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1 Notations.
Let o C IR" be a finite subset (not a multiset). We are looking for a polynomial subspace
(o) C Clty, - tp] = 11
such that the restriction map II(oc) — C? : p +— p|o is an isomorphism. In particular, we must
have dimIl(o) = #o.
To this end, we look at the point evaluation functional
0o : I = C : p—p(a),

and define
A:=span{d, : a€0}.

Then A is a subspace of the dual space II’ of II.

2 Goal.
Our goal can now be restated as follows: For given o, we want to find F' C II such that
Ap = F|

where F” is the dual space of . We approach this problem by associating each p € II with a

differential operator:
0 0
D)y=p|l—, -, — ).
p(D) p<ah, ’8%)



Ifp(t)=x-t, ze€IR™ {0}, then p(D) is the directional derivative in the z-direction.
Then, for an entire function f, we define a pairing;:

(p, f) = p(D) f(0).
The representation of 6, in this pairing is done by the exponential e, : IR" — IR : t — e®?; i.e.,
(P, €a) = p(a) = dap.
Thus the abstract space A is represented here concretely by the exponential space
Exp(o) :=span{e, : a €0}.

This allows us to look at the power expansion of the exponentials. (this is not a big deal: the
coefficients in the power expansion are essentially the action of §, on the monomial basis for II.
The only “real achievement” here that we get for free the correct normalization of the monomials
that works for us). For each f € Exp(c), we write the power series expansion of f in the form

f=fo+ it fat -,

where f; is a homogeneous polynomial of degree j.
We then define a non-linear action f ~ f| by

Le., f| is the first non-zero term in the above expansion of f (0; := 0). Finally, we define
II(0) :=span{ f| : f € Exp(o)}.

Example 2.1
(ea)l =1,

(e —ew)| i t— (a—a)t.

Question: What is the dimension of II(c0)?

For an entire function f, let T; f be the j-th degree Taylor expansion of f at 0 (7} is obviously
linear):
Tif == fot+ i+ + i



Note that deg(f)) = j iff f € kerTj_1\kerT;. Thus, dimspan{f| : f € Exp(c), deg(f|) = j} is,
with T} the restriction of T} to ker T)j_1,

rankT; = dimker T;_; — dim ker 73.
Summing from j = 0 to oo (where T_; := 0), we easily obtain that
Z dim(ker T;_1) — dim(ker Tj) = dim(ker 7_;) = dim Exp(c) = #o.
j=0

Here we used the fact that every finite set of exponentials is linearly independent.
Note that, for any analytic function f = 0,

(f1. 1) # 0.
This means that there exista no f € Exp(c)\{0} that satisfies

(p, f) =0, Vpell(o);

(choose p := f, € II(¢)). Thus,
dimII(o) = dim Exp(o),

and no non-zero linear functional f € Exp(o) vanishes on II(o). Thus we proved:

Theorem 2.2 The map Exp(c) — IlI(c) given by the above pairing is an isomorphism, hence
II(0) solves our original problem.

Note that the pairing (-, -) allows us to identify any entire function f as a functional in IT". Also,
the action f +— f| is defined for every entire function, hence the definition

F|:=span{f : fe F}

makes sense for any space of entire functions. This explains the meaning of the left-hand side
space in our next theorem (albeit, a closer scrutiny reveals that the left-hand-side space is still an
exponential space).

Now, given any non-zero p € 1I, let p; to be the highest degree homogeneous polynomial in
p, i.e., p; is homogeneous, and deg(p — p;) < degp. Then we state without proof the following
theorem:

Theorem 2.3 Let p € 11 be fized. Then

(p(D) (Exp(0)))y 2 p(D)(IL(0)).



The theorem can be used as follows: suppose that we hold in hand a homogeneous polynomial
p, and we would like to understand the action of p(D) on II(c). The way to go is to try to find
a non-homogeneous polynomial ¢ such that (i) ¢ = p, and (ii) ¢ vanishes at as many points as
possible of ¢. Indeed, one easily verifies that

q(D)Exp(0) = Exp(o\Z,),

with Z, the zero-set of q. Thus, the above theorem, in particular, tells us that

dim(p(D)I(0)) < #(0\Z,),

with ¢ any lower order perturbation of p, as above.
As a special case, we get the following important corollary:

Theorem 2.4 If p vanishes on o then p annihilates I1(o). O

Setup: The theorem gives us a handy tool for estimating below dimensions of spaces of the
form
D={fell:p(D)f =0, Vp eI},

with I some finite set of homogeneous polynomials. (We refer to spaces as the above D as (joint)
kernels of differential operators). The idea is as follows, for each p € I, we define (very carefully!!)
a polynomial g, such that g,1 = p. Then we find the common zero set o of the polynomials
(gp : p € I). Since each ¢, vanishes on o, then, by the above theorem, each p(D) annihilates II(o),
hence

II(c) C D.

Since dimII(o) = #o, we obtain in this way the lower bound

dim D > #o.

We conclude with a concrete example (actually, two).



Example 2.5

o1 02

Figure 8: II(o)

Exp(oy) = span{ 1,elt, ef2 217tz 20 }

I(o1) = span{ 1, t1, to, t1, t3 — 2t1t2 }

EXp(O'Q) = span { 1’ etl ’ etQ’ €2t1,€t1+t2, €2t1+t2, 63t1+t2, €t1+2t2, 62t1 +2t2’ e3t1+2t2 }

I(02) = span { 1, t1, to, 3, tita, 13, tits, t1t3, 13, tita(ts +1t2) }
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