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1 Problem Settings

Recall the problem setup for a two-layer neural network from the last leture. For the con-
tinuous setting:

flw,p,z) = / o6, 2)0(6)p(0)d6

minQ(f) = L(f) + R(f), R(f) = MBa(f) + Ao Fia(f)
R, = / 1 (@(8)p(0)dB, 1 (w) = [Jw]]
Ry = / ra(w(8))p(0)d8, 71 (6) = ||9]

where p(0) is the probability density over 6.
For the discrete setting:
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where 7 is the weight of jth neuron, and ¢’ is the weight factor of jth neuron.

2 Discrete NN

Noisy Gradient Descent (NGD) Consider training the constructed network with the
objective denoted as Q(u, #), and solving it by NGD, the steps are decribed as follows:

e Initialize: Sample 6, u) (from distribution).

e Update ¢/ '
01,1 = 0] — AV [Qur, 0,)] — VA€



e Update u: . A .
Uiy = up — AV [Que, )] — vV As(f

o & ~ N(0,vV2At1,), ¢ ~ N(0,V2At)

Fokker-Plank Recall the Fokker—Planck equation:
e The stochastic differential equation (SDE): dX; = 0(zy, t)dt + /267 13dB;

e Let p(z,t) : density of X
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Fokker-Plank gives the evolution of density p(z,1t).
Lemma 1 (NGD). Vt >0, (8], u]) ~ p,(8,u),j € [m]. Then Vz, we have

~

T}gg() f(ut79t7x) = f(whpt?x)

Furthermore, let At — 0, m — 0o, we can derive

dptfft’ U) = _VG ' [pt<9, U)QQ (tv 07 u)] - vu [pt(gv u)gl (ta ‘97 u)] + /\3V2 [pt(gv u)] (1)

where ¢, go satisfy

g1 = —Ezy[l'(f(wi, pr, ), y)o (0, 2)] = M Vulri (u)]
92 = =By [l'(f(wi, pr, ), y)uVeo (0, 2)] — A2 Vo[r2(6)]

and
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Lemma 1 implies that p;(6, u) becomes a diffusion process due to the injection of the random
noise.

Proof: The update of (6, u;) can be written as:

{et“} = {et] + A, FQ('&’O’“)} +V/2XsAt lN(O’[d)]
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Let At — 0, we have

d m — Bﬂ dt + \/2)\sdBt
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Let m — oo, we obtain
91— 91,92 = G2

We can also write down the evolution of p; and w; as follows.



Lemma 2 (Evolution of p;,w;). Assume p;(6,u) is as in previous lemma. Then

dﬂ;ﬁ” = V- [pi(0)ga(t, 0,0(0))] + AsV2i(6) (2)
d“’;ie) = g1(t,0,w(0)) — Vow(0) - ga(t, 0, w(6))

A T2w(0) + %[vaptwmvew(em

— ptze) Vo - {/p(@,u)u[gQ(t,G,u) — g2(t,0,w(0))]du (3)

Proof: Let go1 : g2(t,0,u) = g21(t,0)u — Ao Vara(0).

For Equation (2):
dpi(0) d [ d

According to Equation (1)

dp;ie) _ _/Ve : [pt<97“>g2(t=9=“>]du—/Vu[pt(eamgl(t,@,u)]dw/A3v2[pt(e,u)]du
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Then, for I,
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=V - [921ptwt - )\2VGT2(9)pt(‘9)]
= Vo - [pe(0)ga(t, 0, w:(0))]

For ]2,

I, = /Vu [ptagl] du

= p(0,u)g1(t, 0, u)du I;’OOO
=0

since |g1] < Li(Ch||0]] + C2) + A2|ul
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For I3,

I3 = /Agvzpt(e,u)du

= )\3 {/ Vgptdu + /Viptdu}
= A3 {Vg/ptdu+ Vz/ptdu]

= >\3V§Pt(9>

Then, plug I3, I3, I3 into Equation (4),

dp;iH) =~V - [p(0)ga(t, 0, (0))] + AsV2p(0)

Thus, Equation (2) is proved.

For Equation (3), define u;(0) = wi(0)p:(0) = [ up:(6, u)du, then
0 d d
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For I,
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For I,

Is = /x\guVthdu
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= \uVipdu



Since
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Then, plug Iy, I5 into Equation (5),

dw,(0) Aaor(6) "
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Thus, Equation (3) is proved.

Please refer to [1] to see more proof details.
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