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Introduction

In regularized stochastic learning, we solve

min
w∈Rn

φ(w) := f(w)+Ψ(w), f(w) := EξF (w; ξ)

• ξ
iid∼ P , P is supported on Ξ ⊂ R

d.

• F (·; ξ) : Rn→ R is convex, ∀ξ ∈ Ξ.

• Ψ : Rn→ R ∪ {+∞} is closed, proper, and convex.
- e.g.: ‖w‖1 or

∑

g∈G ‖wg‖2.
• w∗: a minimizer of φ(w).

• We use ‖ · ‖ to represent ‖ · ‖2.
In online settings,
• At time t, F (·; ξt) + Ψ(·) is revealed for ξt ∈ Ξ, and

• wt is made using information gathered so far.

• Goal: to generate w1, w2, . . . ,:

lim
t→∞

E [F (wt; ξ) + Ψ(wt)] = f(w∗) + Ψ(w∗).

Solution Methods:

SGD (Stochastic Gradient Descent):

wt+1 = wt − ηt(gt + ht ), t ≥ 1.

• ηt = O(1/
√
t), or O(1/t) for strongly convex Ψ.

• gt ∈ ∂F (wt; ξt) and ht ∈ ∂Ψ(wt).

• Information from Ψ can be combined into F (·; ξt).
RDA (Regularized Dual Averaging):

wt+1 = argmin
w∈Rn

{

〈 ḡt , w〉+ Ψ(w) +
βt

t
‖w‖2

}

.

• By Xiao (2010), extending the primal-dual averaging
method (Nesterov, 2009).

• βt = O(
√
t), or O(1 + ln t) for strongly convex Ψ.

• Dual average, ḡt =
1
t

∑t
j=1 gj, gj ∈ ∂F (wj; ξj).

• Explicit use of Ψ.

Manifold Identification: Motivation

• RDA finds soln. structures better than SGD,

• but convergence of RDA = SGD.

• Solutions often lie on a low-dim manifold.

The optimal manifold is a
smooth surface in R

n

containing w∗.

Our contribution:

• Proof: RDA identifies the optimal

manifold.

• New algorithm RDA+: switches to a rapid

convergent optimization method on a

near-optimal manifold.

Assumptions

1. F (·; ξ) is differentiable, for all ξ ∈ Ξ.

2. Unbiasedness:

∇wEξF (w; ξ) = Eξ∇wF (w; ξ).

3. Lipschitz Continuity:

There exists L > 0 such that for all w,w′ ∈ R
n,

‖∇wF (w; ξt)−∇wF (w′; ξt)‖ ≤ L‖w − w′‖.
4. Nondegeneracy of w∗.

Optimality: 0 ∈ ∂φ(w∗),
Nondegeneracy: 0 ∈ ri (∂φ(w∗)).

5. Partial Smoothness of Ψ:

Ψ behaves like a smooth function near w∗, on the

optimal manifoldM.

6. Strong Minimizer Property:

w∗ is a strong local minimizer of φ, relative to the

optimal manifoldM, i.e., there exists cM, rM > 0:

φ|M(w) ≥ φ|M(w∗) + cM‖w − w∗‖2,
∀w s.t. ‖w − w∗‖ ≤ rM.

⇒ w∗ is a strong local minimizer of φ in the full

space (Lee and Wright, 2011, Theorem 5): there exist

0 < c < cM and 0 < r̄ < rM:

φ(w) ≥ φ(w∗) + c‖w − w∗‖2,
∀w s.t. ‖w − w∗‖ ≤ r̄.

An Example in R
2

φ(w) = f(w) + Ψ(w) = 2(w2 − 1)2 + ‖w‖1.
w∗ = (0, 0.75),

M = {w∗ + (0, α) | α ∈ (−0.75,∞)}.
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Our Results:

Stochastic Behavior of Dual Averages
• ḡt approaches∇f(w∗) in probability.

P(‖ḡt −∇f(w∗)‖ > ǫ) < O(t−1/4),

Convergent Sequences
: Majority of wj from RDA approaches w∗ in expectation.

• I(A) = 1 if A is true; I(A) = 0 otherwise.

• S: the index set of “nice” iterates:

S :=
{

j ∈ N | E [

I(‖wj−w∗‖≤r̄)‖wj − w∗‖2] ≤ j−1/4, &

E
[

I(‖wj−w∗‖>r̄)‖wj − w∗‖] ≤ 1

r̄
j−1/4

}

.

• wj, j ∈ S, approaches w∗ in probability:

P (‖wj − w∗‖ > ǫ) < O(j−1/4), ∀j ∈ S.
• S is “dense”. For St := S ∩ {1, 2, . . . , t},

|St|
|{1, 2, . . . , t}| > 1− O(t−1/4),

Manifold Identification of RDA
: wj, j ∈ S, from RDA eventually lie on the optimal

manifoldM:

P(wj ∈M) ≥ 1− O(j−1/4), for suff. large j ∈ S.

There is no dependency on the problem dimension n.

RDA+ Algorithm

Initialize: set w1 = 0 and ḡ0 = 0.
Dual Averaging:
for j = 1, 2, . . . do

Choose a random ξj ∈ Ξ; gj ← ∇wF (wj; ξj).

Update dual average: ḡj =
j−1
j
ḡj−1 + 1

j
gj.

wj+1 = argmin
w∈Rn

{

〈ḡj, w〉+ Ψ(w) +
βt

t
‖w‖2

}

.

if ∃M such that wj+2−i ∈M for i = 1, 2, . . . , τ then

Local Phase:
ExpandM and use LPS (Shi et al., 2008; Wright, 2010)
to search for a solution on manifoldM, starting at wj+1;

end if

end for

Safeguarding: ExpandM before local phase, by
adding components i that may yet contain w∗, i.e.

[wj+1]i = 0 and |[ḡj]i| > ρλ

for some ρ ∈ (0, 1]. Since LPS can find submanifolds of
M, this works ifM is a superset of the optimal manifold.

Local Phase: Use an approx. obj. with samples inN :

min
w∈M

φ̃N(w) := f̃N(w)+Ψ(w) =
1

|N |
∑

j∈N
F (w; ξj)+Ψ(w)

Optimality measure: δ(wj) :=
1√
n

inf
aj∈∂Ψ(wj)

‖∇f̃N(wj)+aj‖.

Experiments

• Binary classification via ℓ1-regularized logistic
regression.

F (w; ξt) = log
(

1 + exp
(−ytw

Txt

))

,

Ψ(w) = λ‖w‖1, λ > 0.

• MNIST 6 vs. 7: 12183 training / 1986 test.

• τ = 100 (max it. = 19327), δ < 10−4, ρ = 0.85, and
N = full training set.

• Compared RDA+ to SGD, TG (Langford et al., 2009),
RDA, and LPS (batch method).

Progress

in Time

· Optimality:

- RDA+ achieves
target opt. faster
than others.
- RDA behaves
better than SGD
and TG, but it
hardly achieves
the target value.

· NNZs:
- RDA: sparser
solns. with less
fluctuation than
SGD and TG.
- RDA: fails to
identify the
smallest NNZ set
of RDA+ in given
time.

· LPS vs RDA+

(local):
- local phase often
converges faster
than LPS;
operating on
reduced spaces.
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Quality

of

Solutions

· Settings:
- 100 repetitions.
- LPS: no time limit
(about ×4 runtime
of RDA+.)
- No primal aver-
aging in RDA+ and
LPS (duplicated re-
sults on the right).

· Optimality:

- Only RDA+

achieves the target
optimality and
smallest NNZs.
- RDA+: almost
identical quality to
LPS.

· NNZ:
- RDA: similar
NNZs to RDA+ for
large λ, but not on
smaller values.

· Test error rate:
- RDA+ shows
small improvement:
this is marginal, but
hard to achieve
solely with
SGD-type methods
in limited time.

Left: without primal averaging Right: primal averages
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