
CS 520

Spring 2022

Homework #2

Due on Canvas 11:59 PM Friday, February 25, 2022

Rules for Homework. See Homework 1.

1. Student: Why are deterministic finite automata defined using a set of accepting states?
Wouldn’t one accepting state be enough?

Automata salesman: We used to make them that way, but we found they aren’t as
powerful as our current model.

a) Prove that the salesman is correct, by exhibiting a regular language that cannot
be accepted by any DFA with one accepting state.

b) Generalize a) by finding, for each n ≥ 2, a regular language that is accepted by
a DFA with n accepting states, but no DFA with fewer than this number.

2. Intuitively, the pumping lemma tells us that a regular language cannot be too sparse.
For this problem you are to consider a precise version of this.

Let L be a language. Define CL(n) to be the number of ℓ ≤ n for which L has a string
of length ℓ. For example, if L = Σ∗, CL(n) = n+1, and if L = Σ, CL(n) is ultimately
constant.

a) Show that if L is an infinite regular language, then CL(n) = Ω(n).

b) Using a), prove that {a(
n

2) : n ≥ 0} is not regular.

c) Is the converse of a) true? Prove it or provide a counterexample.

3. It was mentioned in class that the pumping lemma is necessary but not sufficient for
a language to be regular. This problem gives an example to show that. Let |Σ| ≥ 2.

a) Show that the language L consisting of non-palindromes is not regular.

b) Show that L satisfies the pumping lemma, as given by Sipser. (This is the “im-
proved” pumping lemma given in lecture on 2/16.)

Note: You can assume Σ = 2, and use the simpler pumping lemma from class (no
constraint on the length of xy).

4. For n ≥ 1, let

Ln = {x ∈ {0, 1}∗ : the n-th symbol from the right is a 1 }.

So, for example,
000110 ∈ L3, 101011 6∈ L3

a) Give an NFA for Ln with n+O(1) states.

b) Let x, y be distinct 0-1 strings of length n. Using the language Ln, give a distin-
guisher z for this pair.

Part b) implies that any DFA that recognizes Ln has at least 2n states. Hence, the
exponential blowup in the conversion from NFA’s to DFA’s cannot be avoided.


