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Outline� Stochastic Programming (SP)� Formulation and Basic Algorithms for SP� Condor and metaNEOS� Asynchronous Trust-Region Algorithm� Computational Results: Algorithm Perfor-mance� Sampling Methodology� Computational Results: Quality of Solu-tionsJoint work with Je� Linderoth (Axioma Inc)and Alex Shapiro (Georgia Tech).
Stochastic ProgrammingOptimization of a model with uncertainty.Often formulated mathematically asminx f(x) def= E�g(x; �) = Z
 g(x; �)p(�)d�;(p is probability density function) subject toconstraints on x 2 Rn.Arises in planning-under-uncertainty applica-tions, where each � represents a possible sce-nario (a possible way in which the model couldevolve). Space 
 can contain �nite or in�nitescenarios.g(x; �) could be the value function of some sec-ond level optimization problem parametrizedby x. (Recourse.)

Example: Network PlanningAdding capacity on a telecommunications net-work for private-line services. (Sen et al., 1994.)
A

B

Shows nodes and links, Node pair A-B, and a route
between A and B.

Add capacity to some links, to attempt tomeet (uncertain) demand for tra�c betweennodes.Sample demand pro�le: Third node pair:0 (prob :855)5:39 (prob :095)75:1 (prob :05)



� Data:- network topology: n = 89 links.- point-to-point pairs: i = 1;2; : : : ;86.- demands di for each pair i are randomand independent, with 3 to 7 possiblescenarios. Total about 1070 scenarios!� Decision variables: xj, j = 1;2; : : : ; n: amountof capacity to add on link j. Total new ca-pacity bounded by B.� Objective: minimize the expected amountof unmet demand, summed over the mpoint-to-point pairs.We can't hope to solve the problem by ac-counting for all the 1070 possible scenarios ex-haustively | it's much too large.Practical approach is to use sampling to se-lect a subset of N scenarios, randomly. Thesample average approximation (SAA) is stilllarge, but manageable.

2-stage stochastic LP with recourseminx Q(x) = cTx+ EPQ(x;!)subj. to Ax = b; x � 0;where P is a probability measure on the space(
;F), andQ(x;!) = miny q(!)Ty subject toWy = h(!)� T (!)x; y � 0:x = �rst-stage vars, y = second-stage vars.Sampled approximation: Sample N points !j,j = 1;2; : : : ; N from P , and solveminx Q(x) = cTx+N�1PNj=1Q(x;!j)subj. to Ax = b; x � 0:
Each Q(x;!j) is convex, piecewise-linear in x.

Q(x)

x

subgradients

Compute subgradients of Q by� �nding dual solutions �j of the second-stage LP's for j = 1;2; : : : ; N (concurrently!)Q(x;!j) : minyj q(!j)Tyj; subj. toWy = h(!j)� T (!j)x; yj � 0;� summing: c�N�1 NXj=1T (!j)T�j:

\bundle" methodsBuild up a lower bounding, piecewise linear ap-proximation to Q(x), based on function valuesQ(x`) and subgradients g` at iterates x`.Model function Mk(x) after k iterates isMk(x) = sup`=0;1;:::;k hQ(x`) + (g`)T(x� x`)i :Choose next iterate asxk+1 = argminMk(x); subj. to Ax = b; x � 0:which can be formulated as:minx;� �; subject toAx = b; x � 0;� � Q(x`) + (g`)T(x� x`); ` = 0;1; : : : ; k:(Each constraint is called a cut.)



Example: After �rst two iterations 0;1:
M  (x)1

x 0 x1

x

Q(x)

x2 is the minimizer ofM1; add new subgradientto obtain M2; take minimizer to obtain x3:
x

Q(x)

M  (x)2

x2 x3

enhancements� trust-region (allows more steady progress,exploits good starting point);� algorithm that allows deletion of old cuts;� group the second-stage problems Q(x;!j)into T \chunks" Nt, t = 1;2; : : : ; T , withf1;2; : : : ; Ng = [t=1;2;:::;TNt:and assign each Nt to a worker processor;� multiple cuts at each x (each chunk canreturn its own subgradients);� asynchronous variant is preferred for ourtarget parallel platform.
trust-region (TR)Choose next iterate asxk+ = argminMk(x); subj. toAx = b; x � 0; kx� xkk1 ��k;where �k is the trust-region radius.� Trivial to modify the LP subproblem: justadd the bounds��ke � x� xk ��ke:� If candidate point xk+ is \signi�cantly bet-ter" (achieves some fraction of the decreasepredicted by the model) then set xk+1  xk+. Possibly delete cuts, increase the trustregion.� Otherwise, set xk+1 xk and add subgra-dient information from xk+ to improve themodel. Possibly delete uninteresting cuts,decrease trust region.

TR propertiesDenoting the solution set by S,� Can delete cuts liberally, between major it-erations;� dist(xk;S)! 0;The algorithm may still be too synchronous:requires complete evaluation of Q(x) at a can-didate iterate x before proceeding.



related work� Marsten et al \box step" (1975) builds upan exact model of the problem over theTR.� Lemar�echal \bundle" (1975 et seq.)� Kiwiel (1983 et seq.)� Ruszczy�nski \regularized decomposition" (1986)speci�cally for stochastic programming.The last three give quadratic programming sub-problems, not LP. More like a Levenberg ap-proach than a trust-region approach.

Condor!High-throughput computing on pools of dis-tributively owned computers | Developedat Wisconsin: Livny.� Condor pools consist of user workstations,nodes from multiprocessor systems and clus-ters.� Handles scheduling, matching of user re-quirements to machine characteristics.� Checkpointing and migration.� Flocking and Glide-in mechanisms allow jobsto execute across multiple pools.
a challenging environment...The Condor environment is powerful and inex-pensive, but challenging to algorithm designersand implementers.� dynamic/opportunistic: size and composi-tion of worker pool changes unpredictablyduring computation� heterogeneous: old workstations and fastnew linux machines, di�erent versions ofSolaris, software licenses valid on only somemachines.� latency unpredictable, generally slow: work-ers can be next to each other in a rack, orseparated by 6000 miles and the Internet.Problems that are large and compute-intensive| and algorithms that are asynchronous |work best on this platform.

MW (Master-Worker)Many interesting optimization algorithms canbe shoehorned into the master-worker paradigm.MW is a runtime support library for imple-menting master-worker computations on theCondor system. (Yoder, Kulkarni, Linderoth,Goux)MW abstracts the issues of resource manage-ment and communication.� Condor handles resource management;� Communication is either via shared �les orCondor-PVM.



TR may not be asynchronous enough!The TR approach still synchronizes on the func-tion evaluation at each candidate point xk+.If there are T chunks of second-stage scenarios,can't use more than T processors. For manyproblems of interest, we cannot make T verylarge (10 { 100) without making the work-per-chunk too small and creating too much con-tention at the master.May wait for a long time for the last chunkto be evaluated, if its host is suspended ordisappears.An asynchronous trust-region (ATR) algorithmincreases parallelism and throughput.

ATR� Maintain an incumbent xI: the best pointfound so far (smallest value of Q).� Maintain a basket B of 3�20 other x points| possible new incumbents | for whichthe second-stage LPs are currently beingsolved.� When space becomes available in B, gener-ate a new candidate point by solving a TRsubproblem around the current incumbent:kx � xIk1 � �. (xI becomes the parentincumbent of the new point.)

ATR (continued)� When evaluation of a point x 2 B is com-pleted, accept it as the new incumbent if� Q(x) < Q(xI); and� Q(x) gives a signi�cant decrease overits parent incumbent.� Populate B initially by solving TR subprob-lems around early incumbents, using par-tial subgradient information. (Synchronic-ity parameter �.)� Strategies for cut deletion and adjustmentof trust region are adapted from the strate-gies for the synchronous TR algorithm.

convergence of ATRBecause of the strategy for selecting incum-bents, and for cut management and adjust-ment of �, can re-use much of the theory forthe serial case.From a given incumbent, can trace back achain through successive parents, to the ini-tial point. A su�cient decrease condition issatis�ed with respect to each link in this chain.By applying synchronous TR theory to thischain, and assuming that all tasks terminate�nitely, we have dist(xI ;S)! 0.



SSN:computationalresults
��rststage:89variables,1constraint;
�secondstage:706variables,175constraints,
2284nonzeros.

Studythee�ectofasynchronicity,parallelism
onlargesampledinstances.
WereportresultsforN=10 4andN=10 5
scenarios,withsynchparameter�=:7.

run iter chunks cuts/iterav. procspar. e�ciencywall clock (min)ALS 282 50 50 26 .87 254TR 47 25 100 23 .49 58TR 44 25 100 21 .31 97TR 45 25 100 20 .23 158TR 51 50 100 37 .33 48TR 51 50 100 45 .14 135TR 46 50 100 41 .15 135SSN, N = 10000. 1.75M � 7.06M.

run iter jBj chunks cuts/iterav. procspar. e�ciencywall clock (min)ATR 81 3 25 100 43 .38 64ATR 81 3 25 100 39 .41 64ATR 87 3 25 100 36 .44 66ATR 106 3 50 100 84 .28 53ATR 95 3 50 100 65 .26 64ATR 94 3 50 100 23 .44 105ATR 171 6 25 100 70 .45 61ATR 135 6 25 100 61 .39 75ATR 145 6 25 100 38 .35 146ATR 177 6 50 100 87 .41 54ATR 162 6 50 100 93 .34 66ATR 159 6 50 100 39 .27 199SSN, N = 10;000. 1.75M � 7.06M.

run iter jBj chunks cuts/iterav. procspar. e�ciencywall clock (min)ATR 177 3 100 100 38 .52 1357SSN, N = 100;000. 17.5M � 70.6M.



storm: computational resultsCargo 
ight scheduling problem (Mulvey andRuszczy�nski).� �rst stage: 121 variables;� second stage: 1259 variables.For a 250000 scenario sampled approx, LP hassize 132;000;185� 314;750;121Started from a solution for a 3000-scenario ap-proximation, whose quality is very good. TRtakes a single step and terminates, ATR doesn'ttake any steps, just veri�es quality of startingpoint.(For a chunk of 2000 scenarios, task size isabout 150 seconds.) run iter jBj
chunks cuts/iter av.procs par.e�ciency wallclock(min)

TR17-
1251251
06.5514
6

ATR253
1251251
06.9011
6

storm,N=
250;000.13
2M�315M
.

storm with 107 scenariosLP has size approximately5:5� 109 rows; 1:3� 1010 columns:Used machines at Wisconsin, NCSA (Illinois),New Mexico, Argonne, Italy, Columbia. 800machines requested, 556 actually used duringthe run (average of 433 at any one time).
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solution quality� Can we get useful estimates for the opti-mal objective values of the true problemfrom the sampled problem? Can we getcon�dence intervals?� How do the solutions of the sampled ap-proximation relate to those of the real prob-lem?Using ATR, along with relevant theory (somerecent), we have performed computational andstatistical studies of these issues for some dif-�cult problems from the literature.

notation reminderminAx=b;x�0 Q(x) = cTx+ KXi=1 piQ(x;!i);(where K � 1070, say) while sample averageapproximation (SAA) can be formed by sam-pling N points f!1; !2; : : : ; !Ng from the distri-bution P and solvingminAx=b;x�0 QN(x) = cTx+N�1 NXj=1Q(x;!j):DenoteZ� = minAx=b;x�0Q(x); ZN = minAx=b;x�0QN(x):Can use Monte Carlo sampling (sampling withreplacement). Can also use variance reduc-tion techniques to reduce Var(ZN). We imple-mented Latin hypercube sampling (samplingwithout replacement).
lower bound for Z�It's well known thatEZN � Z�:This is true for any unbiased estimator. Inparticular can use certain variance reductiontechniques (e.g. Latin hypercube) to selectthe sample f!1; !2; : : : ; !Ng.Generate M batches | each a sampled ap-proximation of size N of the form f!(i)1 ; !(i)2 ; : : : ; !(i)N g,i = 1;2; : : : ;M | and solve the M SAAs to ob-tain optimal valuesZ(1)N ; Z(2)N ; : : : ; Z(M)N :Then estimate EZN byLM =M�1 MXi=1Z(i)N :

con�dence interval for lower boundHave in the limit thatpM [LM � EZN ] � N(0; �2L)where �2L = VarZN :Can approximate �2L by the sample varianceestimatorsL(M)2 = 1M � 1 MXi=1 �Z(i)N � LM�2Then de�ning z� such thatPfN(0;1) � z�g = 1� �;our estimate of the width of the (1� 2�) con-�dence interval isz�sL(M)=pM:(For � = :025 have z� � 1:96.)



upper bound for Z�Given any feasible point x̂, we haveQ(x̂) � Q(x�):Choose an x̂ that appears to be nearly optimal,e.g. minimizer of some QN .Choose T i.i.d. samples, each of size �N (usingMonte Carlo or Latin Hypercube):f�!(i)1 ; �!(i)2 ; : : : ; �!(i)�N g; i = 1;2; : : : ; T;De�ningbQ(i)�N (x̂) = cT x̂+ �N�1 �NXj=1Q(x̂; �!(i)j ):we get an unbiased estimator:U �N;T = T�1 TXi=1 bQ(i)�N (x̂):

con�dence interval for upper boundSince the batches are i.i.d. we havepT hU �N;T �Q(x̂)i � N(0; �2U)where �2U = Var bQ �N(x̂). Approximate �2U bysample variance estimatorsU(T )2 = 1T � 1 TXi=1 � bQ(i)�N (x̂)� U �N;T �2 :Get con�dence interval widthz�sU(T )=pT :

test problemsPerformed experiments with �ve problems fromthe literature.Solved SAA's for sample sizes N ranging from50 to 5000.Solved between 9 and 12 SAAs (M) for eachvalue of N .In upper-bound evaluation, for each optimizingx̂ from the SAAs, T = 50 and �N = 20;000.Report the value of x̂ for which the estimateU �N;T is lowest, together with its con�denceinterval.In selecting samples of size N (for SAA) and�N (for evaluation), used both Monte Carlo andLatin Hypercube distribution, as reported inthe tables. nameappl
ication
scenarios
stage1
stage2

LandShyd
ropower
106 2
�47�
12

gbd
6:5�105

stormcarg
o
ights
6�1081 1
85�12152
8�1291

20termveh
icleassignm
ent1:1�1
012 1�5
71�102

ssnnetwo
rkdesign
1070 1
�89175
�706



results on bounds: SSNResults of Mak et al (1999).lower upperbatch/sample 30 � 1000 1 � 100000estimate 9.22 9.9895% con�dence �0:21 �0:11Using di�erent techniques, Mak et al, generatean approximate solution x̂ using N = 2000, andobtain� upper bound 10:06�0:12 (95% con�denceinterval);� with 95% likelihood, the optimal Z� is within0:77 of this value.

solution estimates for SSN95% con�dence intervals.Monte Carlo:N Lower Upper50 4:11� 1:23 12:88� 0:12100 7:66� 1:31 11:31� 0:12500 8:54� 0:34 10:42� 0:121000 9:31� 0:23 10:20� 0:065000 9:98� 0:21 10:01� 0:09Latin Hypercube:N Lower Upper50 10:10� 0:81 11:39� 0:02100 8:90� 0:36 10:52� 0:03500 9:87� 0:22 10:05� 0:021000 9:83� 0:29 9:97� 0:035000 9:84� 0:10 9:90� 0:03
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solution estimates for gbd95% con�dence intervals.Monte Carlo:N Lower Upper50 1678:62� 66:73 1655:33� 1:93100 1595:24� 42:41 1655:13� 2:64500 1649:66� 13:60 1654:42� 2:271000 1653:50� 12:32 1652:35� 4:095000 1653:13� 4:37 1653:81� 3:56Latin Hypercube:N Lower Upper50 1644:21� 10:71 1655:62� 0:00100 1655:62� 0:00 1655:62� 0:00500 1655:62� 0:00 1655:62� 0:001000 1655:62� 0:00 1655:62� 0:005000 1655:62� 0:00 1655:62� 0:00
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solution estimates for storm95% con�dence intervals.Monte Carlo:N Lower Upper50 1550626:75� 2204:35 1550241:00� 964:33100 1548254:58� 1921:34 1550110:00� 1462:08500 1549813:58� 415:30 1549995:00� 1172:701000 1550087:42� 484:79 1549982:00� 1581:075000 1549811:67� 188:01 1550117:00� 1795:66Latin Hypercube:N Lower Upper50 1549767:90� 107:94 1549872:00� 17:05100 1549924:90� 101:09 1549871:00� 20:10500 1549865:60� 28:18 1549871:00� 22:711000 1549859:20� 14:90 1549871:00� 17:305000 1549865:10� 7:46 1549872:00� 15:04
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solutionestimatesfor20term
95%con�denceintervals.
MonteCarlo:N

Lower
Upper

50253361:33�944:06254392:00�41:55
100254024:89�800:88254374:00�40:11
500254324:33�194:51254354:00�36:55
1000254307:22�234:04254342:00�46:60
5000254340:78�85:99254345:00�51:05
LatinHypercube:

N
Lower

Upper
50254307:57�371:80254325:00�4:58
100254387:00�252:13254313:00�5:43
500254296:43�117:95254312:00�5:58
1000254294:00�95:22254312:00�5:14
5000254298:57�38:74254310:00�5:80
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conditioningandexactsolutions
Recentresults(ShapiroandHomem-de-Mello,
2000)indicatethatadiscreteSAAcaniden-
tifytheexactsolutionofastochasticlinear
programoveradiscreteprobablityspace.If
solutionisunique,chanceofidentifyingitex-
actlyapproaches1exponentiallyrapidlyinN:

P(x̂=x �)�1�e��N;some�>0:
Weinvestigatedthesolutionsobtainedforthe
�nestSAAs(N=5000)foreachproblemin-
stance,usingLatinHypercubesampling.We
plotteddistancematricesforsixSAAsolutions
foreachproblem.



distanceofSSNsolutions
0.00396.72176.90481.92286.11477.05
396.720.00465.13743.21528.69326.39
176.90465.130.00501.36381.06495.92
481.92743.21501.360.00698.67934.41
286.11528.69381.06698.670.00712.62
477.05326.39495.92934.41712.620.00
Solutionsarefarapart,thoughtheirobjective
valuesappeartobesimilar.Indicatesashallow
minimum.

distance of 20term solutions0.00 259.36 700.39 87504.49 77043.47 68975.66259.36 0.00 413.07 88080.16 77726.57 69723.88700.39 413.07 0.00 84761.87 74631.07 67052.7687504.49 88080.16 84761.87 0.00 2419.97 4485.8277043.47 77726.57 74631.07 2419.97 0.00 1017.7768975.66 69723.88 67052.76 4485.82 1017.77 0.00

distance of gbd solutions0.00e+00 2.49e-26 1.42e-27 6.68e-27 4.10e-28 1.47e-272.49e-26 0.00e+00 1.61e-26 6.72e-27 2.64e-26 3.22e-261.42e-27 1.61e-26 0.00e+00 3.17e-27 1.73e-27 2.96e-276.68e-27 6.72e-27 3.17e-27 0.00e+00 8.30e-27 1.19e-264.10e-28 2.64e-26 1.73e-27 8.30e-27 0.00e+00 8.17e-281.47e-27 3.22e-26 2.96e-27 1.19e-26 8.17e-28 0.00e+00Sharp, well de�ned minimizer.
distance of storm solutions0.00e+00 3.51e-04 1.34e-05 1.11e-04 4.79e-05 5.27e-053.51e-04 0.00e+00 2.35e-04 8.94e-05 1.54e-04 1.47e-041.34e-05 2.35e-04 0.00e+00 4.73e-05 1.07e-05 1.30e-051.11e-04 8.94e-05 4.73e-05 0.00e+00 1.31e-05 1.08e-054.79e-05 1.54e-04 1.07e-05 1.31e-05 0.00e+00 1.12e-075.27e-05 1.47e-04 1.30e-05 1.08e-05 1.12e-07 0.00e+00Also a well de�ned minimizer.



The following slides will not be used in this talkbut are retained in the �le for reference.
Latin hypercube samplingAim to reduce variance in ZN .Example: Scenario space !1 � !2 � !3, whereeach ! is distributed according to:P (! = A) = :5; P (! = B) = :25; P (! = C) = :25:

ω1

ω3

ω2

A B C

Sample size N = 4. Divide [0;1] into 4 inter-vals, allow exactly one sample in each intervalfor each random variable.1 2 3 4!1 B C A A!2 A A B C!3 A C A B
We use Latin hypercube sampling, larger sam-ple sizes.� Lower bound: 39 batches of size N = 5000.ObtainedLM = 9:9163; standard error = :0273:95% con�dence interval is [9:8610;9:9716].� Upper bound: For each of the SA solutionsx̂ obtained from the lower bound calcula-tion, took 21 batches of size P = 20;000.Used these to estimate UP (x̂) for each x̂,together with its std error. For the \best"x̂, obtained9:9001; standard error :0190:95% con�dence interval is [9:8614;9:9397].Suggests strongly that the optimal Z� is closeto 9:91.


