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A TRULY GLOBALLY CONVERGENT NEWTON-TYPE
METHOD FOR THE MONOTONE NONLINEAR
COMPLEMENTARITY PROBLEM*

M. V. SOLODOV' AND B. F. SVAITER'

Abstract. The Josephy—Newton method for solving a nonlinear complementarity problem con-
sists of solving, possibly inexactly, a sequence of linear complementarity problems. Under appropriate
regularity assumptions, this method is known to be locally (superlinearly) convergent. To enlarge
the domain of convergence of the Newton method, some globalization strategy based on a chosen
merit function is typically used. However, to ensure global convergence to a solution, some additional
restrictive assumptions are needed. These assumptions imply boundedness of level sets of the merit
function and often even (global) uniqueness of the solution. We present a new globalization strategy
for monotone problems which is not based on any merit function. Our linesearch procedure utilizes
the regularized Newton direction and the monotonicity structure of the problem to force global con-
vergence by means of a (computationally explicit) projection step which reduces the distance to the
solution set of the problem. The resulting algorithm is truly globally convergent in the sense that
the subproblems are always solvable, and the whole sequence of iterates converges to a solution of
the problem without any regularity assumptions. In fact, the solution set can even be unbounded.
Each iteration of the new method has the same order of computational cost as an iteration of the
damped Newton method. Under natural assumptions, the local superlinear rate of convergence is
also achieved.
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1. Introduction. The classical nonlinear complementarity problem [28, 7],
NCP(F), is to find a point z € R" such that

(1.1) x>0, F(z)>0, (z,F(x))=0,

where F': 7 — R” and (-, -) denotes the usual inner product in #”. Throughout this
paper, we shall assume that F(-) is continuous and monotone, i.e.,

(F(z) = F(y),x —y) >0 forall =zyeR"

Note that under this assumption, the solution set of (1.1) is convex.

While there exists a wide range of approaches to solving NCP(F') (see [14, 28, 7]),
some of the most successful and widely used are Newton-type algorithms based on
solving successive linearizations of the problem (see, for example, the more detailed
discussion in [8]). Given a point z*, the (Josephy—) Newton method [17, 30, 26, 14, 1]
generates the next iterate z**! by solving the linear complementarity problem

(1.2) x>0, Fip(z)>0, (z Fp(z))=0,
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where F}(+) is the first-order approximation of F(-) at z¥,
(1.3) Fy(z) := F(z*) + VF(a%)(z — 2¥),

assuming F(+) is differentiable. If the starting point is sufficiently close to some regular
[35] solution Z of (1.1), the sequence generated by the Newton method is well defined
and converges to T superlinearly or quadratically, depending on further assumptions.
We note, in passing, that monotonicity of F' is not needed for such local analysis.

There are two key difficulties with using the Newton method given by (1.2), (1.3)
for solving NCP(F'). First, in the absence of regularity even local convergence cannot
be ensured. Second, even if regularity holds at a solution, there are serious problems
with ensuring global convergence. In particular, far from a regular solution of the
problem, there is no guarantee that the linearization subproblems are solvable. And
even if the subproblem solution exists, there is no guarantee that it actually constitutes
some progress toward solving the original problem, NCP(F'). In this paper, we shall
successfully address each of these difficulties in the context of monotone problems.

To enlarge the domain of convergence of the Newton method, some globaliza-
tion strategy has to be used. However, as pointed out in [14, p. 182], “the global
convergence remains a rare property for most of the modified methods.” As men-
tioned in [14, p. 185], “the trouble with general variational inequalities and nonlinear
complementarity problems is that valid merit functions which are relatively easy to
compute are very difficult if not impossible to find.” Although considerable progress
has been made in the theory and numerical use of merit functions in recent years
[11, 23, 10, 19, 6, 44, 22, 24, 45, 46] (see [12] for a survey of merit functions for varia-
tional inequality and complementarity problems), most of the known merit functions
do not appear to be useful for the specific task of globalizing the Newton method
given by (1.2), (1.3). At this point, it is worth emphasizing that the Newton method
under consideration should not be confused with other Newton-like methods which
are not of the Josephy type—for example, Newton methods for minimizing a par-
ticular merit function or Newton methods for equation-based NCP reformulations
[18, 34, 21, 4, 6, 15, 49, 53, 16, 20, 13, 48].

Perhaps the most natural globalization strategy for (1.2), (1.3) is a linesearch
procedure in the obtained Newton direction (if it exists!) aimed at decreasing the
value of some valid merit function. In this regard, we note the following. First,
many of the known NCP merit functions are not differentiable, e.g., those based on
the natural residual [26] and the normal map [36]. This makes linesearch difficult,
although an alternative pathsearch approach is possible [34, 3]. Second, for some
differentiable merit functions, e.g., (the square of) the Fischer-Burmeister function
[9, 19, 6], it appears that the Newton direction need not be a direction of descent,
particularly far from a solution or in the absence of regularity. Thus the use of this
function results in a rather indirect globalization of the Newton method [8]. (More
on this later.)

To our knowledge, the only merit functions which have been used to globalize
the Newton method of the form (1.2), (1.3) are the gap function [25], the regularized
gap function [51, 50], the D-gap function [31, 32], and (the square of) the Fischer—
Burmeister function [8]. (We note that some of these methods were developed for
the more general mixed complementarity or variational inequality setting.) How-
ever, each of these globalizations has certain drawbacks. Using the gap function [25]
requires exact minimization along the line to compute the stepsize, which is not im-
plementable. Moreover, the gap function itself is not easy to compute in general.
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In addition, compactness of the feasible set of the variational inequality problem is
required, which precludes an application to complementarity problems. Using the
regularized gap function [51, 50] admits inexact Armijo-type linesearch but requires
strong monotonicity of F for global convergence (see also [52]). In addition, meth-
ods of [25, 51, 50] also need the (restrictive) strict complementarity assumption to
establish superlinear/quadratic rate of convergence. Note that the subproblems in
[25, 51, 50] are solvable due to the compactness of the feasible set and the strong
monotonicity of F', respectively.

The methods based on the D-gap function [31, 32] and the Fischer-Burmeister
function [8] globalize the Newton method in a rather indirect way. In [31, 32, 8] there
is no guarantee that the subproblems are solvable. If the Newton direction does not
exist (which cannot be checked a priori, so some wasteful computing will inevitably
be done), the method resorts to an “escape” mechanism of taking a gradient descent
step for the merit function. Even if the Newton direction exists, it still may happen
that it does not satisfy conditions needed to obtain sufficient descent of the merit
function by means of a linesearch procedure. In this case, the Newton point will be
discarded altogether, and again a gradient descent step will be taken. In a sense,
this is a rather indirect globalization of the Newton method, because such a strategy
does not correspond to the damped Newton methodology. As for the convergence
results in [31, 32, 8], every accumulation point of the generated sequence of iterates
is a stationary point of the employed merit function (even without the monotonicity
assumption on F'). However, the existence of such accumulation points, and the
equivalence of stationary points of the merit functions to solutions of NCP(F'), cannot
be guaranteed without further assumptions. For example, in [31, 32], F is assumed to
be a uniform P-function, which implies that NCP(F) has a (globally) unique solution.

Finally, we briefly comment on the interesting regularization approach proposed
in [5], which converges globally when the solution set of the NCP is compact and F
is a Pp-function. First, it is important to note that the subproblems in the method
of [5] are nonlinear complementarity problems, which are structurally just as difficult
to solve as the original problem itself (although they are better behaved due to reg-
ularization). Therefore, this method is not of the Newton type. Second, the global
convergence result of [5] states that the sequence of iterates remains bounded, and its
every accumulation point solves the NCP. This is weaker than the full convergence of
the whole sequence which we shall establish for our method. On the other hand, the
Py assumption on F' is, of course, weaker than our assumption of monotonicity. It
should also be mentioned that it is often unknown whether the solution set is compact.
When F' is monotone, this holds if the NCP is strictly feasible, i.e., there exists an x
such that z > 0 and F(z) > 0. However, this condition is not easy to verify in general.
In any case, the key conceptual difference between our method and that of [5] is in the
linear versus nonlinear structure of subproblems solved at each iteration. It is worth
noting that the latter is also the important difference between our method and the
proximal point algorithm [37], which does converge globally under the monotonicity
assumption only.

We emphasize that for each of the cited Josephy-Newton algorithms, to ensure
global convergence of the whole sequence of iterates to a solution of the problem, one
needs assumptions which, among other things, imply that the solution is unique. In
fact, relatively restrictive assumptions are required even to prove boundedness of the
iterates and convergence to zero of the distance to the solution set.

In this paper, we present a new globalization strategy for monotone problems
which overcomes the above mentioned drawbacks. In particular, our algorithm is
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truly globally convergent in the sense that from any starting point the whole sequence
of iterates converges to a solution of NCP(F') under no assumptions other than mono-
tonicity and continuity of F' (and of course, the existence of a solution); see Theorem
3.2. In particular, no regularity-type assumptions are needed. In fact, the solution
set may even be unbounded. In addition, the linear complementarity subproblems
are always solvable, and our algorithm allows for their inexact solution similar to the
setting of [26]. This feature of approximate subproblem solutions is of particular im-
portance for large-scale problems. (We note that the effect of an inexact subproblem
solution has not been analyzed in globalizations proposed in [51, 50, 31, 32, 8].) Un-
der the assumptions of positive definiteness of the Jacobian of F' at the solution, and
its Holder continuity in some neighborhood of it, the local superlinear rate of con-
vergence is also established (see Theorem 4.3). Each iteration of our algorithm (see
Algorithm 2.2) consists of an approximate solution of a (strongly monotone) linear
complementarity problem, followed by a linesearch procedure and a (computationally
trivial) projection step. Thus computational cost of each iteration is of the same order
as that of the damped Newton method.

2. The algorithm. We start with some equivalent formulations of NCP(F),
each of which will be useful in the subsequent analysis. In particular, the following
five statements are equivalent:

1. Z solves NCP(F).
2. T is a solution of the variational inequality problem over the nonnegative
orthant R :

zeRy, (F(z),x—2)>0 foral zecR|.
3. T yields a zero of the (maximal monotone) operator F' + N
0€ F(z)+ N(z),

where N(x) is the normal cone to '} at the point .
4. T is a zero of the natural (projection) residual:

0=r(z) :=min{z; F(z)} =7 — [z — F(2)]T,

where the minimum is taken componentwise and [-]* stands for the orthogonal

projection map onto R’f.
The approach presented in this paper is in some ways motivated by the hybrid
projection—proximal point method of [43] and the projection method of [47], which al-
ready proved to be useful for developing globally (and locally superlinearly) convergent
Newton methods for systems of monotone equations [40]. In fact, in a sufficiently small
neighborhood of a regular solution of NCP(F') our Newton-type Algorithm 2.2 takes
steps which can be viewed, in a certain sense, as iterations of the hybrid projection—
proximal point method. This will prove to be the key to the local superlinear rate of
convergence. We therefore first state the algorithm of [43] in the more general context
of finding zeros of set-valued maximal monotone operators in a Hilbert space. Let
T be a maximal monotone operator on a real Hilbert space H. And consider, for a
moment, the problem of finding an « € H such that 0 € T'(z). Note that NCP(F)
considered here is a particular instance of this problem with T'(z) = (F + N)(z) and
H=R"
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ALGORITHM 2.1 (hybrid projection—proximal point method [43]). Choose any
Y € H and o € [0,1); set k := 0.
Inexact Proximal Step. Choose i, > 0 and find y* € H and v* € T(y*) such that

(2.1) 0 =" + ur(y® — 2*) + ¥,
where
(2.2) "] < o max{[[v”[|, plly* — 2*||}.

Stop if vF =0 or y* = 2*. Otherwise,
Projection Step. Compute

phl =k (v*, 2* — yk>vk'
[[0¥]]>
Set k :=k + 1; and repeat.

If problem 0 € T'(x) has a solution and the sequence {py} is bounded above, then
the generated sequence {z*} either is finite and terminates at a solution or is infinite
and converges (weakly) to a solution. The linear/superlinear rate of convergence is
also achieved under standard assumptions. For complete properties of the method,
see [43]. The idea of Algorithm 2.1 is to use an approximate proximal iteration to

construct a hyperplane
(23) Hk = {‘T | <Uk7x - yk> = 0}7

which separates the current iterate z* from the solutions of 0 € T'(x). Let us make
this more precise. If 0 € T'(z), then, by monotonicity of T,

<IU]C?:f 7yk> S 0

for any y* and any v* € T(y*). Here we will consider a condition somewhat stronger
than (2.2), namely,

(2.4) Ie® ) < oprlly* — 2],

because this will be the only condition used in our Algorithm 2.2. Using (2.1) and
the Cauchy—Schwarz inequality, we obtain

(W, 2% — ") = pla® = yF 1P — (€ 2k = yF)
> prll® = "7 — Nl [l — |
> (1= o)z — o*|?

(2.5) >0,

where the last inequality follows from (2.4). Thus whenever (2.4) holds, we have (2.5),
and so Hj, given by (2.3) indeed separates 2* from zeros of T. The last step of Algo-
rithm 2.1 is equivalent to projecting z* onto this hyperplane. Separation arguments
show that the distance to the solution set for a sequence thus constructed monotoni-
cally decreases, which essentially ensures global convergence of the algorithm. Algo-
rithm 2.1 has certain advantages over the classical proximal point method [37] in the
sense of less restrictive and more constructive tolerance requirements imposed on ap-
proximate solutions of proximal subproblems. See [43] for a more detailed discussion.
Other related works are [39, 41, 38, 42].
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Of course, in the context of this paper straightforward application of Algorithm
2.1 to solving NCP(F') is not practical, since this would involve solving a sequence of
nonlinear subproblems which are in general just as difficult as the original NCP, even
if they are better behaved due to the regularization. In this sense, the situation is
similar to the method of [5] discussed in the introduction. However, the regularization
and projection methodology of Algorithm 2.1 would prove to be crucial for devising
a globally convergent method.

Given a current iterate z* and a regularization parameter j; > 0, consider the
regularized linear complementarity problem LCP(¢y)

(2.6) x>0, @p(x) >0, (x,¢rx))=0,
where
(2.7) pr(x) = F(z") + Gz — o) + (2 — o)

with Gy, being a positive semidefinite matrix (presumably, the Jacobian of F or its

approximation, if F is differentiable at x*). Suppose z*¥ > 0 is some approximate

solution of this problem with e* being the associated natural residual [2, 26]:
(2.8) min{z*; o (2F)} = e*,

where the minimum is taken componentwise (see (2.9), (2.10) in Algorithm 2.2 for
conditions imposed on the error tolerance ek). Note that since the matrix Gy + pui [l is
positive definite, LCP () always has (unique) solution #* [2] for which the residual
is zero:

0 = min{2%; (27}

Hence, LCP(¢},) always has inexact solutions such that ||e¥|| < &, whichever §; > 0
we choose. Therefore this inexact Newton step is well defined.

The next step of our algorithm is checking whether the inexact Newton point
obtained by solving LCP(py) provides an acceptable (in the sense of Algorithm 2.1)
approximate solution for the proximal point subproblem

0€ (F+N)(z) + p(z —a).

If this is the case, the previously described separation property holds, and our algo-
rithm proceeds to make the projection step prescribed by Algorithm 2.1.
To make this more precise, we provide the following considerations. Since

eF = min{2F; pp (%)} = 2F — [2F — o (29)] T,
we have that
2F —eF = [2F — o (2F)]T e R
By properties of the projection operator [33, p. 121],
(2" — pp(2") — (2" —eF),x — (2F —€¥)) <0 forallz € R
Therefore

(—pr(2F) + ¥z — (2F — ") <0 forall z € R,
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which implies that
hY = —p(2%) + eF € N(2F —eb),

so that we have available an element in the normal cone N at the point z* — e € R7.
Consider now the pair

and

oF = Pk — eb) — o (2F) + b € (F+ N)(* — k) = (F 4+ N)(5h).
Let us analyze y*, v* as an approximate solution of the proximal subproblem (2.1) in
Algorithm 2.1 with T'= F'+ N. We have to check whether (2.4), the stronger version
of condition (2.2), is satisfied with

ef = = — g (y* — a*)

and y*, v* given above. If (2.4) is satisfied, then (2.5) holds and the hyperplane
Hj, given by (2.3) separates the current iterate z* from zeros of T = F + N or,
equivalently, from solutions of NCP(F'). Therefore we can make progress toward a
solution of NCP(F) by making the projection step of Algorithm 2.1 with y* and v*
defined above (followed by projection onto R’} to preserve feasibility). As we shall see,
the test (2.4) and the resulting step will be crucial for obtaining fast local convergence
when the regularity assumption holds.

However, far from the solution or if regularity does not hold, an approximate (and
even exact) Newton point obtained from solving the linear model may not satisfy the
tolerance requirements (2.4) for the nonlinear proximal subproblem. In this case, the
preceding separation arguments are not valid, and the Newton point has to be refined.
For this task, we employ a linesearch procedure in the approximate Newton direction
2% — 2 (see (2.12) in Algorithm 2.2) which computes a point y* = z* + ay. (2% — 2F)
such that

0 < (F(y*),z" — o).

A similar linesearch technique was used in [47, 40]. Note that for any & which solves
NCP(F) we have

0> (F(z),z —y"),
where y* € R7 . Hence, by monotonicity of I,
0> (F(y*),z —y").
Therefore in this case another hyperplane, namely,
Hy, = {z € R" | (F(y"),z —y*) = 0},
strictly separates the current iterate x* from solutions of the problem. Once the

separating hyperplane Hy, is obtained, the next iterate ¥ is computed by projecting

z* onto Hj, and then onto the nonnegative orthant R7.

We now formally state the algorithm.
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ALGORITHM 2.2. Choose any z° € R, o € (0,1), 3 € (0,1), and X € (0,1). Set
k:=0.

Inexact Newton Step. Choose a positive semidefinite matriz Gy and py > 0.
Choose py, € [0,1) and compute z* € R, an inezact solution of LCP(¢y,) given by
(2.6)—(2.8), such that

(2.9) " < prpwllz” — 2|
and
(2.10) (€", o (2F) + 2% — 2*) < prpnl| 2" — "%

Stop if 2% = aF. Otherwise,
Linesearch Step. Set

P = F(2F —eP) —op(2F) +eF and yF = 2R — ek

Let

ef = ok — e (y* — 2F).
If
(2.11) "]l < oplly® — 2",

then go to the Projection Step.

Otherwise, find y* = ¥ + ap(2F — 2%), where oy, = B™* with my being the smallest
nonnegative integer m such that

(2.12) (P(ah 4+ B7(F — o)), — 2) = A1 = pounll 2 — 2|12

Set v* := F(y*) and go to the Projection Step.
Projection Step. Compute

k .k k
k+1 _ Lk Wt =yt o
(213) X = max {O,CE — WU } .

Set k := k + 1; and repeat.

To compute 2*, an approximate solution of LCP () satisfying (2.6)—(2.10), one
can employ any appropriate algorithm known to converge for the strongly monotone
linear complementarity problem. There are many algorithms which would generate
a sequence converging to the unique solution of LCP(¢y) with a (global) quadratic
rate. This guarantees that after finitely many iterations (just a few, one hopes), the
LCP(yy) residual e* would be small enough, so that (2.9)-(2.10) holds.

Note that Algorithm 2.2 has computational cost per iteration of the same order as
any other damped Newton method: solving, possibly inexactly, a linear complemen-
tarity problem followed by a simple linesearch procedure (if (2.11) is not satisfied).
The projection step is explicit, and therefore its computational cost is negligible. The
advantage of Algorithm 2.2 over other Newton-type methods is that it is truly globally
convergent under minimal assumptions.
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3. Global convergence analysis. We start with the global convergence anal-
ysis. Throughout we assume that the solution set of the problem is nonempty. First
note that if Algorithm 2.2 terminates with z* = z¥, then ¢¥ = 0 by (2.9), and we
have that z* is the exact solution of LCP(yy). Therefore (o (2%),z — 2F) > 0 for
all z € R. Because zF = ¥ implies that ¢y (%) = F(2"), it follows from the latter
inequality that z* solves NCP(F). From now on, we assume that z¥ # z* for all k,
and an infinite sequence {z*} is generated.

We first state a preliminary result [43] whose simple proof we include for com-
pleteness.

LEMMA 3.1. Let x,y,v,T be any elements of R™ such that

(v,z—y) >0 and (v,z—y) <O0.
Let

T=x— L’Ing.
[[v]]

Then
& —z|* < llz — 2)* - |2 — z|>.

Proof. Tt follows from the hypothesis that the hyperplane H = {s | (v,s—y) = 0}
separates x from Z. Moreover, & is the projection of x onto the half-space {s |
(v,s—y) < 0}. Since Z belongs to this half-space, it follows from the basic properties
of the projection operator (see [33, p. 121]) that (x — &,& — Z) > 0. Therefore

o = 2|* = llz = 2[* + |2 — 2))* + 2{z — &,% — 7)

> |lz — &) + [l& — 2|,

which completes the proof. 0

We are now ready to prove our main global convergence result. The remarkable
property established in Theorem 3.2 is that the whole sequence of iterates always
converges to some solution of NCP(F') under the assumptions of merely monotonicity
and continuity of F. NCP(F') need not have a unique solution; in fact, the solution
set may even be unbounded. In the latter case the level sets of any merit function
for NCP(F) are also unbounded, so that for typical Newton methods with global-
ization strategies based on merit functions, even boundedness of iterates cannot be
established.

THEOREM 3.2. Suppose that F is continuous and monotone. Then any sequence
{x*} generated by Algorithm 2.2 is bounded.

Suppose further that there exist constants C1,Co,C3 > 0 and t > 0 such that
|Gkl < Cy for all k and, starting with some index ko,

Cy > g > Calr(®)[|".
Suppose that

min{1;1/C5} > lim sup p.
k—oo

Then {x*} converges to some T, which is a solution of NOP(F ).
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Proof. First note that because

Zk _ ek — [Zk _ wk(zk)]+

and z¥F € N7, by properties of the projection operator [33, p. 121] it follows that
(2 — pi(F) - (2% — b),ak — (F — b)) <.
Therefore
(—pp(2F) +e¥ ab — 28 4 eF) <o.
Making use of the latter inequality, we further obtain

(F(a"),a® = 2%) > (F(a") = gn(") + €, a® = 2% + ") — (F(a¥), )
= ((Gr + ) (&® = 2F), 2% — 2% 4 e*) + (¥, 2" — 2% — F(a)) + ||e"|®
> pugl|2® = 2P = (", (Gr + ) (2" — 2*) + F(a) + 28 — o)
= poil|2® = 2®)1? = (e*, on(") + 2* — 2¥)
(3.1) > (1 = pi) 12 = 2%,

where the last inequality follows from (2.10) and the next to last follows from positive
semidefiniteness of GJ.

We next show that the linesearch procedure (2.12), if activated, always terminates
with a positive stepsize . Suppose that for some iteration index k this is not the
case. That is, for all integers m we have

(F(z® + Bm (2% — ab)), 2% — 2F) < A1 — pr)pn|| 27 — 2|2
Since F' is continuous, passing onto the limit as m — oo, we obtain
(3.2) (F(ah), 2" —2%) < ML= pr)pl|2* — 2|2

Now since A € (0,1), px € [0,1), and 2* # ¥, (3.2) contradicts (3.1). Therefore the
linesearch step is well defined.

Denote

sk ok (vF,aF —y*)

(3.3) = e v,
Observe that this is well defined because v¥ # 0. Indeed, if v = 0 in the case
when the linesearch is not activated, then (2.11) must hold. Furthermore, in that
case v* = 0 implies ¥ = —pui(y* — 2*), which together with (2.11) implies that
ek = y# — 2% = 0. Therefore, using the definition of *, we conclude that z* = 2 — .
If up, < 1, then prux < 1, so (2.9) implies that z* = z*, in contradiction with the
stopping test. Suppose now that uz > 1. Note that 0 = v* = F(2F) — op(2F) + eF =
(—Gr+(1—pg)I)ek. Tt then follows that 0 = ((—Gr+(1—pux)D)ek, ek) < (1—pup)| k2.
Since 1 <y, we again have that e* = 0, i.e., 2¥ = 2*, which contradicts the stopping
rule. If the linesearch is used to compute y*, then v* = F(y*), which again cannot
be zero by (2.12). The observation that v* # 0 concludes the proof that the whole
algorithm is well defined.

With the notation (3.3), we have that z¥*1 = [#*]*. Let Z be any solution of
NCP(F). Since T € R7, it is easy to see that

(3-4) lz* 1 — 2| < [|2* - 2.
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Note that if (2.11) is satisfied, then (v* 2% — y*) > 0 (see (2.5)). If (2.11) is not
satisfied, then (v*, 2% — y¥) = i (F(y*), 2% — 2¥) > 0 still holds by (2.12). In this
respect, the only difference is the choice of y* and v*. As discussed before, in either
case (v, 7 — y¥) <0, so that by Lemma 3.1, it follows that

127 — 22 < fla* — 2> — [|2* — <",
Combining the latter relation with (3.4), we obtain

k - k= NG k
(3.5) [+t — 2] < |la* - z||* - [|&* — 2F||*.

It immediately follows that the sequence {||z* — Z||} is monotone, so it converges.
Therefore, {z*} is bounded.
We next consider the two possible cases:

(3.6) 0= likm inf ||r(z*)||
and
(3.7) 0< likminf ("))

In the first case, by continuity of 7(-) and boundedness of {z*}, there exists #, an
accumulation point of {*}, such that r(Z) = 0. Therefore 7 is a solution of NCP(F).
Since T was an arbitrary solution, we can now choose Z = % in (3.5). Because the
sequence {||z* — Z||} converges and Z is an accumulation point of {*}, it must be
the case that {z*} converges to #, which is a solution of NCP(F).

Consider now the second case. By (3.5), it follows that

0= lim [|2% — 2"|
k—oo
or, equivalently,
: <Uka xk B yk>
. = lim ———~=~+
(3:8) 0= M =

By the choice of py, and (3.7), it then follows that yuy > Cs|jr(z*)||! > Cy > 0 for all
k. By (3.1) and the Cauchy—Schwarz inequality, we obtain
[EGR e — 2] > (F(ab). 2 — 25)
> (1 — pi)l|lz® — 22
Hence,
|F ()] > Ca(1 — pi)|Jz* — 2F|.

Taking into account boundedness of {z*} and continuity of F, and the fact that
1 > limsup,,_, ., px, we conclude that the sequence {z* — z¥} is bounded. It now
easily follows that the sequences {z*}, {€*}, and {y*} are all bounded.

By the triangle and Cauchy—Schwarz inequalities, and the nonexpansiveness of
the projection operator, we have

lz* = 25| > [l2* = (2* = €M)l = [le”]
= [lz* = [ — @ () FIl = [le”]
> [|lz* = [z* = @) = [[[2* = Fa")]* = [* = on (") = lle¥]
> [|r(@®)]| = la* = 2 = F(2*) + (") — l|e*]
> [lr(«") | = (1 + prpan)l|2* = 25| = [(Gr + piD)(@* = 28|
> |lr(z")|| = (1 + C1 +205) a* — 2*].



616 M. V. SOLODOV AND B. F. SVAITER

Hence,
(2+ C1 +2C) 2% = 2| > [Jr(=)].

It follows from (3.7) that

(3.9) 0 < liminf ||z* — 2¥||.
k—o0

Suppose that condition (2.11) in Algorithm 2.2 holds an infinite number of times. For
such iterations k, by (2.5), we have (recall also that v* # 0)

(2 —y*) (1 = a)[a — yF|?
[ I Il
Cy(1 —o)||zF — 2% + ¥
T F(2F = eF) — pr(2F) + k||

(3.10)
Since |G| < C1, pp < Cy and {2*}, {eF} are bounded, it follows that {F(z* — e*)}
and {px(2")} are bounded. Therefore, for some C5 > 0,

Cu(1 — o) N
[ F(2% — eF) — pr(2F) + k|| —

Cs.

Passing onto the limit in (3.10) (along the indices k for which (2.11) holds) and taking
into account (3.8), we obtain that
0 = liminf ||z* — 2% + €¥|.
k—oo
By the triangle inequality and (2.9), we have

lz* — 2% + €| > ||lz* — 2*|| — [le¥|]
> (1= prpr)||z* — =
> (1= ppCa)|a® = 2.

“Il

Because 1/Cy > limsupy,_, ., pk, we further conclude that

0 = liminf ||z* — 2%
k—oo

which contradicts (3.9). We conclude that if 0 < liminfy_ o ||7(z*)]||, then condition
(2.11) in Algorithm 2.2 may hold no more than a finite number of times.

Hence, we can assume that for all k& sufficiently large, y* and v* are obtained
through the linesearch step (2.12), in which case

(v, af —y*)  ar(F(y*), 2" — 2F)
1o [P
a1 — pr)pl|a* — =
- [PACR]

Using (3.8) and taking into account the boundedness of {F(y*)} and the fact that
i > Cy and 1 > limsupy,_, . pg, we obtain that

k:||2

0= lim aylz® — 2"
k—o0
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Now, because of (3.9), we conclude that it must be the case that

0= li .
Jm o
The latter is equivalent to saying that mj — oo. It follows that for every sufficiently
large k, the stepsize is decreased at least twice, i.e., my > 2. Hence, the stepsize rule
(2.12) is not satisfied for the value of 3™+~ i.e.,

(Fa® +pmet (28 —ah)) 2 —2%) < M1 — pp) ]| 2" — 2*|.

Taking into account boundedness of the sequences {z*}, {1z}, {px}, and {z*}, and
passing onto a subsequence if necessary, as k — oo we obtain

(F(2), - 2) <M1= p)alz - 2%,

where Z, [i, p, and Z are limits of corresponding subsequences. On the other hand,
passing onto the limit in (3.1), we have that

(F(2),&—2) > (1 p)allz — 2>

Taking into account that g > 0 and ||2— || > 0 (by (3.9)), and p < limsup;,_,, pr <
1, the last two relations are a contradiction because A € (0,1). Hence the case
0 < liminfy,_ o ||7(2*)|| is not possible.

This completes the proof. ]

Remark. Since boundedness of {z*} was established without any boundedness
assumptions on {G}}, for the special choice of G}, = VF(z*) the condition |G| < Cy
can be removed, due to the continuity of VF(-).

4. Local convergence analysis. The following error bound [29] result will be
crucial for establishing the superlinear rate of convergence of our algorithm. Note
that this error bound actually holds under the more general assumption of z being
a regular solution [35, 26, 14]. Positive definiteness of VF(Z) is a simple sufficient
condition for Z to be regular [31]. Here we state only the simplified result.

LEMMA 4.1 ([14, Proposition 4.4]). If T is a solution of NCP(F) where VF(Z)
is positive definite, then there exist a constant 0 > 0 and a neighborhood B of T such
that

[ = z[| < 8ljr(2)]|

for all x € B.

We will also need the following error bound result for strongly monotone linear
complementarity problems [27]. This result is actually related to Lemma 4.1, but note
that the constant 6 can be estimated explicitly and the error bound holds globally.

LEMMA 4.2. Let Z be the solution of the linear complementarity problem

2>0, Mz+4q¢>0, (Mz+4gq,z) =0,

where M is a positive definite matriz and q is an arbitrary vector. For all z € R™ it

holds that

1 M
UM s Mz + g}

R I
[z — 2]l < oo

where C(M) > 0 is the smallest eigenvalue of (M + MT)/2.
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We are now ready to establish the superlinear convergence of our algorithm for
solving the monotone nonlinear complementarity problems under the assumptions of
positive definiteness of VF' at the solution and its local Holder continuity. The proof
relies on the fact that in a sufficiently small neighborhood of such a solution, the
approximate Newton point computed by Algorithm 2.2 satisfies the error tolerance
requirements of Algorithm 2.1 for solving the corresponding nonlinear proximal point
subproblem. Therefore the corresponding projection step in Algorithm 2.2 is taken
immediately, and the linesearch procedure is not used.

THEOREM 4.3. Let F be monotone and continuous on R™. Let T be the (unique)
solution of NCP(F) at which F is differentiable with VF(Z) positive definite. Let
VF be locally Holder continuous around T with degree p € (0,1]. Suppose that the
assumptions of Theorem 3.2 are satisfied. In addition, suppose that

=@ 1€ 0.p)
0= 1
i, o

and starting with some index ko, Gy = VF(z*).

Then the sequence {x*} converges to & Q-superlinearly.

Proof. By Theorem 3.2, we already know that the sequence {z*} converges to z.
(Note that monotonicity of F' and nonsingularity of VF(z) imply that Z is the unique
solution.) Note that by the choice of u, we have that 0 = limy_, oo -

By Holder continuity of VF' in the neighborhood of Z, it follows that there exists
some L > 0 such that for all v € R” sufficiently small and all indices k sufficiently
large

IVE (2" +u) = VF(®)| < LlulP,  p e (0,1].

Therefore
1
F(z® 4 u) — F(z*) = / VF(z* + su)u ds
0

1
= VF(z")u + / (VF(zF + su) — VF(z*))u ds
0
= VF(2")u + R*(u),

where
1
| RF(u)]| < / IVF (2" 4 su) — VF (") |[ul| ds
0

1
<L / 5P [[ul 17 ds
0

L

— 1+p

= u )
1+p [[wll

Hence, defining Cg := L/(1 + p), we have that

(1) F(a* 4+u) = F(a") = VF(e")u = R¥(u),
|R*(u)|| < Cg|lul|**.
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We next show that (2.11) is always satisfied for all k sufficiently large, so that the

linesearch step is never used. Thus let y* = 2% —e* and v* = F(2F —e¥) — i (2F) + €.

Assume that k is sufficiently large so that (4.1) holds and y* — z* is sufficiently small
(later we shall verify that {y* — 2*} — 0). Then we have that

ek = oF gy — 2

)
= F(zk — ek) - @k(zk) +ef + uk(z]C —eF— xk)
= F(zk — ek) - F xk) — VF(xk)(zk —eF— xk) — VF(zk)ek +(1- pk)ek
(4.2) = RFGF —eF —2F) — VE(@@R)e? + (1 — up)et.

By (4.1) and the Cauchy—Schwarz and triangle inequalities, it follows that

le¥]) < Colly® — 47 + (€1 + D)]j e
(4.3) < Colly* = 2F [P + (O + D2 — o).

Furthermore,

125 = 2®|| < [ly* — 2*| + [|e®]|

< ly* = 2| + propl|z® — 2.
Hence,
(4.4) 125 = 2*|| < Crlly* — 2|,

where C7 > 1/(1 — prpx) (recall that pgppr — 0). Defining Cs := C7(Cy + 1), and
combining (4.4) with (4.3), we obtain

¥ < (Colly* — ™I + Cspru) |y* — ="

||yk - kap k k
= | Cs—~5———— + Cspr. | pel|ly”™ — 2.
( [[r(zF) ||

Clearly, condition (2.11) is satisfied whenever

lly* — 2P
6~~~ + Cspr, < 0.
[[r(2®)|[*
Since
0= 1
hoo PR

the latter relation is satisfied for all indices k sufficiently large if it holds that

N (A
(4.5) 0= lim >~
koo |[|r(z®)|*

Thus for establishing that the linesearch procedure is never used for indices k suffi-
ciently large, it is left to prove (4.5). (This would also imply that {y* — 2%} — 0.)
Let 2% be the exact solution of LCP(¢y). It holds that

<F(‘f) - (pk(ék)vi' - 2k> = _<2k7F(‘f)> - <f7§0k(2k)> <0,
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because Z, F(Z), 2%, oy (2F) are all nonnegative and (z, F(z)) = (2%, ¢1(2%)) = 0.
Furthermore, by (4.1) we obtain

F(z) — ou(2*) = F(z) = F(2") = (VF(2") + p ) (2° — o)
= F(z) — F(zF) = VF(z*)(z — 2*) = VF (2" (3% — Z) — pp (3% — 2%)
= RMz — %) —= VF (") (2% — 2) — pw (3% — ).
Hence,
0> (F(z) - pu(2"), 7 - 2)
(4.6) = (R¥(z — %),z — 2%) — (VF(a®)(2F — 2),5 — 2%) — up (3% — 2%, 7 — 2F).

By positive definiteness of VF(Z), it follows that for some Cg > 0 and all indices k
sufficiently large

(4.7) (VF(z)d,d) > Co||d||* for all d € R".
By (4.6) and the latter relation we obtain

Coll2" — z||* < (VF(a")(2* - 1), 2" — )
< <Rk(j - mk)aék - i‘> +:uk<2k - xk7i‘ - 2k>
< Clla® — 2|12 — 2l + pual|2* — 2*)|12* — 2,

where the last inequality follows from (4.1) and the Cauchy-Schwarz inequality.
Therefore,

(4.8) Col|2* -zl < Colla® — a||"*? + pg]|2* — 2]

By the triangle inequality,
125 — 2*|| < [|12F — 2| + [|l=* — 2.
Combining the latter inequality with (4.8), we obtain

£ — 2] < O3t (Colla — 2 + g2 — 2¥]) + [la* — 2.
Hence,

(1= i /Co)||2* = a*|| < Co/Cylla* — Z||**P + ||2* — z]|.

And for C11 > 1/(1 — pg/Cy) (recall that up — 0), we obtain
(4.9) 1% — 2" < Cuy (1 + Co/Colla® — &) [la* — al].
By the triangle inequality,
(4.10) 125 —a® || < 125 — %)+ 1|2 — 2.
Furthermore by Lemma 4.2, we have that

1+ [[VF(2*) + ]|

I2* — 2*) < eI,
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where ¢y, is the smallest eigenvalue of (VF(z)+VF(2%)7)/2+ pxl. In view of (4.7),
clearly ¢ > Cy. Therefore

24+ C4
Coy

Furthermore, defining C1g := (2 + C4)/Cy, we obtain

% — 28|l < eI

(4.11) 125 = 2% < Cropropne]|2* — 2||.
Combining the latter relation with (4.10), we have that
12 — 2|l < Croprprllz® — || +[|12° — z*|.

Since prur — 0, taking into account (4.9), it is now clear that there exists C1o > 0
such that

(4.12) ||zk - ka < C]QHJ?k —Z|.
Note that

ly* — 2| < (|25 —2*|| + [|e®]]
< (1+ prp) 127 — 2|
< 2[|2* — ¥
(4.13) < 2C||z" -z,

where the last inequality follows from (4.12). Hence, by Lemma 4.1,

(4.14) Ily* — 2*|| < 2C120]|r ("))
Therefore

k _ .k|p
(4.15) Iy” = |I” < 20,0|r (") [P,

Ir(=*) I

which establishes (4.5) by the choice of ¢t € (0,p).
Hence, from now on, we can assume that the linesearch is never used, so that
Yy = 2F — eF and vF = F(2F — eF) — ¢ (2%) + €¥. Recalling the definition
sk ok (vF ah —y*) 4

xr =X 7wv,

it is easy to see that

e B |

because z € R} and 2F*1 is the orthogonal projection of Z* onto R%. Applying

further the triangle inequality, we obtain

(4.16) 2"+ — 2| < 125~y |+ ly® = 2P+ 112 = 2]+ 12 -z,

We proceed to analyze the four terms in the right-hand side of (4.16).
For the second term in (4.16) we have

ly* = 2% = ¥l < prpxll2® — 2],
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and for the third term (see (4.11)) we have
12 = 25| < Crolle®[| < Cropupuel|z® — 2]l.
Using (4.12) we obtain

ly* = 2%+ [12* = 28] < (1 + Cro)prpnll= — 2*|
(4.17) < (1 + C10)Crzpllr ()| a* - z]].

Next, we consider the last term in (4.16). By (4.8), we have

Coll2* — |l < Colla® — 2" + pgl|2* — 2|

< Collz® = 21" + pe (12 = 2| + l|l=* — ),

where the last inequality follows from the triangle inequality. Therefore,
(Co — i )l|2* — || < Collz” — z[|"™7 + pup|2* — .

Since pr — 0, for C13 > max{1; Cs}/(Cy — pi), we have

(4.18) 125 =zl < Cus (2* — 2P + [lr(@®)|I") 2* — 2.

Finally, we consider the first term in the right-hand side of (4.16). Since the

point #* is the projection of z* onto the hyperplane Hy, = {z | (v*,z — y*) = 0}, and
y*® € Hy,, the vectors #* — % and #* — y* are orthogonal. Hence,

(4.19) 8% — ¥l = ly* - a* || siné&w,

where &, is the angle between 2% — 2% and y* — 2*. Because ¥ — % = —s,0F for a

certain s > 0, the angle between the vectors v* and —puy,(y* — 2*) is also &,. Observe
from (4.2) that

P = —up(y* — ) + RF(yF — 2F) — VE(@F)e? + (1 — up)eb.

Given the above relation, sin of the angle between v* and —pug(y* — z*) can be easily
bounded:

IR (y* —a*) + (1 — )T = VF(2*))e||

1 <
sin i < il —
Colly* — ]2 + (1 + C)|le¥]
pil|yE — k||
iyt — * | Pl — 2t
<Cor—F7 + (1 +C) 77—
@ I — o]

< 2CsC120|r (") ||P~t + C7 (1 + C1) i,

where the second inequality follows from (4.1) and the last inequality follows from
(4.15) and (4.4). Hence, for some Cy4 > 0,

(4.20) sing, < Cua(llr@) P + pe).
By (4.19), using (4.13) and (4.20), we obtain

12 = ¥l = ly* — 2" sin&
(4.21) < 2C12C1 ([r(@®) [P~ + pr) [|2* - 2]|.
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By (4.16), combining (4.21), (4.17), and (4.18), we conclude that there exists C15 > 0
such that

[ — 2l < Cus (P~ + oy + (L pe)lIr@ + o — 31)
(4.22) x [la* — 2],

which means that {z*} converges to Z at least superlinearly. 0
Remark. Finally, we note that

Ir(@)l| = llz — [z — F(2)]" — 7 + [z — F(2)]"||
<llz =zl + [z — F(2)]* = [z - F(@)]"||
< (2+ Cue)llx — 2|,

where C1g is the constant of local Lipschitz continuity of F. Therefore if one further
chooses

pe = ()7,

relation (4.22) implies that the order of superlinear convergence is at least 1+ p — ¢,
where ¢ € (0,p).

5. Concluding remarks. We presented a new globalization strategy for the
Newton method applied to the monotone nonlinear complementarity problem. Our
strategy is based on the projection—proximal point methodology and makes full use
of the monotonicity structure of the problem. The resulting hybrid algorithm is truly
globally convergent to a solution without any additional assumptions, even if the
solution set is unbounded. This is an important property which is not possessed
by globalization approaches based on merit functions. Under natural assumptions,
locally superlinear rate of convergence was also established.

Acknowledgments. We thank the two anonymous referees and the associate
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REFERENCES

[1] J. F. BONNANS, Local analysis of Newton-type methods for variational inequalities and nonlin-
ear programmang, Appl. Math. Optim., 29 (1994), pp. 161-186.

[2] R. W. COTTLE, J.-S. PANG, AND R. E. STONE, The Linear Complementarity Problem, Aca-
demic Press, New York, 1992.

[3] S. P. DIRkSE AND M. C. FERRIS, The PATH solver: A nonmonotone stabilization scheme for
miazed complementarity problems, Optim. Methods Softw., 5 (1995), pp. 123-156.

[4] F. FACCHINEL, A. FISCHER, AND C. KANzZOW, Inezact Newton methods for semismooth equa-
tions with applications to variational inequality problems, in Nonlinear Optimization and
Applications, G. D. Pillo and F. Giannessi, eds., Plenum Press, New York, 1996, pp. 125—
139.

[5] F. FaccHINEI AND C. KANzOW, Beyond monotonicity in regularization methods for nonlinear
complementarity problems, SIAM J. Control Optim., 37 (1999), pp. 150-1161.

[6] F. FACCHINEI AND J. SOARES, A new merit function for nonlinear complementarity problems
and a related algorithm, SIAM J. Optim., 7 (1997), pp. 225-247.

[7] M. C. FERRIS AND J.-S. PANG, EDS., Complementarity and Variational Problems: State of the
Art, SIAM, Philadelphia, PA, 1997.

[8] M. C. FERrIs, C. KANzZOw, AND T. S. MUNSON, Feasible descent algorithms for mized com-
plementarity problems, Math. Programming, 86 (1999), pp. 475-497.

[9] A. FISCHER, A special Newton-type optimization method, Optimization, 24 (1992), pp. 269-284.



624

[10]

28]

M. V. SOLODOV AND B. F. SVAITER

A. FISCHER, An NCP function and its use for the solution of complementarity problems, in
Recent Advances in Nonsmooth Optimization, D.-Z. Du, L. Qi, and R. Womersley, eds.,
World Scientific Publishers, Singapore, 1995, pp. 88-105.

M. FUKUSHIMA, Equivalent differentiable optimization problems and descent methods for asym-
metric variational inequality problems, Math. Programming, 53 (1992), pp. 99-110.

M. FUKUSHIMA, Merit functions for variational inequality and complementarity problems, in
Nonlinear Optimization and Applications, G. D. Pillo and F. Giannessi, eds., Plenum Press,
New York, 1996, pp. 155-170.

J. HAN AND D. SuN, Newton-Type Methods for Variational Inequalities, manuscript, 1997.

P. HARKER AND J.-S. PANG, Finite-dimensional variational inequality problems: A survey of
theory, algorithms and applications, Math. Programming, 48 (1990), pp. 161-220.

H. JianG AND L. QI, A new nonsmooth equations approach to nonlinear complementarity
problems, STAM J. Control Optim., 35 (1997), pp. 178-193.

H. JiaANG AND D. RALPH, Global and local superlinear convergence analysis of Newton-
type methods for semismooth equations with smooth least squares, in Reformulation—
Nonsmooth, Piecewise Smooth, Semismooth and Smoothing Methods, M. Fukushima and
L. Qi, eds., Kluwer Academic Publishers, Norwell, MA, 1998, pp. 181-210.

N. JosepHY, Newton’s Method for Generalized Equations, Technical Summary Report 1965,
Mathematics Research Center, University of Wisconsin, Madison, WI, 1979.

C. KaNzow, Some equation-based methods for the nonlinear complementarity problem, Optim.
Methods Softw., 3 (1994), pp. 327-340.

C. KaANzow, Nonlinear complementarity as unconstrained optimization, J. Optim. Theory
Appl., 88 (1996), pp. 139-155.

C. KANZOW AND M. FUKUSHIMA, Theoretical and numerical investigation of the D-gap function
for box constrained variational inequalities, Math. Programming, 83 (1998), pp. 55-87.

T. D. Luca, F. FaccHINEL, AND C. KANzOW, A semismooth equation approach to the solution
of nonlinear complementarity problems, Math. Programming, 75 (1996), pp. 407-439.

Z.-Q. Luo AND P. TSENG, A new class of merit functions for the nonlinear complementarity
problem, in Complementarity and Variational Problems: State of the art, M. C. Ferris and
J.-S. Pang, eds., STAM, Philadelphia, PA, 1997, pp. 204-225.

O. L. MANGASARIAN AND M. V. SorLobov, Nonlinear complementarity as unconstrained and
constrained minimization, Math. Programming, 62 (1993), pp. 277-297.

O. L. MANGASARIAN AND M. V. SoLopov, A linearly convergent derivative-free descent method
for strongly monotone complementarity problems, Comput. Optim. Appl., 14 (1999), pp.
5-16.

P. MARCOTTE AND J.-P. DUSSAULT, A note on a globally convergent Newton method for solving
monotone variational inequalities, Oper. Res. Lett., 6 (1987), pp. 35-42.

J.-S. PANG, Inexact Newton methods for the nonlinear complementarity problem, Math. Pro-
gramming, 36 (1986), pp. 54-71.

J.-S. PANG, A posteriori error bounds for the linearly-constrained variational inequality prob-
lem, Math. Oper. Res., 12 (1987), pp. 474-484.

J.-S. PanG, Complementarity problems, in Handbook of Global Optimization, R. Horst and
P. Pardalos, eds., Kluwer Academic Publishers, Boston, MA, 1995, pp. 271-338.

J.-S. PANG, Error bounds in mathematical programming, Math. Programming, 79 (1997),
pp. 299-332.

J.-S. PANG AND D. CHAN, Iterative methods for variational and complementarity problems,
Math. Programming, 24 (1982), pp. 284-313.

J.-M. PENG AND M. FUKUSHIMA, A hybrid Newton method for solving the variational inequality
problem via the D-gap function, Math. Programming, 86 (1999), pp. 367-386.

J.-M. PENG, C. KANzOW, AND M. FUKUSHIMA, A hybrid Josephy-Newton method for solving
box constrained variational inequality problem wvia the D-gap function, Optim. Methods
Softw., 10 (1999), pp. 687-710.

B. T. PoLYAK, Introduction to Optimization, Optimization Software, Inc., Publications Divi-
sion, New York, 1987.

D. RarprH, Global convergence of damped Newton’s method for nonsmooth equations via the
path search, Math. Oper. Res., 19 (1994), pp. 352-389.

S. M. ROBINSON, Strongly regular generalized equations, Math. Oper. Res., 5 (1980), pp. 43-62.

S. M. ROBINSON, Normal maps induced by linear transformations, Math. Oper. Res., 17 (1992),
pp. 691-714.

R. T. ROCKAFELLAR, Monotone operators and the proximal point algorithm, STAM J. Control
Optim., 14 (1976), pp. 877-898.

M. SoLODOV AND B. SVAITER, A comparison of rates of convergence of two inezact proximal
point algorithms, in Nonlinear Optimization and Related Topics, G. D. Pillo and F. Gian-



(47)
(48]

(49]

[50]
[51]
[52]

(53]

M.

M.

M.

M.

M.

M.

M.

M.

A NEWTON METHOD FOR NONLINEAR COMPLEMENTARITY 625

nessi, eds., Kluwer Academic Publishers, Norwell, MA, to appear.

. SOLODOV AND B. SVAITER, Forcing strong convergence of proximal point iterations in a

Hilbert space, Math. Programming, to appear.

SOLODOV AND B. SVAITER, A globally convergent inexact Newton method for systems of
monotone equations, in Reformulation—Nonsmooth, Piecewise Smooth, Semismooth and
Smoothing Methods, M. Fukushima and L. Qi, eds., Kluwer Academic Publishers, Norwell,
MA, 1998, pp. 355-369.

SOLODOV AND B. SVAITER, A hybrid approximate extragradient—proximal point algorithm
using the enlargement of a mazimal monotone operator, Set-Valued Anal., 7 (1999), pp.
323-345.

SOLODOV AND B. SVAITER, Error bounds for proximal point subproblems and associated
inexact prorimal point algorithms, Math. Programming, submitted.

SOLODOV AND B. SVAITER, A hybrid projection—proximal point algorithm, J. Convex Anal.,
6 (1999), pp. 59-70.

V. SoLobpov, Stationary points of bound constrained reformulations of complementarity
problems, J. Optim. Theory Appl., 94 (1997), pp. 449-467.

V. Sovropbov, Implicit Lagrangian, in Encyclopedia of Optimization, C. Floudas and
P. Pardalos, eds., Kluwer Academic Publishers, Norwell, MA, 2000.

V. Soropov, Some optimization reformulations of the extended linear complementarity
problem, Comput. Optim. Appl., 12 (1999), pp. 187-200.

V. SoLobpov AND B. F. SVAITER, A new projection method for variational inequality prob-
lems, SIAM J. Control Optim., 37 (1999), pp. 765-776.

. SUN, A regularization Newton method for solving nonlinear complementarity problems,

Appl. Math. Optim., 40 (1999), pp. 315-339.

. SUN, M. FUKUSHIMA, AND L. Q1, A computable generalized Hessian of the D-gap function

and Newton-type methods for wvariational inequality problems, in Complementarity and
Variational Problems: State of the Art, M. Ferris and J.-S. Pang, eds., SIAM, Philadelphia,
PA, 1997, pp. 452-473.

. TAJ1 AND M. FUKUSHIMA, Optimization based globally convergent methods for the nonlinear

complementarity problems, J. Oper. Res. Soc. Japan, 37 (1994), pp. 310-331.

. Taji, M. FUKUSHIMA, AND T. IBARAKI, A globally convergent Newton method for solving

strongly monotone variational inequalities, Math. Programming, 58 (1993), pp. 369-383.

. Wu, M. FLORIAN, AND P. MARCOTTE, A general descent framework for the monotone

variational inequality problem, Math. Programming, 61 (1993), pp. 281-300.

. YAMASHITA AND M. FUKUSHIMA, Modified Newton methods for solving a semismooth refor-

mulation of monotone complementarity problems, Math. Programming, 76 (1997), pp. 469—
491.



