
CS 520

Spring 2022

Homework #4

Due on Canvas 11:59 PM Wednesday, May 4, 2022

Rules for Homework. See Homework 1.

1. For this question you are to consider a new version of the satisfiability problem, called
XOR-SAT. This is just like CNF-SAT, except that the “clauses” are made with the
exclusive-or of literals, not the usual “or.” An example is

(x1 ⊕ x2 ⊕ x3) ∧ (x1 ⊕ x2 ⊕ x3)

a) Is the above formula satisfiable? Explain your choice.

b) Show that XOR-SAT belongs to NP.

c) Is XOR-SAT in P? Defend your answer. You should give either a proof of NP-
completeness (which we will accept as convincing evidence for a “no” answer), or
a polynomial-time algorithm.

2. Suppose n people live in a house and wish to share their expenses equally. Their
respective expenses (before settling) are x1, ..., xn. They agree to make payments to
each other so as to make all their net expenses equal. Naturally, they want to make
a few payments as possible.

BALANCE denotes the decision version of this problem: Given nonnegative integers
x1, . . . , xn (written in binary) and an integer k, can the net expenses be balanced
using k or fewer payments?

a) Show that BALANCE belongs to NP.

b) Show that SUBSET SUM ≤p BALANCE, and thereby conclude that BALANCE
is NP-complete.

3. According to the Cook-Levin theorem, VERTEX COVER ≤p SAT. It is interesting
to show such results directly, without reference to Turing machines.

a) Show there is a compact formula T (n, k) that evaluates to 1 precisely when k

out of x1, . . . , xn are assigned the value 1. “Compact” means that its length is
bounded by a polynomial in n.

b) Let (G, k) be an instance of VERTEX COVER. Give a Boolean formula that is
satisfiable iff G has a vertex cover using ≤ k vertices, and argue that the function
that takes (G, k) to the formula is computable in polynomial time. [Hint: your
formula should have a variable for each vertex in G, and make use of T (n, k) from
a).]



4. In class (4/20) it was shown that every Boolean formula φ(x1, . . . , xn) has an equiva-
lent one in conjunctive normal form. The length of this equivalent formula could be
exponential in n. For this question you are to investigate this in a quantitative way.

a) How many functions from {0, 1}n to {0, 1} are there?

b) Suppose we choose the truth table for an n-variable Boolean function at random.
This means that we flip a fair coin to decide whether each table entry is 0 or 1,
and these coin flips are independent. Compute the expected value of the number
of 0’s. (As we have seen, each 0 produces a clause in the conjunctive normal
form.)

c) Is the expected number of 0’s bounded by a polynomial in n?


