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Integer Solutions

Theorem (Siegel’s Theorem)

Any smooth algebraic curve of genus g > 0 defined by a polynomial
f(x,y) € Z[x,y] has only finitely many integer solutions.

Not effective.



Edge Coloring
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Counting Edge Colorings

Problem: #x-EDGECOLORING
InpPUT: A graph G.
OutpPUT: Number of edge colorings of G using at most « colors.



Counting Edge Colorings

Problem: #x-EDGECOLORING
InpPUT: A graph G.
OutpPUT: Number of edge colorings of G using at most « colors.

#r-EDGECOLORING is #P-hard over planar r-regular graphs
for all kK > r > 3.

Trivially tractable when x > r > 3 does not hold.

Proved in two cases in the framework of Holant problems:
Q «x=r,and
Q kx>r.
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Let AD3 denote the local constraint function

1 if x,y,z € [K] are distinct

0 otherwise.

AD3(X7y7Z) = {
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#r-EdgeColoring as a Holant Problem

Let AD3 denote the local constraint function

1 if x,y,z € [K] are distinct

0 otherwise.

AD3(X7y7Z) = {

Place AD3 at each vertex with
incident edges x,y,z in a
3-regular graph G.

Then we evaluate the sum of product
HoIant(G; AD3) = Z H ADs3 (O‘ |E(v)) .
0:E(G)—[k] veV(G)

Clearly Holant(G; AD3) computes #k-EDGECOLORING.
Same as contracting the corresponding tensor network.



Holant Problems

In general, we consider all local constraint functions

a ifx=y=ze€lx

fx,y,2)=qb if[{x,y,z}| =2
c if {x,y,z}| =3.

The Holant problem is to compute

HoIant(G; f) = Z H 0' ’E(v) .

o:E(G)—[r] veV(G)

Denote f by (a, b, c).
Thus AD5 = (0,0, 1).



Dichotomy Theorem for Holant( - ; (a, b, ¢))

Theorem (Main Theorem)

For any domain size k > 3 and any a, b, c € C,
the problem of computing Holant( - ; (a, b, c)) is in P or #P-hard,
even when the input is restricted to planar graphs.

Recall #r-EDGECOLORING is the special case AD3 = (0,0, 1).



-

planar Tutte dichotomy

edge coloring k>r hard

<a,b,c> dichotomy

8/12



Integer Solutions

p(x,y) = x> = 2y + 1)x® = (y* + 2)x> + (y — L)yx + y°.



Integer Solutions

p(x,y) = x> = 2y + 1)x® = (y* + 2)x> + (y — L)yx + y°.

We know five integer solutions to p(x,y) = 0.

((x = 1)(x* + x3 +2x2 —x +1) y=-1
x2(x3 —x —2) y=0
(x+1)(x* —x3 —2x?> —x +1) y=1
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(x = 3)(x*+3x3+2x2 —5x—9) y=3.
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Only integer solutions to p(x,y) =0 are

(1,-1),(0,0),(-1,1),(1,2),(3,3).
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Let (a, b) be an integer solution to p(x,y) = 0 with a # 0.
One can show that a|b®.

Consider

2

> and  g(xy) = y7+y—x2+1-

gilx,y) =y —x
(This particular choice is due to Aaron Levin.)

Then gi(a, b) and g»(a, b) are integers.
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Effective Siegel’s Theorem

p(x,y) =x> = 2y + 1)x* = (y* + 2)x> + (y — L)yx + y°.

Let (a, b) be an integer solution to p(x,y) = 0 with a # 0.
One can show that a|b®.

Consider

2

> and  g(xy) = y7+y—x2+1-

gilxy) =y —x
(This particular choice is due to Aaron Levin.)
Then gi(a, b) and g»(a, b) are integers.
However, if |a| > 16, then either gi1(a, b) or g»(a, b) is not an integer.
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Puiseux Series

Puiseux series expansions for p(x,y) are
yi(x) =x%+2x7 P+ 2x72 —6x* —18x 75 + O(x7°),
2L o Lap 05 a0 ML 5p o 0(x~5/2),

yalx) = XM= ox g 128 1024
1 65 1471
ya(x) = —x3/2 — 5X §x1/2 + st_lp — x4 ﬁx_3/2 —x72 4+ 0(x7%?).
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Puiseux Series

Puiseux series expansions for p(x,y) are
yi(x) =x%+2x7 P+ 2x72 —6x* —18x 75 + O(x7°),
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ya(x) = —x —x24 O(X_5/2).

For example,

g (xn() =0 ().

Truncate y>(x) to get y; (x) such that p (x,y5 (x)) < p(x, y2(x)).
Then

—1 <@ (x,y; (x) <& (x,y(x)) <0
for x > 16.
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Puiseux Series

Puiseux series expansions for p(x,y) are
yi(x) =x%+2x7 P+ 2x72 —6x* —18x 75 + O(x7°),
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ya(x) = 53/2 _ §X+ §X1/2 _ @X /2 _ 1 ﬁx 3/2 _ -2 O(x 5/2)7
ys(x) = 32 %x _ éxl/z + 16758)(—1/2 —xty %X—yz —x24 O(X_5/2).

For example,

g (xn() =0 ().

Truncate y>(x) to get y; (x) such that p (x,y5 (x)) < p(x, y2(x)).
Then

—1 <@ (x,y; (x) <& (x,y(x)) <0
for x > 16.

So for “large” x, g»(x,y2(x)) is not an integer.

Therefore, no “large” integral solutions. b
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www.cs.wisc.edu/~tdw

Thank You

Paper and slides available on my website:
WWw.cs.wisc.edu/~tdw
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