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Problems from the 2021 Take-home Final Exam

Rules for the Final.

i. Do not discuss the questions with anyone else except your instructor. Use of any
sources other than class notes and recommended texts must be accompanied by
a citation.

ii. Please justify any assertions you make.

iii. Remember that you will be graded on correctness and clarity.

iv. You may use Church’s thesis. Any time an algorithm is called for, a clear prose
description, with analysis if appropriate, will suffice.

1. For this problem we consider a parenthesis-free notation for numerical expressions,
defined recursively as follows:
i. 0 is a numeral.
ii. If n is a numeral, so is n′.
iii. All numerals are numerical expressions.
iv. If E and F are numerical expressions, so are EF+ and EF∗.

In this notation, for example, we would represent (1 + 2) ∗ 3 as 0′0′′ + 0′′′∗.

a) Give a regular expression for the set of numerals.

b) Show that the set of numerical expressions is not regular.

2. For this question, we restrict attention to one-tape Turing machines with the input
alphabet Σ and the tape alphabet Γ. Let BB(n) denote the largest T for which some
n-state Turing machine, started on blank tape, halts after running for T steps.

a) Explain why BB is defined (why the maximum actually exists).

b) Is BB computable? Prove or disprove.

3. For this problem f(x) = x5+a4x
4+ · · ·+a1x+a0 denotes a monic quintic polynomial

with positive integer coefficients. Assume ai ≤ B for all i. (All numbers in this
problem are in binary notation.)

a) Give an accurate bound on the number of bits needed to represent f .

b) Show the function (f, a) 7→ f(a) belongs to FP. (a denotes a positive integer
here.) Remember that your procedure has to do work that is polynomial in the
bit length of the input.

c) Show that the decision problem “does f(a) = 0 for some integer a?” belongs to
NP.

4. A Boolean formula φ is refutable if some input makes it evaluate to 0. It is nontrivial
if it is both satisfiable and refutable.

a) Show that Boolean function refutability is NP-complete.

b) Show that Boolean function nontriviality is NP-complete.


