1/Mv -, y—-2)
= (/M-8 y—2)
=@/MNvy-2)+(z2-y)

> (

1/)\.)(\), y—Z> )

where the first inequality follows from the monotonicity of F, and the second follows
fromy € C, ¢ € Nc(2). Now observe that

<v7y_q)+(vvq_z>
<v1y_q)
(v,r),

(V, y_ Z)

v

wheretheinequality followsform z € C, v € Nc (). Combining the above results with
the definition of ¢, we conclude that for any zand any w € (F + N¢)(2), it holds that

(v—w,y—2 > —¢,
which establishes (23). It immediately follows (see (13)) that
SFNeax(Ys V) < Ao+ Y = X[Z + e

Now, using aso (21) and (20), we obtain the desired resullt.
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To conclude this section, we next establish an error bound on the distance to the
solution of VIP(F, C), assuming that the following conditionis satisfied: VIP(F, C) has
the unique solution x*, and there exists some . > 0 such that

(F(X), X — X*) > ullx — x*|2, V¥xeC. (24)

Our error bound is an improvement of a bound based on the regularized gap function,
and obtained in [38], in two respects. First, we obtain atighter bound, i.e., the quantity
bounding the distance to the solution set in our bound is smaller than the value of the
regularized gap function. And secondly, our assumption (24) is weaker than the strong
monotonicity of F usedin[38]. Indeed, itiseasy to seethat (24) isweaker than thestrong
pseudo-monotonicity of F on C [18,10], which is the property that for al x,y € C it
holds that

(F, X=y) =0 = (FX),x—y) > ullx—y|*

It can be checked that if the strongly pseudo-monotone VIP(F, C) has a solution, then
this solution is unique. Condition (24) can be thought of as strong pseudo-monotonicity
of F with respect to the solution x*. The assumption of strong pseudo-monotonicity is
in turn clearly weaker than strong monotonicity, which is

(FO) — F(y), x —y) > ullx — yI?> Vx,yeC.
Define
Re(X) := X — Pc(x — aF(X)),

thenatural (projection) residual for VIP(F, C). Notethat for || R, (X) || to provideaglobal
error boundfor VIP(F, C), F hasto bestrongly monotoneand Lipschitz continuous[23].
Our assumptions here are weaker.

Theorem 2. Suppose VIP(F, C) has the unique solution x*, and that (24) is satisfied.
Then for any « > 1/ and every x € C, it holds that

X = X*|| < %IIRa(X)II + %\/M(F(X), Re (X)) — 3| Re(X)]|2
< V2ufo rc®).
Proof. Takeany x € C. For @ > 1/, using (24), we obtain
a(F(), X — X*) =[x = x*||.
The latter relation can be further re-written as
(Re(X), X = X*) 4 (Ry(X) — aF(), X* = X) = [Ix — x*|1% (25)
Observe that since x* € C, by the properties of the projection operator,

(Ry(X) — aF(x), X* — Pc(x — aF(x))) < 0.
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Hence,

(Ry(X) — aF(x), X* = X) < (Ry(X) — aF(X), Pc(X — aF(X)) — X)
= a(F(X), Ry(X)) — |Re(X)[|?.

Therefore, using (25) and the Cauchy-Schwarz inequality, we obtain
IR (11X = X*[| + a(F(X), Ry (%)) — [Re(X)[1Z = [Ix — x*|%.
Denoting
t= X=X, q:=[RXll. $:=a(FX),Re(X) = [Re(X)[I?,
and resolving the quadratic inequality in't

t?—qgqt—s<0,
we conclude that
(< q+vq?+4s
S

fromwhichthefirst inequality in the assertion of thetheoremfollowsimmediately. It re-
mainsto show that theright-hand sidein thisinequality isnolarger than (2 f o F.c(x)) /2.
Set

n:=0+2s.
We further obtain

q+ Vo2 +4s  /n—25+.n+2s
t= > = 2 =V

where the last inequality follows from the concavity of the square root function (note
that thisinequality isin fact strict, unless s = 0). Observe now that

n=q>+2s
= 20(F(X), Ry(X)) — | Re(X)|?
= Zafa’ F’C(X) .

The proof is complete.
]

Note that since Fx in (3) is strongly monotone, Theorem 2 (with F replaced by Fy)
providesaglobal error bound for VIP(Fy, C).

3. Algorithmic applications
We start with a general agorithmic framework for solving the inclusion 0 € T(x),

based on the merit function Sintroduced in Sect. 2. This algorithm is a generalization
of the Hybrid Extragradient—Proximal Point Algorithm discussed in [36]. In this form,
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the algorithm is quite conceptual since it involves the values of the function S which,
in general, may not be easy to compute. However, we believe it is meaningful to first
develop ageneral convergent algorithm, and then pass to implementable methods based
onit.

Algorithm 1. Chooseany x% € #, and 5 € [0, 1), & > O.
Having x¥, choose a regul arization parameter A, > x, and an error tolerance parameter
ok € [0,5]. Find yX, vk € H satisfying

Stk (Y, 0%) < axlly® — x¥)12. (26)

k41

X = XK — Akvk,

and repeat for the next iteration k := k + 1.

It is quite clear that in the error tolerance criterion (26) we can actually use any
upper bound for S. For example, due to the upper bound (13), the inexact proximal step
in Algorithm 1 can be replaced by:

Find yK, v € , ek > 0 such that
W e To(y9), (27)
[Akv* 4 YK — K12 + 2ukex < oxllyk — x¥||2.

This specia case of Algorithm 1 has been introduced in [36].

Algorithm 1 provides a very broad framework which can be used as a basis for
dealing with a number of interesting applications depending on the structure of the
operator T. When T is a sum of two operators one of which is single-valued and
continuous, it is demonstrated in [36] that the recently proposed modified forward-
backward splitting algorithm of Tseng [40] can be viewed as a specific implementation
of Algorithm 1. An important feature of the method of Tseng is that the restrictive
requirement that the continuous part of the operator must be strongly monotone can be
relaxed to simple monotonicity, see [40]. Another application of Algorithm 1 discussed
in [36] is a globally convergent regularized Newton method for the case when T is
differentiable (see also [35, 33] for Newton-type methods based on the rel ated approach
of [37]). The key fact in this application is that under some natural assumptions, just
one Newton step applied to the proximal subproblem 0 = A T(-) + (- — xK) is sufficient
to solve it within the error tolerance (27), and hence also (26).

The main convergence properties of the algorithm are the following.

Theorem 3. Let {xX} be any sequence generated by Algorithm 1. Then the sequence
{xK} convergesweakly to a solution of 0 € T(x), provided it exists.

Proof. The proof is similar to that in [36]. We shall supply some main points for
completeness. Take any x* such that 0 € T(x*). By Lemma 3 and (26), it follows that

X — x| < XK — x*)12 — (L — o) lIyK — xXK||%. (28)
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Hence, the sequence {||xK — x*||} converges, and since oy < & < 1 for al k, we have
that

0= lim ||y* — xK|. (29)
k— 00
Now using (26), we conclude that
0= lim Sp, «(Y ),
k—oo 7%
or, equivalently,
lim ok 4+ Y€ — XK = 0= lim Aget (Y&, %)
k— 00 k—o00
Using further the fact that 0 < & < Ak and (29), the latter relationsimply that
lim |05 = 0= lim eT(yX, v9). (30)
k— o0 k— 00
By (28), the sequence {x¥} is bounded, so it must have some weakly convergent subse-
quence. Let X beany weak accumulation point of {x¥}, and let {xk } be some subsequence

weakly converging to %. By (29), % is also the weak limit of {y*}. By the definition of
eT (see(11)), for any q € H and w € T(q) it holds that

(w_vklvq_yk‘> E_ST(yklvvk‘)
Equivalently,
(w—0,q—y8) > (@, q—yN) —eT(y9, vN).

Because {yK } converges weakly to X, taking the limit asi — oo, and using (30), we
have that

(w—0,9—X)>0.

Since T is maxima monotone, it holdsthat 0 € T(X), i.e., X isasolution.

We have thus proved that every weak accumulation point of {xX} isa solution. The
proof of uniqueness of the weak accumulation point in this setting is standard (e.g.,
see [28]).

]

We notethat if no solution exists, it can be shown that the sequence {x¥} isunbounded
(see[36] for details).

Theorem 4. Suppose, in addition, that there exist two positive constants L and § such
that

ve T, vl <8= [Ix=Xx*|| < Lvll,

where x* isthe (unique) solution of 0 € T(x). Then the sequence {xX} convergeslinearly
to x*.



Error bounds for proximal point subproblems and inexact proximal agorithms 385

It is interesting to note that the rate of linear convergence estimate for Algorithm 1 is
actually strictly better than that for the classical inexact proximal point method of [28];
see [34] for this refined comparison.

We now turn our attention to the variational inequality problem (1). In this setting,
the proximal point subproblemis VIP(Fk, C) with Fx(X) = AkF(X) + (x — x¥). Roughly
speaking, the new algorithm we propose here computes yX € C as an appropriate
approximate solution of VIP(Fk, C), and then defines x**1 := Pc(xk — AxF(Y¥)).
Clearly, thecritical part inthisframework is a constructive/implementabl etest to decide
which y¥ isacceptable. For thistask, we proposeto employ the regularized gap function
for the subproblem VIP(F, C):

fu(X) := 1. F.c(X)

1 ) (31)
= (F(X), x = Pc(x — F(x))) — SlIx= Pe(x — FO)I1*.

Specifically, weshow that any y¥ € C suchthat fx(y¥) < (ok/2)||y*—xX||2,isacceptable
to obtain convergence.

Note that since fi is a computable merit function, it can also be itself used for
solving VIP(Fy, C) via (approximately) resolving the problem

E(r;i n fr (%) . (32

In fact, if F is differentiable, then fy is also differentiable. And since Fk is strongly
monotone, in that case problem (32) hasthe unique stationary point whichisthe solution
of VIP(Fy, C) [13]. So any reasonableal gorithm employed to solve (32) would generate
a sequence of iterates converging to the solution of VIP(Fk, C). Of course, one might
also choose any other method for solving VIP(Fk, C), not necessarily related to fy, and
only use the latter for the error tolerance test.

We now state formally our algorithm.

Algorithm 2. Chooseany x° € Cand& € [0, 1), % > 0.
Having x¥, choose Ak > %, ok € [0, 7], and compute y¥ € C, an approximate
solution of VIP(Fy, C), satisfying
ok
() = S Iy = X2, (33)
where fi is definedin (31).
Set

X = Po (X — mF(Y ) . (34)
and repeat for the next iteration k := k + 1.

Notethat if yX isthe exact solution of VIP(Fy, C) (for example, if the error tolerance
parameter ox = 0, then necessarily fx(y¥) = 0 which means VIP(Fy, C) is solved
exactly), then such k-th iteration of Algorithm 2 reduces to the step of the classical
exact proximal point method. Of course, this is both natural and desirable. To see this,
observethat if y* solves VIP(Fk, C), it then followsthat there exists some v € Nc (y¥)
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such that AxF(y%) + oK 4+ yK — xK = 0. Therefore, x* — AxF(y$) = K + yX, and
xkt1 = Pc (VK + y) must be equal to YK, because ¥ € Nc(¥X). In other words, in
this case xkt1 = yK, the exact solution of the proximal point subproblem. However,
the inexact version of Algorithm 2, correspondingto ok # 0, is different from standard
inexact schemesin the literature, which require the error termsto be a priori summable
for convergence. It isworth to point out that the computational cost of the extragradient
step (34) is negligible relative to the cost of solving VIP(Fy, C).

Algorithm 2 preserves al the attractive convergence properties of the classical
(exact or inexact) proximal point method. We shall establish this fact by showing that
Algorithm 2 falls within the framework of the general scheme of Algorithm 1. Thus
convergence results will follow from Theorems 3 and 4.

Theorem 5. Let {xX} be any sequence generated by Algorithm 2. Then all the conclu-
sions of Theorems 3 and 4 hold.

Proof. Let {xX}, {yX}, {Ax}, {ox} bethe sequences generated/employed by Algorithm 2.
Define, for each k,

K= 1/ [Xk — Pc(X — Ak F(yk))] .

Applying Lemma 4 with x = xX, A = A¢ and y = yX, and taking into account the
notation Freg = Fk, f1 Fe.c = fk, We concludethat

St (Y, 09 < 2k (y9),
where
T:=F+ Nc.

Using the error tolerance rule (33), it now follows that

ko k K _ kg2
Stk (Y5, v < oklly” = XPI7.

Note also that from the definition of vK,

XK — k= Pe(x¥ — AkF(y<)
— xk+1 .

Therefore, the sequences {xK}, {yX}, {vX} are valid sequences for Algorithm 1, and the
convergence results follow, taking into account the equivalence between the problem
0 € T(x) and VIP(F, C).

o

As a future application of our new agorithm, we mention the development of
a globalization strategy for the (Josephy-) Newton method for variational inequality
problems (see [17,3,16] for its definition and local convergence properties). For the
monotone nonlinear complementarity problem, a specia case of VIP, atruly globally
convergent Newton method based on the framework of [37] and [32] has recently been
developedin [33]. This agorithm has the advantage that the whol e sequence of iterates
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globally convergesto a solution of the problem without any (local) solution-uniqueness
or regularity-type assumptions (in particular, the solution set can even be unbounded).
In the context of Newton-type methods, this property is quite remarkable.

To further highlight the advantages of our Algorithm 2 when compared to typical
(i.e., “summable error”) approximation criteria, we next observe that we could, in
principle, also employ acriterion of thistype. Specifically, we could replace our tolerance
rule (33) with

(0.¢]
) = 23 V< oo, (35)
2 k=0

and accept such yX asthe next iterate:
XKL= K, (36)

Thisschemewould bemuchinthespirit of classical inexact proximal methods(e.g., [28,
8]). However, as already discussed, such aruleis typically not constructive. It is also
worth to note that if our rule (33) is used, the extragradient step in (34) isindispensable,
i.e., if one accepts yK asthe next iterate XK1 asin (36), the method may diverge (see an
examplein [36]). This also shows that (33) is less restrictive than (35).

To verify that the method based on (35)—(36) converges, we shall only supply the
key steps. Define, for each k,

VL = (/) [ XK — P (XK — M)

Then applying Lemma4 and (35), we obtain

k+1 | k+1
S(F+Nc),)»k.xk(x + , U + ) < k.

Now using the error bound of Corollary 1, we conclude that

(0.¢]
IXFE = (1 4 2k(F 4+ Ne) XK < ok, D Vo < oo,

k=0
and from here, the classical convergenceanalysis of [28] applies. For the linear conver-
gence result, one further has to assume that

(S o0
il = SR = x2 3 Vo< oo
k=0

similar to [28]. Note that another advantage of Algorithm 2 is that one does not need to
changethe error tolerance criterion to obtain linear convergence. Furthermore, from the
convergence of Algorithm 2 one obtains, a posteriori, that

D () < o0,

k=0

i\/ fi(xkt1) < oo,
k20

while (35) requires

which isastronger condition.
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4. Concluding remarks

Variousmerit functions, error measures, and error boundsfor the approximate sol ution of
proximal point subproblems have been discussed. A new inexact proximal point method
for solving the variational inequality problem has been proposed. Thetolerancecriterion
in approximate sol ution of subproblemswas based on the regularized gap function. This
tolerance criterion is readily implementable, and its use for variational inequalities
is quite natural. An important intended application of the presented algorithm is the
construction of regularized Newton-type methodsfor the variational inequality problem
with improved global convergence properties, along the lines of those for systems of
equations[35] and nonlinear complementarity problems[33].
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