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Abstract. The negative gradient direction to find local minimizers has been associated with the classical steepest
descent method which behaves poorly except for very well conditioned problems. We stress out that the poor
behavior of the steepest descent methods is due to the optimal Cauchy choice of steplength and not to the choice
of the search direction. We discuss over and under relaxation of the optimal steplength. In fact, we study and
extend recent nonmonotone choices of steplength that significantly enhance the behavior of the method. For a new
particular case (Cauchy-Barzilai-Borwein method), we present a convergence analysis and encouraging numerical
results to illustrate the advantages of using nonmonotone overrelaxations of the gradient method.
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1. Introduction

The gradient direction has played an important role in the development of optimization
techniques. Unfortunately, for the unconstrained minimization problem, it has also been
associated with the classical and well-known steepest descent method [4]. This method has
been frequently called the Cauchy method or simply the gradient method, and has been
widely accepted that it converges rather slowly in most cases. The main goal of this work
is to establish that the poor behavior of the Cauchy method is due to the optimal choice of
steplength and not to the choice of the gradient direction.

In 1988, Barzilai and Borwein [2] presented a nonmonotone steplength associated with
the gradient method that avoids the drawbacks of the Cauchy method. Later, Raydan [9]
established global convergence in the convex quadratic case, and Dai and Liao [5] proved
R-linear rate of convergence. Recently, Friedlander et al. [6] extended these results and
presented a new family of nonmonotone gradient methods with retards. They establish
convergence and illustrate with different examples the good behavior of these new methods.

We extend this line of research by studying the positive effects of using (over and un-
der) relaxed steplengths of the gradient method for quadratics. In particular, we present an
interesting member of the gradient method with retards family for which Q-linear rate of
convergence can be established in a suitable norm. Each iteration of this version can be
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viewed as two consecutive steepest descent iterations in which the steplenght is computed
once and used twice. As a consequence, the computational cost is similar to the one asso-
ciated with the Cauchy method. Our numerical experiments suggest that for the quadratic
minimization problem, this new option clearly outperforms the classical Cauchy method,
and also the Barzilai-Borwein method.

The rest of the paper is organized as follows. In Section 2 we introduce and study the con-
vergence of the relaxed Cauchy method. In Section 3 we present numerical experiments to
illustrate the behavior of randomly relaxed Cauchy methods when compared with the clas-
sical Cauchy method. In Section 4 the new Cauchy-Barzilai-Borwein method is presented,
and its convergence as well as its computational cost are discussed. Finally, in Section 5 we
present additional numerical results.

2. Relaxed Cauchy method
Our quadratic model problem is
1
min f(x) = EXth_ b'x, xeR" D

where Q € R™" is symmetric positive definite (SPD) and b € R”. This problem is equivalent
to solving the linear system:

Ox =b.
Since we are supposing Q to be positive definite, problem (1) has a unique solution given
by x* = Q7 'b.

The classical Cauchy method applied to problem (1) can be written as
X4l = Xk — M8k

where g = Vf(xx) = Qx; — b and the optimal choice of steplength X is given by

t
k
hi = SREE
8 28k

Itis well known that for the optimal choice A the method possesses the following g-linear
rate of convergence

)\max - }\min
X —xsllg < ———— lIx—1 — x4l
* }\max + }\min ’

where for any z € 3", ||z||2Q = 7'Qz, and Ay and Apax represent the smallest and the
largest eigenvalues of Q respectively. This convergence rate result is obtained as a worst-
case analysis. Nevertheless, in practice, the asymptotic convergence rate is almost as bad
as the one predicted by this analysis, making steepest descent a very slow method even for
mild-conditioned problems. This phenomenon was explained by Akaike, in [1]. He proved
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that, unfortunately, the sequence of normalized errors (x; — x,)/||xx — x4|| accumulates in
the two dimensional subspace generated by the two eigenvectors associated with Ay, and
}\max~

Let us now modify the Cauchy method introducing over and under relaxation. Taking 6y
as relaxation parameters between 0 and 2 we get

Xyl = Xk — O gr, (2
where again gx = VF(xz) = Qxx — b and A = gi’ng; . Notice that for 6 = 1 we obtain the
classical steepest descent method, and also that for 6, = 2, f(xp41) = f(xp)-

For any integer k the functional a; (x) = x’Q*x will be frequently used throughout this
work. In particular, we now present some useful results (see also Brezinski [3] for additional
results concerning totally monotonic sequences and Stieltjes moments).

Lemma 2.1. Forany x € R, and for any k € Z, it holds
(i) The sequence {ax(x)/ax—1(x)} is monotonically increasing.
(i) ax—2(x) ax(x) —ag_,(x) = 0.
(111) 1 > a}%_l(x)/(ak(x) ak—Z(x)) > 4Aﬂminkmax/()\-min + }\max)za
where Apin and Ayqx are the smallest and largest eigenvalues of Q, respectively.

Proof: Since Q is SPD and k — 1 = ’% + % we obtain using the Cauchy-Schwarz
inequality

ai_1(0) = (@0 (0% 27%%))” = 10"2x13 | 0“2} = ax () ax > (),
which implies

ar(x)/ag-1(x) = ar—1(x)/ar—»(x).
Inequalities (ii) and the first part of (iii) follow directly from (i). The second part of (iii) is
obtained by applying Kantorovich inequality to the matrix Q with the vector y = \/F X

(see [8]). O

The next theorem establishes convergence of the relaxed Cauchy method under very mild
assumptions on the relaxation parameters 6.

Theorem 2.1. If the sequence 6y has an accumulation point 6 € (0, 2) then x* generated
by the relaxed Cauchy method converges to x*.

Proof: Observe that for any k,
$e(0) = f(x* —Ohigr)

is a second degree convex polinomial which attains global minimum when 8 = 1. Hence
by symmetry ¢x(0) = ¢x(2) and for any 6 € [0, 2], ¢x(0) < ¢(0).
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Therefore
FOMY < £(2N,
for all k. Since f is bounded below, then
lim (x5 — fGFYH =0. (3

There exist some 8 € (0, 1) such that

B<O<2-8

Consequently, there exists a subsequence 6, contained in [8,2 — B]. Using again the
properties of ¢ we getf (x**') = ¢, (6k,) < dx, (B). Since ¢y is convex, it follows that
ér, (B) < B(gr;(1) — ¢, (1)). By simple manipulations we obtain ¢(1) — ¢(0) =(1/2)
(gt &x/ gk Qgr), which combined with the previous equations yields

' 2
gk 8k,
(ﬂ/2)—( )

kiy _ gkt
F&) = f&xIT) o Oz

v

“)

B 2
. llgx; 115

Combining (3) and (4) we conclude that g, goes to zero, and therefore xki converges to
x*. Since f(x*) is nonincreasing, the whole sequence (of the functional values) converges
to f(x*), which in turn implies convergence of x* to x*. i

3. Randomly relaxed Cauchy method

Theorem 2.1 opens interesting questions, for instance: Is it worth using the Cauchy method
with relaxation? if yes, What are the good choices for the relaxation parameters?

In some particular cases the Cauchy choice of steplength is the best possible choice. For
example, if the search direction is an eigenvector, then clearly the Cauchy choice yields
the global minimizer in one iteration. In those cases, the introduction of relaxation will not
help. However, in practice this optimal situation happens very seldom, and relaxation might
be a suitable tool to accelerate the convergence of the Cauchy method.

To illustrate the behavior of the Cauchy method introducing relaxation, we now present
a numerical experiment where 6 is chosen at random during the process, with a uniform
distribution on [0, 2]. All experiments in this work were run on Pentium III, 700 MHz,
128 Mb RAM, using MATLAB 6.0. We report in figure 1 the behavior of the Cauchy method
and the random Cauchy method given by (2) when f(x) = (1/2)x"Qx and the eigenvalues
of Q are the positive integers from 1 to 1000, i.e., when the Euclidean condition number
k>(Q) = 1000. Since the exact solution is given by the zero vector, we stop the process when
the 2-norm of the iterates (error) is less than 107'2. We observe that the random Cauchy
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Figure 1. Cauchy Vs. random Cauchy when «2(Q) = 1000.

method clearly outperforms the classical Cauchy method. We also observe that as predicted
by Theorem 2.1 both methods converge monotonically to the unique minimizer. We run
the same experiment several times with different random number generators obtaining
similar results. This numerical experiment reveals the unfortunate and serious drawback
that represents the use of the optimal Cauchy choice of steplength when searching the
gradient direction.

4. The Cauchy-Barzilai-Borwein method

Motivated by the numerical experiment presented in the previous section, we go beyond in
this section and discuss some gradient methods that use steplengths that do not guarantee
descent in the objective function. In particular, we will consider methods for which 6, > 2
at some iterations, and the steplength is chosen by a prescribed formula.

The Barzilai-Borwein method, introduced in [2] for the unconstrained minimization
problem can be written as

S 15k-1
Xkl = X — ,—gb
Sp_1{(8k — 8k—1)
where sp_; = xx — xx—1. Notice that it requires, as with the Cauchy method, only O(n)

floating point operations and one gradient evaluation per iteration. The search direction is
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Figure 2. Barzilai-Borwein Vs. random Cauchy when «2(Q) = 1000.

always the negative gradient direction but no line searches are required during the process.
This inexpensive method greatly speeds up the convergence of gradient methods. See, for
instance, the experiment reported in figure 2 where we compare the behavior of the Barzilai-
Borwein method and the random Cauchy method on the same experiment described in
Section 3.

For quadratics, the Barzilai-Borwein method reduces to

Xk4l = Xk — Ak—18k»

where Ax_; is the optimal choice (Cauchy choice) at the previous iteration. Barzilai and
Borwein [2] presented a convergence analysis for two dimensional convex quadratic prob-
lems. They also established, for that case, R-superlinear convergence. Later, Raydan [9]
established global convergence for convex quadratic functions with any number of variables,
and more recently Dai and Liao [5] proved R-linear rate of convergence.

So far, for the Barzilai-Borwein method, it has not been possible to find a norm in which
we could establish a Q-linear rate of convergence. In this section, we propose a combina-
tion of the Cauchy method and the Barzilai-Borwein method for which a Q-linear rate of
convergence can be established in a suitable norm. This new method is also nonmonotone
and can be described as follows: at every other iteration, a Cauchy steplength is computed
once and used twice. So each pair of iterations can be done with almost the same com-
putational cost of one Cauchy iteration. We will call this new nonmonotone method the
Cauchy-Barzilai-Borwein (CBB) method, which can be obtained as follows:
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Take xp in R”, and at every iteration k, set

he = Qgs,
te = (gigr)/(gkh),
Yk = Xk — &k
Xkl = Y& — 8k
=y — 4(Qyr — b).

Note that

O —b=Qx —trgr) — b
= Qxx —b— 108k
= g — trhg.

Therefore

Xkl = Yk — te(gx — tehy)

2 ®)

The computationally efficient version of the iterative step is given by:

8 = Qxr — b, hy = Qgr,
te = gi8e/(gihx)

Xkl = X — 2t 8r + tkzhk.

Convergence of the sequence {x;} to x* can be proved using the results of Friedlander
et al. [6], developed in a more general framework. One can easly observe that the sequences
{llxe — x|} and {f(xx) — f(x*)}, although converging to zero, are non-monotonically
decreasing. Nevertheless, extensive numerical experiments show that algorithm CBB is
much more efficient than the classical Cauchy method.

Some observations are in order: The number of matrix vector multiplications per iteration
in algorithm CBB is the same as in the Cauchy method, i.e., 2. (one to compute g; and one
to compute 4 ) Algorithm CBB performs one more vector sum and one more inner product
than the Cauchy method.

The comparison of the CBB algorithm with the Barzilai-Borwein (BB) method gives
the folowing: If we count each iteration of algorithm CBB as two (evaluating y; and then
Xx4+1) then the mean convergence rate of these methods are roughly the same, and the
computational work of CBB is almost one half of the computational work of BB.

We will now prove that the sequence {x; } converges (Q-linearly) to x* in the elliptic norm
I - || o-+ defined by

lIxllg-r = Vx'QTx.
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Although this norm is not suitable for practical purposes, it is suitable for theoretical reasons.
This norm is also induced by the inner-produt (-, -) o-1 defined by

(x, ¥)o-1=x'Q7"y,
and it satisfies the Cauchy-Schwarz inequality:
(xll g2yl = Gx, »hen.

Theorem 4.1. The sequence {x;} generated by the CBB method (5) converges Q-linearly
in the norm ||-|| o1 with convergence factor

1—6 = Amax _)\min

)“max

Proof: First observe that

Xyt = %" = (I — 560 (3 — x).
Therefore,

(X1 = 2o = (v = ' = 5 @* Q™I — 15 Q)* (v — 1.
To simplify the calculations of the proof, define for x € R”, p € Z:

Bp(1) = (x = 1) QP (x — x™).

Note that for p > 2, b,(x) can be computed without knowing x* or solving linear systems
with Q, by means of Vf(x):

bp(x) = VF(x)' QP 2V (x).

(We shall use b, insted of b,(x) when there is no doubt about the x.)
Observe that

b = x* 3o = bo1x),
and so

(o = x*llg-1)* = b1 (xa).
Combining with (5) yields

b_1(xeg1) = b_1(xx) — dtrbo(xz) + 667by (xi) — 462ba(xz) + b3 (xp).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CAUCHY-BARZILAI-BORWEIN METHOD 163

To simplify the notation, let us set
by = bp(xr).
Then, we obtain

b_1(xi1) = b_y — 4ty + 6t7b) — 42 br(xz) + b3 (xz)
= b_y — t(4bo — 6tby + 41¢by — 1 bs3)
= b_y — tx(4bg — 61cby + 3t¢by + t7(by — 1b3)).

Note that
by = ba(x) = gigks
and
by = by(xx) = gthr.
Therefore
te = by/bs.
Using Lemma 2.1, we obtain that the term by — ;b3 vanishes and we get:

bo1(xk1) = by — tx(4bo — 61xby + 3t7b2)
= b_y — tx(4bo — 61cb1 (xp) + 3t7D2)
= b_y — tx(bo + 3bo — 6tby + 3thy)
= b_y — te(bo + 3(bo — 2tb1 + t7D2)).

The second-degree polinomial by — 2tb; + t%b, attains its minimum at f = b, /bs.
At this point, its value is

bo — bi /by = (boby — b7)/bs.
Direct calculations give:
boby — b7 = Ilxe — x* (1211 Qe — x*)I” — (v — x*) Qv — x*)
Therefore, directly from the Cauchy-Schwarz inequality we conclude that
bo — bi/by = (boby — b7) /b = 0.
Expanding the above polinomial aroud 7 we get

bo — 2tby + t°by = (boby — b7) /by + ba(t — 7)°.
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Hence
b_1(Xx41) = by — tk[bo + 3(%2_% + by (1 — f)2)1|
= by — te(bo + 3((bobs — b3) /b2 + ba(b2/bs — by /b)),
and we conclude that

b_1(xrq1) = b1 (1 — &),

where
— 12
6 = boby/(b_1b3) + = ba)(bobz b?)
AL P ©)
(b—1b3) 1/02 2/03) -

Finally, using (6), Lemma 2.1, and properties of the Rayleigh quotient, we obtain
Ox = boba/(b_1b3) > Amin/Amax > 0,

and the result is established. m|

5. Numerical experiments

To illustrate the behavior of the CBB method, we compare in figure 3 the CBB with all
previous methods on the same experiment described in Section 3. We observe that the CBB
method outperforms the Barzilai-Borwein and also the random Cauchy method. We run the
same experiment several times with different random number generators obtaining similar
results.

In the same experiment we also report with circles the iterations in which the search
direction g; is almost an eigenvector of the matrix Q. To do so we check if g; is almost
parallel to Qgx, i.e., if

t
0
cos(gr, Qgr) = — k=8 o1 _ ¢ %)
llgxll2 (1 2gxll2

where € > 0 is small. For our experiments we choose € =0.0005. This test is checked until
convergence.

We also observe from figure 3 that the choice of steplength of the CBB method tends
to force gradient directions that approximates eigenvectors of the Hessian matrix Q. The
same tendency is observed, but not as frequently, in the Barzilai-Borwein method. The
approximation of eigenvectors during the process is a nice feature that explains the good
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Figure 3. Number of iterations of all methods when x2(Q) = 1000.

behavior and the acceleration observed for these nonmonotone gradient methods (see [6]
and [7] for a relationship between the gradient methods with retards and the shifted power
method to approximate eigenvectors).

We report on Tables 1 and 2 the average number of iterations for convergence, and
the average number of iterations at which g is almost an eigenvector (satisfies (7)) on
10 random experiments for which «»(Q) = n, for different values of n. Once again we

Table 1. Average number of iterations on 10 random experiments when «2(Q) = n.

n Cauchy Random Cauchy Barzilai-Borwein CBB
50 813 315 108 79
500 8003 916 402 230
1000 17053 2003 517 392

Table 2. Average number of iterations at which g is almost an eigenvector on 10 random experiments when

x2(Q) =n.
n Cauchy Random Cauchy Barzilai-Borwein CBB
50 0 2 3 5
500 0 5 6 14
1000 0 6 8 18
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Table 3. Average number of iterations on 10 random experiments when x2(Q) = g and n = 100.

£ = 10000 B = 20000 B = 40000 £ = 80000

Cauchy 149832 302490 604358 1210598
Random Cauchy 4563 6984 9928 14326
Barzilai-Borwein 377 318 387 359
CBB 148 141 138 107

oberve the superiority of CBB over all other methods, and we also observe the previously
described tendency of the nonmonotone methods to approximate eigenvectors during the
process.

We report in figure 1 the behavior of the Cauchy method and the random Cauchy method
given by (2) when f(x) = (1/2)x’ Qx and the eigenvalues of Q are the positive integers
from 1 to 1000, i.e., when the Euclidean condition number «»(Q) = 1000.

In our second experiment we fix n =100 and compare all four methods for different
values of B = «>(Q) ranging from 10000 to 80000, when f(x) = (1/2)x'Qx — b'x. In
this case we build a diagonal matrix Q with random positive entries on the diagonal in the
interval [1, 8], and we choose a random vector b € R”. Since ( is symmetric and positive
definite, its eigenvalues are positive, and there exists a decomposition Q = V'DV, where
V is orthogonal (i.e., V! = V™), D = diag()y, ..., A,), and A; is the i-th eigenvalue of
Q. Therefore, using a diagonal matrix Q is sufficiently general to compare the numerical
performance of iterative methods to find the global minimizer of strictly convex quadratics.

We report on Table 3 the average number of iterations for convergence when n = 100,
and «,( Q) = B for different values of 8. We stop the process when the 2-norm of the error is
less than 10~14. We observe the same behavior as before, i.e., nonmonotone methods clearly
outperform the other methods. It is also clear that CBB is faster and more effective than the
Barzilai-Borwein method. Moreover, it can be noted that when the value of g8 increases, the
average number of iterations required by CBB decreases, which is an interesting feature.
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