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1 Proofs of the Duality Theorems

Write the primal problem as
minimize ¢’z
subject to z € (a+ L) NK,

and its dual problem

minimize a's

subject to s € (c+ L) NK*.

Lemma 1. (Alternatives of strong infeasibility). {x € R™ | Az = b, x € K} is not strongly
infeasible <= {y € R™ | ATy € K*, bTy < 0} = 0.

Proof. Note that for s € £+, i.e. s= A"y for some y € R™, we havea's =a' ATy =b"y.

Observe the following chain of equivalent statements: {y € R™ | ATy € K*, b’y < 0} = () <=
“for all s € L+ NK* it must follow a's > 0" <= a € (L*NK)* =cl(K+ L) <= “Dz; € K,
Z; € L such that |la — (x; + ;)| = ||(a — ;) — zi]| = 0” <= (a+ £) N K is not strongly infeasible.

The theorem is proven. O

Lemma 2. (a+£)Nint K # @ if and only if for any d # 0 and d € L+NK* it must follow a’d > 0.

Proof. Note that 2 € int K <= V0 # y € K* it follows "y > 0.

‘=" Let ¢ € (a+ £) Nint K. In particular, write x = a + z with z € £. Take any d # 0 and
de LtnK*:
O<z'd=(a+2)d=a'"d,

‘«—=": If (a+ L) Nint £ = @, then a + £ and int K can be separated by a hyperplane. That is, there
is s # 0 such that

ste>0forallz e Kands'(a+y) <0 forallye L.

The last inequality means that s'a < 0 and s'y = 0 for all y € £. Thus, we have found a non-zero
vector s € L1 N K* with a's < 0, which contradicts the assumption. O

Theorem 1. If the primal conic program satisfies the Slater condition, and its dual is feasible,

then the dual has a non-empty and compact optimal solution set.

Proof. Clearly, the objective value of the dual problem is bounded below by the weak duality
theorem. The only possibility for the dual problem not to possess an optimal solution is that the

‘sup’ is non-attainable; i.e. there is an infinite sequence s’ = ¢ — ATy’ € (a + £+) N K* such that

a'ss=a'c—b"y" = a'c— optimal value of the dual problem,



and [|s|| — oco. Without loss of generality, suppose that s'/||s|| converges to d. Then we have
deLNK* anda'd=0.

This contradicts with the primal Slater condition, in light of Lemma[2] Hence the optimal solutions
must be bounded. ]

Therefore, if a pair of primal-dual conic programs satisfy the Slater condition, then attainable
optimal solutions exist for both problems, according to Theorem The only remaining issue in
this regard is: how about the strong duality theorem? In other words, do these optimal solutions

satisfy the complementarity slackness conditions? The answer is yes.

Theorem 2. If the primal conic program and its dual conic program both satisfy the Slater condi-
tion, then the optimal solution sets for both problems are non-empty and compact. Moreover, the

optimal solutions are complementary to each other with zero duality gap.
Proof. The first part of the theorem is simply Theorem [1} stated both for the primal and for the
dual parts separately.

We now focus on the second part. Let * and s* be optimal solutions for the primal and the dual

conic optimization problems respectively. Write the primal problem in the parametric form:

(P(a)) minimize c¢'x

subject to xz €a+ L
x e K.

Let the optimal value of (P(a)), as a function of the vector a, be v(a). Clearly v(a) is a convex
function in its domain, D, whenever (P(a)) is feasible. Obviously, D O K. Also we see that v(0) =0

due to Lemma [Tl
By the Slater condition we know that a € int D. Let g be a subgradient for v at a; that is

v(z) > v(a) +¢' (2 —a) (1)
for all z € D.

Observe that for any d € £ we have a + L = a+ d+ L. Thus, v(a+ d) = v(a) for any d € L. This
implies g € £L+. Take any u € K. Since x* + u is a feasible solution for (P(a + u)), it follows that

via+u) <c' (2" +u) =v(a) +c u
Together with the subgradient inequality this yields

(c—9)'u>0



for any u € K; hence ¢ — g € K*. Thus, ¢ — g is a dual feasible solution, and so

a's* <a'(c—yg).

Taking z = 0, the subgradient inequality gives us
0=v(0)>v(a)+g ' (0—a)=c'z"*—g'a. (2)

Combining with we have
a'c—clz* —als* >0.
Hence,
0=(z"—a) (s —c)= (") s" +a'c—c'z* —a's* > (2%)"s* > 0.

Thus, (z*)"s* = 0, and the complementarity slackness condition is satisfied. O

2 The Path-Following Methods

A natural method for solving constrained optimization, which has been around for more than a

half century, is the so-called barrier function method.

The method is designed to solve a generic problem of the type: minimize f(z), subject to x €
S C R”, where S is known as the constraint set. Suppose that S is full-dimensional, and there
is a barrier function b(z) whose domain is precisely int .S, and b(x) — +oo as x gets close to the
boundary of S. The barrier function approach amounts to consider a sequence of wunconstrained
optimization problems: minimize f(x)+ prb(z), with g > 0 a sequence to be set to converge to 0.
The classical theory ensures that if such problems were solved to optimality, then their solutions

will eventually converge to the optimal solution set of the original problem, as u; converges to 0.

There are immediately a number of questions that one will need to answer, such as: (1) Since the
choice of barrier functions can be abundant, what are the good choices, and why? (2) How to
control the convergence speed of py to zero? (3) How to solve the unconstrained problem? We aim
to answer these questions in our analysis.

Consider
-

minimize c¢'zx
subject to Ax =b

r e K.

The linear equality constraints are easy to deal with, and naturally we only need to consider a

barrier function for the conic constraint. Consider a convex barrier function F'(x) for K:



o F(z) < oo forall z € int K;
e F(z%) — 0o as #¥ — = where  is on the boundary of K.

Example 1. Ezamples of barrier functions,

e For K=RY, a barrier can be — 1" logx;, or > 1" | 1/x;.
e For K =S0C(n+1), it can be —log (t — ||z||*/t), or —log(t— ||z|]).
o For K =8""", it can be —logdet X, or tr (X1,

o Let f be a convex function, and let

K:=cl {(p,q,2) | p>0,q—pf(z/p) =0},
the function —log(q — pf(x/p) —logp is a barrier function.

Definition 1. Let K C R"™ be a given solid, closed, convex cone, and F be a barrier function
defined in int KC. We call F' to be a self-concordant function if for any x € int K and any direction
h € R" the following two properties are satisfied:

o |[V3F(x)[h, h,h]| < 2(V2F(z)[h, h])%/?;

o |VF(2)[h]| < O(V2F(x)[h, h])Y/2.

Such barrier function F' is called a self-concordant barrier function for the cone K with the constant

0 referred to as the complexity value of the cone with respect to the barrier function F'.

In the above definition,
_ d"F(z+th)

k
VEE ()[R, b o

k

In particular,
VF(z)[h] = VF(x)"h,

and
V2F(z)[h,h] = h' V2F(x)h.

So it is clear that the self-concordance is a line property, just like the convexity is.

As a first example, consider K = R}. Let F(z) = — ). | log z;. Obviously,

VF(@)[h) ==Y @, V2F(z)[h, h] =

7
i=1 "

n o2
hi

2
xT“
i=1



and

n h,3
V3F(z)[h,h,h] = —2) —L.
X5
=1 ?
Hence,
|V3E (2)[h, h, h]| < 2(V2F(x)[h, h])>/?
and

VE(@)[h]| < Va(V2E(2)[h, b))/
ie., 0 =/n.
Another example is K = 87", and
F(X) = —logdet X.
In that case, for any direction H € S™*" we have
VF(X)[H] = —tr (X 'H)
and
V2F(X)[H, H] = tr (X 1H)?

and

V3F(X)[H, H,H] = —2tr (X 'H)?.

Similar as before, one can easily show the self-concordance with 6 = \/n.

An important property regarding the trilinear form
VSF )u, v, w] Za”ku,v]wk
1,5,k

is that
(T) maximize |V3F(z)[u,v,w]|

subject to  [|uf = [Jvf| = [lw[l =1
attains its optimum at the same solution as for
(T) maximize |V3F(x)[u,u,u]|
subject to  |Jul| = 1.

Let us see why it is so. Denote the optimal value of (T') to be B, and optimal value of (T")" to be B’.
Let Ay = [aijklnxn, k = 1,...,n. By the Cauchy-Schwartz inequality we know that the following

problem is equivalent to (7):

(T)" maximize |[(uAv,---,u’ A)||

subject to  |ul| = ||v|| = 1.



Consider the KKT condition at an optimal solution (u,v) for (T')":

n

E(uTAkv)Akv = pu
k=1

and
n

Z(uTAkv)Aku = v
k=1

where p and v are the respective Lagrangian multipliers.

"

Since ||u|| = |lv|]| = 1 we have u = v = B?, where B is the optimal value for (T')”. Now adding

these two equations yields
n

Z(UTAkv)Ak(u +v) = B*(u + ).
k=1
Suppose that u + v # 0 (otherwise consider v — v). Let w := (u + v)/||lu 4+ v||. Then, from the

previous equation we have

n
Z(UTAkU)wTAkw = B2
k=1

Applying Cauchy-Schwartz once more we have B? < BB’. But obviously, B > B’, and so B = B'.

As a consequence, we also know that for self-concordant function F' we have

V2F (@)[u, v, w]] < 2V2F (), u) V2 - (V2F(2)[o, o)) /2 - (V2F (@) fw, w]) /2,

A geometry is associated with a local inner product system. Suppose that F(x) is a strictly convex

barrier function for the cone K. Consider
(u,v) = u' V2F(z)v.

The above inner product is coordinate-free, i.e., if we let y = A~ 'z then the inner product remains

invariant.

To be specific about the locality of the inner product, let us denote
(u,v)p = u' VEF (x)v.

The norm induced by the inner product is ||ul|; := v/ (u, u),.

We now concentrate on a given self-concordant function, F(x), satisfying |V3F(x)[h,h,h]| <
2(V2F(x)[h,h])*>?. The geometry induced by the Hessian matrix of F(z) has nice properties,

which will lead us to useful bounds whenever the Newton method is used.

Let = and y be in the domain of F'. Consider the function

f@t) :=F(z +i(y — )



where t € [0, 1]. Since f(t) is self-concordant, we have

()] < 2(£7()*2,
or,

(1)~

<1.
dt -

' f///(t)
2(f7(t))32

_‘d

Integration yields,
1

1
Lﬁww‘xﬁwm

V.f"(0) Ty V. f"(0)
14 t/f7(0) SV < 1 —t/f"(0)

<t

This gives us

In other words,

T2 T2
h'V*F(z)h 2§hTV2F(:c+th)h§ h'V*F(z)h

(1 + t\/m> (1 — hTV2F(x)h>2

where h =y — x.

)

Now we wish to use this property to further prove that the local geometry satisfies the following

‘continuity’ property
[[ully 1

ull= = 1=y — 2|l
for all u # 0, whenever ||y — z||, < 1. If this is true then

ly = ll.
ly —all, <
VST Ty =l

and so
lully o 1—2lly —z[s

lulle = 1=y =l

Theorem 3. Let F(x) be a self-concordant function. Then for any x and y in its domain with
ly — z||x <1 it holds that
T2
T2 u' VF(x)u
u V°F(y)u < .
(1= ly — z[l2)?

Proof. Let z(t) = (1 —t)z + ty and ¢(t) = u' V2F(2(t))u. Then,

¢'(t) = VPF(2(t))ly — o, u.u].

Hence,
180 < 2lly — @l lull? ) = 2y — lld(2).
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Notice that

hTV2F(2(t)h

= V()
/"(0)
1—1/f"(0)
ly =zl
1- t”y - x”z

ly — x|z

Again, integrating over ¢, and it follows that

o(1) 1
50) = T—Tly - 2l)?

This is precisely

T2
T2 u' VoF(x)u
S e P
as stated in the theorem. O
As a consequence of the theorem we have
1
V2F(y) < V2F
T P R
and so,
1-2]ly — 2|\
2 x 2
Fly) = | ————~= F(x).
Vo= (T ) PR
Consequently,

2
(V) = (o) (@)

for any x,y € dom F, and ||y — z||, < 1/2.
Also, it follows that

1
(1 —tlly — zllz)

I(V2F () V2F (2 + t(y — @) = I]| < 5 — 1
where we use the matrix spectrum norm.

Next let us analyze what happens if we apply Newton’s method on a self-concordant function. Let

z be in the domain of F'. The Newton direction of F' at x is
n(z) = —(V2F(2)) 'V F(z).

There is a crucial quantity that is of importance to us, ||n(z)||,, the local norm of the Newton

direction.

There are two immediate consequences:



e For any x € dom F, it follows that {y | ||y — x|l < 1} € dom F.

o If |n(z)|l, < 1 then the unit Newton step is feasible, i.e. 2y = x +n(z) € {y | ||y — z|l» <
1} € dom F.

By Theorem [3| and its consequence, we have

(V2F(,)) ™ < (f_‘J'(j,f@‘f)Q (V)"
Therefore, )
(w2, < (§ g ) (VP (VR @) V().
Moreover,
VF(xy) = VF(x)+ /0 1 V2F (2 + tn(z))n(z)dt.
This gives,

(V2F(2)) 'V F(z,) = /0 [(V2F(2)) "V F(x + tn(z)) — I] n(x)dt.

Notice that

(VF(zy)) (V?F(2)) ' VF(2)
= [[(V*F(2)) ' VF(z4)]?

1
[ [ @) 2@ it - 11 |n<m>||xdt}

||
{/0 e ””(9”)”““}2

1
(In(z)l2)*
(1= lIn(@))*

2

IN

IN

Finally, this yields

()2
n(zx < —5
In particular, if ||n(x)|, < 1/4, then

In(z)lle, <1/8.

In other words, the local norm of Newton directions converges to zero quadratically if the initial

iterate has a local Newton direction less than a half.
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As a consequence, we can show that if ||n(z)||, < 1/4, and z* is the true minimum point of F', then

|lz* — x|, < 3/4.

So far, we only used the property
[VOF(2)[h, b, h]| < 2(V2F ()[h, h])*?

for any x € dom F, and any direction h.

What if F(z) is a barrier for the cone K, and satisfies
VF(2)[h]] < 6(V?F(x)[h, h])'/?
for any x € int K and any direction h € R™? Actually, in this case, the barrier function can be
used to solve the conic optimization problem denoted as (P) below:
(P) minimize c¢'x
subject to z €a+ L
x €K,

where £ = {z € R" | Az = 0}.

Let )
F(z) = —c '+ F(z).
Q

Obviously, F,(x) is also a barrier function for (P).
Let us suppose that an appropriate initial feasible solution for (P) is available.
For any 0 < p/ < u, we have

V2E,(z) = V?F,(z) = V?F(2)

,_
VE,(z) = %VFM(:U)+UVF(:E).

i
Let
n(u;x) = _(VQFu(m))ilvau(x)a

and
p(ps ) = ||n(p; z)||e

namely, the local norm of Newton direction of F},.
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Then we have
/

p—p
/

n(z)

7
p(psx) = Hwn(u;mH
xT
!
1 o
< pHn(u;w)Hﬁ % [n(x)]],, -

Now, if
[VE@)[R]] < 0(V2F ()b, h]) 2

holds for all h, then we may let h = n(x), and this gives
()]l < 6.

Hence,
/

= p
0.

7
p(i; ) < ﬁp(u; ) +

We are now in the position to present a (short-step) version of the central path follow method.

Suppose that we start from a given u" > 0 and 20 satisfies p(u”; 2°) < 1/4. Let the iteration count
be i = 0.

Fach step of the method now consists of two types of operations: taking a full Newton step, and

shifting the target by reducing the parameter pu.

Short-step central path following

Newton step. Let 2/t = ¢ + n(u’; 2%).

Target shifting. Let /™! be so that p(p'*!; 2i!) = 1/4.

Theorem 4. It holds that

foralli=0,1,....

Proof. Since one Newton step brings p(u'; 2) = 1/4 to p(u’; 2't1) < 1/8, we have

po L o=y
1/4< 2.2 0.
/_u’ s " I

This can be equivalently written as
! 1 1
<1 By

p = 1/A4+60 0 2480
This proves the desired result. 0

As a result we have the following complexity estimation.
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Theorem 5. Suppose that u° = O(1). Then, in O(0 log%) Newton steps we will reach a point x
with p < € and p(p;z) < 1/4.

The method described above is called short step path following. In practical implementation, it is
considered too conservative. Below we shall introduce another variant of the method, known as

long step path following.

Suppose that we start from a given ;% > 0 and z°. Let the iteration count be i = 0. Each step of
the method also consists of two types of operations: taking a damped Newton step, and shifting

the target by reducing the parameter pu.

Long-step central path following

Newton step.

o Let y = 2.
e While p(u’;y) > 1/8, find the Newton direction

n(u’;y) and do line minimization
t:= argmin Fi(y + tn(ut;y)),

and
y =y +in(u';y)
and return to while.

e Update the iterate: Let x'T! = .

Target shifting. Let p't! = pf/2.

By construction, in the while loop, it holds that p(u’;y) > 1/8 and p(u; 2*T1) < 1/8.

Theorem 6. Suppose that u° = O(1). Then, in O(log %) number of target shifting we will reach a
point x with u < € and p(u;z) < 1/8. Between each target shifting it takes at most O(62) numbers
of Newton steps.

Proof of the theorem.

The key is certainly to estimate the number of Newton steps needed between each time of target

shifting.

In particular, we shall estimate the number of Newton steps needed between z**! and z'+2.
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It will be convenient to introduce the following lemma.

Lemma 3. If F(z) is a convex function satisfying
VE(@)[R]| < 0(V2F(2)[h, h])'/>
for any x € dom F and any direction h, then
VF(x)'(y —z) < ¢°
for any x and y in dom F.
Proof of the lemma.

The statement is trivial if VF(z) " (y — z) < 0.

We consider the case where VF(z)"(y — 2) > 0. Let
g(t) = VF(z +t(y — 2)) " (y — x).

Then,
0<g(t)* < 0% ).

This means that ¢/(¢) > 0. Hence g(t) > g(0) > 0 for all 0 < ¢ < 1.

On the other hand, integration gives us

o1
2= 50 o)
Thus,
i 1 B 1 < 1
> = g(0) g(1) ~ g(0)
and so g(0) < 6% O

This lemma gives us a handle on how much do we need to reduce the function Fj,i+2(x) once the

target is updated.

Let x; be the minimum point of Fuj (). Then,

* c *
VE(a5) = o5+ VF()) = 0.

p(u”l;xHQ) < 1/8 S ||xi+2 _ .’,Uj;+1||xi+2 < 3/4
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Therefore,

F i+2 (ZEH_Q) - F i+2 (l‘;(_‘_2)

p 1
= Fua(2™?) = Fy(aiy) + Fe(2]) — Fue(a]y,)
< (VEue2(@™2) (@2 = afyy) + (VEue(270)) " (0 — 07)
= 2 (VEun(2™?) T @2 —afyy) = VF@*?) T (2™ —afyy) = VF(2f) " (2 — 2f10)
< 2 x p(ptth 2 x 3 + 262

4

Next, consider one particular step of Operation 1.

Our aim now is to prove that, if ||n(x)||; is large then the Newton method with line minimization

substantially reduces the value of F'.
Fix any z € dom F'. Let

f(t) = Fla + tn(a)).
By the self-concordance, we have

(6] < 201" ()
forall 0 <t < 1/||n(x)|l = 1/+/f"(0).

As we have seen before, integration and re-arrange we get

71(0) ,
TN

Integration once again, we obtain,

tf"(0) ) — tf"(0)
1+t¢ffT0)§f(t) f(O)gl_t\/T(o).

Finally, we integrate for the second inequality, and this leads to

F(8) < F0) + (£0) = VI7(0) t ~ log (1 1/F7(0))

where f/(0) = —f"(0) = —||n(z)]|2.

o
(1= t/F)?

Notice that —log(1 — &) < & + 62 whenever 0 < § < 1/2. We have

(1) < £+ (£0) = V) t = log (1~ 1/F7(0))

£(0) = @lIn(@)llz + In(2)]12) t + [In(2) ]| 2*

IN

where t < 1/(2||n(x)||.).
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Let us choose ¢ = max{1/(2||n(z)||.),1}. Then,

f&) < f(0) = 2n(z)]lt
< f(0) — max{2|ln(z)|ls, 1}
< f(0)—1/4.

This means that if the local norm of the Newton direction is at least 1/8, then the function value

can be reduced by at least 1/4 if one applies Newton’s method with line minimization.
This shows that between two target shifting steps we can have at most O(6?) Newton steps.
This completes the proof for the theorem.

The final remaining question is, what good does it do if at each step we are close to the minimum

of .
min  <E A F(x)

st. xe€a+ L7
Well, the solution x(u) itself satisfies

c
ot VE(z(p) = y(n)
with y(u) € £+
This means that
s(1) =~V F(a(u))
is a feasible dual slack. Therefore, the duality gap is equal to
() " s(p) = W(VF(@(1)) T (0 — 2(p)) < po®
where we used Lemma, [3l

This shows that if we drive y — 0, then the duality gap will converge to zero.
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