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1 Proof of Theorem 1

By the mean-value theorem we have

f(y + αd) = f(y) + α∇f(y)>d+
α2

2
d>∇2f(ȳ)d

where ȳ lies between y and y + αd.

First, by letting y = x∗, α = 1 and d = x− x∗ we have

m

2
‖x− x∗‖2 ≤ f(x)− f(x∗) ≤ M

2
‖x− x∗‖2.

Then, by letting y = x, α = 1 and d = x∗ − x

f(x∗) = f(x) +∇f(x)>(x∗ − x) +
1

2
(x∗ − x)>∇2f(x̄)(x∗ − x)

≥ f(x)− ‖∇f(x)‖ · ‖x∗ − x‖+
m

2
‖x∗ − x‖2.

This way, we get

m‖x− x∗‖ ≤ ‖∇f(x)‖.

Similarly we get both lower and upper bounds:

m‖x− x∗‖ ≤ ‖∇f(x)‖ ≤M‖x− x∗‖.

If we let α = 1
M and d = −∇f(x), then

f(x+ αd) ≤ f(x)− 1

2M
‖∇f(x)‖2.

On the other hand,

f(x)− f(x∗) ≤ ‖∇f(x)‖ · ‖x− x∗‖ − m

2
‖x− x∗‖2

≤ 1

2m
‖∇f(x)‖2,

where in the last inequality we used the fact that at− m
2 t

2 ≤ a2

2m .

Substituting this into an earlier inequality yields

f(x+ αd) ≤ f(x)− 1

2M
‖∇f(x)‖2

≤ f(x)− m

M
(f(x)− f(x∗)).
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In other words, we have the Q-linear convergent rate

f(x+ αd)− f(x∗) ≤
(

1− m

M

)
(f(x)− f(x∗)).

It is possible to improve the rate a little bit. In fact, one can improve the rate to

f(x+ αd)− f(x∗) ≤
(

1− m
M

1 + m
M

)2

(f(x)− f(x∗)).

The above estimation is indeed tightest possible.

2 Proof of Theorem 2

Observe that if

‖∇f(y)−∇f(x)‖ ≤ L‖y − x‖

for all x, y ∈ X , then

f(y) ≤ f(x) +∇f(x)>(y − x) +
L

2
‖y − x‖2.

Therefore, we have

f(xk+1) ≤ f(xk) +∇f(xk)>(xk+1 − xk) +
L

2
‖xk+1 − xk‖2

≤ f(xk) + tk∇f(xk)>(yk+1 − xk) +
L

2
t2kD

2.

Now, the optimality condition gives us

∇f(xk)>(yk+1 − xk) ≤ ∇f(xk)>(x∗ − xk) ≤ f(x∗)− f(xk).

We have

f(xk+1) ≤ f(xk) + tk∇f(xk)>(yk+1 − xk) +
L

2
t2kD

2

≤ f(xk) +
(
f(x∗)− f(xk)

)
tk +

LD2t2k
2

.

The claimed bound can be shown by induction on k.

We have f(x2)− f(x∗) ≤ LD2. Suppose the bound holds for k. Then,

f(xk+1)− f(x∗) ≤ (f(xk)− f(x∗))(1− tk) +
LD2t2k

2

≤ 2LD2

k
×
(

1− 2

k

)
+

2LD2

k2

<
2LD2

k + 1
.
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3 Proof of Theorem 3

Consider iteration `. The optimality condition yields(
d`+1 − x` − x`+1

t`

)>
(x− x`+1) ≥ 0, ∀x ∈ X ,

where d`+1 ∈ ∂f`(x`+1). By the subgradient inequality we have

f`(x)− f`(x`+1) ≥
(
x` − x`+1

t`

)>
(x− x`+1)

for any given x ∈ X . We have

‖x` − x‖2 = ‖x` − x`+1 + x`+1 − x‖2

= ‖x`+1 − x‖2 + 2(x` − x`+1)>(x`+1 − x) + ‖x` − x`+1‖2

≥ ‖x`+1 − x‖2 + 2t`(f`(x
`+1)− f`(x)) + ‖x`+1 − x`‖2.

Summarizing, we have

‖x`+1 − x‖2 ≤ ‖x` − x‖2 − 2t`(f`(x
`+1)− f`(x))− ‖x`+1 − x`‖2,

for all ` = 0, 1, 2, ....

Let us construct f`(x) := f(x`)+∇f(x`)>(x−x`) and t` = 1/L. We have f(x) ≤ f`(x)+ L
2 ‖x−x

`‖2.
So

f(x`+1) ≤ f`(x
`+1) +

L

2
‖x`+1 − x`‖2

f(x∗) ≥ f`(x
∗).

This gives us

‖x`+1 − x∗‖2 ≤ ‖x` − x∗‖2 − 2t`(f`(x
`+1)− f`(x∗))− ‖x`+1 − x`‖2

≤ ‖x` − x∗‖2 − 2

L

(
f(x`+1)− f(x∗)

)
.

On the other hand, we know that proximal point algorithm yields monotonically improving iterates:

f(x`+1) ≤ f`(x`+1) +
L

2
‖x`+1 − x`‖2 ≤ f`(x`) = f(x`).

Therefore, adding up the inequalities

‖x`+1 − x∗‖2 ≤ ‖x` − x∗‖2 − 2

L

(
f(x`+1)− f(x∗)

)
from ` = 0 to k − 1, we obtain

f(xk)− f(x∗) ≤
∑k−1

`=0

(
f(x`+1)− f(x∗)

)
k

≤ L‖x0 − x∗‖2

2k
.
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4 Proof of Theorem 5

Consider an iteration ` of the ISTA. Take any h′(x`+1) ∈ ∂h(x`+1).

By the optimality condition, we have[
∇f(x`) + L(x`+1 − x`) + h′(x`+1)

]>
(x− x`+1) ≥ 0, ∀x ∈ X .

Therefore, for any x ∈ X , we have

h(x`+1) ≤ h(x)− h′(x`+1)>(x− x`+1)

≤ h(x) +∇f(x`)>(x− x`+1) + L(x`+1 − x`)>(x− x`+1).

Moreover,

f(x`+1) ≤ f(x`) +∇f(x`)>(x`+1 − x`) +
L

2
‖x`+1 − x`‖2

≤ f(x)−∇f(x`)>(x− x`) +∇f(x`)>(x`+1 − x`) +
L

2
‖x`+1 − x`‖2

= f(x) +∇f(x`)>(x`+1 − x) +
L

2
‖x`+1 − x`‖2.

Denoting F (x) = f(x) + h(x), letting x = x∗ and adding up the previous two inequalities we have

F (x`+1) ≤ F (x∗) +
L

2

[
2(x`+1 − x`)>(x∗ − x`+1) + ‖x`+1 − x`‖2

]
= F (x∗) +

L

2

[
‖x` − x∗‖2 − ‖x`+1 − x∗‖2

]
,

where we used the identity

(w1 − w2)
>(w3 − w1) =

1

2

(
‖w2 − w3‖2 − ‖w1 − w2‖2 − ‖w1 − w3‖2

)
.

Similar as in the proximal point algorithm case, one observes that the iterates are monotone.

Therefore, summing from ` = 0 to ` = k − 1, we have

F (xk)− F (x∗) ≤ L‖x0 − x∗‖2

2k
.

5 Proof of Theorem 6

If Φ is strongly convex, then there is σ > 0 such that B(y, x) ≥ σ‖y − x‖2. Moreover,

B(w, u) +B(u, v)−B(w, v) = [∇Φ(v)−∇Φ(u)]> (w − u).
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Consider the `th iteration. The optimality condition leads to{
t`d

` −
[
∇Φ(x`)−∇Φ(x`+1)

]}>
(x− x`+1) ≥ 0, ∀x ∈ X .

Therefore,

t`(d
`)>(x∗ − x`+1) ≥

[
∇Φ(x`)−∇Φ(x`+1)

]>
(x∗ − x`+1)

= B(x∗, x`+1) +B(x`+1, x`)−B(x∗, x`)

≥ B(x∗, x`+1)−B(x∗, x`) + σ‖x` − x`+1‖2.

Now we have

t`(f(x∗)− f(x`)) ≥ t`(d
`)>(x∗ − x`)

= t`(d
`)>(x∗ − x`+1) + t`(d

`)>(x`+1 − x`)

≥ B(x∗, x`+1)−B(x∗, x`) + σ‖x` − x`+1‖2

−
(
τ

2
‖x` − x`+1‖2 +

t2`
2τ
‖d`‖2

)
,

for any τ > 0. By the Lipschitz continuity of f , we have ‖d`‖ ≤ L. Choosing τ = 2σ we have

t`(f(x∗)− f(x`)) ≥ B(x∗, x`+1)−B(x∗, x`)−
L2t2`
4σ

.

Letting t` = 1/
√
k for all 0 ≤ ` ≤ k − 1, and summing up, we have

min
0≤`≤k−1

(
f(x`)− f(x∗)

)
≤
B(x∗, x0) + L2

4σ√
k

.

6 Proof of Theorem 7

If additionally, ∇f is Lipschitz, say (∇f(x)−∇f(y))>(x− y) ≤M‖x− y‖2, then

∇f(x`)>(x`+1 − x`) ≥ ∇f(x`+1)>(x`+1 − x`)−M‖x` − x`+1‖2

≥ f(x`+1)− f(x`)−M‖x` − x`+1‖2.

Therefore,

t`(f(x∗)− f(x`)) ≥ B(x∗, x`+1)−B(x∗, x`) + (σ −Mt`)‖x` − x`+1‖2

+t`(f(x`+1)− f(x`)).

Taking t` = σ/M and summing up, the theorem is proven.
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7 Proof of Theorem 8

Let us analyze what happens after this modification. Let ` be an iteration.

By the optimality condition:[
∇f(y`+1) + L(x`+1 − y`+1)

]>
(x− x`+1) ≥ 0, ∀x ∈ X .

Now, since

f(x`+1) ≤ f(y`+1) +∇f(y`+1)>(x`+1 − y`+1) +
L

2
‖x`+1 − y`+1‖2

and by the subgradient inequality

f(y`+1) ≤ f(x)−∇f(y`+1)>(x− y`+1)

we have

f(x`+1) ≤ f(x) +∇f(y`+1)>(x`+1 − x) +
L

2
‖x`+1 − y`+1‖2.

Combining with the optimality condition we have

f(x`+1) ≤ f(x) + L(x`+1 − y`+1)>(x− x`+1) +
L

2
‖x`+1 − y`+1‖2, ∀x ∈ X .

Taking x = x∗ and x = x` respectively:

f(x`+1) ≤ f(x∗) + L(x`+1 − y`+1)>(x∗ − x`+1) +
L

2
‖x`+1 − y`+1‖2

f(x`+1) ≤ f(x`) + L(x`+1 − y`+1)>(x` − x`+1) +
L

2
‖x`+1 − y`+1‖2.

Multiplying the first inequality by 1/t`+1 and multiplying the second inequality by 1− 1/t`+1, and

then adding up:

1

t`+1

(
f(x`+1)− f(x∗)

)
+

(
1− 1

t`+1

)(
f(x`+1)− f(x`)

)
≤ L(x`+1 − y`+1)>

(
1

t`+1
x∗ +

(
1− 1

t`+1

)
x` − x`+1

)
+
L

2
‖x`+1 − y`+1‖2.

The left hand side of the above inequality is

f(x`+1)− f(x∗)−
(

1− 1

t`+1

)(
f(x`)− f(x∗)

)
.

Using the identity

(w1 − w2)
>(w3 − w1) =

1

2

(
‖w2 − w3‖2 − ‖w1 − w2‖2 − ‖w1 − w3‖2

)
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on the right hand side, it becomes

L

2

(∥∥∥∥y`+1 −
(

1− 1

t`+1

)
x` − 1

t`+1
x∗
∥∥∥∥2 − ∥∥∥∥x`+1 −

(
1− 1

t`+1

)
x` − 1

t`+1
x∗
∥∥∥∥2
)

=
L

2t2`+1

(∥∥∥t`+1y
`+1 − (t`+1 − 1)x` − x∗

∥∥∥2 − ∥∥∥t`+1x
`+1 − (t`+1 − 1)x` − x∗

∥∥∥2) .
The formula y`+1 = x` + t`−1

t`+1

(
x` − x`−1

)
gives us

t`+1y
`+1 − (t`+1 − 1)x` = t`x

` − (t` − 1)x`−1.

Rearranging and using t`+1(t`+1 − 1) = t2` , we have

t2`+1

(
f(x`+1)− f(x∗)

)
− t2`

(
f(x`)− f(x∗)

)
≤ L

2

(∥∥∥t`x` − (t` − 1)x`−1 − x∗
∥∥∥2 − ∥∥∥t`+1x

`+1 − (t`+1 − 1)x` − x∗
∥∥∥2) .

Summing up ` = 1 to ` = k − 1, the theorem follows.

8 Proof of Theorem 10

Consider `-th iteration. The optimality condition is:[
∇f(x`+1)−A>λ` + γA>(Ax`+1 − b)

]>
(x− x`+1) ≥ 0, ∀x ∈ X .

Now take any fixed λ ∈ Rm. We have

0 ≤
[
∇f(x`+1)−A>λ` + γA>(Ax`+1 − b)

]>
(x∗ − x`+1)

≤ f(x∗)− f(x`+1)− (λ`+1)>A(x∗ − x`+1)

= f(x∗)− f(x`+1) + (λ`+1)>(Ax`+1 − b)

= f(x∗)− f(x`+1) + λ>(Ax`+1 − b) + (λ`+1 − λ)>
[

1

γ

(
λ` − λ`+1

)]
.

Therefore,

f(x`+1)− f(x∗)− λ>(Ax`+1 − b)

≤ 1

γ
(λ`+1 − λ)>(λ` − λ`+1)

=
1

2γ

[
‖λ− λ`‖2 − ‖λ− λ`+1‖2 − ‖λ`+1 − λ`‖2

]
≤ 1

2γ

[
‖λ− λ`‖2 − ‖λ− λ`+1‖2

]
.
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Summing from ` = 0 to k − 1, and noting the convexity of f (Jensen’s inequality) we have

f(x̄k)− f(x∗)− λ>(Ax̄k − b) ≤ ‖λ
0 − λ‖2

2kγ
.

The desired result follows by taking

λ = −ρ · Ax̄k − b
‖Ax̄k − b‖

.

In fact, we still need to establish the feasibility violation of x̄k.

Let v(z) := min {f(x) | x ∈ X , Ax− b = z}, which is a convex function.

Take any µ ∈ ∂v(0). By the subgradient and Cauchy-Schwartz inequalities

v(z) ≥ v(0) + µ>z ≥ f(x∗)− ‖µ‖ · ‖z‖.

Let z = Ax̄k − b. We have

f(x̄k) ≥ f(x∗)− ‖µ‖ · ‖Ax̄k − b‖.

Choose ρ > ‖µ‖. It follows that

(ρ− ‖µ‖)‖Ax̄k − b‖ ≤ f(x̄k)− f(x∗) + ρ‖Ax̄k − b‖ ≤ ρ2/γ + ‖λ0‖2/γ
k

.

Hence, {
‖Ax̄k − b‖ ≤ ρ2+‖λ0‖2

γ(ρ−‖µ‖)k = O(1/k);

f(x̄k)− f(x∗) ≤ ρ2+‖λ0‖2
γk = O(1/k).

This shows that in k iterations the multiplier method does produce a solution that has O(1/k)

error in terms of constraint violation and the objective value.
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