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Abstract

This paper discusses a hew approach for analyzing queuing models of material control strategies such as
kanban, CONWIP and POLCA in manufacturing systems. In practice, these strategies regulate the flow of
jobs at various stations of the manufacturing system using a combination of card loops and authorization
signals. Queuing models of such systems are composed of closed queuing networks corresponding to the
different card loops. Fork/join stations are used to represent the synchronization constraints imposed on
jobs, cards and authorization signals. Analyzing these networks involves solving a set of multi-class
closed queuing networks with fork/join synchronization stations and stations with general processing
times. Since these networks cannot be solved exactly, approximate methods have been investigated. We
propose a new approximate approach based on the node decomposition technique. We study the
underlying semi-markov processes at each station in the network and use the two moment renewal
approximations to describe arrival and departure processes at each station. One of the new contributions
here is the development of a two-moment approximation for fork/join stations fed by independent arrival
streams. This approximation allows us to better model the synchronization constrains typical of material
control strategies. Then, we use constraints on flow of jobs in the closed network to develop closed form
expressions linking the arrival and departure process parameters at the different stations. These equations
are then solved using an iterative algorithm.

Key words: Closed multi-class queuing networks, Approximation methods, Performance analysis,
Fork/join, Manufacturing systems

1. Introduction

The primary purpose of material control strategies such as kanban, CONWIP (CONstant WIP) and
POLCA (Paired-cell Overlapping Loops of Cards with Authorization) is to provide an efficient
mechanism for determining the way production is triggered and inventory is controlled on the
manufacturing shop floor. In practice, these strategies regulate the flow of jobs at various stations of the
manufacturing system using a combination of card loops and authorization signals. Each card loop has a
finite number of cards and this restricts the total number of jobs in the system at any given time. Jobs
move from one station to another only if the necessary cards and/or authorization signals are available.
Kanban, CONWIP and POLCA differ in the nature of card loops and authorization signals they use to
control production.

Comparisons of the performance of kanban, CONWIP and POLCA strategies can be found in [1]-[7].
These studies seem to indicate that no one system completely dominates the other. More complete
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exploration of the tradeoffs using analytical models could help us demarcate regions where each system
dominates over the other. Queuing models seem to be the most useful for such analysis because they
effectively model the stochastic nature of system capacity and its impact on system throughput. Efficient
queuing models have very reasonable computational regquirements which enables their use as a
performance evaluation tool. Queuing models used to analyze material control systems [8]-[12] are
usually composed of closed chains that correspond to the different card loops, fork/join stations that
represent the synchronization constraints imposed on jobs, cards and authorization signals, and stations
with general processing times (see section 2). Exact solutions for these networks are not available, and
approximate methods must be used. Previous approaches have used product form approximations wherein
the stations whether of the fork/join type or with general service times are replaced by equivalent stations
with exponentially distributed load dependent service rates [8][13]-[15].

In this paper, we propose an approximate approach based on a node decomposition technique. We study
the underlying semi-markov processes at each station in the network and use two moment renewal
approximations to describe arrival and departure processes at each station. We develop a new two-
moment approximation for fork/join stations and this allows us to use the node decomposition technique
to effectively moddl material control strategies. Then, using constraints on flow of jobs in the closed
network, we develop closed form expressions linking the arrival and departure process parameters at the
different stations. These equations are then solved using an iterative algorithm. In this paper, we describe
how this approach can be used to analyze the kanban control strategies (see section 3).

The paper is organized as follows. In section 2, we review the queuing model representations of material
control strategies such as kanban, CONWIP and POLCA. We discuss the previous techniques used to
analyze these queuing models and the challenges encountered in doing so. In section 3, we analyze a
single stage kanban system using the node decompasition approach. In section 4 we extend our approach
to analyze multi stage kanban systems. In section 5, we briefly outline how the proposed approach can be
extended to analyze other control strategies such as CONWIP and POLCA in systems with multiple
products. We conclude with section 6 where we provide some qualitative comparisons with a few other
approaches discussed in the literature.

2. Queuing Model Representation of Material Control Strategies

Material control strategies typically have been modeled using closed queuing networks with fork/join
stations and stations having general processing times. The fork/join stations are used to represent the
synchronization constraints wherever present. We use the representation of kanban systems given in [8]
and show how the model can be modified to represent multi product CONWIP systems. We will use the
kanban representation to explain the proposed analytical solution method.

2.1 Single product kanban systems

Figure 1 models the functioning of a single product kanban system with a humber of serial stages, S
equal to three. Stage i denoted by S could consist of a series of M; manufacturing stations. We assume
throughout this paper that each manufacturing station is a single server queue. Associated with each
product in each stage are a fixed number of kanbans that circulate within a loop. In our single product
system, stage § has K; kanbans.
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Figure 1. Queueing model representation of single product kanban systems

The kanban control mechanism controls the movement of parts from stage to stage. This control
mechanism is modeled by the synchronization stations at the input to the system and at the output buffer
at each stage. In the three stage system shown in Figure 1, Jo, ..., Jz are synchronization stations. The
kanban control mechanism at stage S includes the synchronization stations Ji.; and J. These
synchronization stations together with the manufacturing stations in stage i will be called subsystem i
(SUB;). The station J; represents the synchronization between finished parts of stage i and free kanbans
from stage i+1. As soon as there is one entity in each of the input queues at J,, one entity is removed from
each of them and added to each of its output queues. In other words, the finished part is transferred to
stage i+1 and the released kanban card is returned to the input queue of free kanban cards at the previous
synchronization station J;.;. The released kanban transmits the information of the consumption of a part to
the upstream synchronization station J.;. Since each part, either in the manufacturing stage or in the
output buffer of subsystem i, must have a stage i kanban card attached to it, the number of cards K; is an
upper bound on the number of parts in stage i.

2.2 Multiproduct kanban systems

Figure 2 shows the queuing network model of a multi-product kanban control system having 3 stages in
series producing 2 types of parts. With each stage S and each part type r (r=1, 2), is associated K ,
kanbans. Corresponding to each class r we have synchronization stations, Jo,, ..., J3,. For each product
type r, the kanban control mechanisms between the stages operates exactly in the same way as in the case
of the single product system. Therefore, although the different classes of products share the same
manufacturing stations, their synchronization mechanisms are independent.
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Figure 2. Queueing model representation of multiproduct kanban systems

2.3 Multiproduct CONWIP and POLCA systems

Other control mechanisms such as CONWIP and POLCA differ from the kanban system either in the way
the loops are designed and/or in the way the cards are used. For a system producing a single product, the
CONWIP system is similar to the kanban system, except that a single card loop controls all the

manufacturing stages in the system [4]. In the POLCA system [5], a recently introduced control
mechanism, the card loops extend across pairs of stages.
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Figure 3. Queueing model representation of multiproduct CONWIP systems

Figure 3 shows the queuing network model of a multi-product CONWIP control system having 3 stages
in series and producing 2 types of products. There are 3 major differences between the multiproduct
kanban and the CONWIP systems. First, all the three stages are controlled by a single CONWIP loop
having a total of K CONWIP cards. Second, these cards are not specific to any product. Third, it uses
authorization signals to release parts into the system. At the beginning of the system, raw material of a
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particular product is eligible to be released into manufacturing only when the corresponding authorization
signal is received. Actual release of the raw material to stage S, occurs only if a free CONWIP card is
present before stage S;. Once in S, jobs move uninterruptedly through S; and S and wait in the output
buffer of stage 3. Arrival of a customer demand releases a finished job from the output buffer of stage S.
Simultaneously, the CONWIP card released is sent to the front of the line to allow the entry of a new job
into S;. Therefore, unlike the kanban system, the different classes of products flow through the same
synchronization station.

In POLCA systems, the cards are not product specific and the different classes of products flow through
the same synchronization station. However, POLCA has overlapping loops covering pairs of stages and
the authorization signals are required at the beginning of each loop [5].

2.4 Challengesin performance analysis

Despite the large amount of literature on kanban systems, research in the area of analytical solutions of
kanban control systems models has been limited. Several of these efforts have been confined to single
product systems with limited complexity. The work of Kimura and Terada [9] uses a discrete time
markov chain model to model the kanban system with stages in series. Karmarkar and Kekre [10]
describe the behavior of single stage and two stage kanban systems using a continuous time markov chain
(CTMC).

Real systems are more complex. They constitute multiple stages and multiple products. Insights from the
simple models for kanban systems do not extend to the more complex kanban systems [4]. Additionally,
it has been argued that POLCA and CONWIP outperforms kanban for these complex systems [3]-[7].
However, these arguments have not been supported by thorough analysis, the primary reason being that
analyzing these systems involves solving a set of multi-class closed queuing networks with fork/join
synchronization stations and stations with possibly general processing times. Obtaining the exact
solutions for these networks is very difficult.

Recently some decomposition and approximation approaches have been developed for analyzing kanban
systems. Mitra and Mitrani [11][12] decompose the multistage system into subsystems that are solved
exactly by analyzing the underlying CTMC. They use an iterative procedure to determine the unknown
parameters of each subsystem. However, their study has been confined to single product systems. Di
Mascolo [8], Baynat et. al [13][14], and Duri €. al [15] present an aternative approximate approach for
both single and multi product systems. They too decompose the multi stage system into subsystems, but
instead of exactly solving the CTMC, they use product form approximations to solve the subsystems. We
have applied this approach and our observation from that effort is that, in a general setting, the analysis
can be quite challenging. The difficulty lies in 3 areas. modeling of the performance of the join stations,
analyzing stations with general service times in a closed queuing network and accounting for the
interaction effects of multiple classes at the various stations of the subsystem. Overcoming these
difficultiesis the main motivation for the node decomposition approach discussed in this paper.

3. Proposed M ethod

We propose an alternative decompasition approach to analyze the performance of kanban systems. The
outline of the procedure is as follows. The multi stage system is first decomposed into different
subsystems each of which is a closed queuing network. To solve the closed queuing network representing
each subsystem, each station of the subsystem is analyzed independently by studying the underlying
Markov renewal processes. An iterative algorithm is used to compute the unknown throughput and other
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parameters in each subsystem. Application of approaches similar to the one discussed here can be found
in[16][17]. Like the method in Di Mascolo [8] and Baynat et. al [13][14], our method can be applied to
analyze fairly general systems with multiple classes. Additionally, it can be easily extended to analyze
fairly general classes of material control strategies. The details of the approach are described in the
following sections. For ease of understanding, we first describe how the node decomposition technique
can be used for analyzing a single stage kanban system. Later, we outline a procedure for analyzing multi
stage systems.

3.1 Analysisof the single stage kanban system

Figure 4 represents single stage kanban systems. Figure 4 (a) represents a stand alone single stage kanban
system with well-defined arrival processes for raw materials and customer demands. Figure 4 (b)
represents a typical single stage system abtained as a result of decomposing a multi stage system into
several single stage systems. For such a single stage system there is a “raw material” arrival process equal
to the arrival process of finished parts from the upstream subsystem. Similarly, one can define a
“demand” process for such a system as the departure process of the free kanbans from the downstream
subsystems. For our analysis in this section, we will use the typical single stage system represented in
Figure 4 (b). We assume that the arrival processes for raw materials and customer demands are defined by
the estimates of their means and their squared coefficients of variation (SCV).
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(a) A stand alone single stage system (b) Atypical single stagein a multistage system

Figure 4. Queueing model representations of single stage kanban systems

The main idea behind the node decomposition approach is as follows. In the node decomposition
approach the closed queuing network is broken down into its constituent workstations or nodes. The input
to each queue is assumed to be a renewal process characterized by the mean and SCV of arrival times of
customers. Given this information about the input process, two moment approximations are used to derive
the characteristics of the output process. Specifically, we derive the mean and the variance of the inter-
departure times. By treating the queues approximately as being stochastically independent, the expected
equilibrium waiting time at each queue is computed. Finally, the decomposed nodes are pieced together
using the fact that in a closed queuing network, the arrival process to each queue is the departure process
of the preceding queue in the network. Closed form expressions are then derived for the mean and SCV of
the arrival and departure processes to the individual queues. Finally, Little’s law is applied to the entire
system. This gives rise to a set of non-linear equations in the set of unknowns. These equations are solved
to obtain performance metrics such as the system throughput, waiting times, work in progress and so on.
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It is evident from the above description that the key lies in developing two moment approximations for
the constituent stations in the network. It is easy to see that in our closed queuing network representation
of asingle stage kanban system two kinds of stations exist.

*  The manufacturing stations that can be modeled as a GI/G/1 queue and
* Thejoin stations

In the following two subsections, we analyze both these station types separatdy. In our description the
superscript i wherever present corresponds to the stage index.

3.1.1 Two moment approximations for the manufacturing stations in subsystem S

In this subsection, we use the approximate results
developed for the GI/G/1 queue to develop the two moment i o2 i P2
approximations for each station within the stage S. Let  “ak: Cax Ag i Cox
stage S be composed of M; single-server stations. Let —> EE—

A, (represent the mean arrival rate and 7, the mean

service time of station k, k=1,...,M;. In addition, let the

squared coefficients of variation c,,” and ¢’ partially Figure 5. Station k in stage
characterize the inter-arrival and service time distributions

at station k, respectively. We assume that the utilization rate p, = A, 7, is less than 1. Given this
information, we approximate the departure process at station k by a renewal process and partially
characterize it by the mean /\id’k and squared coefficient of variation of the inter-departure times, CL’kZ.

Referring to Figure 5, by flow conservation, we know that the mean of the inter-departure times must
equal the mean of the inter-arrival times. Thus,

Ay = Ao = A fork=1,..., M, )

Further, it has been shown that the squared coefficient of the variation of the inter-departure time, CL’kZ is
given by
¢, =c,+20°c,’ —w for k=1,..., M; )
k

where EWki is the expected equilibrium waiting time (delay excluding service time). This expression is
originally due to Marshall [18] and, Whitt [19]. Kuehn [20] used the above formula together with an
approximation for EWki to approximate the departure processes in networks of queues. In Kuehn [20]
and Whitt [19] EW,' is approximated by the simple formula

P2, 02 i
EVVki :Eba,k ‘|2'Cs,k %{kpki E ©)

so that
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Clax’ = (1— ,O:(Zkia,kz + ,OLZCis,kZ, fork=1,..., M 4)
If I_‘k is the average number of jobs at station k we get:

L, = A (EW +7!) (5)

3.1.2 Two moment approximations for join stations J;

The operation of the join station J; is as follows. Let P, and Ao, Co i g 2
Fi.1 denote the two upstream queues of the synchronization —P» P [ B> ™D
station J;. The content of queue P; is the number of finished 1 a2
parts in the output buffer of stage i. Each part in P, has a AT G
stage i kanban attached. The content of queue Fi.; is the —¥
number of free kanbans of stage i+1. As soon as there is one
entity in each of the upstream queues, one entity is removed
from each of them and added to each of its downstream
queues.

Fivx

Figure 6. Join station J;

i+1

Let the pairsA,,c. and A*, ¢ partially characterize the input processes at queues P and Fin
respectively. Given this information, we wish to characterize the departure process from J;. This involves

computing the mean /\‘D and the squared coefficient of variation C‘DZof the inter-departure times. See
Figure 6.

In doing so, we build on the work done by Som et. al. [21]. In that work, they study the departure process
of a kitting station in a stochastic assembly system. Their primary result was to show that the output
process is a markov renewal process. They also derive an expression for the distribution of the time
between kit departures assuming that the kit assembly is fed by two independent poisson processes. For
our purpose we will need to consider a more general scenario. Specifically, we make the following
assumptions.

1. We assume that the two input processes to the join station are independent processes.

2. We approximate the distribution of the inter-arrival times at the input queues P, and Fi., of the join
stations by balanced mean 2-Phase Coxian distributions with density functions gy (t) and §r™(t).
Specifically we set:

G (1) = ce™ +c,pe™ (6)
Additionally,
H=— and a = 1
/‘\IP 2C:32
1_a_1
o M, M

26/8



c = /'11(1_ a1) —H,
H—

and c, =1-¢

i+1

Similar equations can bewritten with A, ¢ and GL™(t).

3. Additionally, we assume that the capacities of the input queues P, and F;., are bounded from above by
Ki and Ki., respectively. In reality, these represent the limitations on the buffer space. For our analysis,
this ensures that the system reaches steady state.

We define the state of the join station J; by the ordered pair (l;, li+1) where I; and |;., are the number of units
in the queues P, and F., respectively. Notethat I; and 1;.; cannot simultaneously be both non zero. For each
n N, we can define the random variable Z, as the inventory position of buffer I; or the system state of
the output process immediately after the ™ departure epoch 7, . The set Z = {Zn ‘nl] N} defines the
output state process and the joint random variables {Z, T} = {Zn,rn 'nld N} defines the output process. It
can be shown that the output process {Z, T} is a Markov renewal process. It is completely characterized by

its semi-markov kernel Q'(a,b,t). The semi-markov kernel of the output process {Z, T} may be expressed
as

Qabt)=PZ,,=br,,-7,<t]|Z,=4} ™

n n

By deriving detailed expressions for Q'(a,b,t) based on the assumed Coxian distribution, it can be shown
that the semi-markov kernel is easy to generate as it has a regular structure containing only 5 types of
transition equations [22].

In the limit as t — oo the semi markov kernd Q'(a,b,t) also yields the state transition matrix P of the
underlying Markov chain Z embedded at time 7,. Clearly, the output process {Z,T} = {Zn,rn :nl N} is

an irreducible, recurrent and persistent Markov renewal process for K;,K,,; <co. Under these conditions

it possesses a stationary distribution defined as M'. The stationary probabilty vector M' of the underlying
markov chain is obtained from the set of equations expressed in the matrix form

n'=n'p (8)

To determine the distribution of the time between departures, we analyze the output time process
T ={rn :nl N}. We have

P{r..,-1, <t}=N'Q'(a,b,t)U 9)

inwhich U is a column vector with elements equal to 1. This allows us to determine the mean A and the

squared coefficient of variation C‘D2 of the inter-departure times at station J;. A review of the procedure is
giveninFigure7.
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Figure 7. Analysis of join station J;

From the analysis of the semi-markov kernel, we can also derive expressions for the average number of K;
kanban cards L 5, @ Ji. For simplicity, we leave these expressions in their functional form. (Details of these

equations arein [22]). We get:

LJ = f(/]iP1Cli321/]iF+l1C::+12) (10)

3.1.3 Linking the nodesin a single stage kanban system

Once we have characterized the input and output processes at each node, we use known relationships
among the parameters at different nodes to obtain a set of closed form non linear equations that can be
solved for the unknown parameters. As mentioned earlier, subsystem SUB; comprises of join stations J;
and J.; and the k stations in stage S. We give below the equations linking the different nodes in our
decompositon. For the sake of simplicity, some of the linking equations have been kept in functional form.

Since SUB; is a closed queuing network with K; kanbans the average rate of flow of kanbans into and out
of al the stations in SUB; must be equal. Therefore:

A== =A== A = =y = A = A (1)

K

where ' is the throughput of SUB,.

Matching the squared coefficients of variation of the various input and output processes:

C‘D‘12 = f (/\‘gl, c‘p‘12 A ,CiFZ) (12)
ot =c, (13)

Fork=1,..,M: Cax’ = (1— p,i(z}:ia,kz + pl°C'si’ as in equation (4)

Fork=1,..., M;: Cia,k+12 = Cid,k2 (14)
i 2_ 2

Cam =GCp (15)

¢’ = f(/\‘P,c‘PZ,/\‘;{c‘;lz) (16)

ci=c’ 17
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Since each subsystem is a closed queuing network we have:
L, + Z L +L, =K' (18)
wherethevaluesof L; and L, were defined in equations (5) and (10).

While analyzing subsystem SUB; using the above equations we assume that the values of

At A2t ¢ are known. The values of c2,7, for k=1,..., M; are also inputs to the problem.
Solving these equations, we obtain the values for performance metrics of the subsystem, such as
throughput A', waiting times and so on. For a stand alone single stage kanban system (i.e. i=1), the input
parameters A%, ch™ A ¢ correspond to information about the arrival process of raw materials and
external demands. If SUB; is a part of a multistage system, the inputs A%, ci™, A%, ¢ are determined
by linking the different subsystems. This is discussed in the next section.

4. Extension to Multistage Kanban Systems

The approach to solving multistage systems is described here. An Sstage system is first decomposed into S
different subsystems SUB;, i=1,...,S Individual subsystems SUB; are analyzed using the method described
in section 3. In the analysis of a typical single stage in the previous section, we assumed that

A7 E A 6t the queue Puy of the synchronization station Ji and queue Fiy of the

synchronization station J.; are given as inputs. In a multistage system, these parameters depend on the
subsystems, SUB;.; and SUB;.,.

Next, we describe how these three consecutive subsystems are linked, referring to Figure 8. We make two
observations. First, subsystems SUB;.; and SUB; share the same synchronization station Ji.;. Thus the
arrival process parameters /\‘p‘l,cip‘12 at the queue P, that are required as inputs for analyzing SUB; are the
one of the outputs of the analysis of SUB; Second, we note that the subsystems SUB; and SUB.; share the
same synchronization station J. Thus the arrival process parameters /\‘;1,0‘;12 at the queue Fi., that are

required as inputs for analyzing SUB; are the one of the outputs of the analysis of SUB;.; The above two
observations suggest that we will need an iterative procedure running across all the subsystems to obtain
the correct values of these parameters. Like the procedure proposed in Di Mascolo et. al [8], we use
successive applications of a forward pass and a backward pass. The forward pass updates the

A,,c.” parameters while the backward pass updates the AL ,C.” parameters of SUB;. We use the fact that

. . . 2 2
the raw material and demand arrivals described by A%,c2”and A3*,c2**" are known.
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Algorithm:
Step 0. Initialize the unknown parameters A,,ch’ for i=1,..., Sand

A ,C'szor i=0,..., S-1 to some value.
Step 1. Forward Pass:
Fori=1,...,S1
Solve SUB; using node decomposition method using

R P P 2 . . 2
current estimates of A%, co™, ACt ot

Obtain new estimates of /\iP,CPZ.
Update if necessary.
Step 2. Backward Pass:
Fori=S..., 2
Solve SUB; using node decomposition method using

R P P 2 . . 2
current estimates of A%, co™, ANt ot

Obtain new estimates of A, c.”.

Update if necessary.
Step 3. Repeat steps 1 and 2 till convergence to the desired accuracy is obtained.

Ji.z Ji-l

Input for node decomposition analysis

L

Output from node decomposition analysis

Figure 8. Linking multiple stages
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Extension to single product CONWIP systems

Note that the analysis for a single product CONWIP system and the classical kanban systems are special
cases of the analysis described above. For the CONWIP system, all stations in the manufacturing network
are controlled by a single loop. In our analysis, we include all these stations in one single subsystem. The
other extreme is the classical kanban system where each station in the serial line has its own kanban loop.
In such a system, each subsystem consists of a single station, i.e. k=1 for all subsystems.

5. Extension to Material Control Systems with M ultiple Products

In this section we briefly outline how the approach described here could be extended to systems with
multiple products operating under kanban, CONWIP or POLCA. The purpose of this section is not to
provide the detailed methodology, but just to motivate the idea that the proposed approach can be extended
to analyze other material control strategies. One of the advantages of this approach is that the extension to
more complex systems does not significantly increase the computational complexity.

From the queuing network representations shown in section 2, it can be seen that the multi product kanban,
CONWIP and POLCA systems can be analyzed by the decomposition approach. The manufacturing
network can be decomposed into subsystems that are closed queuing networks. The number of stagesin a
particular subsystem will however depend on the specific material control strategy. As before, we can
solve each subsystem as a closed queuing network using the node decomposition technique. Each
subsystem can be decomposed into exactly two kinds of stations, the join stations and the stations that can
be modeled as a GI/G/1 queue. However, the presence of multiple products might require us to modify the
analysis of the join stations. For CONWIP and POLCA systems, the input process of the join station will
be either release authorizations or card arrivals. Nevertheless, it is interesting to note that we would still
need only the two moment approximations and the linking equations to solve the closed queuing network
corresponding to each subsystem. The forward and backward pass procedure described above could be
used to link the different subsystems.

6. Conclusions

Before we conclude, in this section we conduct a brief qualitative comparison of our proposed approach to
those of Di Mascolo [8], Baynat et. a [13][14], and Mitra and Mitrani [11][12]. This comparison is based
on particular characteristics that are common or unique to these approaches.

All the approaches analyze multi stage systems by decomposing it into several single stage subsystems.
This seems to be a convenient way of partitioning the overall state space. The approaches differ in the way
the single stage systems are analyzed. Mitra and Mitrani [11][12] attempt an exact analysis of the
underlying CTMC, Di Mascolo [8] and Baynat et. al [13][14], use product form approximations and the
approach in this paper uses node decomposition. The computational burden of solving a CTMC can grow
very rapidly in the case of multi product systems. The approach in Di Mascolo [8] and Baynat et. al
[13][14], overcomes this difficulty by using product form approximations and taking advantage of the
efficient methods available to solve product form networks. To obtain good product form approximation,
they use exponential stations with load dependent service times. However, this implies that the number of
unknown parameters grows as the number of customers in the network increases. Aggregation techniques
have been proposed to simplify computation for the multi product systems. The node decomposition
approach proposed here reduces the computations considerably. Unlike the approach in Di Mascolo [8]
and Baynat et. al [13][14] the number of unknowns does not increase greatly with increase in the number
of customersin the network.
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Another property of special interest is the conservation of flow. In a multistage network in series we
require that all stages have the same throughput. Through equation 11 we explicitly ensure that this
condition is satisfied. In Di Mascolo [8], this constraint is implicit. In the Mitra and Mitrani [11][12]
decomposition approach flow conservation is achieved through a set of equations. However Di Mascolo
[8] report that these equations are non-symmetrical and this could be a draw back in terms of reversibility.
Both our approach and the approach in Di Mascolo [8] satisfy the reversibility property.

It seems evident from the above that trade-offs of simplicity, efficiency and accuracy exist in the
development of analytical models for material control strategies. Conducting humerical experiments and
verifying the accuracy against simulation for different scenarios form an integral part of our ongoing
research.
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