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Abstract. The D-gap function has been useful in developing unconstrained descent methods for solving strongly
monotone variational inequality problems. We show that the D-gap function has certain properties that are useful
also for monotone variational inequality problems with bounded feasible set. Accordingly, we develop two un-
constrained methods based on them that are similar in spirit to a feasible method of Zhu and Marcotte based on the
regularized-gap function. We further discuss a third method based on applying the D-gap function to a regularized
problem. Preliminary numerical experience is also reported.
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1. Introduction

Consider the monotone variational inequality problem (V1) of findingcan X satisfying
FOOT(y—x >0 VyeX,

whereF = (F4, ..., Fy)' : %"= %" is a given continuously differentiable monotone map-
ping and X is a nonempty closed convex setitl'. This is a well-known problem in
optimization (see [7] and references therein). For @ach0, denote

Yo (X) = Projy[x —aF(x)] V¥x € R", Q)

where Prog[z] = minyex ||y — z|. It is well known and easily shown thatsolves VI if
and only ifx = y, (x).

A popular approach to solving VI entails reformulating VI as an equivalent minimization
problem. In particular, Auslender [3] suggested the equivalent problem of minimizing the
(nondifferentiable, and possibly extended-valugal) function:

g(x) :=maxF(x)T(x — y),
yeX
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subjecttax € X. To overcome the nondifferentiability of Fukushima [8] and Auchmuty
[2] independently proposed thegularized-gagunction:

1
0o (X) := maxF(x)T(x —y) — =[x — y|2
yeX 2u
1
=FO)T(X = Yo (X)) — o X - Yo (11, (2

which is continuously differentiable. Moreover, Fukushima showed that any stationary
point x* of the problem migcx g, (X) with VF (x*) positive definite is a solution of VI.
Fukushima further developed a feasible descent method, based on the (derivative-free)
descent directioty, (X) — X, for solving VI and showed convergence whiris strongly
monotone. Zhu and Marcotte [33] proposed an interesting modification of Fukushima’s
method whereby, given a current iterate X, it either takes a descent step with direction

Vo (X) — X Or increasesr. Convergence of this method was shown assurdngpunded

(F need not be strongly monotone).

In the above reformulationsg is constrained to the feasible s¥t More recently,
Mangasarian and Solodov [16] proposed in the case of NCPXi.e. )i ) a reformulation
involving the unconstrained minimization of an implicit Lagrangian. This was subsequently
extended by Peng [20] and then Fukushima et al. [31] t@Hgapfunction:

hep(X) := 0o (X) — gg(x) Vx € R", (3)

with @ > g > 0. The implicit Lagrangian corresponds to the casel andg =1/a (see

[24] for a survey of its properties and further references). It was shown [20, 30, 31] that
this function is continuously differentiable and any stationary painbf the problem
Minyegn hy g (X) With VF (x*) positive definite is a solution of VI. And iX is a box,
thenVF (x*) only needs to be &-matrix [11]. Based on this fact, unconstrained descent
methods were developed to solve VI, and convergence to a solution was showrFwhen

is strongly monotone or, iK is a box, wherF is a uniformly P-function. The reference

[11] reported particularly promising numerical results with a truncated Gauss-Newton-type
method. Other properties of the D-gap function such as boundedness of level sets and
error bounds were also studied in these references, as well as [12, 21, 22]. [Fukushima
et al. considered the more general setting whipre- y||?/2 is replaced by a class of
distance-like functiong (x, y) studied by Wu et al. [28].] Extensions of some of the
results to nonsmootk were given by Jiang [10] and Xu [32]. Sun et al. [27] introduced a
computable generalized Hessian of the D-gap function, based on which a (local) generalized
Newton method and a (global) trust-region algorithm for solving VI were developed. Peng
and Fukushima [21] proposed a hybrid Josephy-Newton method, with the D-gap function
acting as a merit function and its negative gradient used as a safeguard descent direction.
AssumingF strongly monotone, global convergence and local superlinear convergence to
a solution are shown. Peng et al. [22] refined this result for the case of box constraints, with
strong monotonicity replaced by being a uniformlyP-function. For the box-constrained
case, Kanzow and Fukushima [12] proposed an alternative Newton method based on the
B-subdifferential of the natural residual. Accordingly, global convergence (to stationary
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point of D-gap function), local superlinear convergence (to b-regular solution), and finite
termination (at b-regular solution, assumiRgs affine) are shown. Promising numerical
results are reported in [12, 22]. The survey papers [9, 14] give additional references on
merit functions for VI.

The following (slightly modified) example of Yamashita and Fukushima [30]:

n=1 FxX)=x-13-1 X=9a,, (4)

shows that computing a stationary point of the implicit Lagrangian and the D-gap function
may not be suitable wheff is only monotone. Herex = 1 is a stationary point di,, g for
alla > B > 0 butis not a solution of the VI, which occursyat= 2. A closer examination
of this example reveals that being unbounded is also critical. In particular, if we replace
X by a bounded subset containing the solutioa 2, sayX = [0, u] with u > 2, then for
anya > uand O< 8 < o, we have thak = 2 is the unique stationary point bf, g. This
suggests that, foXK bounded ana sufficiently large, it may still be possible to solve the
VI by computing a stationary point df, g. In this paper, we show that this intuition is
essentially valid. Based on this, we develop two methods, in the spirit of the Zhu—Marcotte
method but using the D-gap function, to solve monotone VI with bounded feasibie set
The key to our methods is a strategy for adjustirendg when a stationary point @f, s is
not a solution of VI. For the purposes of comparison, we also study a regularization method
based on computing an approximate stationary point of the D-gap function associated with
aregularized VI. Preliminary numerical experience with the two methods is reported in the
last section.

The assumption oK being bounded seems reasonable since in practice, upper bounds
are frequently placed on variables based on physical consideration&islfinbounded
but it is known that the solution s&makes a nonempty intersection with the interior of a
closed bounded convex g8t then we can replace the feasible ¥dty X N B and the new
VI would haveS N B as its solution set.Thus, if we have am priori error bound of the
form:

IX° — x*|| < 79 (X%,

with x% € X anda > 0, T > 0 known and* an (unknown) solution, then we can taRe¢o be
the closed Euclidean ball of radiug, (x°) and centered a®. The above error bound holds
in the case wher€& is strongly monotone [26] or wher¥ is a box andF is a uniformly
P-function (see Theorem 1). Of course, an error bound based on any other merit function
can be used (although other bounds typically require stronger assumptions than the one
using the regularized-gap function). For the case of monotone LCP, even more choices are
available (see the survey paper [19] and references therein).

In our notation, all vectors are column vectdr$, denotes the space nfdimensional
real column vector$, denotes transpos#] denotes the nonnegative orthantifi. For
any vectorx € %", we denote by; theith component ok and by| x| the Euclidean norm
of x, so||x|| = v/XTx. We denote the Jacobian Bfby VF = [VF; --- VF,], whereVF;
denotes the gradient &. Also, we denote diaX) = max yex [[X — Y/l
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2. Regularized-gap function

By definition ofy, (x) and properties of projection, we have

T
(F(X) + %(yoz(x) - X)) X —VYa(X)) >0 VxeX,
so that (2) yields
1
000 = o= IX = Yu 0OII” VX € X. (5)
o

Thus, for anyr > 0, x € X andg,(x) = 0imply x solves VI.
It is well known thatg, is continuously differentiable ofi" and that

1
V8 (%) = VEO)(X = Yo () + F OO + — (%00 = %) ¥x € %" (6)
Then (6) and the positive semidefinite propertyvdt (x) yield
V8 () (X = Y (X))
1
= (X = Ya 00) TVF 000X = ¥ 00) + FOOT (X = ¥ 00) = = [IX = Y 00
T 1 2
> F(X)" (X = Ya(X)) — EIIX = Ya Xl
1
= 000 = o= lIX = Y OOII%, @)
o
where the last equality uses (2). Thus, for any fixed (0, 1),

either (i) Vg, 00T (Yo (X) = X) < =y Gu(X),
orelse (i) (1 — )8 (X) < £ [IX — Yo (¥)|12.

This fact was shown by Zhu and Marcotte [33, Cor. 1], although our proof seems simpler.
AssumingX is bounded, Zhu and Marcotte then used this fact to develop a modification of
a feasible descent method of Fukushima [8] that, given a current iterade and« > 0,
either takes a feasible descent step with directipfx) — x (and usingg, as the merit
function) if case (i) occurs or else increasewith x fixed until case (i) occurs.

We conclude this section with an error bound result for the case whésa box and~
is a uniformly P-function on the seX, i.e., there exists some > 0 such that

Vx,ye X 3jef{l ...,n}suchthalF;x) — Fj(y)Xj —y;) > ulx — y||2.

This result seems to be the first error bound for the case of box-constrained VI which does
not requireF to be Lipschitz continuous. For the case of NCP, such bounds (based on other
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merit functions) have been obtained in [13, 29]. Our proof is in the spirit of one used in
[26, Prop. 3.4] for the case wheFeis strongly monotone.

Theorem 1. Assume X=T1I}"_,[l;, u;] for some—co <I; < u; < oo, and F is a uniformly
P-function on X with modulug > 0. Then for anyx > 1/(2u) it holds that

1 *12
VXe X, Gu(X)=> "= o X —x*||=,
(0%

where X is the solution of V(known to exist and be unigue
Proof: Sincex* is the solution of VI andX is a box, it is known and easily seen that
vxe X, FRXHMX—x5=>0 i=1...,n.

SinceF is a uniformly P-function onX, for any fixedx € X we have that there exists some
index j such that

(Fj () = Fj(X)) () = X5 > pllx — x*||%.
Adding the two inequalities, we obtain that

Fj 00 (X = X§) = pul|x — x| (8)
Observe further that

1
0o (X) = maxF(x)" (x — y) — —IIx — y||?
yeX 20

_ (o vy Lo w2
= I;’LE;\(X; <F| XX — V) 2 Xi —¥i) )

1
=) max <Fi 0006 — i) — =— (X — Yi)2>
lisyi=u 20
n .
=>g,(0,
i=1
where
i . 1 2
0, (X) 1= max <Fi ) —¥i) — 5= (X — ¥i) )
li<yi<ui 2a
Clearly, ifx € X thengd!,(x) > O for alli (because; = x; is feasible). Hence,

9 () > gl(x). )
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Furthermore, sincg* € X we have that

_ 1
L (0 = max (F; 000G = yj) = 5 () = yj)z)
* 1 *\2
= Fj )X —xj) — %(Xj —Xj)

1
2 2
> pllx — X*||° — % X — x*|I

(- X — x*||?
=(r= % )

where the last inequality follows from (8) and from the monotonicity of the norm. Taking
into account (9) completes the proof. O

3. D-gap function

In this section we derive useful properties of the D-gap fundiigp which we use in the
next section to develop two methods for solving VI whéis bounded. We begin with the
following two-sided bound oh, g, which is an analog of (5).

Lemmal. Foranya > 8 > 0and xe R", we have

Y AV 2 1 _ 2

he,p(X) > 2<ﬂ Ol)llx yg(X)[1° + > Ve (X) = Y(X) 1%, (10)
L 1\ _ 2_ 1 _ 2

hep(X) < 2(/3 a)llx Yo (X) || 2 Yo (X) — Y () [I*. (11)

Proof: First note that by (3) and (2), we have that

1 1
hes(X) = FOT(Y5(X) — Ya (X)) — o X~ Yo OO1I% + %nx — Y5012

Using this relation, the projection propertiesygi(x) imply

1 T
0< (F(X)+E(ya(X) —X)> (Yp(X) = Ya (X)) (12)
1/1 1 , 1 5
Zha,ﬂ(x)_é(g_a>||x_yﬂ(x)” _Z”yOz(X)_Yﬂ(X)“ .

This proves (10). Similarly, the projection propertiesygtx) imply
1 T
0= (F(X) + E(yﬂ (x) — X)> (Yo (X) = Y5(X)) (13)

1/1 1
= —hap(X) — —(5 - —)IIX —YaOOII? = %HYﬂ(X) — Ya (1%,

which proves (11). O
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Thus, for anyx > 8 > 0, hy g(x) = 0 impliesx solves VI. The bounds in Lemma 1 are
tight. In particular, supposE is a constant (but nonzero) function axnd= x* — tF(x*),
wherex* is any solution of the VI antlis any positive number. Theq, (X) = Xg(X) = x*
for everya > 8 > 0, so (10) and (11) hold with equality. Notice theits far away fromx
for larget.

Using (3) and (6), we have thhy, 4 is continuously differentiable oi" and that

1 1
Vhep (00 = VEOO (Y00 = ¥a00) + —(¥a ) = X) = G080 =) vxe R,

(14)
Then (14) and the positive semidefinite propertyds (x) yield
Vha,s (0T (Y5 (X) = Yu (X))
= (Y00 = Ya ()T VF OO (Y5 (X) — Yar (X))
1 1 T
+ <E(ya(X) —X) = E(y,s(X) - X)) (Yp(X) — Ya (X))
1 1 T
> <;(ya(X) —X) - E(yﬁ(X) - X)> (Yp(X) = Yu (X))
=€, 5(X) >0, (15)

where nonnegativity of, (x) follows from adding the inequalities (12) and (13) (see also
[31, Lemma 3.2]). The inequality (15) is somewhat analogous to (7). In particular, either
&y, p(X) is above a tolerance > 0, in which casey, (X) — yz(X) is a direction of sufficient
descent foh, g atx or else, as we show in the lemmas bel&is an approximate solution

of the VI with accuracy depending an«, 8. This result will lead to our methods based
on the D-gap function.

Lemma2. Foranya > 8 > 0and xe R", we have

X — sl < v/2he g(x)/(1/B —1/a)  and (16)
1
Fa,p(X) < Gu(X) < g p(X) + € 5(X) + % 1Yo (X) — Y5 (X112, (17)

where we letg 5(x) := FOOT (X — yp(X)) — o= X — ys(X) 2.

Proof: Inequality (16) follows immediately from (10) of Lemma 1.
The definition of the regularized-gap function (2) implies that

1
9 (X) = MaxF ()T (X — y) — —[IX — Y[I> > 14 5(X),
yeX 2

proving the first inequality in (17).
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Sinceeg, g(X) is the sum of the nonnegative quantify(x) + (%(ya (xX) — x))T(yﬁ xX) —
Y. (X)) with another nonnegative quantity (see (12) and (13)), we have

1 T
€u.p(X) = (F(X) + a(ya(x) - X)) (Yp(X) = Yo (X))

1
= 0o () = a0 = - [1Ya () — s (0112,

where the equality also uses (2). Thus,

1
Ge (0 = Tap 00 + €p 00 + o 1¥a 00 = Y5 0012,
which is the second inequality in (17). O

In the special case whebéis a box, we can sharpen Lemma 2 further to obtain explicit
bounds ory, (x) — x andyg(x) — X in terms ofe, g(x), o, B.

Lemma3. Assume %=TII{_,[l;, u;] for some—oo <I; < uj < co. Foranya > g > 0and
x € R", we have foreach € {1, ..., n} that

either (Yo (X) — X)i| < /€ p(X) +/2hy 5(X)/(1/B — 1/t)
1
B

Proof: First, it is easily seen that the projection operator in this case is separable, and
therefore the right-hand side of (15) is nonnegative componentwise, i.e.,

or

1
(Y500 =011 = Vs (0 + — (Ui — li +v/2he s (x)/(1/B —1/a)). (18)

1 1 .
<E(y¢1(x) —X)i — E(Yﬁ(x) - X)i)(Yﬁ(X) —Yu(X)i =0, i=1....n

Since their sum equads:= &, g(x), then each termis below Thus, foreache {1, ..., n},
either ()5 (Ya (0 = X)i = 5(¥5(0) = X)i| < /€ or (i) [(ys(X) = Yo (X))i| < /€. In case
(i),
Ve = 1(Ya(X) = Y)i| = [(Ya (X) = X)i 4+ (X — Yg(X))i
> [ (Ya () = X)i| — [(X = Ys(XDil
so that (10) yields

|(Ya (¥) = X)i | < Ve +1(X = Yp(x))i| < Ve +/2he (0 /(1/B — 1/a) .

In case (i),

Ve = 1( () — X)i 1( (X) = X)i >1( (X) = X)i 1( (X) = X);
G_Eyls - |—EYa — |_E|y/3 - ||—a|y(x - Xil,
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so that (10) yields

1 1

Z1yp(x) — X)i| < Ve + 21000 = X)i]

B
1
< e+ a(l(ya(x) = Yp(X)i| + 1(Yp(X) = X)i )

1
< e+ Sl +v/2he 5 (x)/(1/B — L/a)). O

Lemmas 2 and 3 show that the accuracy of solutiodepends ory, 8. In particu-
lar, to improve on the accuracy, we need to increasend/or decreasg and decrease
he,s(X)/(1/B — 1/a). The next lemma shows that, farfixed, we can increase and
decreaseg without increasindy, g(X)/(1/8 — 1/@). In fact, the latter would go to zero
whenx € X. This is key to developing a strategy for adjustia@nd 8 to improve the
accuracy of solution.

Lemma4. Assume X is bounded. For aay> 8 > 0and x€ iR", we have

suphg,g(X)/(1/B" = 1/a) < hep(X)/(1/B — 1/a),

oa'>a

lim
B —0

with equality holding only if y(x) = yg(x) = Projg[x]. If x € X, then the left-hand side
equals zero.

Proof: LetX = Projy[x]. We have from (10) that

2h, 5(X)/(1/B — /o) > X — ys (112 + - [1Ye (X) — Y5 (X) 12

_
a(l/p-1/

> [Ix — )%,
with equality holding throughout only ¥, (Xx) = ys(x) = X. [Notice that||x — yz(x)|| >

Ix — X||, with equality holding if and only ifys(x) = X.] Using (2) and (3), we also have
foralla’ > o and O< B’ < B that

2hy p (X)/(1/B" — 1))
< 2hy p(x)/(1/B — 1/a)

1 1
= (ZF(x)Hyﬂ/(x) = Yer(0) = =X = Yo (1% + E”X — yﬁf<x>||2)
x(1/p — 1)t
. 1
< <2|| F (x) || diam(X) + E”X - Yﬁ/(X)Ilz) / 1/ - 1/a).

The right-hand side approachis — x||? asp’ — 0, yielding an upper bound. A similar
argument shows this is also a lower boundx [E X, thenx = X and the right-hand side
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approaches zero g — 0. [In fact, it can be seen thik — yg (X)|| < B'IIF(X)||, so the
right-hand side is in the order ¢f.] O

Recall that a stationary poimtof h, 4 is a global minimum whenevér F (x) is positive
definite [20, 30, 31]. The following lemma extends this result to give an explicit bound
onhy g(x) in terms of||Vh, g(X)|| wheneverVF (x) is positive definite X need not be a
stationary point). This bound will suggest good choices of the fung¢tissed in Algorithm 2
(see Theorem 3(b)).

Lemma5. Foranya > g > 0and xe R", if minyy =1 uTVE(X)u > o for somes > 0,
then

s (%) <1<||VF<X)|| 1 )2(||Vha,ﬂ(x)||)2

1/8—1/a ~ 2 o +,3_a+1 1/8 — 1/«

Proof. First note that by (11),

1/1 1 5
he,p(X) < 5(; - ;)le — Yo (X% (19)

We have from (15) that

Vhe 50T (Y5(X) = Yo (X)) = (Y5(X) — Yo (X)) T VF (X) (Y5 (X) — Yo (X)) + €4 5(X)
> o lyp(X) = Ya (X [12.

Lettinge := || Vhg g(X) ||, this implies
IYs(X) — Ya 0N < IVhe g(X) /0 = €/0,

which together with (14) yields

e—H<VF<x)—5|)( ) — <x)>+(5—1)< ) - %)

- /3 yﬂ Yo o 13 Yo

- (E _ 1>||ya(x) _xj— vaoo -4 H 19500 = Y0
B« p

> (3 = l)uy ) — x|l — <||VF<x>|| + 3)5
- ﬁ a o IB O_‘

Rearranging terms gives

1 1 IVEX)| 1
(53 )00 —xi = (FEEL 4 2 pa)e

Combining the latter relation with (19) yields the desired result. O
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4. Two methods based on D-gap function

We formally describe our first method below. We then analyze its convergence using
Lemma 2.

Algorithm 1.  Choose any %e %", anya® > 8° > 0. Choose any sequences of numbers
“>0,7¢>06e[0,1), k=12 ..., suchthat

; K _ i K1 _ gky — - _oky
Jim €= lim »/(1-6% =0, k;(l 6%) = . (20)

Fork=1,2,..., we iterate as follows
lteration k. Choose angk > o*~1. Choosegk < pg¢~1 and¥ e %" satisfying

Rk g (R9) /(1/ 8% — 1/a®) < n* 4+ 6%hger g (X1 /(178572 — 17047, (21)

Apply a descent method to the unconstrained minimization of the fungfign, twith R
as the starting point and usingy(x) — yg«(X) as a safeguard descent direction agtuatil
the method generates anexi" satisfying g« g« (x) < €X. The resulting x is denoted‘x

Notel. Since we apply a descent method at iterakipwe havehak,ﬁk(xk) < hak,ﬁk(kk),
s0 (21) implies

hat, sk (X)/(1/ 8% — 1)) < n* + 0¥y g (X /(1/ BT = 10X . (22)

In fact, this an(bakﬁk(xk) < X are the only conditions ork needed for the convergence
proof of Theorem 2 so, in particular, the descent method can use nonmonotone linesearch
for practical efficiency [11].

Note2. There are many choices fdf, such ag* = 1/k or eX = (1/2)%, and similarly for

n¥. We can also choose them adaptively, say, dependingoh For example, we can
setek = X 1if || xk~1 — ygea(x*71) || /4L is below a desired threshold; otherwise we set
ek = €%1/2, say. Alternatively, as will be clear from the subsequent analysis, we can set
€ to be any quantity that is known to go to zero whenaler= h,« g (x¥)/(1/B% — 1/a*)

goes to zero. For examplée can be any forcing function @ or of || xk — yﬂk(xk)”.

Note3. There are many choices fef. For example, we can choose it adaptively such as

ok — okt if hak—l,lgk—l(xk_l) < pk-1

23
w1 else (23)

whereu > 1 and{vk}y_o 1 . iS a sequence of positive numbers tending to zero. GiVen
we can choosgk to be any element ok and then choosg* < g1 sufficiently small so
that (21) holds. By Lemma 4, this is possible. For warm start, the choices

A

R = yger (XN or R = Projy[x*]
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are possibilities. Ih gx(x*71)/(1/p% — 1/a¥) is strictly less than the right-hand side of
(21), we can alternatively choose

ok

R k—1

=X
and choosg* < gk~ sufficiently small so that (21) holds. By Lemma 4, this is possible.

Note4. Algorithm 1 is aderivative-freemethod in the sense that one need not compute
the gradient of the D-gap function (and hence, the Jacobi&) ¢ obtain a direction of
descent or to perform a linesearch along this direction. This is a useful feature for the case
where the gradient is not available or is costly to compute. In this respect, the method is
much in the spirit of the algorithms in [8, 15, 17, 29, 30].

Theorem 2. Assume X is bounded. LEKX, o*, g, €, nK, 6%)}k—o.1.... be generated by
Algorithm 1. Then {x¥} is bounded and its every cluster point is in X. If we choose

ok — oo or a¥ is chosen by23), then every cluster point ¢k*} is a solution of VI.

Proof: Denotea® := hyk g (x¥)/(1/B8% — 1/a¥). By (22), we haveak < nk + okak-1
fork = 1,2, ..., and it follows from (20) thas* — 0 [23, Lemma 3, p. 45]. For each
k € {1,2,...}, we have from Lemma 2 that (16) and (17) hold with= o¥, 8 = X,

x = xX. This together withe,« g (x¥) < € and ||y« (x¥) — ya(x¥) || < diam(X) yields

diam(X)?2

X = Yp (X9 = Vaak, o< gon(X) < el b =
o

(24)
whererk := F(x*)T (xX -y (x6)) — 53¢ [ XK — yge(X¥) |12, Sincea — 0, the firstinequality
in (24) impliesx* is bounded and its every cluster point is¥n Moreover, this also implies
rk - 0.

Thus, ifak — oo, then the last two inequalities in (24) yietg«(xX) — 0. Since for
eachy € X, we have from (2) that

1
Guk (X¥) > FXT (XK —y) — ﬂnxk —yI?

this yields 0> F(x>)T(x® — y) for each cluster poink> of {x¥}. Thus, each cluster
point x> solves VI.

Alternatively, if o* is chosen by (23), withh > 1 andv* — 0, then either (ipX — oo,
which can be treated as above, or @l is constant for alk exceeding som&, which
implies for allk > Rthathagﬁk(xk) <X — 0. Since, by (10),

1 _
hyk g (X) = ﬁnyaa(xk) — Y (X9? vk =k,

it follows that in case (ii)|y,« (x¥) — yﬂk(xk)” — 0. Taking further into account the first
relation in (24) and* — 0, we conclude thatxk — y «(x*)|| — 0 in this case, so each
cluster pointx™ of {x¥} satisfiesx>® = Yy« (x*) and hence solves the VI. O
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If in Algorithm 1 we choose)* = 0 andd* < 6 < 1 for all k, thenaX — 0 linearly and,
by (24), |IX — yg(x¥)|| — 0 linearly (in the root sense) as daes Thus if we further
choosek — 0 and Yo — 0 linearly, then, by (24)g.« (x¥) — 0 linearly.

Below we consider a second method that increasesnd decreaseg whenever
IVhe, g (x) |l is too small relative th, g (X) to achieve sufficient descent. Unlike Algorithm 1,
this method always use&— to initialize iterationk.

Algorithm 2. Choose any ke %", anya® > ° > 0, and two sequences of nonnegative
numbersoX, n*, k=1, 2, ..., such that

[0¢] o0
o + 1 > 0 vk, Zpk<oo, Zr]k<oo. (25)
k=1 k=1

Choose any continuous functign R, — R, with¢(t) =0« t = 0and anyw € (0, 1).
Fork=1,2,..., we iterate as follows

Iteration k. Choose anyk > «*~1 and then choose < gk < wg*~! satisfying

hye g (XK1 /(1785 — 1/a®) < (L + pYhgres e (X /(17857 — 1/a* D) + .
(26)

Apply a descent method to the unconstrained minimization of the fungtign lwith xk-1

as the starting point. We assume the descent method has the property that the amount
of descent achieved at x per step is bounded away from zero whenever x is bounded and
[Vhex g<(X)|l is bounded away from zero. Then, either the method in a finite number of
steps generates an x satisfying

[Vhgk g (X)[| < @ (g g (X)/(1/ % — /%)), (27)

which we denote by*x or else R gx(X) must decrease towards zetan which case any
cluster point of x solves VI.

Note5. SincepX + ¥ > 0, Lemma 4 shows that, for amy > o*~1, (26) is satisfied by
choosingsX sufficiently small.

Note6. There are many choices for the descent method. For example, we can use any gra-
dient method whose direction is, in the terminology of [4, Section 1.2], “gradient-related”
and whose stepsize is chosen by the Armijo rule or the Goldstein rule. Such a method has
the desired properties, as can be seen from the proofs of [4, Propositions 1.2.1 and 1.2.2].

Note7. If the descent method is memoryless, Algorithm 2 may alternatively be written
in a form similar to the Zhu-Marcotte method: Givkne®, g andx, update these four
quantities as follows:

if (27), then (null step) sek* = x, incremenk by 1, choose > «*~1, and then choose
0 < BX < wB 1 satisfying (26). k is unchanged.]
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else (descent step) apply one step of the descent methbgkt@ at x to obtain direction
d € %" and stepsize > 0. Replacex by x + Ad. [k, o*, gk are unchanged.]

Analogous to Algorithm 1 (see Note gk g(x¥) < e s (x*~1) and (27) are the only
conditions orxk needed for the convergence proof of Theorem 3 so, in particular, the de-
scent method can use nonmonotone linesearch.

Note8. We can modify the criterion (27) by adding to its right-hand side a positive scalar
€ tending to zero. This modified criterion does not affect the convergence result below
(i.e., Theorem 3(a)) and is always satisfied after a finite number of steps of the descent
method. However, this would entgik — 0 always and would preclude the possibility of
finding a solution of the VI at some iteratidni.e., a finite number of null steps.

Theorem 3. Assume X is bounded. LEIX*, o, X, o*, n¥)}ko.1... be generated by
Algorithm2.

(a). Suppose is obtained for all k. Then{x¥} is bounded gk — 0, and every cluster
point of {x¥} is in X. If we chooseX — oo or X is chosen by23), then every cluster
point of {x¥} is a solution of VI.

(b). Suppose is not obtained for some k. Thethe descent method generates a bounded
sequence of x withJa g«(x) — 0 (so every cluster point of X solves the Mh particular,

this occurs when F is strongly monotone and we chgaaech thatim_, o supe (t) /+/t =0.

Proof: (a). Since we use a descent method at iterakiom obtainx® from x*~1, then
hak g (XK) < hae g (X¥71), s0 (26) yields

ha g (X)/(1/ X = 1/a) < (1 + pYNgrer s (X7 /(1/ B = 1/ + .
Denotea® := hyx g (x¥)/(1/pX—1/aX). This canthen be written @& < (1+ p*)ak—1 47X
fork = 1,2,...Usingak > 0 and (25), it follows that the sequeni@} converges to some
a > 0[23, Lemma 2, p. 44]. Since (16) implies

IX = ype (X9 < v2ak, vk, (28)

the sequencexk} is bounded.
We claim thaé = 0. Suppose the contrary. Then forlabufficiently large, it holds that
ak>a/2 > 0. Then, (2) and (3) imply

N

1 1
< <2F<xk>T<yﬁk(xk) — Yk (X)) — Juxk — Y (XY |2 + ﬁnxk — yﬁk(xk)||2>
x(1/8% = 1/a4)7L.

Since, by the construction of the algorithf, — 0 ande* > «°, and we already established
thatx® is bounded (as angs(x¥) andy,«(x¥)), we obtain in the limit

0<

NI

< liminf [ X — vz (xX)12.
k— o0
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Then lime, oo [1XK — yge(X¥) | /8% = o0, so (14) implies

lim ([ Vhg ge(xX¥) || = oo.
k— o0 ’

SincexX satisfies (27) so thgtv gk g (X4 < ¢ (@) for all k, this contradicts convergence
of {¢(a“)} (recall thatp is a continuous function). Hence = 0.

For eactk € {1, 2, ...}, we have from Lemma 2 that (17) holds with= o*, 8 = g¥,
x = xK and from (15) thag,« s (X¥) < €k 1= Vhu s(X) T (yge(xK) — yux(x¥)). This
together with||y,x (X) — ya(x) || < diam(X) yields

diam(X)?2

¢ < gu(x¥) <rk 4+ ,
2uk

(29)
whererk ;= F(x*)T(x* — yg(x}) — 55 [IxX* — yg(x¥)[|2. Sincea — 0, (28) implies
{x*} is bounded and every one of its cluster points iXinMoreover, (28) implies* — 0.
Also, we have| Vh,« g (X9 < ¢ (@) — 0, soek — 0.

If X — o0, then (29) and® — 0, ¢ — 0 yield g,«(xX) — 0. Since for eacly € X,
we have from (2) that

’

1
G (X) = FOXYT (¢ — y) — o lIX = y)I?
this yields 0> F(x>)T(x® — y) for each cluster poink> of {x¥}. Thus, each cluster
point x> solves VI.
If «* is chosen by (23), then, by an identical argument as in the last paragraph of the
proof of Theorem 2, we obtain that each cluster poinpd} is a solution of the VI.

(b). It suffices to show that¥ is not obtained for somk under the assumptions dh
and¢. Suppose the contrary, $6 is obtained for alk. Then, as in (a), we obtain

[Vhge g (X¥) || < (@) VK, a“— 0, (30)

and gk — 0, {x¥} is bounded. Since lim,osupg(t)/+t = 0, theng(@)/vak — 0.
Also, strong monotonicity oF and Lemma 5 imply that there exists> 0 such that

k
@ = 2@ /ak
ak

Tr
k) (IIVF (XX 1/(B*o) +1
(T e o

Since{x*} is boundedg* — 0, andak > «, it follows that the right-hand side of (31)
tends to zero faster thaWhak’ﬂk(Xk)”, and hence so do@g@). On the other hand, by
(30) ¢ (a*) tends to zero no faster thauvhak,ﬁk(xk)n, which gives a contradiction. O

Observe further that iF is strongly monotone, them,« g«(x) — 0 (with k fixed) imme-
diately implies thak converges to the unique solution of VI. In fact, the rate of convergence
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in this case is linear, assuming that at every step the descent method achieves decrease of the
objective function in the order dfVh,k s« (x)||? atx (which is true for most gradient-type
descent methods using an Armijo-type stepsize rule). This is because Lemma 5 implies
that the amount of decrease is in the ordehgfz« (x), from which linear convergence of
hax gx(X) readily follows. SinceF being strongly monotone arnd being bounded implies
that the distance from to the solution of VI is in the order of/h,x g (x) [31], it follows
thatx converges to the solution at a linear rate (in the root sense).

We conclude this section with a finite termination result, assuming the follomonge-
generacycondition: there exists a solutiotf of VI satisfying

—F(x*) € intNx (x*), (32)

whereNy denotes the normal cone to the (convex)Xeand “int” stands for its interior.
Note that this condition and the monotonicityoimply that the solution is unique. Condi-

tion (32) was used in [1] to force finite termination of convergent algorithms by modifying
them to periodically solve an auxiliary linearized subproblem. Here, we show that no such
modification is needed to obtain finite termination. A weaker nondegeneracy condition is
used in the recent paper [18]. However, there it assumeshthat‘pseudomonotone

which need not hold under our assumptionFobeing monotone. We note that finite ter-
mination has been studied fairly extensively in the context of optimization problems (see,
e.g., [5] and references therein).

Theorem 4. Suppose F is monotone and continucarsd there exists a solutioriof VI
satisfying(32). Let{x¥}x—o 1. be any bounded sequence of pointsithsuch that every
cluster point offx¥} is a solution of VI. Thepfor eacha > 0, there exists an indek such
that y, (x) = x* for all « > @ and k> k.
Proof: Fix any@ > 0. Since every cluster point ¢k} is a solution of VI, andx* is
the unique solution by (32), it follows th&&*} converges tac*. Furthermore, (32) implies
there exists somé > 0 such that

—F(x*) + b e Nx(x*) Vbwith ||b] <§.

This remains true when the left-hand side is scaled by@amy0 and it can be written
equivalently as

X* = Projy[x* — aF(x*) + ab] Va > 0, Vbwith ||b|| <§. (33)
On the other hand,

Yar (X<) = Projy [x — aF (x)] = Projy[x* — aF (x*) + ab¥], (34)
whereb* := (xX — x*)/a — F(x¥) + F(x*). Fora > &, we further obtain

M| < IX* — x*[l/@ + IF(X*) — F(x")|| < 8,
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where the last inequality holds for &lexceeding some indég due to{x¥} converging to
x* andF being continuous. Then (33) and (34) yield tlyatx) = x* for all « > @ and
k> k. O

Theorem 4 establishes finite termination of any convergent algorithm for solving a mono-
tone VI satisfying the nondegeneracy condition (32), provided one monitors the value of
the projection residual in the stopping test. For example{ X%} generated by either of
our two algorithms, we can test periodically whetfggn(x¥) or yﬂk(x") satisfiesy; (X) = x
and terminate accordingly.

5. Methods based on D-gap function applied to regularized VI

Another approach to solving monotone VI is to regularize the problem by adding to the
mapping F a positives multiple of the identity mapping (or any Lipschitz continuous
strongly monotone mapping), thus obtaining the strongly monotone mapping:

FO(x) = F(X) +8x Vx e R",

and to use the D-gap function to solve the regularized VI approximately. As the regulariza-
tion paramete$ and the solution accuracy go to zero, any cluster point of the approximate
solution of the regularized problem would approach a solution of the original VI. Billups
and Ferris [6] reported good numerical experience using this regularization technique in a
QP-based method for solving box-constrained VI. We study this in more depth below.

We definey; (x), g5 (x), hj, 5(x) analogously as in (1), (2), (3), but wiff replaced by
F?. This leads to the following method:

Algorithm 3. Choose any %e %", anya® > g° > 0. Choose any sequence of positive
numbersK, 5K, k = 1,2, ..., tending to zero. For k= 1, 2, ..., we iterate as follows

lteration k. Choose am® > o*~1, ang* < gk-1and angk* € %". Apply a descent method

to the unconstrained minimization of the functiqflrkq EL with % as the starting point. We
assume the descent method has the property that the amount of descent achieved at x per
step is bounded away from zero whenever x is boundeqjﬁhgi el is bounded away

from zero. Then, the method in a finite number of steps generates an x satisfying

hoi s (X) < €. (35)
The resulting x is denoted'%

Note9. There are many choices for the descent method used in Algorithm 3, as was
discussed in Note 6. For example, it can be any descent methodﬂ@ihgk «(X) as a
safeguard direction at and an Armijo-type stepsize rule, such as Algorithm 7.1 in [11].
The derivative-free descent method proposed in [31] is another possibility. Also, one can
replace the left-hand side in the accuracy criterion (35) by either the projection residual
Ix = y3* 00l or [V, ()]l
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Notel0. Instead of using the Tikhonov regularizatilélslk (x) = F(x) + 8¥x at iteration
k, we can alternatively use the proximal regularization

F*(x) = F(0) + 8K (x — x*1),

The convergence result below still applies and, in fact, can be strengthened by invoking
convergence theory for (inexact) proximal point algorithms. Furthermore, in thastase
need not go to zero and more adaptive accuracy criteria invokfinginstead o&* can be

used (e.g., [25]).

Notell. There are many choices f@f, 8 andx¥. For warm start, we can choose

KK = xk-1,
However, unlike Algorithms 1 and 2 (see Lemma 4), we do not have active control on the
growth inh?, ;(x) as we adjusi.

Theorem 5. Let{(xX, o, X, X, §)}k_0.1.... be generated by Algorith@ If the param-
eters are chosen so that

limsupa® < coor lim /8% =0,
k— 00

k— o0
then every cluster point ¢k*} is a solution of VI.

Proof: SincexX satisfies (35) and* — 0, thenhgkk,ﬁk(x") — 0. Using (10) withh}, , in
place ofh,, g, we then obtain

(5_1k - a—lk> Ix¥ - ygkk(xk) ||2 -0, a—1k|| Yo (<) — ygt(xk) HZ — 0. (36)
In particular, the first inequality implies th&t¥} is bounded.

Iflim . o, SUper < 0o, then (36) together witg* < g°, 8 — 0and continuity of/} (x)
in (x, B, 8) would imply that any cluster point of {x*} satisfies||x — yp(x)|| = 0 and
IXe (X) — yg(X)|| = O for somex > 0 and some8 > 0. Hencex solves VI.

If lim . €*/8% = 0, then using (10) witt’, , in place ofh, s gives

Lok o)< L [P0 2k
grI PO S BV Rk =\ BR = (892

where the second inequality is duexbsatisfying (35). Since¥/gk — 0 anda* > «©,
this implies||x* — ygi(xk)n/ﬂk — 0. By definition ofys, (x*) and properties of projection,
we have

(F(X*) + 85x* + (ygi(xk) — xk)/ﬂk)T(y — ygt(xk)) >0 VyeX,
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so this together witlix*} being bounded anét — 0 yields that every cluster point of
{x*} satisfiesF (x)T (y — x) > 0 for ally € X. Hencex solves VI. O

6. Preliminary numerical results

To gain some understanding of the numerical behavior/performance of Algorithms 1 and
2, we implemented these methods in Matlab and ran them on a set of test problems. In this
section we describe the implementation and report on our preliminary numerical experience
with them.

In our Matlab implementation of Algorithm 2, we choose the parameters

o i=1/K%, g*K:=0, ¢t):=t> w:=.5

To ensures is not decreased too rapidly, we modify (27) by taking the minimum of the
right-hand side withO1||x — y;(X)||. It can be seen that this does not affect the convergence
properties. We adjust® by (23) withx := 2 andv¥ := ||x° — y3(x9) ||/ In(k + 1), and

we chooses to be the largest element gbg*—1, w2gk-1, ...} for which (26) holds. For

the descent method, we use a slightly modified version of the Gauss-Newton method of
[11], which was shown to have good numerical performance on MCPLIB problems. More
precisely, for a fixede > 8 > 0, the method minimizels, g by successively applying the
(nonmonotone) descent step:

X" = x 4 td, (37)

wheret is the largest element ¢1, .1, (.1)2, ...} such that

has (X +td) < R + 10-%d" Vh, 5(%), (38)
and
d if dTVh,s(x) < —1078)|d||2*
d:=1d else ifdTVh, 5(x) < —10-8)|d |12

—Vh, g(X) else

HereR is updated as described in [11, pp. 81, 88Jis an element 0¥’ (x) as defined in
[11, p. 75];

Vd = —Vh, 4(x),
if cond(V) < 10° and otherwisel is obtained by applying preconditioned conjugate gra-
dient (CG) algorithm to the above equation until either the residual is below the threshold

givenin [11, p. 81] or the number of CG steps exceatisahd

d=—( +10V/IV )" Vh, 4(x).
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Table 1 Performance of Algorithm 2 on eight test problems, as indicated by the number of iterations to termi-
nation (nit), the number of descent steps (nstep), the numideresaluations (nf), and the residugt — y; (X)||
upon termination (res).

Problem (nit/nstep/nfires)

Name n XO=(1,...,. nt xX0=(,..., nr x°=o,..., 107
Yamashita-Fukushima 1 0/5/641.10~* 22/15/48/3¢ 105 2/8/13/7x 104
Kojima-Shindo 4 1/26/43/ 104 0/10/16/3< 10~/ 1/24/38/2< 104
Watson 5 0/59/82/8 10~° 0/15/15/1x 104 0/89/600/% 104
Nash-Cournot 10 0/9/9/2 1075 0/6/6/8x 106 0/24/46/5¢ 105
Lemke 30 0/55/102/% 1016 0/1/1/0.00 0/1/1/% 1014
Harker-Pang 30 0/8/15/8 1011 0/7/12/4x 10710 0/10/18/6< 10~11
SkewSymLCP 30 0/23/32/% 106 0/54/94/2< 1076 0/44/72/% 1077
SymPSDLCP 30 0/7/7/4% 1078 0/11/11/5¢ 104 0/22/36/2« 104

The regularized Gauss-Newton directidnnot used in [11], helps to accelerate the con-
vergence on a few problems. For problems wheris undefined or highly nonmonotone
outside ofit’}, we use a gradient projection technique to mainkamonnegative. In partic-

ular, we replacex+td” in (37) and (38) by “max0, x +td}” and accordingly replaced™”

in (38) by “(max0, x + td} — x)T". This technique was beneficial on the Kojima-Shindo
problem. We also experimented with an alternative technique described in [11, p. 83], but

it was less successful. We remark that, while the above parameter choices are reasonable,
they were made without much fine-tuning and can conceivably be improved.

In our tests, we set the starting pokttto be(1, ..., 1)T multiplied by either.1 or 1 or
10, and choose® = 1/.9 andp® = 1/1.1, as suggested by [11]. We terminate a method
whenevel|x — y1(x)|| < 103 s satisfied. For comparison, we also ran the Gauss-Newton
method by itself (with fixede = 1/.9, 8 = 1/1.1). The performance of the methods on a
set of eight NCP test problems is summarized in Table 1. Since the feasible set should be
bounded, we put an artificial upper bound of b each variable, so for all our problems,

X = [0, 10°]". For the first problemE is given by (4). For the remaining seven problems,
F is as described in [15, §5].

As can be seen from Tables 1 and 2, Algorithm 2 has better performance than the
Gauss-Newton method in three cases and in other cases the two methods have identical
performance. In the three cases, the Gauss-Newton method converged to a non-solution
that is a stationary point df,, g, and at whichVF is not positive definite but positive
semidefinite (or nearly so). In two cases, oglys adjusted in Algorithm 2, but on the
Yamashita-Fukushima problem, adjustiags also needed (and the correct solutios: 2
is generated). This shows that dynamically adjustingnd 8 can perhaps improve the
performance of descent methods based on the D-gap function, specifically when these
methods are attracted to stationary points which are not solutions of the underlying VI. For
most cases, the number of steps (each step requires one evaluation of the Ja€abign
and one/twon x n linear-equations solve), seems reasonable for the level of accuracy
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Table 2 Performance of Gauss-Newton method on eight test problems, as indicated by the the number of descent
steps (nstep), the number Bfevaluations (nf), and the residupt — y1(x)|| upon termination (res).

Problem (nstep/nf/res)

Name n X=(1,...,. nT xX0=q,..., nt x0=(0,..., 107
Yamashita-Fukushima 1 5/6¢10~4 stationary 8/13/7x10~*
Kojima-Shindo 4 stationafy 10/16/3x10°7 stationary
Watson 5 59/82/210°° 15/15/1x10~° 89/600/1x 104
Nash-Cournot 10 9/9/310°° 6/6/8x10°8 24/46/5¢10°5
Lemke 30 55/102/%1016 1/1/0.00 11/410714
Harker-Pang 30 8/156610- 11 7112/4x 10710 10/18/6x10~ 11
SkewSymLCP 30 23/324110°° 54/94/2<10°° 44/72/7x 1077
SymPSDLCP 30 7/7k410°6 11/11/5¢10~4 22/36/2<10~4

dterates remain at non-solution= 1.
blterates converge to non-solutian= (0, 0, 0.54, 1.64)T.

achieved. The slow convergence of the methods on SkewSymLCP and on Lemke (with
starting point..1, ..., .1)T) appears to be due ¥ having a large condition number, in the
order of 16, during the early iterations. Similar difficulty is encountered on the Watson
problem with poor starting point. For Algorithm 2 and Gauss-Newton method, the direction
d and the safeguard steepest-descent directigh,, g (X) were invoked on the first three
test problems only.

We also experimented with a derivative-free version of Algorithm 1, but it was overall
less successful. In our implementation, we chgse: 0, 6k = .9 for allk. The parameters
ok, X were obtained by increasing ! by multiples of 2 and decreasimgf ! by factors
of 1.2 until (21) is satisfied. The descent method was based on the derivative-free direction
Yok (X) — Ype(X) and a monotone linesearch rule. The descent method was terminated,
andeX, X updated, when the criterion specified in Algorithm 4 was satisfied wtfite:
e, gx(%€)/10. The method was restarted frath = Projy[x~1], although this restart
was rarely necessary unless the initifllis chosen outside oK. For smaller problems
(e.g., our first four test problems), the performance was satisfactory and not much different
from Algorithm 2. However, convergence on bigger LCPs was rather slow. We therefore
would not recommend using the derivative-free version of Algorithm 1 unless computing
the derivatives oF is impossible or cost-prohibitive. When we changed the descent method
in this algorithm to the Gauss-Newton method described above, the performance was very
similar to that reported for Algorithm 2. However, in that experiment we also changed the
safeguard descent direction to the direction of steepest descent. So strictly speaking, this
implementation is not within the framework of Algorithm 1.

To summarize, our numerical experience seems to confirm that dynamically adjusting
and g while minimizing the D-gap functioh, g helps to ensure convergence to solutions
of the underlying VI. This is precisely one the main messages of this paper. Our strategy
is of particular relevance in the case when the D-gap function has stationary points which
are not solutions of VI (i.e., not global minima of the D-gap function).
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Notes

1. Why? LetS denote the solution set of the new VI. It is easy to see 87atB C S. To see the converse,
consider anyk* € S NintB. Suchx* exists by our choice oB. Then, for anyy € X we can find € (0, 1]
such thay! = x* +t(y—x*) € B, yieldingy! € XN Band hence & F(x*)T (y! —x*) = tF(x*)T (y —x*),
implying x* € SN B. Thus,S NintB C SN B. SinceS is closed convey, it is the closure 8fNintB. Since
SN B is closed, this showS c SN B.

2. Asq is increased, the right-hand side of the inequality describing case (ii) tends to zero, while the left-hand
side is nondecreasing and hence is bounded away from zero (assuiingt a solution of VI). Thus, fos
sufficiently large, case (ii) cannot occur and so case (i) must occur.

3. Thisis because, by (16) and assumitis boundedx is bounded and, by assumption on the descent method,
IVhk <) must go to zero.

4, ThIS is because, by (16)x — yg« (X) | is bounded, so assumingis bounded of is Llpschltz continuous on

RN, thenx is bounded (see, e.g., [31, Lemma 4.1]). By assumption on the descent mgmég () || must
go to zero and, using the strong monotonicityFafit can be shown (e.g., [31, Theorem 3. 3] théﬁ e (X)
also goes to zero.
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