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Today’s outline

» Single-layer Perceptron Continued
* Multi-layer Perceptron

* Single output

* Multiple output
 How to train neural networks

e (Gradient descent



Step Function activation

I fx>0

Step function is discontinuous, which o(X) = .
0 otherwise

cannot be used for gradient descent

1

0.9

-2 -1 -1 -0.9 0.0 1 15 2




Sigmoid/Logistic Activation

Map input into [0, 1], a soft version of o(x) = {

sigmoid(x) = 1—|—ex—p(—x)

1 ifx>0
0 otherwise



Logistic regression

xeR%y={-1,+1)
|

1 + exp(—w!Xx)
]
1 + exp(w!x)

p(y = 1]x) = o(W'x) =

piy=—1[x)=1-0c(wx)=

1.0 -

o o O
+~ @) 00
I I 1

sigmoid(x)
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Logistic regression
Given: {(X;, ¥}

Training: maximize likelihood estimate (on the conditional
probability)
1

max log —m8M8 ————
W Z 5 | —+ eXp(—inTXi)



Logistic regression
Given: {(X;, ¥}

Training: maximize likelihood estimate (on the conditional
probability)

Class +1 m

When training data is linearly
separable, many solutions



Logistic regression
Given: {(X;, ¥}

Training: maximum A posteriori (MAP)

1 A
min y —log—— +—||w||5
W z ° 1 +exp(—yw'x;) 2 Wil

[

* Convex optimization
* Solve via (stochastic) gradient descent



Tanh Activation

Map inputs into (-1, 1)

tanh(x) = M
1 + exp(—2x)
1.0 -
0.5
;; 0.0
i —0.5
—1.0




RelLU Activation

RelLU: rectified linear unit (commonly used in modern

neural networks) ReLU(x) = max(x.0)




Quiz Break

Which one of the following 1s valid activation function

A) Step function

B) Sigmoid function
C) ReLU function
D) all of above



Quiz Break

Which one of the following 1s valid activation function

a)Step function

b) Sigmoid function
C) ReLU function
D) all of above



Quiz Break

Let x = [ ] Which of the following functions is NOT an element-wise
operation fhat can be used as an activation function?

A f(x) = 2]
max (0, x1)
B 1(x) = maX((O )xz)
exp(x;
C 1) = [exp(xz)



Quiz Break

Let x = [ ] Which of the following functions is NOT an element-wise
operation fhat can be used as an activation function?

A f(x) = [XZ]

B 109 = [0

c 169 = [
b= [
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The limited power of a single neuron

The perceptron cannot learn an XOR function
(neurons can only generate linear separators)

xi=1x=1y=0
x=1x=0y=1
x=0x,=1y=1
x; =00, =0,y =0

XOR(x1.,x2 )=(x1A=x2)v(—x1AX2)



The limited power of a single neuron

XOR problem

If one can represent AND, OR, NOT,
one can represent any logic circuit (including XOR),
by connecting them

XOR(x1.,x2 )=(x1A=x2)v(—x1AX2)



Learning XOR

courses.d2l.ai/berkeley-stat-157



Learning XOR

courses.d2l.ai/berkeley-stat-157



Multi-layer perceptron: Example

Standard way to connect Perceptrons
Example: 1 hidden layer, 1 output layer, depth = 2

Hidden layer

3 neurons
Input

d
1 — (1)
Wf/u hy = o Z xw + by)
xl =1

xeRY O



Multi-layer perceptron: Example

Standard way to connect Perceptrons
Example: 1 hidden layer, 1 output layer, depth = 2

Hidden layer

3 neurons
Input

X1

(1)
g \W{ d
xeR hy = o( Y xwil + by)
=1

5o -
%%



Multi-layer perceptron: Example

Standard way to connect Perceptrons
Example: 1 hidden layer, 1 output layer, depth = 2

Hidden layer

3 neurons
Input

X1

x € R? \

XD \XB(? J
1
W, h;y = o Z xw'D + by)

32 - ) 31

=1



Multi-layer perceptron: Example

Standard way to connect Perceptrons
Example: 1 hidden layer, 1 output layer, depth = 2

Hidden layer
M=3 neurons

Input d
hy =o( ) xw)+b)
d
X & Rd h, — (1) b
= 0( xiWZi -+ 2)
X5 i=1

d
hy = o Z xl-wg) + bs)
i=1



Multi-layer perceptron: Example

Standard way to connect Perceptrons
Example: 1 hidden layer, 1 output layer, depth = 2

Hidden layer
nput M=3 Neurons ]
_ (1)
h, = o Z xw + by) e
X, :1 A ! Output
o d
xeR h2=0(2xiw2(;)+b2) N
X i=1

d w®
hy = o Z xl-wg) + bs)
i=1



X ©

Multi-layer perceptron: Example

Standard way to connect Perceptrons

Example: 1 hidden layer, 1 output layer, depth = 2

Input

Hidden layer
M=3 neurons

d
hy = o( Z
i=1

d
h, = o( Z
i=1
d
hy = o Z
i=1

xw

L1

w)
AW,

W)
i3,

+ b)) Vi
! Output
e
+ bz) — j\/ — O
e
+ b,) 3

( Z hiwl.(z) + b’')

=1



Multi-layer perceptron: Example

-Standard way to connect Perceptrons
‘Example: 1 hidden layer, 1 output layer, depth = 2

Hidden layer
Input mM=3 neurons ] - 0
h, = of( Z w1+ p ) Sigmoid activation

1 & (@)

X1 =1 \\Output

x € R - ST e i m :

2_6(2xiwzi th) ——— §= G(Zhiwi( )+ b))

X, i=1 &~

d w®
hy = o( ) xwil + by)
=1



Multi-layer perceptron: Matrix Notation

e |nput d Input
_p X ER P Hidden layer
e HiddenWW € R™4 p € R™ M neurons

* |Intermediate output




Multi-layer perceptron: Matrix Notation

e |nput d Input
_p X ER P Hidden layer
e HiddenWW € R™4 p € R™ M neurons

* |Intermediate output
h = c(WWx + b)

h e R"




Multi-layer perceptron

Input
Hidden layer

M Neurons

Why do we need an a

nonlinear activation?

Output



Multi-layer perceptron

Input
Hidden layer

M Neurons

Why do we need an a

nonlinear activation?

Output

h=Wx+b
hence f=w, Wx + b’



Neural network for k-way classification

K outputs in the final layer

No
activation function
applied in output

layer

Hidden layer

M=3 Nneurons
Input
(2)

d
— 1
hl = o 2 xiwl(i) + bl) wA
. B %
1
d
xeR hy = o( ) xwil +b,)
=1

Output
m
_ 2 /
fi = Z hiwl(i) + b,
=1

L 20 ,
W

d
hy = o( ) xwil + by)
=1



Neural network for k-way classification

X ©

Input

Hidden layer
M=3 neurons

d
hy = o( Z
i=1

d
h, = o( Z
i=1
d
hy = o Z
i=1

xwD

L1

w)
il

W)
i3,

K outputs units in the final layer

Output

+ b)) \

+ b,)

+ bs)

W@, ..

kl mn
o fi= ) h
A i=1

k3

)
iwlgi )

Multi-class classification (e.g., ImageNet with k=1000)

+ b,



Softmax

Turns outputs f into probabilities (sum up to 1 across k classes)

Hidden layer
M=3 neurons
Input Output
\ p(y|x) = softmax(f)
X1
e R _ exp f,(x)
k

XD Zi epri(x)



Softmax

Turns outputs f into probabilities (sum up to 1 across k classes)

Hidden layer
M=3 neurons
Input Output
\ y p(y|x) = softmax(f)
A 1
ne ~expfy(x)
ok
49) Zi epri(x)



Softmax

Turns outputs f into probabilities (sum up to 1 across k classes)

Output Softmax
layer activation function

1.3
5.1
2.2
0.7
1.1




Softmax

Turns outputs f into probabilities (sum up to 1 across k classes)

Output Softmax .
layer activation function Probabilities
13 0.0

0.90
m—10.05

0.01
0.02

5.1
2.2
0.7
1.1

Normalized




Classification Tasks at Kaggle

Classify human protein microscope images into 28 categories

Nucleoplasm
Nuclear membrane
Nucleoli

Nucleoli fibrillar
Nuclear speckles
Nuclear bodies
Endoplasmic reticu
Golgi apparatus
Peroxisomes

9. Endosomes

10. Lysosomes

11. Intermediate fila
12. Actin filaments
13. Focal adhesion si
14. Microtubules

15. Microtubule ends
1A Cvtnlkkinatir hridn

0O N O 0o b WON - O

https://www.kaggle.com/c/human-protein-atlas-image-classification



More complicated neural networks

*

Input layer °

Output layer
Hidden layer



More complicated neural networks

i)

., ¥, = sottmax(fi,/,, . .

yl’ yz, . o

Output layer

Hidden layer ° %
*
Input layer °



* Input x R4

e Hidden W e R4 p e |

h = 6(Wx + b)
f = Wh + @
y = softmax(f)

m

Output layer

Hidden layer @ _
NS

More complicated neural networks




* Input x R4

e Hidden W e R4 p e |

h = 6(Wx + b)
f = Wh + @
y = softmax(f)

More complicated neural networks

Vis Vs - -5 Vi, = softmax(fi, f5, - - ., /i)

m

Output layer ( 1 15 i

CRSRS
(LKA
Hidden layer @ \ew f

<
\ ></
[ SEERIIN

Input layer °




More complicated neural networks: multiple hidden layers

Output layer [ _ fZ
h, = 6(Wx+b)
h2 _ U(thl i bz) Hidden layer 0 e

Hidden layer 0
f=W,h, +b, <
y = softmax(f) CEAOCOSOBRORD

F
Input layer



Quiz Break

Which output function is often used for multi-class classification tasks?

A Sigmoid function

B Rectified Linear Unit (ReLU)
C Softmax function

D Max function



Quiz Break

Which output function is often used for multi-class classification tasks?

A Sigmoid function
B Rectified Linear Unit (ReLU)

C Softmax function

D Max function



Quiz Break

Suppose you are given a 3-layer multilayer perceptron (2 hidden layers
h1l and h2 and 1 output layer). All activation functions are sigmoids,

and the output layer uses a softmax function. Suppose hl has 1024
units and h2 has 512 units. Given a dataset with 2 input features and 3

unique class labels, how many learnable parameters does the
perceptron have in total?



Quiz Break

Suppose you are given a 3-layer multilayer perceptron (2 hidden layers
h1l and h2 and 1 output layer). All activation functions are sigmoids,
and the output layer uses a softmax function. Suppose hl has 1024
units and h2 has 512 units. Given a dataset with 2 input features and 3

unique class labels, how many learnable parameters does the
perceptron have in total?

1024 * 2+ 1024 +512 * 1024 + 512 +512 * 3+ 3 =529411



Quiz Break

Consider a three-layer network with linear Perceptrons for binary

classification. The hidden layer has 3 neurons. Can the network represent a
XOR problem?

a)Yes
b)No



Quiz Break

Consider a three-layer network with linear Perceptrons for binary

classification. The hidden layer has 3 neurons. Can the network represent a
XOR problem?

a)Yes

b)No _

Solution:
A combination of linear Perceptrons is still a linear function.




How to train a neural network?

Input
Hidden layer

100 neurons

Classify cats vs. dogs

Output




How to train a neural network?

x € R4 One training data point in the training set D

. Input
y Model output for example x P Hidden layer

100 neurons
y Ground truth label for example x

Learning by matching the output
to the label Output

We want y — Iwhen y = 1,
and y > Owheny =0



How to train a neural network?

. 1
Loss function: (X, )
|D| Z o Input |
Hidden layer

100 neurons

Output



How to train a neural network?

Loss function: : Z (X, ;)

| D |
Hidden layer
Per-sample loss: 100 neurons

£(x,y) = = ylog(y) = (1 = y)log(l =)

Input

Output



How to train a neural network?

Loss function: : Z (X, ;)

| D |
Hidden layer
Per-sample loss: 100 neurons

£(x,y) = = ylog(y) = (1 = y)log(l =)

| Output

Also known as binary cross-entropy loss

Input




How to train a neural network?

. 1
Loss function: (X, )
|D| Z o Input |
Hidden layer

100 neurons

Output



How to train a neural network?

Loss function: : Z (X, ;)

| D |
Hidden layer
Per-sample loss: 100 neurons

K
C(X,y) = 2 — y;logp,
J=1 Output

Input



How to train a neural network?

Loss function: : 2 (X, ;)

| D |
Hidden layer
Per-sample loss: 100 neurons

K
C(X,y) = 2 — y;log p;

1

Also known as cross-entropy loss
or softmax loss

Input

Output




How to train a neural network?

Update the weights W to minimize the loss function
Input

— Hidden layer
L= |D | Z K(Xl’ yl 100 neurons

Output
Use gradient descent!



Gradient Descent W

W
e Choose a learning rate o > 0 @ 1
e Initialize the model parameters w,
e Fort=1,2,...

e Update parameters:

oL
W,. =W —
t —1 awt_l
| or (X, y;)
=W =0 2,
| D | OW,_|

xeD
e Repeat until converges



Gradient Descent W

W
e Choose a learning rate o > 0 @ 1
e Initialize the model parameters w,
e Fort=1,2,...

e Update parameters:

D can
W. =W — oL be very large.
! r—1 OW | Expensive
l‘_
1 or (X, y;)
Vel T D] & o
W
D| & ow,,

e Repeat until converges



Minibatch Stochastic Gradient Descent

e Choose a learning rate o > 0

e Initialize the model parameters w,
e Fort=102,...

e Randomly sample a subset (mini-batch) DeD
Update parameters:

W=We1—a

e Repeat until converges



Non-convex
Optimization

0.5 -

04 4

0.3 <

0.2 5

0.1 4

-0.1 <

-0.2 4

- - Single Model - = Ay
Standard LR Schedule m

[Gao and Li et al., 2018]



Calculate Gradient (on one data point)

W11
-x1 : j‘,
W21

or (X, V)

@WH

, Want to compute



Calculate Gradient (on one data point)
W11

9
Wa1

. —y log(y)
1141 >+ sngmond function —(1—=y)log(1—7)
— 7 — £ (X,
. (X,y)




Calculate Gradient (on one data point)

W21
o —ylog(y)
1141 >+ sugmond function —(1—=y)log(1-9)
W21X2 y 0 (X, y) l—y 'y
X, = 6'(2) — S

07 0y 1=y 'y



Calculate Gradient (on one data point)

W21
. —y log(y)
1141 >+ sugmond function —(1—=y)log(1-9)
W21X> y o x,y) 1l—y y
X, = 6'(2) T NN
0w11 aZ ay 1 — Y Y

ol 0l 9y oz
owy, 09 0z 0wy,

By chain rule:



Calculate Gradient (on one data point)

o —y log(y)
1141 + sugmond function —(1—=y)log(1-9)
—_— —_— f X,
- > (X, y)

=62 = o)1 —0(z)) 20&xy _1-y ¥
%  1-3 9

al ol 39
6W11 ay 0z

By chain rule:



Calculate Gradient (on one data point)

W21
Wy1%s —y log(¥)
> +_’ sugmond function o uneton —(1—-vy)log(1—9) K(X )
Tt or(x,y) 11—y y’y
0y 1= 3
dl az

= A y(1 = y)x

By chain rule: 5W11



Calculate Gradient (on one data point)
11 5\,
W21

o —y log(y)
1141 + sugmond function —(1—=y)log(1-9)
— — ) — (X,
- > (X, y)

— = 0'(2) = o(2)(1 — 0(2))
02

al I —y
* By chain rule: =

w11 l—y ¥y

V)X




Calculate Gradient (on one data point)

o —y log(y)
1141 >+ sugmond function —(1—=y)log(1-9)
—_— —_— f X,
. (X,y)

— = 0'(2) = o(2)(1 — 0(2))
02

dl
w14

= (Y —y)x

* By chain rule:



Calculate Gradient (on one data point)

. —y log(y)
1141 + sugmond function —(1—=y)log(1-9)
—_— —_— f X,
- > (X, y)

— = 0'(2) = o(2)(1 — 0(2))
az

ol  al 3y

By chain rule: ay 5, W11 = (¥ — y)wq4

6x1



Calculate Gradient (on one data point)

—y log(y) |
(2) M ' —(1—-y)log(1—7
W, a4 sigmoid function (1 —y)log
- >+—-> z — f(X, y)
) .
W2(1)a12 Q = 0'(2) = 0(2)(1 — 6(2))
07
ol " 2) ol _ ,~ (2)
e By chain rule: Yas & —yIwyy’, i, & —yIwy;



Calculate Gradient (on one data point)

61 al 6a11 ~ (2) 5a11

e By chalin rule: = = —-yw
Y dwy;  0aq, awﬁ) H awﬁ)




Calculate Gradient (on one data point)

By chain rule:



Calculate Gradient (on one data point)

[(x,y)
aall al

da,4

* By chain rule: ﬂ _ 0L dayy N dl daq,

0x; 0aq, 0x; 0aq, 0x4




Quiz Break

Gradient Descent in neural network training computes the of a
loss function with respect to the model until convergence.

A gradients, parameters
B parameters, gradients
C loss, parameters
D parameters, loss



Quiz Break

Gradient Descent in neural network training computes the of a
loss function with respect to the model until convergence.

A gradients, parameters

B parameters, gradients
C loss, parameters
D parameters, loss



Quiz Break

Suppose you are given a dataset with 1,000,000 images to train with.
Which of the following methods is more desirable if training resources
are limit but enough accuracy is needed?

A Gradient Descent
B Stochastic Gradient Descent

C Minibatch Stochastic Gradient Descent

D Computation Graph



Brief historv of neural networks

Electronic Brain

1943

1940

S. McCulloch - W. Pitts

XAND Y XORY NC

R R ?
e 0.
Y ZTA

o] +]
)

/|

b 4 4 +* ) | 4

ADALINE
A
Perceptron
r Golden Age
1957 1960 1969

1950

1960 1970

- Dark Age ("Al Winter”)

1980

Multi-layered
Perceptron
(Backpropagation)

A

1986

’Qh -y
a“\‘

<\

D. Rumelhart - G. Hinton - R. Wiliams

1990

« Adjustable Weights
« Weights are not Learned

< Backward Error

Foward Activity ———jp»

F. Rosenblatt B. Widrow - M. Hoff M. Minsky - S. Papert
'Cé\' %
—— A ‘ $ O ..'._. b X
- S -

/ \ \ \,

e % N\ D\ ® ® O 1.@:

| |\-‘/, I\-;/' l\D \_-) N
« Leamable Weights and Threshold « XOR Problem

« Solution to nonlinearly separable problems
« Big computation, local optima and overfitting * Kernel function: Human Intervention

A

1995

2000

Deep Neural Network
(Pretraining)

A

V. Vapnik - C. Cortes

G. Hinton - S. Ruslan

« Limitations of leaming pnor knowledge

« Hierarchical feature Leaming
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Demo: Learning XOR using neural net

REGENERATE

Epocl

000,211

0.01 RelLU L2

FEATURES + — 2 HIDDEN LAYERS
+_

8 neurons

X,

-

[(NpEpEEREg RN

https://playground.tensorflow.org/

Learning rate Activatior Requlanzatior

weights, shown

+ -

2 neurons

0.01

OUTPUT

lest loss 0.019

Iraining loss 0.011

HOrs SNOWS

FProblem type

Classification



https://playground.tensorflow.org/

What we’ve learned today...

* Single-layer Perceptron Review
* Multi-layer Perceptron

* Single output

* Multiple output
 How to train neural networks

e (Gradient descent
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