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1 Introduction

Consider a mapping F : R” — R", and let 2* € R" be a solution to F(x) = 0.
We consider the local convergence of Newton’s method when the solution x*
is singular (that is, ker F'(z*) # {0}) and when F is once but possibly
not twice differentiable. We also consider an accelerated variant of Newton’s
method that achieves a fast linear convergence rate under these conditions.
Our technique can be applied to a nonlinear-equations formulation of non-
linear complementarity problems (NCP) defined by

(1) NCP(f): 0< f(z), >0, 27 f(z) =0,

where f: R" — R". At degenerate solutions of the NCP (for example, solu-
tions z* at which f = f;(2*) = 0 for some 4), this nonlinear-equations formu-
lation is not twice differentiable at z*, so we require the weaker smoothness
assumptions considered in this paper to prove convergence of the Newton and
accelerated Newton methods. Our results show that (i) the simple approach
of applying Newton’s method to the nonlinear-equations formulation of the
NCP converges from almost any starting point sufficiently close to z*, albeit
at a linear rate if the solution is degenerate; (ii) a simple technique can be ap-
plied to accelerate the convergence in this case to achieve a faster linear rate.
The simplicity of our approach contrasts with other nonlinear-equations-
based approaches to solving (1), which are either nonsmooth (and hence
require nonsmooth Newton techniques whose implementations are more com-
plex) or else require classification of the indices ¢ = 1,2,...,n into those for
which zF = 0, those for which f;(z*) = 0, or both.

Around 1980, several authors, including Reddien [18], Decker and Kel-
ley [3], and Griewank [8], proved linear convergence for Newton’s method to
a singular solution z* of F' from special regions near z*, provided that F is
twice Lipschitz continuously differentiable and a certain 2-regularity condi-
tion holds at z*. (The “2” emphasizes the role of the second derivative of
F in this regularity condition.) We focus on a variant of 2-regularity due
to Griewank [8], which we refer to it as 2%¢-regularity. In the first part of
this work, we show that Griewank’s analysis, which gives linear convergence
from a dense neighborhood of z*, can be extended to the case in which F’
strongly semismooth at x*; see Section 4. In Section 5, we consider a standard
acceleration scheme for Newton’s method, which “overrelaxes” every second
Newton step. Assuming 2%¢-regularity at z* and F’ at least strongly semis-
mooth, we show that this technique yields arbitrarily fast linear convergence
from a dense neighborhood of x*.

In the second part of this work, beginning in Section 6, we consider a
particular nonlinear-equations reformulation of the nonlinear complementar-
ity problem (NCP) and interpret the 2%¢-regularity condition for this for-
mulation in terms of the properties of the NCP. In particular, we propose
a “2¢-regularity condition” for the NCP that implies 2%¢-regularity of the
nonlinear-equations formulation, and show that this condition reduces to pre-
viously known regularity conditions in certain special cases. We conclude in
Section 7 by presenting computational results for some simple NCPs, includ-
ing a number of degenerate examples.
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We start with certain preliminaries and definitions of notation and termi-
nology (Section 2), followed by a discussion of prior relevant work (Section 3).

2 Definitions and Properties

For 2 C R" and G : 2 — R™ we denote the derivative by G’ : 2 — R™ x R",
that is,

oG, 9G,
Oxr, " Ozn

(2) Gx)=| :
OGm G
oxry " Oxy

For a scalar function ¢ : 2 — R, the derivative ¢’ : 2 — R" is the vector
function

Og

dz1

g'(@)=1 :
99
Oz,

The Euclidean norm is denoted by || - ||, and the unit sphere is S = {t | ||t|| =
1}.

For any subspace X of R", dim X denotes the dimension of X. The kernel
of a linear operator M is denoted ker M, the image or range of the operator
is denoted range M. rank M denotes the rank of the matrix M, which is the
dimension of range M.

A starlike domain with respect to z* € R" is a set A with the property
that z € A= Az + (1 — A\)z* € Afor all A € (0,1). A vector t € R" is an
excluded direction for A if ||t]l2 = 1 and 2* + At ¢ A for all A > 0.

2.1 Smoothness Conditions

We now list various definitions relating to the smoothness of a function.

Definition 1 Directionally differentiable. Let G : 2 C R* — R™, z €
2, and d € R". If the limit

3) lim G(z +td) — G(z)
t10 t

is well defined and exists in R™, we say that G has a directional derivative at
x along d and we denote this limit by G'(z; d). If G'(z;d) exists for every d
in a neighborhood of the origin, we say that G is directionally differentiable
at .

Definition 2 B-differentiable. ([6, Definition 3.1.2]) G : 2 C R* — R™,
with {2 open, is B(ouligand)-differentiable at x € {2 if G is Lipschitz contin-
uous in a neighborhood of x and directionally differentiable at x.
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Definition 3 Strongly Semismooth. ([6, Definition 7.4.2]) Let G : 2 C
R" — RP, with 2 open, be locally Lipschitz continuous on 2. We say that
G is strongly semismooth at T € (2 if G is directionally differentiable near
Z, and there exists a neighborhood 2 of Z such that for all  in {2 different
from z, we have

|G (w0 — %) = G'(Z2 — )|

limsup; 4,5 e < 00.

Further, if G is strongly semismooth at every T € {2, we say that G is strongly
semismooth on (2.

Provided F” is strongly semismooth at  and ||z — Z|| is sufficiently small,
we have the following crucial estimate from [17]:

(4) F'(z) = F'(z) + (F") (T2 — ) + O([lz — %)

If G is (strongly) semismooth at Z, then it is B-differentiable at z. Further,
if G is B-differentiable at Z, then G’(Z; ) is Lipschitz continuous [17]. Hence,
there is some Lz such that

() I(F) (2 71) = (F) (2 ho)|| < Lallha — Do

2.2 Regularity

For F : R" — R", suppose z* is a singular solution of F(z) = 0 and F’
is strongly semismooth (for p identified with n x n) at z*. We define N :=
ker F'(x*). Let N, denote the complement of N, such that N & N, = R,
and let N, := ker F/(z*)T. Let m := dim N > 0. We denote by Py, Py,
and Py, the projection operators into N, N, , and N,, respectively.

The 2-regularity conditions of Reddien [18], Decker and Kelley [3], and
Griewank [8] require the following property to hold for certain r € N:

(6) (Pn,F")(x*;r)|n is nonsingular.

In fact, this property appears in the literature as Py, F”'(z*)r rather than
(Pn, F')'(z*;r). However, our weaker smoothness assumptions in this work
require the use of a directional second derivative in place of the second
derivative tensor operating on a vector. In addition, we follow Izmailov and
Solodov [13] in applying Py, to F’ before taking the directional derivative,
allowing the theory of 2-regularity to be applied when Py _F’ is directionally
differentiable but F” is not.

Decker and Kelley [3] and Reddien [18] use the following definition of
2-regularity.

Definition 4 2"-regularity. 2"-regularity holds for F at z* if (6) holds for
every 7 € N \ {0}.

Decker and Kelley [4] and Griewank and Osborne [10] observe that this
2-regularity condition is quite strong, since it implies that the dimension of
N is at most 2 and the solution z* is geometrically isolated. We restate the
proof of the first of these results which is of particular interest.
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Proposition 1 ([4,10]) If F' is differentiable and dim N > 2, then 2V-
reqularity cannot hold.

Proof For F’ differentiable, B(r) := (Pn, F’')'(z*;r)|n is a linear function of
r. Hence
det(B(r)) = (=1)™det(B(-7)).

If m > 1, r can be deformed continuously into —r while remaining on the
surface of the sphere in N. Thus, if m > 1 and m is odd, there must be
an s € N NS with det(B(s)) = 0, by the intermediate value theorem for
continuous functions. Hence, our claim is proved for m > 1 odd. For even
m with m > 2, we can find a square submatrix of B(r) of odd size m > 1.
Applying the above argument to this submatrix, we find that it is singular
at some 5 € S. Hence the whole matrix B is singular at 3.

The following weaker 2-regularity, proposed by Griewank [8], can hold
regardless of dimension of IV or whether z* is isolated.

Definition 5 22°-regularity. 2%¢-regularity holds for F' at x* if (6) holds
for almost every r € N.

The following example due to Griewank [9, p. 542] shows that a 29¢-
regular solution need not be isolated, when dim N > 1. Let F' : R* — R? be

defined as
2
_| T
) Floen) = |5 ).
with roots {(x1,22) € R | 21 = 0}. It can be verified that the origin is a 29¢-
regular root. First note that N = R?> = N,. By Definition 5, 2%¢-regularity

holds if F”’(x*)d is nonsingular for almost every d = (dy, dz)” € N. By direct
calculation, we have

1" * _ 2dl 0
F(x)d—[d2 |
This matrix is singular only when d; = 0, that is, it is nonsingular for almost

every d € R%.
Weaker still is 2!-regularity.

Definition 6 2l-regularity. 2'-regularity holds for F' at x* if (6) holds for
some r € N.

For the case in which F'is twice Lipschitz continuously differentiable, Griewank
shows that 2!-regularity and 2%¢-regularity are actually equivalent [8, p. 110].
This property is not generally true under the weaker smoothness conditions
of this work. However, if dim N = 1, then 2'-regularity, 2%¢-regularity, and
2"-regularity are all trivially equivalent.

Another 2-regularity condition for F' : R® — R" was proposed by Izmailov
and Solodov [13]. For h € R", consider the linear operator ¥»(h) : R* — R",

Ty (h)§ := F'(2")€ + (Pn, F') (z"; h)E
and the set
Ty :={h € ker F'(z*) | (Pn, F')'(z*; h)h = 0}.
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Definition 7 2T-regularity. 27 -regularity holds for F : R* — R" at z* if
T, = {0}.

If 27-regularity holds, then rangeW,(h) = R" for all h € R". Note that
2T _regularity fails to hold for the example (7).

If dim N = 1, then 27-regularity is equivalent to 2%-regularity, 2'-
regularity, and 2"-regularity. For completeness, we verify this claim. Sup-
pose N = span v, where ||v|| = 1. By positive homogeneity of the directional
derivative, 27 -regularity holds if (Py, F')'(z*;v)v # 0 and (Py, F')'(z*; —v)(—v) #
0. Similarly, the definition of 2"-regularity requires (Py, F") (z*;v)|y and
(Pn, F") (z*; —v)|n to be nonsingular. By linearity, we need to verify only
that (Py, F') (z*;v)v # 0 and (Py, F') (x*; —v)(—v) # 0, equivalently, that
2T _regularity is satisfied.

3 Prior Work

In this section, we summarize briefly the prior work most relevant to this
paper.

Regularity Conditions. 2-regularity conditions are typically needed to prove
convergence of Newton-like methods to singular solutions. As explained in
Subsection 2.2, such conditions concern the behavior of certain directional
derivatives of F’ on the null spaces N and N, of of F'(z*) and F'(z*)T,
respectively.

The 2!-regularity condition (Definition 6) was used by Reddien [19] and
Griewank and Osborne [10]. Convergence of Newton’s method (at a linear
rate of 1/2) can be proved only for starting points z( such that zo—z* lies ap-
proximately along the particularly direction r along which the nonsingularity
condition (6) holds.

The more stringent 2"-regularity condition (Definition 4) was used by
Decker and Kelley [3] to prove linear convergence of Newton’s method from
starting points in a particular truncated cone around N. However, as pointed
out in [4,10] and in Proposition 1, this condition implies that dim N is no
greater than 2 and that z* is geometrically isolated. The convergence analysis
given for 2"-regularity [18,3,2] is much simpler than the analysis presented
in Griewank [8] and again in this work, which requires weaker regularity
assumptions.

Griewank [8, pp. 109-110] shows that when F is sufficiently smooth, the
29¢_regularity condition (Definition 5) is in fact equivalent to 2!-regularity,
and proves convergence of Newton’s method from all starting points in a
starlike domain with respect to x* whose set of excluded directions has mea-
sure zero—a much more general set than the cones around N analyzed prior
to that time.

In the weaker smoothness conditions used in this work, however, the ar-
gument used by Griewank to prove equivalence of 2!- and 2%¢-regularity (see
proof of Proposition 1) cannot be applied, so we assume explicitly that the
2%¢-regularity condition holds.
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The 2%¢-regularity condition is similar to the 27-regularity condition in-
troduced by Izmailov and Solodov for strongly semismooth functions [13],
but neither regularity condition appears to imply the other.

Acceleration Techniques. When iterates {z} generated by a Newton-like
method converge to a singular solution, the error x — x* lies predominantly
in the null space N of F’(z*). Acceleration schemes typically attempt to stay
within a cone around N while lengthening (“overrelaxing”) some or all of the
Newton steps.

We discuss several of the techniques proposed in the early 1980s. All re-
quire starting points whose error lies in a cone around N, and all assume
three times differentiability of F. Decker and Kelley [4] prove superlinear
convergence for an acceleration scheme in which every second Newton step
is essentially doubled in length along the subspace N. Their technique re-
quires 27-regularity at z*, an estimate of N, and a nonsingularity condition
over N on the third derivative of F' at x*. Decker, Keller, and Kelley [2]
prove superlinear convergence when every third step is overrelaxed, provided
that 2'-regularity holds at z* and the third derivative of F' at x* satisfies a
nonsingularity condition on the null space of F'(z*). Kelley and Suresh [15]
prove superlinear convergence of an accelerated scheme under less stringent
assumptions. If 2'-regularity holds at =* and the third derivative of F at x*
is bounded over the truncated cone about N, then overrelaxing every other
step by a factor that increases to 2 results in superlinear convergence.

By contrast, the acceleration technique that we analyze in Section 5 of
our paper does not require the starting point xg to be in a cone about N,
and requires only strong semismoothness of F” at x*. On the other hand, we
obtain only fast linear convergence. We believe, however, that our analysis
can be extended to use a scheme like that of Kelley and Suresh [15], increasing
the overrelaxation factor to achieve superlinear convergence.

Smooth Nonlinear-Equations Formulation of the NCP. In the latter part of
this paper, we discuss a nonlinear-equations formulation of the NCP based
on the function

(8) Vs(a,b) := 2ab — (min(0,a + b))?,

which has the property that ts(a,b) = 0 if and only if @ > 0, b > 0, and
ab = 0. We define the function ¥ : R* — R" by

(9)

@i () = s (24, fi(2)) = 22 f;(x) — (min(0, z; + fi(x)))?, for i=1,2,...,n.

This formulation is apparently due to Evtushenko and Purtov [5] and was
studied further by Kanzow [14]. The first derivative ¥’ is strongly semismooth
at a solution x*, if the underlying function f is sufficiently smooth. At a
solution x* for which x} = f;(z*) = 0 for some ¢, z* is a singular root of ¥
and V¥ fails to be twice differentiable.

In recent years, Izmailov and Solodov [11-13] and Darinya, Izmailov, and
Solodov [1] have investigated the properties of the mapping ¥ and designed
algorithms around it. (Some of their investigations, like ours, have taken place
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in the more general setting of a mapping F' for which F’ has semismoothness
properties.) In particular, Izmailov and Solodov [11,13] show that an error
bound for NCPs holds whenever 27 -regularity holds. Using this error bound
to classify the indices ¢ = 1,2,...,n, Daryina, Izmailov, and Solodov [1]
present an active-set Gauss-Newton-type method for NCPs. They prove su-
perlinear convergence to singular points which satisfy 27-regularity as well
as another condition known as weak regularity, which requires full rank of
a certain submatrix of f/(z*). These conditions are weaker than those re-
quired for superlinear convergence of known nonsmooth-nonlinear-equations
formulations of NCP.

In [12], Izmailov and Solodov augment the formulation ¥(z) = 0 by
adding a nonsmooth function containing second order information. They ap-
ply the generalized Newton’s method to the resulting function and prove
superlinear convergence under 27-regularity and another condition called
quasi-regularity. The quasi-regularity condition resembles our 2¢-regularity
condition; their relationship is discussed in Subsection 6.3 below.

In contrast to the algorithms of [1] and [12], the approach we present
in this work has fast linear convergence in general rather than superlinear
convergence. Our regularity conditions are comparable and may be weaker
in some cases. (For example, the problem munson4 of MCPLIB [16] satisfies
both 2T-regularity and 2%¢-regularity but not weak regularity.) We believe
that our algorithm has the considerable advantage of simplicity. Near the
solution, it modifies Newton’s method only by incorporating a simple check to
detect linear convergence, and a possible overrelaxation of every second step.
The is no need to explicitly classify the constraints, add “bordering” terms,
or switch to a different step computation strategy in the final iterations.

4 Convergence of the Newton Step to a Singularity

Griewank [8] extended the work of others [18,3] to prove local convergence
of Newton’s method from a starlike domain R of a singular solution =* of
F(z) = 0. Specialized to the case of k = 1 (Griewank’s notation), he assumes
that F"(z) is Lipschitz continuous near z* and that z* is a 2*¢-regular solu-
tion. Griewank’s convergence analysis shows that the first Newton step takes
the initial point zy from the original starlike domain R into a smaller and
simpler starlike domain W;, which is similar to the domains of convergence
found in earlier works (Reddien [18], Decker and Kelley [3]). Linear conver-
gence is then proved inside W,. The proof of convergence using W, alone
is unsatisfactory because it requires not only that the initial iterate is suffi-
ciently close to #* but also that it lies in a wedge around a certain vector s
that lies in the null space N. The use of the larger domain R, which is dense
near x*, removes this limitation to a large extent.

We weaken the smoothness assumption of Griewank and modify 2%¢-
regularity by replacing the second derivative of F' by a directional derivative
of F’. Our assumptions follow:

Assumption 1 For F : R — R", z* is a singular, 2%¢-reqular solution of
F(z) =0 and F’ is strongly semismooth at x*.
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We show that Griewank’s convergence results hold under our weaker as-
sumptions. Our main result is summarized in the following theorem.

Theorem 1 Suppose Assumption 1 holds. There exists a starlike domain R
about x* such that, if Newton’s method for F(z) is initialized at any x¢ €
R, then the iterates converge linearly to x* with rate 1/2. If the problem is
converted to standard form (10) and xo = poto, where pg = ||xo|| > 0 and
to € S, then the iterates converge inside a cone with azis g(to)/|g(to)|l, for g
defined in (28). Furthermore, for almost every ty € S, there exists a positive
number Cy, such that if pg < Cy, then xo € R.

Ounly a few modifications to Griewank’s proof [8] are necessary. We use
the properties (4) and (5) to show that F' is smooth enough for the main
steps in the proof to hold. Finally, we make an insignificant change to a
constant required by the proof due to a loss of symmetry in R. (Symmetry is
lost in moving from derivatives to directional derivatives because directional
derivatives are positively but not negatively homogeneous.)

For completeness, we work through the details of the proof in the remain-
der of this section and in Section A in the appendix, highlighting the points
of departure from Griewank’s proof as they arise.

4.1 Preliminaries

For simplicity of notation, we start by standardizing the problem The Newton
iteration is invariant with respect to nonsingular linear transformations of F'
and nonsingular affine transformations of the variables x. As a result, we can
assume that

(10) xt = 0’ Fl(x*) = (I_ PN*)u and N* =R"™ x {0}n_7n.

For x € R"\ {0}, we write x = pt, where p = ||z||2 and t = x/p is a direction
in the unit sphere S. By our first assumption in (10), p is the 2-norm distance
to the solution. From the third assumption in (10), we have

Py, = |:OIm><m Omxn—m :|7

* 0
n—mXxm Yn—mxn—m

where I represents the identity matrix and 0 the zero matrix and their sub-
scripts indicate their size. By substituting in the second assumption of (10),
we obtain

(11) F'(0) = {Oomm Omxn—m }

n—mxXm In—mxn—m

Since F’(0) is symmetric, the null space N is identical to N..
Let (-)|n and (-)|n, denote the restriction maps for N and N, . Using
(10), we partition F’(x) as follows:

[ PuF()ly PuF(@)ly. | [B) C)
F(”““)—{Pﬁﬁ'(@ﬁﬁﬁﬁxmm—'[ E }
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In conformity with the partitioning in (11), the submatrices B, C, D, and FE
have dimensions m x m, m Xn—m,n—m X m, and n—m X n—m, respectively.
Using z* = 0, we define
B(z) = (Pn.F') (a" 2 — 27) |y = (PN F') (0 2) |,
and -
C(z) = (Pn, F') (a"2 —2")|n, = (PN, F') (0;2)| v, -
From x = pt, the expansion (4) with Z = a* = 0 yields

B(x) = B(x) + O(p*) = pB(t) + O(p*),
(12) C(x) = C(x) + O(p*) = pC(t) + O(p*),

D(z) =0(p), and E(z)=1+O(p).

Note that the constants that bound the O(-) terms in these expressions can
be chosen independently of ¢, by Definition 3. This is the first difference
between our analysis and Griewank’s analysis; we use (4) to arrive at (12),
while he uses Taylor’s theorem.

For some 7, > 0, E is invertible for all p < 7, and all ¢ € S, with
E=1(x) = I + O(p). Invertibility of F’(z) is equivalent to invertibility of the
Schur complement of E(z) in F’(z), which we denote by G(z) and define by

G(x) := B(z) — C(z)E(z) ' D(x).
This claim follows from the determinant formula
det(F'(z)) = det(G(z))det(E(x)).
By reducing ry, if necessary to apply (12), we have
(13) G(x) = B(x) + 0(p?) = pB(t) + O(p?).

Hence, ~
det(F'(x)) = pmdetB(t) + O(p™ ™).

For later use, we define v to be the smallest positive constant such that
|G(x) — pB(t)|| < vp?, forallxz=pt, allt €S, andall p < ry.

The proof in [8] also considers regularities larger than 2, for which higher
derivatives are required. We restrict our discussion to 2-regularity because
we are interested in the application to a nonlinear-equations reformulation
of NCP, for which such higher derivatives are unavailable.

Following Griewank [8], we define the function o(¢) to be the Ly operator
norm of the smallest singular value of B(t), that is,

. 0 if B(t) is singular
(14) o(t) := { IB-1(#)|""  otherwise.

It is a fact from linear algebra that the individual singular values of a matrix
vary continuously with respect to perturbations of the matrix [7, Theorem
8.6.4]. By (5), B(t) is Lipschitz continuous in ¢, that is, perturbations with
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respect to ¢ are continuous. Hence, o(t) is continuous in ¢. This is the second
difference between our analysis and Griewank’s analysis; we require (5) to
prove continuity of o(t), while he applies linearity.

Let

IIy(t) := detB(t).

It is useful to consider the following restatement of the 2*¢-regularity condi-
tion: I1y(t) # 0, for almost every ¢t € N. In contrast to the smooth case consid-
ered by Griewank, IIy(t) is not a homogeneous polynomial in ¢, but rather
a positively homogeneous, piecewise-smooth function. Hence, 2!'-regularity
does not necessarily imply 2%¢-regularity. Since the determinant is the prod-
uct of singular values, we can use the same reasoning as for o(t) to deduce
that I1y(t) is continuous in ¢.

4.2 Domains of Invertibility and Convergence

We now define the domains Ws and R. The following is an adaptation of
Lemma 5.1 of [8] to our smoothness and regularity conditions.

Lemma 1 Suppose Assumption 1 and the standardizations (10) are satisfied.
There are two nonnegative continuous functions

$:NNS—R and p: NNS —R

such that for any s € SON\ Iy~ *(0) the Newton iteration converges linearly
with common ratio 1/2 from all points in the nonempty starlike domain

(15) W, i={z=pt|tes, cos (tTs) < d(s),0 < p < p(s)}.
Further, the iterates remain in the starlike domain
(16) T,:={x=pt|tecS, cos (tTs) < ¢(s),0 < p < p(s)}.

The definitions of giA) and p depend on several functions that we now in-
troduce. If we define min(f)) = 7, the angle

(17) ¢(s) == imin{cosfl(th) [te SN (0)}, forse NNS

is a well defined, nonnegative continuous function, bounded above by 7. For

the smooth case considered by Griewank, if t € ITo~*(0), then —t € IT,~*(0)
and the maximum angle if ITo~*(0) # 0 is 5 This assertion is no longer true
in our case; the corresponding maximum angle is 7. Hence, we have defined
min(()) = 7 (instead of Griewank’s definition min(()) = %) and the coefficient
of ¢(s) is 1 instead of 3. This is the third and final difference between our
analysis and Griewank’s analysis. Now, ¢~'(0) = S N N N IT,~'(0) because
the set {s € S|IIy(s) # 0} is open in S since I1y(+) is continuous on S, by
(5)-
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In [8, Lemma 3.1}, Griewank defines the auxiliary starlike domain of in-
vertibility R,

(18) Ri={z=pt|teS, 0<p<F(t)}

where

(19) F(t) = min {rb, ;wa(t)} .

Since o (t) is nonzero for almost every ¢t € S, 7(t) is nonzero for almost every
tes.
As in [8, Lemma 5.1], we define

(20) #(s) == min{F(t) |t € S, cos™ (tTs) < ¢(s)}, for s€e NNS
and
(21) 6(s) :=min{o(t) [t € S, cos  (tTs) < ¢(s)}, for s € NNS.

These minima exist and both are nonnegative and continuous on SN N with
671(0) = #71(0) = ¢~1(0). For convenience, we reduce & as necessary so
that

G(s) <1, forse NNS.

Let ¢ be the positive constant defined by

(22) c:=max{[|C(t)|| +o(t) | t € S}.
With the abbreviation
(23) q(s) := %sinqS(s) < i, forse NNS,
we define

a(s) 267 (s

(24) sing(s) := min{ 2}2(3) } ,forse NNS,

¢/o(s) +1—q(s)" (1—q(s))
where 0 is a problem-dependent, positive number to be specified below. By
definition, sin¢(s) < sin¢(s). ¢(s) is defined by (24) with the additional
requirement that ¢(s) < 7/2. As a result, we have from (24) that ¢(s) < é(s),
which implies W, C Z.

We now define

(25) p(s) == % sing(s), forse NNS.

The second implicit inequality in the definition of sin (]B(S), ensures that p(s)
satisfies

(26)  f(s) < 7(s) S 7(t) < 1y, forall t €S with cos™ 75 < 6(s).
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Both ¢ and j are nonnegative and continuous on N NS with ¢=1(0) =
p~1(0) = ¢71(0). The definition of Wj is now complete, except for the spec-
ification of §, which appears below in (124). For s € SN N, W, = ) if and
only if ITy(s) = 0.

We note that it follows from (26) that

(27) I, C R, forall s€SNN\II;*0).

(Griewank [8] used the weaker inequality 7(s) < 7(s) to justify this inclusion,
but it is insufficient.)
We define the homogeneous vector function g : (R"\ I;*(0)) — N C R",

29 o) =t = [ 70

The starlike domain of convergence R, which lies inside of the domain R, is
defined as follows:
(29) Ri={z=pt|teS, 0<p<rt)},

where

— min = o?(t)p(s(t)) lg(t)llo* (1) sin S(s(t))
(30)  r(t) :=min {r(t), 2675 T co(t) + 02(1)’ 55 } ,

where we define

sty =2 ¢ nns,
lg@
and ¢ is a constant to be defined in the next subsection.

(The factor of 2, or k+ 1 for the general case, is missing from the denom-
inator of the second term in the definition of r(¢) in [8] but should have been
included, as it is necessary for the proof of convergence.)

The remaining details of the proof of Theorem 1 appear in an appendix
(Section A), which picks up the development at this point.

5 Acceleration of Newton’s Method

Overrelaxation is known to improve the rate of convergence of Newton’s
method converging to a singular solution [9]. The overrelaxed iterate is

(31) Tj41 =Ty —aF(J:j)_lF(xj),

where « is some fixed parameter in the range (1,2]. (Of course, @ = 1 corre-
sponds to the usual Newton step.)

If every step is overrelaxed, we can show that the condition o < % must be
satisfied to ensure convergence and, as a result, the rate of linear convergence
is no faster than %. (We omit the precise statement and proof of this result.)
In this section, we focus on a technique in which overrelaxation occurs only on
every second step; that is, standard Newton steps are interspersed with steps

of the form (31) for some fixed o € (1, 2]. Broadly speaking, each pure Newton
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step refocuses the iterates along the null space. Kelley and Suresh prove
superlinear convergence for this method when « is systematically increased to
2 as the iterates converge. However, their proof requires the third derivative of
F evaluated at z* to satisfy a boundedness condition and assumes a starting
point xq that lies near a 2!-regular direction in the null space of F”(z*).

We state our main result here and prove it in the remainder of this section.
The major assumptions are that 2¢¢-regularity holds at * and that ¢ € R,
where R, is a starlike domain whose excluded directions are identical to those
of R defined in Section 4 but whose rays may be shorter.

Theorem 2 Suppose Assumption 1 holds and let o € [1,2). There exists a
starlike domain R, C R about x* such that if g € Ry and for j =0,1,2,...

(32) m2j+1 = $2j — F(ZEQJ‘)_lF(l‘Qj) and

(33) oo = Tojp1 — aF (x9541) " Fxg541),

then the iterates converge linearly to x* with mean rate 1/% (1 — %)

The remainder of this section contains the proof of the theorem.

5.1 Definitions

We assume the problem is in standard form (10). We define the positive
constant ¢ as follows:

(34) 6 = d max(c, ),

where § is defined in (124) and c is defined in (22). Note that
(35) 6>0.

We introduce the following new parameters:

(36) als) = 1L

(from which it follows immediately that g, (s) < (1/8)sin¢(s) < 1/8) and
(37)

sin &, (s) = min da(s) 267(s)
Pals): {c/&(s) +1—qa(s) (1 —qals))52(s)

The angle do(s) is defined by (37) with the additional requirement that
$a(s) < m/2. As a result, the first part of (37) together with (36) implies

that
(1/8)sin ¢(s)
1—(1/8)

sing(s), for se NNS,

},forsGNﬁS.

da(8)
1 —qa(s)

sin g (s) < < < sing(s),

and therefore

(38) Pa(s) < o(s).
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We further define

— /2 —qa(s))63(s ~
(39) Pa(8) = (1=a/2 4?1( )°(s) sin g, (s) for s€ NN S,
(40) Waa ={x=pt|t €S, cos (tTs) < du(s),0 < p < pals)},
and
(41) Too:={z=pt|tcS, cos (tTs) < ¢(s),0 < p < pu(s)}.

(Note that ¢q(s) < ¢(s) implies that W, o C Z, o.) We will show that the
following set is a starlike domain of convergence:

Ra ;:{x:pt|t€8,0<p<7ﬁa(t)}v

where

(42)

ro(t) := min {T(t)

*(Oa(st)  lg®)llo()(L — a/2)sinda(s(t)) }
207y + co(t) + o2(t)’ )

and s(t) = g(0)/|lg() € NS, )
We now establish that R, € R C R and Z; , € Z, € R, by demonstrat-
ing relationships between the quantities that bound the angles and radii of
these sets.
Since a > 1, a comparison of (23) and (36) yields

q(s).

N |

(43) Ga(s) <

The definition of sin ¢, (37) is simply that of sin ¢ (24) with ¢ replaced by ¢q.
By (43), the numerators in the definition of sin ¢, are smaller or the same as
those in the definition of sinqAb and the denominators are larger or the same.
As a result, we have

(44) sin ¢ (s) < sin G(s).
We next show that
(45) als) < 4(s),
where 5(s) is defined in (25). Because of (44), it suffices for (45) to prove
that
(- 0/2— ()5 _1-4(s) o

46 -2
The truth of this inequality follows from o € [1,2), g(s) € [0, 1], ¢a(s) €
[0, —2],6 <1, and (35).
Using (44) and (45) together with (35), a comparison of 7,(t) (42) and
r(t) (30) yields 74(t) < 7(t). Therefore, R, C R. The relation R C R
follows easily from the definitions of r (30) and 7 (19). By (45), we also
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have Zs o C Z;, upon comparing their definitions (41) and (16). The relation
T, C R was demonstrated in (27).

As in Section 4, we denote the sequence of iterates by {z;};>0 and use
the notation (126), that is,

pi = llzill, ti=wzi/pi, oi=o0(t), si=g(x:)/|lg(zi)l,

where g(-) is defined in (28). We use the following abbreviations throughout
the remainder of this section:

ﬁa = ﬁa(so), ¢o¢ = ¢a(80)a ¢ = ¢(50)

5.2 Basic Error Bounds and Outline of Proof

Since the problem is in standard form, we have from (125) that the Newton
step (32) satisfies the following relationships for xzof € R:

L [T B(to)'C(t 1
(46) =3 | (tat) 0 (F20) |k + e(wap) = 29(@26) + e(z2r),

for all k& > 0, where g(-) is defined in (28) and the remainder term e(-) is
defined in (123). As in (124), we have

2

(47) le(aar)|| < 6235
o

2k

For the accelerated Newton step (33), we have for z9, 41 € R that

— 91 §B(tars1) 1C(t
(48) Tok+2 = |:( 02) 2 ( 2k(-]__11 OZ)I( 2k+1):| T2k+41 + a€($2k+1),

for all £ > 0, which from (124) yields

0 2 B(tops1) Ot P}
fosn = (1 afDamn] < | [ § 3P0 OO 1| gy 4 o2t
2 O2k+1
0 $B(tosr) ' Ct <3
(49) < H [0 2 ( 2k+1—)91 ( 2k+1>} torst || parsa 46 §k+1’
2 O2k+1

where ¢ is defined in (34).
By substituting (46) into (48), we obtain

1[(1—9) 2B(t —10(t I B(to1)-1C(t
(50) Topio = 5 {( 02) 3 B( 2k(—511 a)I( 2k+1)] [0 (tor) . ( 21@)} o
+ €a(Tok, Tor+1),
where
(51)

€o(Tok, Topt1) = [(1 _0%)1 gB(t%(*ilZ_;)C}(t%ﬂ)] e(xar) + ave(Tapi1).
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Therefore,
1 a\ [T B(teg) 1C(t .
Tokt2 = 5 (1 B 5) [0 () 0 (t2r) Tok + €a(Tok, Tok+1)
1 « B
(52) =3 (1 - 5) 9(xar) + €a(Tak, Tapt1)-

To bound the remainder term, we have from (51) that

~ a _ L
lea(@a, war)| < 5 (14 [Bltarsn) " HIC(tars1)]]) lle(@an) | + elle(@ansa)]

oors1 + [|C(tars)| <03k J T
( 05 +ad—g——
O2k+1

2k O2k+1
from a < 2, (14) and (124)

2 2
<cd Pak 5 + adpgkﬂ
O02k+193y O2k+1
from (22)
<P3i + Pk
(53) < 5%’
Koy,

where
(54) o = min(oaog, oogt1, 1)

and 0 is defined as in (34). By combining (52) with (53), we obtain

<03+ Porsn

1 le’
(55) ZTogro — = (1 — =) g(zar)|| <6
2k+2 ( ) 2 2

2 2

The proof of Theorem 2 is by induction. The induction step consists of
showing that if

(56)
Pokte < Pas  Ookt, < bo, and Yopt, < ¢, foree{1,2}, all k with0<k < j,

then

(57) pojti < Par  O2je < o, and oy, < ¢ for v € {1,2}

For all ¢ = 1,2,..., the third property in (56), (57)—; < ¢—implies the
crucial fact that o; > & > 0; see (21) and (137). By the first and third
properties, the iterates remain in Z,) o. Since Iy o C R, the bounds of
Subsection A.1 together with (46) and (48) are valid for our iterates. The
convergence rate follows from the proof of the induction step.

The anchor step of the induction argument consists of showing that for
2o € Rq, we have z1 € Wy, o and x3 € Z,, o with 03 < ¢,. Indeed, these
facts yield (56) for j = 1, as we now verify. By the definition of (40) (with
s:=80), 1 € Wy, o implies that p; < p, and 1)1 < ¢,. Because of (38) and
the elementary inequality 61 < 11, we have 6; < 91 < qga < ¢. Therefore,
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the inequalities in (56) hold for &k = 0 and ¢ = 1. Since x5 € Z,, o, we have
p2 < po and 1o < ¢. With the additional fact that 62 < ¢, we conclude
that the inequalities in (56) hold for & = 0 and ¢« = 2. Hence, (56) holds for
j=1.

5.3 The Anchor Step

We begin by proving the anchor step. The proof of Theorem 1 shows that if
xo € R then z; € Ws,. We show in a similar fashion that if g € R, then
21 € Ws, - Since the first step is a Newton step from zy € R, and R, C R,
the inequalities of Section 4 remain valid. In particular, we can reuse (135)
and write

1 c 00 1 02+ cog+ 25pg
58 < -1+ — 0—= | < =pg——m———+—.
(58) P1_,00<2< +Uo)+ J%)‘on 5

)

Since zg € R4, we have py < r4(to). In addition, since r4(tg) < 7(tg) < 7
(which follows from (19) and (42)), we have pg < 7. Hence, from (58), we
have

1 ; 03 + cog + 207y,

p1 < sralto)
2 ¢ ol

By using the second part of the definition of r, (42), we thus obtain

1
(59) p1 < gha < Poc

As noted above, the inclusion R, C R implies that inequality (130) is valid
here, that is,

) —1
siny(so) < <2||9(t0)|> ‘5%'

Since pg < rq(to), we can apply the third inequality implicit in the definition
of r,, (42) to obtain

1—a/2

1 SN Go (s0) < sin G (o).

(60) sin vy (so) <

We have now shown that z1 € W, o. We note that (60) and (38) imply that
V1 < o < ¢, which implies o1 > &, by the definition of & (21).

Next we show that if z9 € R4, then x5 € Z,, . We begin by showing
that ps < p1, from which ps < p,, follows from (59). From (48) for j = 0, we
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have by decomposing z; into components in N and N, that

! al|C(t )|| . P1
< — — =
p2 < <(1 2)cost91+( 50, -1 51n91+0450% 1

from (14), (47), and (124)
(1 -2 (aHC(tl)l T, e 1> sin 6 +Sp§> 1
2 o1 2 o7
from cos6y <1 and (34)
o ac . <P
< _ = 4= . Fo
_(1 2+<20'+2 1)51H91+(5&2>p1

from (22), 01 > &, and p1 < pq

+
o) e

C Pt ~~oz
(f +1- qa) sin ¢q +5’fz) P1
G G
from o € [1,2), g0 < %, and 01 < dq.

By replacing sin gga with the first inequality implicit in its definition (37) and
using the definition of 5, (39), we have

a o« 1—a/2— o . -~

By the first inequality implicit in (37), the definition of ¢ (22), and ¢, < %,
we have

(61) $in g < % < da

We can apply this bound to simplify our bound for p, as follows:

p2<<1g+gq +wi_w—qa)pl
(1_0‘ g +(1—a/2) )Pl using ¢, >0 and 6 <1
2 2 4
( + o + (Ia) using « € [1,2)
< pr using g, < L

Next, we show that s < ¢. As in Subsection A.3, we define A; to be
the angle between consecutive iterates x; and x;41, so that ¥y < 4 + A
In addition, from (60), (38), and (17), we have 11 < ¢o < ¢ < w/4. In
Appendix B, we demonstrate that Aty < 7/2. Thus, using (60), we have

1—a/2

7] Sin g + sin Aey.

(62) siny < sinty + sin Ay <

Since Ay < /2, we also have

(63) sin Ay = min ||[Aze — tq]|.
reR
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By (49) with j = 0, we have
(64) oz — (1 —a/2)z ||
0 2B~ 1(t)C(t1) o
§<H[02 —ar ! 131 +7% p1

2

ac . 5p1
2 ing, + 22
(20’1SII1 Lt a%)pl

N IN
\

|
SHIES

by (14) and (22)
afc . - 6pa
5 ((} 51n¢5a+2§2> p1
by o1 > 6, sinfy < sinda, p1 < Pal(s), and a > 1
- 1—a/2—q,)6 . -
( Sin(ﬁa"_(a/2q)o—51n¢a>pl
by (39)
g(g"l‘l_(ﬂl) Sinéapl
2 \o
bya>0,¢g<1l,and 6 <1

IN

o
5(]@01

IN

by the first inequality in (37).

The inequality (64) provides a bound on sin Aty in terms of g4(s):

. . To (0%
65 sin AY; = min || Aze — || < || ———— — < ———=4a-
(69)  sin v = mig s — 1] < | =22 T

By substituting (65) into (62) and using (36), we find that

ty

(66) sinyg < % sin ¢ + 30 —aa/Q) Qo = a —4@/2) singi;a—i—% sin ¢.
From (61), (36), and (1 — «/2) € (0,1/2], we have
(67) sin ¢ < %qa < %5 sin ¢.

Therefore, we have

(68) sinyy < ((1—404/2)115 + z) sin ¢ < (; <115> + Z) sin ¢ < sin ¢.

To complete the anchor argument, we need to show that sinfy < sin gzga.
From the second row of (48) with j = 0, and using (124) with x = z; and
(34), we have

F;

%)

2 ~
pasinfs < py(a—1)sinby +a5% < p1 ((a —1)sinyn —&-63
07
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where the second inequality follows from 61 < 91, ad < 6§, p1 < pqo, and
o1 > 6. Using (60) and the definition of p, (39), we have

(69) pasinby < pq ((a - 1)% Sin ¢o + (1—014+(1a)& sin qza)

§ P1 <aw Sina’a) < pl% Sing’aa

with the second inequality following from ¢, > 0 and & < 1 and the third
inequality a consequence of « € [1,2).

To utilize (69), we require a lower bound on ps in terms of a fraction of
p1. By applying the inverse triangle inequality to (64), we obtain

!
|p2 = (L —a/2)p1] < [l — (1 = @/2)an]| < Sdapr-
Therefore, using (36), we obtain

e (1-8) - 50) = (1= 5) (1 Sna) > L1~ D)

where the final inequality follows from o < 2 and sin¢ < 1. By combining
this inequality with (69), we find that

P2 sin 6y < P2 sin (;;a.

Hence, sinfy < sin ¢, as desired.

5.4 The Induction Step

In the remainder of this proof, we provide the argument for the induction
step: If (56) holds for some j, then (57) holds as well.

5.4.1 Iteration 25 + 1
We show in this subsection that if (56) holds, that is,
(70)  pi < pa, sinl; <sing,, sing; <sing, fori=1,2,...,2],

then after the step from xg; to xgj41, which is a regular Newton step, we
have (57) for ¢ = 1, that is,

(71) P2i41 < [)a, sin €2j+1 < sin ¢a7 Sini/Jgj_i_l < sin gb

Consider k € {1,2,...,5}. In the same manner that the inequalities (131)
and (133) follow from equation (129), we have the following nearly identical
inequalities (72) and (73) following from equations (46) and (47):

2

. . Py
72 sin@op 1 = min ||toga1 — yl| < 6——=—
(72) 2h+1 yeNH 2k+1 — Y| o2 por
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and

1

T2k+1 — T2k

(73) 5

1 ¢ .
< (smﬂgk —|—5pik) P2k -
2(72k 05k

By dividing (73) by par and applying the reverse triangle inequality, we
have

(74)

1 1
P+_' < (Csmamapgk).
P2k 2 2 o9, o3

Further, from (56), we can bound (73) as follows, for all k =1,2,...,j:
(75)

1
T2k4+1 — ix%
le . - Pa . ~ 7 ~
<|gzsindat+oz3 ) pak using oo > 6, 02 < Pa, p2x < Pa
1 ~ 1—a/2—q4)6 . -
< (2? sin ¢, + w sin ¢a> p2r. by (35) and (39)
1%
1 1—a/2 ~
< = §+w P2k Sin G, using ¢, >0 and 6 <1
2 \¢o 2
1/c . . 1
<§(T+1—qa)p2ksm¢a using ¢, < g and a > 1
1
< q?apgk by the first part of (37).

Dividing by p2x and applying the reverse triangle inequality, we have

par+1 1 Qo
76 P2rtl o,
(76) P2k 2 2
Therefore,
(77) 1 —qa < PRt 1+Qa.
2 P2k 2

From the right inequality, g, < é, and the induction hypothesis, we have
(78) P2r+1 < P2k < Pa-

In particular, we have pg;y1 < po. From the left inequality and (72), we have

(79)  sinOapry < 5— 202

ng(l - Qa)
2pa . - .
<O0—m—— using por < po and oo > &
52(1 = qa)
(1-0/2—q)b . -
= U Y2799 Gh g, by (35) and (39
2(1—40) (39) and (39)

< sin ¢~>a using 6 < 1,
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so that sinfy;4; < sin ¢~>(,

In the remainder of the subsection we prove that 12,11 < ¢. We consider
ke{23,...,5}

We have from (70) and (21) that

so it follows from the definition (54) that

(81) /1/216—22&7 k:2535aj

Since g(z2k—2) € N, we have

2 in 0o, = min ||tor —
(82) sin 09 L%IJIVIH 2k — Y|

2
D3+ Pop1

<05 from (55), with k — k —1
Hop—oP2k

~ p2
< 25# from (78).
Hag—2P2k

From (132), we can deduce using earlier arguments that

Cc .
| zok—2 — g(zar—2)|| < P2k—2 sin fag_o.
02k—2
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By combining this bound with (55) (with k <« &k — 1), we obtain

1 «
(83) Xok — 5 (1 — 5) T2k —2
1 a 1 le'
< ||zop — = 1_7) _ 7(1_7) o — g(aam—
< ||T2k 5 ( 5 9(zan—2)|| + 5 5 |T2r—2 — g(@ar—2)|]
+ 1
< 5M 4= (1 _ 8) kg SN Oo_s
Hag—2 2 2/ ook—2
1
< 2(5 ka 2 - (1 . g) P2k—2 sin Oa_o
[i3),—o 2 2/ o9k—2
from (78)
~Pa 1 a\ ¢ . ~
< {2523 + 5 (1 - 5) gsm ¢a:| P2k—2
from (70), (81), and (80)
1 « cl|l . ~
- [2 (1-5-w)+5(1-5) &} N Gapar2
from (39)
1 « du c
<-(1- f) 1- o
_2( 5 { 1—a/2 }Slncb p2k—2
1 o cl .
< 5 (1 - 5) {1 — G+ g] Sin o p2r—2
from0<1—a/2<1and gy, >0
1
< 3 (1 — %) Qo P2k—2 from (37).

Upon dividing by poi—o and applying the reverse triangle inequality, we find
from the fourth line of (83) that

1 1
P2k _(1_a)‘ 5,02k2+7(1_g)
p2k—2 2 2 L o 2 2

(84) sin fap—2,

02k—2

while from the last line of (83), we have

pzk_l(l_a>’
p2k—2 2 2

We can restate this inequality as follows:

(85)

(86) = (1—5) (1—qa)§%, ; (1—5) (14 qa), for k=2,3,....7.

From the right inequality in (86), we obtain

(87) P2k < B (1 - 5) (1+ qa)} o P2,
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while by substituting the left inequality into (82) and using (81), we obtain

2
(88) sin Oqy, < 2(5?')02L
Ko —oP2k
<P2k—2 1
< 49
-6 (1-a/2)(1-qa)
~ _ 1
< 46022 for k=2,3,...,j.

63 1—af/2—q,

We now define A21); to be the angle between x; and Z;+2. Recalling our
earlier definition of A; as the angle between z; and x;1, we have

J
(89) Vo1 S Po+ Y Ao + Aty
k=2
From the fourth line of (83), we have

(90) sin A21/)2k_2 = mil% [[Axor — tok—2]|

Ac
2 1 «
- % min|Mmag— = (1 _ f) -
(1 — a/2)par_s ?:.%” S 5 ) van2l
45 pap—2 S0 0oy
T (1—-a/2) ul,_,  ook-2 B
48 pag o

< Pz Dy O2k—2,
(1-a/2)6% &

by (80) and (81). We show that AZ%iq,_o < /2 for k € {2,3,...,5} in
Appendix B; this fact justifies the first equality in (90). From (87), we have

J =2 1 « k
(91) > paw-2 < {2 (1 - 5) (1+ qa)} p2
k=2

—1

1 «

< 1—7<1——)1 .
<p-z(-5)arm)| e

- -1

ro1, o a

P S

(o1 el

7_2 Qqa 4 P2

<—2 7 f (70)

@ rom

1+ (a/2) —qa”

11_(()‘/2)_QO¢A3. 5
= —=—"—"—F——05"sin¢, from (39).
21+ (@2) —ga’ 27 (39)
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From (88) and (91) we have

(92)
Zsm O2p—o < sinfy + Zsm 021
k=2 k=2
- 40
<
<singg + P a/2 _qaZP% 2
< sin o + ’ ing
Sin ¢y + —————————— sin @y,
- 1+ (2/2) = qa
~ 2
< sin¢q + 11/85111(% 81nce1+§—qa>1+——%:%1
7ﬁsm¢a

By summing (90) over k = 2,3,...,7 and using (91) and (92), we obtain

J
(93) D sin A%y

45 31— ()2) — qa ¢ 27
S 0 a 51T ()2 g, 0Ga+ 2 37 50 0

< -2 + e squ
1+ (a/2) —qa 116 “
18, 2me]

[TRETICS R
where we used g, > 0 for the second-last inequality and 1+ («/2) —q, > 11/8
for the final inequality. For a bound on the term Aus; of (89), we use (75)
to obtain

(94) sin Atpg; = min [[t2; — Awgj41|
xeR
2 . A\
= — 1IN || =T2; — AT2j4+1
p2j AeR |27 "
2 |1
g -

§$2j — L2j+1

P25
c L~
< (S 1-a) sinds.
o

The equality in (94) follows from the fact that Ay < 7/2, as shown in
Appendix B.

Since each of the angles in (89) is bounded above by /2, from reasoning
similar to that of Section A.3, we have

J
(95) sing 1 < sing + Z sin Ao _o + sin Athg;.
k=2
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By substituting (68), (93), and (94) into (95), we obtain

(96)

1 al . 16 27c¢| . -~ c .

+ 8} sin ¢ + [11 + 11&} sin ¢, + {g +1 —qa} sin @q,
16 , 27

16 <
sin 4 11 116
(ZS 1_qa+§

from (37) and « < 2

IN

o + qa

|o

o :‘S
q

L2004 ¢a

IA
I
@2
=)
ASH
+

Q

from g, < %

2 27

< ?Sln¢+ <11+1) Qo
2 381

~ ?Sln¢+ ﬁgsm(b

A

A

< sin ¢.

Hence, sint)y;11 < sin ¢, as required.
5.4.2 Iteration 25 + 2

We now show that
P42 < Pa, Sinlyjyo <sing,  sintg;io < sing,

by using some of the bounds proved above: p2; < pa, p2j+1 < p2;, sinfy; <
sin q@m sintg; < sing, and sinty;41 < sing. The last two assumptions
guarantee that po; > . The analysis in the latter part of Subsection 5.4.1
(starting from (81)) can therefore be applied for k& = j + 1. In particular,
from (87) we have pajyo < po. From (88) with k = j + 1, using pa; < fa,
f2j > &, and the definition of p, (39) we have

P2 N Por
<46
31— a/2—qq) 3 (1 —a/2 —qa)
The argument for sin ;41 < sin ¢ is easily modified to show sin 1g;42 <
sin ¢. We simply increase the upper index in the sum in (95) to j+1 (ignoring
the final nonnegative term) to give

sin 92j+2 < 45 = sin (ga.

J+1
(97) sin w2j+2 < sin ’(/JQ + Z sin AQ’(/JQ]C,Q.

k=2
The bounds (87), (88), and (90) continue to hold for k = j + 1, while (91)
and (92) continue to hold if the upper bound on the summation is increased
from j to j + 1, so (93) also continues to hold if the upper bound of the
summation is increased from j to j + 1. Hence, similarly to (96), we obtain
sin g, 12 < sin @, as required.

Our proof of the induction step is complete.
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5.5 Convergence Rate

As j — o0, we have pa; — 0 by (87) and pgj+1 — 0 by (78). From (88), we
also have #; — 0. By combining these limits with (80) and (81), we see that
the right-hand-side of (84) goes to zero as j — oo, and

. P22 1 ( a)
98 lim =—(1——=).

From the discussion above and (74), we also have lim;_, piff =1/2, so
that convergence is stable between the accelerated iterates. By (98), the mean

rate of convergence is \/1/2(1 — a/2).

6 Application to Nonlinear Complementarity Problems

The nonlinear complementarity problem for the function f : R* — R", de-
noted by NCP(f), is as follows: Find an « € R" such that

0< f(z), >0, L f(z)=0.

We assume that f is twice Lipschitz continuously differentiable.

6.1 NCP Notation, Definitions, and Properties

For any matrix M € RP x R? and any sets S C {1,2,...,p} and 7 C
{1,2,...,q}, we write Ms 7 to denote the submatrix of M whose rows lie in
S and columns lie in 7. We denote the number of elements in any set S by
|S|. Let e; denote the ith column of the identity matrix. In this section, we
use the notation (-,-) to denote the inner product between two vectors. For
any x € R", we use diagz denote the R"*" diagonal matrix formed from the
components of x.

Let z* be a solution of NCP(f). We define the inactive, biactive, and
active index sets, a, 3, and + respectively, at x* as follows,

We state the following definitions for later reference.

Definition 8 b-regularity. The solution z* satisfies b-regularity if for every
partition (1, 32) of 3, the vector set

{fi (@) Yiepuy U e tiepaua

is linearly independent.
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6.2 The Nonlinear-Equations Reformulation

We recall the nonlinear-equations reformulation (9) of the NCP (1), and
consider the use of Newton’s method for solving ¥(x) = 0. In particular,
we tailor the local convergence result of Section 4, which is for the general
function F', to the function ¥ defined above. In this section, we establish the
structure of null space N and the form of the 2%¢-regularity condition for ¥,
then rewrite Theorem 1 for V.

Taking the derivative of ¥, we have

(99) () = 2{(fi(x) — min(0, z; + fi(x)))e;
+ (z; — min(0, z; + fi(x)))fi(z)}, for i=1,2,...,n.
At the solution x*, ¥/ simplifies to
i (z") = 2{fi(z")e: + 27 fi(z7).}
By inspection, we have

Ul(x*) = 2f;i(*)e;, @€ a,
wl(z*) =0, i€ [,
l(z*) = 22f fl(z*), i €.

The null space of ¥’(z*) (whose ith row is the transpose of W) is
(100) N =ker¥'(z") ={{ € R" | f}(2")€ =0, & = 0},
so that
dim N = dimker ' 5, (z%).
In particular, if 8 # @, then dim N > 1 and z* is a singular solution of
¥(x) = 0. The null space of ¥'(z*)T is
(101)  No={£eR" & = —(diag fu(2")) ' (f5.0(2")T (diag z3)E,,
f&BUV(Jc*)T(diag x3)&y = 0}.

If rank f', 5., (z*) = |7], then N, = {{ € R [{, =0, & = 0}.
We now examine the 2¢-regularity condition for ¥ at z*. By direct cal-
culation, we have

%(W')Q(x;d) = ((fi(x), d)=n)eit+(di=n) fi () +(x;—min(0, i+ fi())) () (x; d),

where 7; := min(0, z; + f;(z))’(x; d). We can calculate this directional deriva-
tive using the result [6, Proposition 3.1.6] for the composition of B-differentiable
functions.

min(0,d; + (f/(x),d)), if x; + fi(x) =0,
ni =14 0, if x; + fi(xz) >0,
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At a solution z*, we have n; = 0 for i € aU~, and n; = min(0, d; + (f/(z*), d))
for ¢ € 8. Hence, we have
(fl(z*), dye; + d; fl(z*), i€a,
. !(z*),d) — min(0, d; + (f!(x*),d)))e;
102) () (a%;d) =24 (@) d)- ’ Ay
(102) (%) (z";d) ), d) fl(x*), i € B,
(f)) (z*;d), i€y
A solution z* is 2%¢-regular if B(d) = (PN* ') (x*;d)|n is nonsingular for
almost every d € N\{0}. Such values of d allow for the following simplification
of (102):
(fi(z®), d)es, i€a,
1 . (<f'( “), d) — min(0, d; + :
'y . ) )
s = e >))f£(w*),§eﬂ,
difi (") + 27 (f]) (2"; d), i€7.

By noting that for any scalars s1, s we have
s1 —min(0, s2) = s1 + max(0, —s2) = max(sy, s1 — s2) = — min(—s1, $2 — $1),

we can rewrite the expression above as follows, for d € N:

(103)

1 <f:({1} ,d>€“ 1€ q,

S (@) = 3 max(F(a). d), ~di)e; —min({f{(a), d), ~d) ("), € 5,
di fi(x*) + 27 (f7) («"; d), i€y

From [6, Proposition 7.4.4], the composition of strongly semismooth func-
tions is strongly semismooth. Hence, it follows from the definition (9) and
the properties of 1), noted above that ¥’ is strongly semismooth when f’ is
strongly semismooth. (In particular, when f is twice Lipschitz continuously
differentiable, then ¥’ is strongly semismooth.)

The following theorem specializes Theorem 1 for applying Newton’s method
to ¥(x).

Theorem 3 Consider the solution x* of NCP(f) for f : R" — R" with f’
strongly semismooth at x*. Suppose that x* is a singular solution in the sense
that N = ker f’mﬁw(xj*) 18 nontm’m’all. Suppose qlso that 2°¢-regularity holds
at x* for the the function ¥ defined in (9), that is,

(104) (PN, W) (2*;d)|N is nonsingular for almost every d € N \ {0}.

Then there exists a starlike domain R about x*, which is dense near x*, such
that, if Newton’s method for W(z) is initialized at any xo € R, the iterates
converge linearly to x* with rate 1/2. Furthermore, if Newton’s method is
accelerated according to (32) and (33) for some « € [1,2), then there exists
a starlike domain R, C R about x*, which is dense near z*, such that if
o € R, then the accelerated iterates converge linearly to x* with mean rate

Hi-9).

We elucidate condition (104) by considering several special cases of the
NCP(f) for f: R" — R" and solution z* € R".
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6.3 Regularity Conditions for NCP

In this section we examine the regularity condition (104) and find conditions
on the NCP under which it is satisfied. In particular, we introduce a regularity
condition for NCP called 2¢ -regularity, prove that it implies (104), and show
how it relates to more familiar, previously proposed regularity conditions for
NCP in certain special cases.

As a preliminary, we introduce some notation. First, we let

r=rank fl 5, (z*).

We then define an orthonormal matrix Z of dimension |y| x r such that the
columns of Z span range f& ﬁUW(z*), and another orthonormal matrix W of
dimensions || x (|y] — r) such that the columns of W span ker f! 5, (z*)".
Note that [Z| W] is an orthogonal matrix of dimensions || x |y|.

Definition 9 If for almost every d € N \ {0} the following n x n matrix is
nonsingular:
T
[ei ]iEa

[max((f{ ("), d), ~d;)e; — min({f{ ("), d), ) f{ ("]
Z0 (1 a(@®) £ 5(z%) ) (27)]
WE(f}) ("5 d)

we say that 2¢ -regularity holds for NCP at x*.

Proposition 2 If the NCP satisfies the 2€ -reqularity condition at the so-
lution x*, then the function ¥ satisfies the 2%¢-regularity condition (104) at

*

xT.

Proof We drop the argument z* from f, f’, and so on, for clarity.

To prove the desired result, we need to show that for almost all d € N\ {0},
we have that
(105) Py, (W) (z*;d)v =0andv € N = v=0.

*

For v € N, we have from (100) and (103) that

1 (f!, dyv;, 1€

5 #) (" d)v = max((f],d), —d:)v vi — min((f, d), —di)(f}, v), 1 € §
di{fi,v) + 2 {(f]) (z"; d),v), i€y

Oa 1€«

(106) = max(( /Z’ *> d;)v; —min({f/,d), —d;){fl,v), i € B

sH{(FY (25 d), ), icn

Since N, is defined in (101) to have the form {£ € R"| A = 0} for some
matrix A, we have that Py w = 0 if and only if w = AT> for some z. That
is,
1 dlag fa 0 0 2o
(107) i(lI/’)'(a:*;d)v = 0 0 0 zg| ,
(diaga3)f, o (diagz)f] 5 (diagal)f] | |2y
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for some z € R". Hence, by matching components from this expression and
(106), we have that Py, (¥')'(xz*;d)v = 0 if for some z € R" we have

0= Zifi; 1€ q,

0= ma‘X(<fi/a d>7 _di)vi - 1’I111’1(<f1/, d>a _dl)<fz/ 1}>, i€ ﬁ)

e ((f]) ("5 d),v) = 27 [fiaza + fipzs + fin2] . i€

Since z, = 0 from the first equation above, and using the definition of the
orthonormal matrix Z, we can write these conditions equivalently as follows:

(108a) [max((f;, d), —d;)vi — min({f], d), =di){f],v)];c5 = 0,
(108b) (f2) (z*;d)v = Zt, for some t € R".

By the definitions of Z and W, we can restate (108b) equivalently as

(109) WT(f) (z*; d)yv = 0.

Since v € N, we have from (100) that

(110a) Vo = 0,
(110b) £ aVa + 1 gvp + £ vy = 0.

The second condition (110b) is equivalent to

111 z7 ! ! ! =0
( ) wT [ Y, Sy, B %7] v="y
Because

W [fL0 fo £l 0= W7 F 0] 0 = WTF o,
and v, = 0, the second block row in the system (111) does not add any
information and can be dropped. Hence, we can write (110) equivalently as

(112) va=0, ZV[fhof 5 ]v=0.

By gathering the conditions equivalent to v € N and P, (¥') (z*;d)v =
0, namely, (108a), (109), and (112), we have
[elT] 1EQ T
[max((f{(:z:*), d>a 7di)ei - mm((fz’(:r*), d>’ 7dl)fz/(:c*)]zeﬁ —
T / * ! * ’ * v 07
Z [ %a(x ) 'y,ﬂ(x ) v\ & )]
W (" d)

from which we deduce that v = 0 whenever the coefficient matrix in this
expression is nonsingular. Since the coefficient matrix is precisely the matrix
in Definition 9, we have established the result.
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Nondegenerate NCP. Considering now the special case of nondegenerate
NCP, we obtain a simpler regularity condition, related to 2%¢-regularity for
nonlinear equations, that ensures that 2¢-regularity holds for the NCP, and
hence that the conditions of Theorem 3 are satisfied.

Theorem 4 Suppose that 3 = (. Then the NCP satisfies 2 -reqularity at
the solution z* if and only if

/ %,
(113) Pvaf'y,'y<x 7d)‘N,{
is nonsingular, where

N ={&, e RV [ (a")g, =0}, NI ={¢ eRM[f_ (") 7T¢, =0}

Proof Let the orthonormal matrices W be as in Definition 9, and define
two additional orthonormal matrices Z and W such that the columns of
W span the null space of fé,v (and hence the space NA{ ) and the columns

of Z span the range space of (f_)T. We have that Z € R7" and that

W e RY>*(7=7) and, by the fundamental theorem of linear algebra, that
[Z | W] is orthogonal. Hence, 2¢-regularity is equivalent to nonsingularity of
the following matrix for almost every d € N \ {0}:

[e;f} 1€ I 0
ZT [ '/y,a(m*) 'Iy,'y(x*)] Yo )
WT(f,/Y)/(:E*;d) [O [Z W]:|

where I, is the identity matrix of dimension |a|. By forming the matrix
product, we find that it is block lower triangular. Therefore, nonsingularity
of the matrix product is equivalent to nonsingularity of the three (square)
diagonal blocks, which are
T 74 T * T
Lo, Z f,,")Z,  W(f),) (@@ W,

which have dimensions |a|, 7, and |y| — r, respectively. It is easy to see that
zZT f3 4 (x*)Z is nonsingular by the definition of Z and Z. Since the columns

of W defined earlier span the subspace wa, and since the columns of W
span the subspace Nﬁ{ , nonsingularity of W7'( fL)!(x*;d)W is equivalent to
condition (113).

Nonlinear Equations. We now consider the case in which o = 3 = 0, so that
the NCP reduced essentially to a system of nonlinear equations f(z) = 0
whose solution is at * = z*. In the nondegenerate case in which f»/y,»y(f*) =
f'(z*) has full rank n, we have from definition (100) that N = {0}, so that
* is a nonsingular solution and Theorem 3 does not apply.

Counsider now the case in which « = 3 = 0 but f’(z*) has rank less than
n—essentially the case of degenerate nonlinear equations. By specializing the
discussion of nondegenerate NCP, we have from the definitions in Theorem 4
that

NI =ker f'(z¥), NS = ker f'(x*)7,
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where we have dropped the subscript 7. Hence, 2€-regularity is satisfied if
Py fl(a*;d)| s is nonsingular for almost every d € N \ {0}.

This is the 2*¢-regularity condition for nonlinear equations (5) introduced by
Griewank [8].

NCP with a Modified Weak Regularity Condition. We now consider another
special case in which we may have 8 # () and the matrix f! 5, (z*) has full
rank. The latter assumption is similar to the weak regularity condition of
Daryina et al. [1], which is a full-rank assumption on fj . . (z*). (The two
assumptions are identical in certain important cases.)

Theorem 5 Suppose that ff/75U7(x*) has full rank |7y|. Then if the following
set of n vectors in R is linearly independent for almost every d € N \ {0}:

(114) {eitica U{Sfi(x") Yiey U{{fi(z"), d)e; + difi(2") }iep, U
{(fi@@), d) fi(x") + diei}iep,
where 31 = B1(d) and Bs = B2(d), with

(115a) Bu(d) = {i € BI{fi(z"),d) > —d;},
(115b) Ba(d) = {i € B {fi(z"),d) < —di},

then 2 -reqularity is satisfied by the NCP at x*.

Proof Because of the full-rank assumption, we have r = |v|. Using the defi-
nitions of the matrices Z and W above, we can set Z = I and W null, so the
matrix in Definition 9 reduces to
[elT] 1€
max({f{(x*), d), —di)e; — min((f/(z*), d), =) [} (z*)];c 5
£ (@)

By partitioning the index set § according to (115), we see that the rows
of this matrix are identical (to within some changes of sign) to the vectors
(114), so the conclusion follows immediately.

The quasi-regularity condition of Izmailov and Solodov [12, Definition 4.1]
is somewhat similar to the conditions of Theorem 5; it requires the set (114)
to be linearly independent for some d € R" (not restricted to N), for each
possible partition 8 = (8 U (B2, with 8, and (2 independent of d. (They
use a random d € R" in their algorithm.) We now prove a result similar
to [12, Proposition 4.2] that gives a sufficient condition for the assumptions
of Theorem 5 to hold. This result relies on the following definition of the
set B, which is defined to be all partitions of 3 of the form (115) that are
encountered over all possible vectors d € N \ {0}:

(116) B ={(p1,02)| 51 = p1(d) and By = B2(d) for some d € N \ {0}}.

We make the following assumption, for use in the theorem below.
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Assumption 2 Suppose that for each (B1,32) € B, there is a vector d =
d(B1, B2) € N such that the set (114) is linearly independent for d = d.

Theorem 6 Under Assumption 2 there is a vector d € N \ {0} (indepen-
dent of (B1,32)) such that (114) is linearly independent with d = d for all

(B1,02) € B, and the set of such vectors d is open and dense in N. In par-
ticular, (114) is linearly independent for almost every d € N \ {0}, for all

(81, 02) € B.

Proof We define U to be a matrix of dimension n x |3| whose columns span

the null space of
[ [e;r]iex ]
£,

(Note that U has |3| columns because {e;}ica U {f/(x*)}icy is linearly inde-
pendent, by the assumption.) We then have

N = {Ug\ge le}.
With this parametrization of N, the set (114) can be written as follows:

{eitica U{fi(a") }iey U{(fi(27), Ug)e: + (Ug)i fi(2") biep, U
{{(fi(z"), Ug) fi(z") + (Ug)i€i}icp,-

Note that linear independence of this set is equivalent to nonzeroness of
the determinant of the n x n matrix formed by these vectors, and that the
determinant is a polynomial function of the components of g.

Given d = Ug for which the set (114) is linearly independent, we note
as in [12] that the determinant is nonzero for ¢ = g, thus is nonzero for
all g € R”! except for a set of measure zero. A similar observation can be
made for each (01, 82) € B. By taking the intersection of these finitely many
subsets of RI? I, all of which exclude only a measure-zero set of points in R4 ‘,
we obtain a set containing all of R/?! except for a set of measure zero. By
applying U, the set in question transforms to the whole set N except for a
set of measure zero, as claimed.

The following result is similar to [12, Proposition 4.3].

Proposition 3 Suppose that x* is a b-reqular solution of the NCP and that
|B| = 1. Then Assumption 2 holds at x*. Further, fﬁ’/ﬂuy(x*) has full rank

|v| and 2€ -regularity holds at z*.

The proof of the first claim is nearly identical to the proof of Proposi-
tion 4.3 [12]. (In the notation of [12], restrict p to N and note that L = N, .)
Full rank of f 5, (z*) follows directly from b-regularity, while 2C regularity
follows from Theorems 6 and 5. We prove a partial converse of this result by
modifying and extending the argument given by Izmailov and Solodov [12,
p. 400].
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Proposition 4 Suppose that x* is not a b-reqular solution of the NCP, and
that | 8| = 1. Then it cannot be true that the set (114) is linearly independent
for almost every d € N \ {0}.

Proof Consider the set

(117) {ei}ica U{fi(@)}iey,

and denote the range of this set by L. Let 8 = {ip}, and assume that b-
regularity does not hold. If (117) is rank deficient then (114) is not linearly
independent and we are done. Otherwise, since b-regularity fails we must
have either f; € L or e;, € L (or possibly both).

Suppose first that f; € L. Since L = N we have for all d € N that
(fi,(x*),d) = 0. Therefore from (115), we have
(118a) dip >0 & fi(d) = {io}, P2(d) =10
(118b) diy <0 & p1(d) = 0, Ba(d) = {io}.

In the case (118a), the set (114) is linearly dependent since

(fio (27), d)eiy + di fi, («7) = diy f, (x7) € L.

Hence for (114) to be linearly independent for almost all d € N, we must
have (118b) satisfied for almost all d € N. Since N is a subspace, this fact
implies that d;, = 0 for all d € N. We therefore have that

(fiy (@), d) fiy(x7) + digei, =0

for almost all d € N, so that (114) is linearly dependent for almost all d € N.
We now consider the case of e;, € L. Since L = N, we have that d;, =0
for almost all d € N. Thus from (115) we have

(119a) (fiy(@"),d) >0 < Bi(d) = {io}, P2(d) =10
(119b) (fiy(z"),d) <0 « Bi(d) =0, Pa(d) = {io}-

In case (119a), the set (114) is linearly dependent since

(fio (x7), d)eiq + di fi, (a7) = (fi, (2"), d)e;, € L.

Hence for (114) to be linearly independent, we must be in the case (119b)
for almost all d € N. Since N is a subspace, we thus have (f; (z*),d) = 0 for
almost every d € N. This fact implies that

<le (Cﬁ'*),d>fz/0 (3?*) + dioeio =0
for almost all d € N, so that (114) is linearly dependent for almost all d € N.

We have shown that when |5 = 1 and f 5, (¢*) has full rank then 2¢-
regularity and b-regularity are equivalent. However, when f; su(T7) is rank
deficient, 2€-regularity may still hold, even though b-regularity fails.

In the case of nondegenerate NCP—that is, 3 = () and ffm (z*) nonsingular—
we have from (100) and (101) that N = N, = {0}, so that z* is a nonsingular
solution of ¥(z*) = 0 and Theorem 3 does not apply.
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Table 1 Convergence rate of Newton’s Method on ¥s for the Simple NCP test
problems, showing regularity properties. (¢ = property satisfied, blank = property
not satisfied, — = property not applicable.)
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7 Numerical Results on Simple NCPs

We describe here some computational results obtained from a simple test
set of NCPs of small dimension, defined in Appendix C. Properties of the
problems are shown in Table 1. If the problem has more than one default
starting point/solution pair, the pair’s number is given following the problem
name. The convergence rate shown is for Newton’s method with unit step
length. We also tabulate the sizes of the sets «, 3, and , and the satisfaction
of various rank and regularity properties at the solution in question.

We also the numbers of iterations required for local convergence of New-
ton’s method and the Accelerated-Newton method of Section 5 using the
subset of Simple NCP test problems with convergence rates for Newton’s
method of 1/2. This is the subset of problems with a nontrivial null space N
for which 2%¢-regularity may hold. (In fact, affknotl is the only problem in
this subset with a convergence rate of % for Newton’s method but without
2%¢-regularity. Despite the absence of 2“-regularity, the acceleration tech-
nique of Section 5 hastens the convergence.) We detect linear convergence at
a rate of 1/2 by applying the following tests to successive Newton steps p;:

llps]l _Hpi—1H
lpi—1ll [pi—2||

< cCauchy and lp:] ‘ < cLinear

Ipiall 2

with cCauchy = .005 and cLinear = .01. If both tests are satisfied at itera-
tion ¢, we scale the next step p;1+1 (and every second step thereafter) by the
acceleration factor a = 1.9. Convergence is declared when ||¥(z)[]2 < 10711

Table 2 shows the number of iterations required by the Newton and Ac-
celerated Newton methods for the subset of problems discussed above. The
final column shows the number of steps taken in the “accelerated phase,”
following detection of a linear convergence rate in the pure Newton method.




38 Christina Oberlin, Stephen J. Wright

Table 2 Performance of Accelerated Newton Method (with o = 1.9) for the NCP
test problems for which the convergence rate of pure Newton is linear with factor
1/2. We show iterations for the pure Newton method, iterations for Accelerated
Newton Method, and the iterations required by the Accelerated Newton Method
in the accelerated phase, after a convergence rate of 1/2 had been detected in the
pure Newton method.

Problem, Starting Point Newton Iters | Accel Newton Iters | Accel Phase Iters
quarquad, 1 16 10 5
affknot1 20 10 7
affknot2 19 10 5
quadknot 18 8 5
munson4 19 12 4
DIS61T, 1 19 12 5
DIS64 21 11 7
nehard 25 19 5

Note that the accelerated phase was present for all problem instances and
that the number of steps taken in this phase is similar for all problems. For
a = 1.9, the mean convergence rate in the accelerated phase as predicted by

Theorem 2 is /4 (1 — ) ~ 0.158, which was observed for all problems.

A Convergence of Newton’s Method: Details of Proof

We present here the remaining details of the proof of Theorem 1. The analysis
follows that of Griewank [8] closely, but various aspects of it are referred to in our
discussion of the accelerated Newton’s method in Section 5, so it is worth stating
in full here.

We pick up the thread from the end of Section 4.

A.1 The Form of a Newton Step from x € R

The content of this subsection is taken directly from [8] (with k set to 1); we include
it here for completeness and readability of this section and for further reference in
Section 5.

We consider the form of the Newton step from a point = pt in the domain of
invertibility R to the point Z.

(120) T=x—F(z) 'F(x).
We drop the dependence on z in the following.
By the definition of R, we have that ¢(t) > 0. In the remainder of this discus-

sion, we drop the argument t from o(t) for clarity. Using positivity of o and (12),
it can be checked that the following expressions from [8] are also true here.

Gt -G™'CE™!

/ -1 _
F(@)” =1 _paipgt g1 4 B-ipg-1cE-! |

(see [8, (12)]),where

(121) G a) = p B + 0 20(") = o 20(p 7Y,
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(see [8, (13)]). As in the proof of [8, Lemma 4.1] with & = 1, we have
3G +0(p?) 5C + O(pQ)}
F(x) = 2 x.
(=) {%D +0(p?) "E+0(p)
Using (12) to aggregate the order terms, as in Griewank [8], we have

F(2)" Fla) = { L1+ G TO0(p") —367C+ ||G*1||0<p2>} N

O(p) + IG7HIO(p*)  I+0(p) +IGp

Due to (12), (121), and the positivity of o, we have

G '(z)C(z) = B~ (#)C(t) + 07 20(p).
Hence,

(122)  F'(z)"'F(z) =
sIHIGHO0(?) —3BH)C(t) +0720(p) + |GHO(p?)

O(p) + I1G7H0(p%), I+0(p) + G~ ||p*
Since |G| = 0 20(p™ "), we can write
17 _13-1\A
(123) F(a) ' Fa) = | 3 ~28 0004 (@),

where the remainder vector e(z) can be bounded as follows:

la? 0
(124) le(@) < s—A2L_ _ 52"
o(z/|zl)* o*
where the constant § is positive and finite; in fact, it is a product of finite powers of
the constants in the O(+) terms in (12) which, as we have already noted, are finite.)
The definition of r(¢) (30) uses this value of .
Using (123), we have

(125) E=o-F(2) 'F@) = | ( o+ e(x) = %g(m) +e(x),

where g(x) is defined in (28).
Here we follow Griewank in implicitly assuming that o < 1. (If necessary, we
can replace o with min(o, 1) in the analysis to ensure that this property holds.)

A.2 Entering W,

Denoting the sequence of Newton iterates by {x;},;>0, we use the following associ-
ated notation in the remainder of this section:

(126) pi =il ti=wzi/pj, o5 =0(t;), 55 =g(x;)/llg(z;)]l
For s € S, let 1;(s) denote the angle between t; = z;/p; and s, that is,
(127) ¥;(s) = cos™ "] s.

We show that if 2o = poto € R, then

sin 1 (so) < sind(so) and p1 < p(so),
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so that 1 € W,,. In the next subsection, we show that all subsequent iterates
remain in R and converge linearly to z*.

In the analysis below, we make repeated use of the following relations. Let w, s
denote the angle between two vectors v € R* and s € S. This angle must lie in the
range [0, 7]. If wy,s < 7/2, we have

(128) sinwy,s = min [|Av — s|,
AeR

as well as sinw,,s > 0. If v is a linear subspace rather than a vector, wy,s < 7/2
trivially, and the above relations hold.
By applying (125) to the Newton step from z; to z;j4+1, we have

2

p
(120) = el < 623,
J

7y~ F'(25) " F(z;) — So(e)

1
Tj+1 — 59(931')

By setting 7 = 0 in (129) and using zo € R, we have

o= o] < (qtacon) o2

)
The equality in (130) is a consequence of (128), provided that 11(so) < 7/2. (Wi
verify the latter fact in Appendix B.) By the third part of the definition of r(¢ )
(30), we have from (130) that sin)1(so) < sin ¢(so) and therefore 11(s0) < ¢(s0).
It remains to show that p1 < p(so).
Let 611 denote the angle between the iterate z;11 and the null space N. By
dividing (129) by pj+1, we obtain

(130) sin 91 (so) = min
2eR

2
(131) sinfj41 = mm [tis1 —yl| <6 Qp , for j=0,1,2,....
05 Pj+1

The equality in (131) is valid because N is a linear subspace. (For the starting
point we have only the trivial upper bound sin 6y < 1.) By the definition of g (28),
we have

| xjcosb; I B7Y(t;)C(t;) | | =j cosb;
(132) zj —g(x;) = {xi singﬂ - {o 0 7 |2 sinG,

_ | =BT (t;)C(t;)z; sin 0,

- x;sin0; ’

By combining (129) and (132), we obtain

2
<5 L (1= BT ) C ) + 1) [l sin 0y ] + 5

J
S <%|lo(tﬂ)“ +UJ Sne +6pﬂ>pj

g b

(133) T4t —

1
Tj+1 — 59(%‘)

o]+

1
< <§U—sm0 +46 ]>pj

]

Dividing by p; and applying the inverse triangle inequality, we find that

(134)

M—ll < 1—51116? +(5p3
Pi 2 20 g;
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Upon setting j to zero and rearranging (134), we obtain

1 c Lo
<po(=(14+5)+s22).
(135) pL = po (2 (1 00) 6002)

By the second part of the definition (30), we have

o0p(s0)
c+oo’

po <

and also ) )
)< o6/ (s0) < 90p(s0)
257"1, 25p0
Applying these inequalities to (135) yields

p1 < 5i(s0) + 5 pls0) = H(so).

We conclude that if zo € R, then x1 € W,

A.3 Convergence from Wy,

Griewank gives an inductive argument for linear convergence in the proximity of
N in Section 5 of [8]. We give the argument here for future reference.

As in (126), we define so := g(t0)/||g(to)||. From any initial point x1 € Ws,, we
show that the sequence of Newton iterates {z; = p;t;};>1 maintains the properties

(136) pi <p(s0)=p, 05 <dlso) =0, 1;(s0) = ;< d(s0) = ¢.

By the first and third properties, the iterates remain in R. Further, because of (21),
the third property implies that

(137) o; =o(t;) > 6(s0) =6 >0,
a fact that is used often in the proof. We also use the abbreviation
(138) g = a(s0).
For x1 € Ws, the first and third properties follow immediately, as does the

second property upon observing that s € N implies sin 0; < sin;(s).
We assume that (136) holds for all 1 <14 < j. We have

Pji+1 1 le . » ﬁ
e 5. < 30, sin ¢ + 6? from (134) and (136)
le  (1-¢)8%\ . -
< <§UT + 0,2 sin ¢ from (25)
41— .
< w sin ¢ from (135)
< g’ from (24).
Equivalently,

(139)

<=9 fori=1,2,....,7.
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From the right inequality of (139), we have

(140) pit1 < p1 (%) <p, fori=1,2,...,35.

From (131), we have

(141)
2
sinfiy1 < fpi fori=1,2,...,j
Ui Pi+1
5pi 2 . . . . .
< p Tq for i =1,2,...,7, by the left inequality in (139)
0p 2 . .
< (62> (iq) fori=1,2,...,5, by (136)
=sin¢ fori=1,2,...,j, by the definition of p (25).

Therefore 041 < .
Let Aw); be the angle between two consecutive iterates x; and x;+1. From (133)
we have the upper bound

20p; , .
(142) sin Ay; = min || Azi1 — & < £ in 0; + 62) , fori=1,2,...,7.
reR oi o

k3

In Appendix B, we verify the equality in (142) by showing that Avy; < /2 for
i=1,2,....7].
By the definition of A);, we have

J
Vir1 <Y1+ ZA%.

1=1

Using 91 < ¢ < m/2, Ay < 7/2, the monotonicity and positivity of sine on
[0,7/2], and the identity sin(a + 8) = sinacos 3 + sin B cos a for angles a and S,
we have

J
sinyj41 < sinq@ + Z sin Av;.

=1

From (142), we have

J
(143) > sin Ay, <
=1

SHEY

=1

j—1 25 J
<sm 0, + Zsm 9¢+1> + Fo) ;pz

Using (140), the bound p1 < p, and the definition of p (25), we have the upper

bound
J ~2
2 o° . -
E PiSpll_qSTSIMi

i=1

By combining with (141), we obtain the upper bound

Jj—1

26 2 ~
sinfy1 < ———— i < sin ¢.
Z = G ) Zp 1-q) ¢

i=1 l—q i=1
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Hence, from (143), we have

<sin 01+ ﬁ sin Qf;) + 2sin ¢3

SHEY

J
(144) D sin Ay <
=1

By adding sin ¢ to this sum and using #; < ¢ and the first inequality implicit in
the definition of sin ¢ (24), we have

sinjp1 < <1+ < <1+ L) —I-Z) sin &

I 1—¢q
e [B=qc/o+(3—3q)
Sl—q{ c/6+1—q }
_a {(3*Q)(C/6+1*Q)+Q(1*Q)}
1—gq c/6+1—gq
3q
1—¢

Since q = isinq& < i, we find that sin;11 < sin¢ and thus ¥;11 < ¢.
This observation shows that the iterates remain in the set

T ={z=a"+pt|teS, cos " (t"s0) < #(50),0 < p < p(50)},

which is contained in R; see (27).
Noting that (140) and (141) hold for all j > 1, we see that p; and ; go to zero
as j goes to infinity. Using these facts in (134), we find that

i 1
lim pitl _ 2

imee pj 2

This concludes the proof of Theorem 1, and therefore the extension of Griewank’s
linear convergence result [8] to Assumption 1.

B Verification of applications of (128)

In this section, we justify the use of the formula (128) by showing that the angle
in question is bounded above by 7/2 in each case. As in earlier discussions, we let
wy,s denote the angle between two vectors v € R*, s € §. We use Qy/sS denote the
projection of v onto s, so that a,,; = v-s = |[v] cosws,s. In each case below, we
show that a,,s > 0, so that w, s < 7/2, as desired.

First, we justify the equality in (130). Let 21g := x1/|gs, ||, 50 that cg, /5050 is
the projection of z14 onto sg. By setting j = 0 in (129), we have

2
Po Po
n = ot <%

Dividing by ||g(to||, we have
H o
U%HQ(tO)H

By expressing the vector on the left as a sum of its components parallel to and
orthogonal to xo, we obtain

Po
Hxlg — 5 S0

2

ool
Oy /5080 — —8o|| < 0—5——.
H ta/5070 7 79 a2llg(to)
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Hence, we have

2
po o o r(to) ) Po .
Ay jsg > — — 00— > — |1 =205~ >—(lfsm S )>O,
/50 =9 " o2 lglto)l 2( a2llgto)ll) = 2 ¢(s0)

where the second inequality follows from the po < r(to), the third inequality follows
from the third part of the definition of r(¢) (30), and the final (strict) inequality
follows from 423 < ¢ < 7. We conclude that o, /s, > 0, as required.

Second, we verify the equality in (142) by showing that o, /¢, > 0. By (133),
we have for i € {1,2,...,j},

< (lisinei +5%> Pi
o

it1/

Titl — 5%

2 20’1' B
lec . » 1)
—1(5+1— )sian- by (25)
=50 q pi Yy
< %pi by (24).

Hence, we have that ||a,, , , /¢, ti— 3 pitill < (q/2)ps, so that o, e, > 5(1—q)pi > 0
for i € {1,2,...,7}, where the final inequality uses ¢ < 1 by (23).
Third, we verify (63) by showing that Ay < /2. From (64),

@
ez = (1 = a/2)a1]] < S gapr.
Hence a
Ham/tltl - (1 - a/2)p1t1” < 5%,017
which implies

a a(l—a/2) .
Qgy/ty 2 (1_‘1/2— 5%) p1= (1—a/2— §%sm¢) o1

> (1—a/2) (1 - Sig¢) p1 >0

where we have used the definition of ¢, (36) for the equality and the fact that
a < 2 for the final inequality. Therefore, the angle between z2 and z1 must be less
than /2.

Fourth, we use (83) to justify (90) as follows. From (83), we have by the usual
argument that

1 « 1 «
Qo Jtop_ot2k—2 — = (1 - *) p2r—2tor—2|| < 3 (1 - 5) Qo P2k—2,

2 2

so that

1 «
Qo ftop—g 2 3 (1 - 5) (1 = gqa)par—2 > 0.

Fifth, we justify (94). Since (75) holds for k = j, we have

Therefore oz, /i, t25 > 2(1 = qa)p2; > 0 as desired.

1 Qo
Ay /oy t2) — §p2jt2j < 7p2j~
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C Simple NCP Test Set: Problem Descriptions

Below we list the Simple NCP test problems, their solutions, and the corresponding
starting points used to initialize Newton’s method. A solution is any x satisfying

0<z L f(z)>0,

and we denote such z by z* if it unique or x*l', z*2, etc. if there are ‘multiple
solutions. The starting point used for solution z** is denoted below as xo".

1. quarp
f(@) = (1—a)".
2. affl
fla) = |2

3. DIS61 ([1, Example 6.1])

far =, ]

1 —&—asz—i—a:g—l

4. quarquad
_ [0 —z) + 2
flay= |0
5. affknotl
-1
flz) = {wal } ’
6. affknot2

_ X — 1
@)= {ml +m271} :
For illustration, we consider the properties of this problem in some detail. The
unique solution is z* = (0,1)”, where f(z*) = (0,0)T. Hence a = 0, § = {1},
and v = {2}. We have
* 00
v (z%) = [2 2] .

By inspection, we have N = {(a,—a)*, a € R} and N, = {(b,0)", b € R}.
Thus,
10
-

L1.(1,-1)7, whose span is N. Using

V2

@y =va| T

Consider the unit vector d =

we have
o~ [1] - o[

Consider any y = (a, —a)” € N\ {0}. We have B(d)y = v2(—a,a)T # 0. Thus,

B(d) is nonsingular, and z* is a 2%°-regular solution of NCP(f).

7. quadknot
_ o — 1
fz) = { 2 } :
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Table 3 Starting Point/Local Solution Pairs

Problem, s.p. o T
quarp, 1 0.1 0
affl (0.1, 0.9) (0,1)
DIS61, 2 (0.2,0.85) | (0, (vV5—1)/2)
quarquad, 1 (0.1, 0.9) (0, 1)
affknot1 (0.9,0.1) 0, 1)
affknot?2 (0.5, 0.5) (0, 1)
quadknot (0.5, 0.5) (0, 1)
munson4 (0, 0) (1, 1)
DIS61, 1 (1.5, 0.5) (1,0)
DIS64 2, 4) (0, 0)
nehard (10, 1, 10) (0, 0, v/200)
quadl (0.9, 0.1) (1,0)
quarquad, 2 (0.9, 0.1) (1, 0)
quarp, 2 0.9 1
quarn 0.9 1
8. munson4 (from MCPLIB [16])
_ [—(wa—1)?
flay = | 28 2
9. DIS64 ([1, Example 6.4])
—a1 +
flay= |1
10. nehard (from MCPLIB [16])
sip 1+ x%
f(z) = 3 + 123
x?;, — 200 + z122
11. quadl
-1
fz) = {mlxg } .
12. quarn
fla)=—(1—2)"
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