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1 External theory

Let I(X) be the independent set and By C IR" be a fixed ordered basis. We denoted X’ := X U By
and defined bijection ex : I(X) — B (X) C I(X). We also define d

Li(X):={YCX :YNB#¢, BeB(X)},
Pi(X):=span{qy : Y C X },
Dy(X) = {f €1 : gy(D)f =0, VY € Ly(X)}.
We want to show now that Do (X) and P, (X) are dual to each other, and to determine their
annihilating ideals. The result will be established in four steps.

1. As observed last time, we have that
dim Dy (X) > #B(X) = #I(X).
2. We will show that the map

Dy(X) = P(X) :p—(p,-), (p,q):=p(D)q(0)
is injective.
3. Define

1.(X) := Ideal { g H e HA(X) } ,

where H*(X) is the set of dual hyperplanes, ny L H, m(H) := #(X\H). Then, we check
directly that

PL(X) Cker I (X).
(Indeed, given any Y C X and any dual hyperplane H, we have that D, (¢y') = qvnu Diy g\ -
The result then follows from the fact that #(Y\H) < m(H).)



dimker I (X) < #B, (X).
Proof of 2. Define
Ji(X):=Ideal{qy : Y € Ly (X)}.
Note that ker J (X) = D1 (X). We will show that

Pi(X) +J4(X) =11,

which is equivalent to our claim.’

The proof itself starts with the fact that P(X) + J(X) = II (that follows from the duality
between P(X) and D(X)). Since P4(X) D P(X), we conclude that
PL(X)+ J(X) =1L
So, we need to prove
J(X) CPr(X) + Jo(X).

Let Y € L(X), f € II. Since every polynomial in J(X) is a combination of polynomials of the
form gy f, it suffices to prove that

qv f € Py(X) + J4(X),

a claim that we prove by reverse induction on #Y . Thus, assume that the claim is correct for every
Y’ € L(X) such that #Y’ > #Y. Put S := span(X\Y). Then dimS < n, since Y is long. Let
I € X\Y be a basis for S and B := ex(I). Since B is a basis for R",

Ideal {q, : b€ B} +1I =TI

So, we can write f in the following form:

f=cot+ > afo frell

beB

Consequently,

av f=coqy + Y avupy o
beB

We claim that each term above belongs to Py (X) + J.(X). Since Y C X, it is clear that gy €
P, (X). Now, for gyyqpy, we have either b € I or b € By.

ndeed, assume that p € D4 (X) and p L P (X). Since D4+ (X) L J4(X), we have that p L P (X)+J4(X) =TI,
which implies p = 0. The converse is obtained by a similar argument.



Casel. IfbelC X, thenY' :=Y U{b} C X. By induction,
ayu(pyfo € P+(X) + J4(X).

Case II. Let b € By. We show that
ayuivyfo € J1(X),
and to this end it is enough to show that YU{b} € L (X). Let B e B4 (X). fYNB =10,
then B'NX C X\Y C S. Hence B’ = ex(I'), for I' C S. Thus spanl’ C spanl, and the
definition of the extension map implies that in such case we always have that By Nex([) C
By Nnex(I'). Consequently, b € B’, and thus

(YU{b})nB #0.

We conclude that Y U {b} € L(X), hence that, directly from the definition of Jy(X),
ayu{pyfo € J+(X); a fortiori gyyugpy fo € P+(X) + J1(X).
(]

Note that the only property of ex that we used in the proof was that, once spanl’ C spanl
then By NI C ByNI'. It is probably easy to show that every extension of such type is a greedy
extension with respect to some ordering of By.

Corollary 1.1
dim Py (X) > Dy (X).

It follows then that dim Py (X) > #I(X). This last estimate can be proved directly: order
X’ such that By is placed after X, and the internal order within By is retained. Then follow
the construction of a homogeneous basis for P(X’) (Lecture 6). Observe that a polynomial Qp,
B € B(X'), in that basis is of the form ¢y,, Yp C X', and that Yp is then a subset of X if (and
only if) B € B4 (X). Thus

[Qp: BEBL(X)}CPX),

and we get the desired bound from the linear independence of these polynomials. We will come
back to this issue later, since the polynomials above form a basis for P, (X), and we will use
the cardinality of the sets Yz, B € B, (X) in order to provide an algorithm for computing the
forthcoming external Hilbert function h} of X.

2 Notes on this lecture

The results are taken from Holtz, Ron, 2007. The proof here for the embedding of D, (X) in
P+(X) looks (at least to me) like best possible. At a minimum, it is much better than our original
argument (from the previous millennium, but unpublished) that went by induction on the spatial
dimension.



