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 36 RANJAN ROY [January

 Binomial Identities and Hypergeometric Series

 RANJAN Roy

 Department of Mathematics, Beloit College, Beloit, WI 53511

 1. Introduction. Combinatorial problems arise in many areas of mathematics and

 theoretical physics and their solutions often involve the evaluation of a sum of
 products of binomial coefficients. There are various methods for evaluating such

 sums and some procedures are discussed in Riordan [13] and Knuth [11]. K-nuth has

 written that there are thousands of binomial identities; many excellent mathemati-

 cians have expended considerable amounts of ingenuity in proving these. In fact,
 contrary to the prevailing view, there is a very small number of essentially different
 binomial identities, and thus a great deal of mathematical ingenuity has been
 needlessly wasted. Many mathematicians have been unable to recognize that a given

 binomial identity is actually equivalent to one already known because the notation

 for a single binomial coefficient is very misleading when used to express sums of
 their products. This notation all too often serves to disguise several essentially
 identical sums and makes them appear very different. One reason for this is that
 binomial coefficients can be taken apart and then rearranged to take many different
 forms.

 In this paper we shall explain how to write most single series of products of
 binomial coefficients in a canonical fashion, so that the real character of the series is
 easily discernible. This method was used by Euler and Gauss. These canonical series
 are known as hypergeometric series. The classical notation for hypergeometric series
 is easy to learn and use. This notation expresses explicitly certain important features
 of the sum; this allows for the kind of classification scheme which makes standardi-
 zation possible. Here we consider some of the most important hypergeometric
 identities. These cover most of the single sums of products of binomial coefficients
 where the series can be summed. Thus, we shall show why the hypergeometric
 identities should be regarded as the standard forms. A number of examples taken
 from various sources will be given to illustrate how sums of binomial coefficients
 can be reduced to standard form.

 The following section contains definitions and statements of four main hypergeo-
 metric identities. Since the proofs of these identities are unrelated to the applica-

 tions, which are the prime concern of this paper, the proofs have been relegated to
 the fourth and last section. The third section contains the examples. The reader
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 Associate Professor at Beloit College. Roy has published papers in Kleinian groups, hydrodynamics,

 differential equations in the complex domain, and special functions. He is also interested in the history of
 mathematics.

This content downloaded from 128.105.14.233 on Mon, 24 Sep 2018 17:37:17 UTC
All use subject to https://about.jstor.org/terms



 1987] BINOMIAL IDENTITIES AND HYPERGEOMETRIC SERIES 37

 should also consult Andrews [2] where the view presented here is explicitly stated,

 and which contains examples complementing those presented here. For an interest-
 ing history of these identities, one may see Askey [4], [5].

 2. Hypergeometric series. In general, a hypergeometric series (or to some, a
 generalized hypergeometric series) is a series

 E Cn (2.1)
 such that C lI/Cn is a rational function of n. Note that this is a situation where the
 ratio test, the simplest of all convergence tests, applies. Also, if Cn is a product of
 binomial coefficients, then C"+l/Cs is of this form. We can factor the rational
 function as

 Cn+_ (n + al) * (n + ap)x (22)
 Cn (n + bi) .. (n + bq)(n + 1)

 and the series can then be written as a constant CO times

 E (bl) (bq) n! (2.3)

 where (a)" are the shifted factorials defined by

 (a)n=a(a+1)*--(a+n-1), (a)0=1. (2.4)

 The series (2.3) is usually denoted by

 a,, . .., ap

 p q bl,.-., bq; l

 If x = 1, then we omit it. The case p = q + 1 arises very often and we shall

 consider only such cases. The parameters ai and bi are complex numbers, but for all
 our applications they will be real. Moreover, only the finite series is of interest to us
 here, but if the series is infinite, it converges for I x < 1; if x = 1, then we require

 (bi- Xa ) > 0.
 In the applications to binomial identities, q is very small, usually one or two, and

 the parameters a,,..., ap, bl,..., bq satisfy certain relations. These relations play
 an important role in the classification of the series and contribute to the power of
 this method when applied to binomial sums. We shall say that a series is k-balanced

 if x = 1, if one of the ai's is a negative integer, and if

 k + >ai = Ebi. (2.5)

 The case k = 1 is most important and then the series is called balanced or

 Saalschutzian. (Note that, if ai is a negative integer for some i, then the series (2.3)
 must be finite.) The series is called well-poised if

 1 + a, = b, + a2 = *i - bp-l + ap. (2.6)
 Recall that we have taken q = p - 1.
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 38 RANJAN ROY [January

 We now state the four hypergeometric identities which occur very often in
 practice. Numerous binomial identities can be reduced to these. From now on, we
 assume that n denotes a positive integer.

 The Chu-Vandermonde identity:

 (n, -bc (c +) (2.7)

 The Pfaff-Saalschiitz identity:

 c, d (c)n(c + a + b)n (2.8)

 where d = 1 - a - b - n - c, that is, the series is balanced.
 The Sheppard-Andersen identity:

 F-n -a, -b ) 23c 2 - n - a - b -c

 (c + b - )(c + a)n[ a 1

 (c + a + b -1)n(On L (C + b -1)(a + c + n-1). ,

 Note that the series (2.9) is 2-balanced. The first two identities are quite old; Chu
 published the first one in 1303. The second identity was obtained by Pfaff [12] in
 1797, then forgotten and rediscovered by Saalschiutz [14] in 1890. Sheppard [15]
 published the identity for a k-balanced 3F2 in 1912 and the particular case k = 2
 was rediscovered by Andersen [1] in some work in probability theory.

 The final identity is for a well-poised 3F2 and is due to Dixon [7]. This identity is
 best expressed in terms of the gamma function F(s). This is defined for s > 0 by
 the integral

 0

 F(s) lxs-le-x dx, (2.10)

 and extended to other real values except s = 0, -1, - 2,. . ., by

 P(s + 1) = SF(s). (2.11)

 Some important properties of this function are

 F(s + 1) = s! if s is an integer > 0, (2.12)

 P(s)P(1 - s) = sin (2.13)

 and

 lim P(s ? 1)es = 1 (Stirling's formula). (2.14)
 s 00 27Tsss
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 Dixon 's identity is:

 3F {a, -b, -c1,a+c+J a(~"+bf+ 1 a+ c+l)

 F(1 + -)P(l + a + b)P(l + a + c)F(F + - + b + cb
 _ 2/ \ 2 / 2.5

 F(1 ? a)r(l + ? + b)F(1 + ? + c)F(I + a + b + c)

 Note that this series can be infinite; then we require a + 2b + 2c + 2 > 0 for

 convergence.

 We shall need the following elementary identities to reduce sums of products of
 binomial coefficients to hypergeometric series:

 (f )n-k"- (-f-k fn+ ) (2.16) (n1)k()k

 and if f = 1 we get

 (-1) k!
 (n - k) - - n (2.17)

 (-n)k

 (a - n)k = (_1)k(-a + n - k + 1)k, (2.18)

 and

 (a)2k 22(2)( 2 (2.19)

 These identities are very easily proven. For example, the right side of (2.16) is

 f (f?+1) ... (f +n -1)

 (f?+ n-1)..(f + n -k) = f(f + 1) *. (f + n-k - 1)

 = ())n-k* (2.20)

 The relations (2.18) and (2.19) are proven in a similar way.

 3. Examples. We now give a few examples to show how sums of products of
 binomial coefficients can be reduced to hypergeometric series. Moreover, we il-
 lustrate that though such sums come in many disguises, they reduce to very few
 different kinds of hypergeometric series. The reader can best be convinced of this by
 taking a number of binomial identities from a textbook or the problem section of
 the MONTHLY and verifying them by the method explained here.
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 40 RANJAN ROY [January

 EXAMPLE 1. The following is problem E 3065 which appeared in this MONTHLY,
 December 1984. One has to evaluate in closed form the sum

 S E (j) +l n j (3.1)

 We shall reduce it to a hypergeometric series which will show that it is merely the

 Chu-Vandermonde series in disguise. The first step is to rewrite (3.1) in factorials to

 get

 S n, (_l)j k! (k - I-j) 1

 = j! (k -j)! (n -j)!(k I n)! j +1(32

 Next we take terms which do not depend on j outside the summation and the rest

 of the terms we write as shifted factorials (a)j. To do the latter we use (2.17) and
 arrive at

 (k - 1)! n (-k)j (-n)j I
 (k-1-n)!n! j=0 j! (-k + I)j j + 1

 (k -~ I 33
 n n ) 0 (1)j+?(-k + 1)> (33)

 The last series would be a standard form of a hypergeometric series except for the

 term (I)j+?, so we effect the following changes:

 S -(_ k) n (-k - I)j+?(-n - 1)j+?
 - n }(n + 1)(k + 1) j=O (I)j+1(-k)j+l

 (Note that (-k)j= (-k - 1)j+1/-(k + 1) and a similar relation is true for the
 other terms.)

 If we set j + 1 = / the sum may be written as

 n?1 (-k - 1)1(-n - 1),5)
 A=1-k),

 and if we add one to this sum we get the hypergeometric series 2F1( n 1, k- 1).
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 1987] BINOMIAL IDENTITIES AND HYPERGEOMETRIC SERIES 41

 (Recall that a hypergeometric series begins with one.) Thus,

 s = ) (n + 1)(k + 1) [ 2 F1( -k

 = (k n 1 ) 1 + l)(k?+ 1) - (k); ], by (2.7). (3.6)

 The last expression is easily simplified to

 1 r,

 k +1 (n 1 ) + (-i)n]

 The following are three more cases of the Chu-Vandermonde identity as the

 reader can easily verify:

 , r+ k) = (r + nn +1), where r isreal, n = integer > 0; (3.7)

 k)n + k)= (r + n) n = integer, r = integer > ?; (3.8)
 k

 r s (k) k )=-1 (n-r ras in (3.8). (3.9)

 We now see that. the verification of many binomial identities can be reduced to a
 routine calculation by using hypergeometric series.

 EXAMPLE 2. The next example is the most difficult of the worked problems on
 binomial identities in Knuth [11]. The problem is to evaluate

 k>O= m + 2k( k) k + I (3.10)

 This is only the Pfaff-SaalschUtz identity in another form. In showing this we also
 illustrate the use of the duplication formula (2.19). We write S as

 (n + k)!(2k)!(-l)k

 k?O (m + 2k)!(n - m - k)!k!k!(k + 1)

 m!n! (n + 1)k(-n + M)k(1)2k

 m!(n - in)! k>_O (M + 1)2k(1)k(1)k+l , y(.7.(.1
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 42 RANJAN ROY [January

 We now rewrite (1)2k,(m + 1)2k using (2.19) to get

 (n + 1)k(-n + M)k(1)k(j)

 S- n E 2 k

 ( 2 Jk 2 + k

 m m -1

 n( 2 ) (-1 - n + m)k+?(n)k+l 2

 = (-1- k>O (
 XmJ n + m)n j) ( m - 1 )k?lk2 k ?I

 (n m(m -1) -n + m, n, -2
 =(22n(n+i-m)[3F2 r- m1m2 1i1

 (n-i)! K rn- 2 )n?i-m ( 2)n?-im _ Ii by(2.18)

 2(m -2)!(n - m + )! m - m

 L 2 }nlm 2 J J+-

 i m

 (n -i )! nl 2 l_ I
 2(m-2)!(n - m + n -i

 2

 (n-j1 ). (3.i2)

 The reader may like to verify that Zk>O(- +<?)( PsiJr)(nz+2Z), though somewhat

 different in appearance from (3.10), also reduces to the Pfaff-Saalschuitz series. This
 sum is also from Knuth [11].

 I. J. Good [9] encountered the following sum in some work in probability theory:
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 He remarks that it is difficult to see directly that this sum is positive when a > ,B.
 However, (3.13) is equal to

 F -S, -X -a s ~~~~(3.14)
 s!/! a + ?S32( - - s, -a-s+ 1)'

 which is again the Pfaff-Saalschiutz series (2.8) and the value of the sum (3.13) is

 (a +- ) whichispositivewhena > P. (3.15)

 Now consider the identity,

 E (y) (n ? 2k ) =(n + k (3.16)

 where k and n are nonnegative integers. Takacs [16] has written a brief history of
 the various proofs of this identity which have been given in the past fifty years;
 some of these are quite complicated. However, L. Carlitz pointed out that this
 identity too is a particular case of the Pfaff-Saalschiutz summation (2.8). The reader
 will not find it difficult to verify this.

 The sums above reduced to a balanced 3F2. The next example from Riordan [13,
 p. 87] reduces to a 2-balanced 3F2. The problem is to evaluate

 kE n +k 2k kJ(k) 1) ( k) (3.17)
 It is easily seen that (3.17) is

 - 3 F2 ( l P + 1 which can be evaluated by (2.9). (3.18)

 EXAMPLE 3. We now consider examples which reduce to Dixon's well-poised 3F2
 given by (2.15). Problem 62 on page 73 of Knuth [11] is to show that

 k 21 2m 8 2n _ (1 + m + n)!(21)!(2m)!(2n)!
 k= - + k) k m+k) n+k= (1 + m)!(m + n)!(n + l)!l!m!n!'

 (3.19)

 where we are assuming that 1 = min(/, m, n). To write (3.19) as a hypergeometric
 series, set j = k + I in (3.19) to get
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 44 RANJAN ROY [January

 By the methods already explained, this reduces to the series

 (-1)'(2m)!(2n)! F -21, -m - 1, -n - I (3.21)
 (m - 1)!(m + 1)!(n - 1)!(n + 1)! 3 - m - l + 1, n - + 1 '

 which is Dixon's well-poised 3F2. However, Dixon's result cannot be applied
 directly since we get the term 17(1 - 1)/F(l - 21) on the right, which is undefined.
 To take care of this difficulty we consider the following case of Dixon's formula:

 3F2 21-2e,- m-- n--
 3 - - m-l-c+1, nlEl

 _ (l - 1- )r(l + m - 1 + n - l- )F(1 + m + n + I + e)

 F(I - 2E)F(I + m)F(I + n)F(I + m + n)
 (3.22)

 We now apply the formula (2.13) to the right side of (3.22) to get

 sin,u(21 + 2c) F(21+ 2E) F(1 + m - / - E)F( + n - I-c)F( + m + n + I +)

 sin T(1 + E) r(1 + e) F(1 + m)F(1 + n)F(1 + m + n)

 We let E 0 and obtain (3.19). Riordan [13, p. 89] has the following series:

 2k 2n) (3.23)
 k=1 kp knI

 and this too reduces to Dixon's sum.

 4. Proofs of the hypergeometric identities. In this section we give inductive
 proofs of the identities stated in Section 2. There are many other proofs and the
 reader can consult Askey [3] or Bailey [6] for these. Askey's analytic proofs best
 indicate why these identities hold.

 We begin by proving the Pfaff-Saalschutz theorem. This proof is due to Dougall
 [8]. We first observe the symmetry in a, b and n by rewriting (2.8) as

 -a, -b, -n F(a + c + n)F(b + c + n)F(a + b + c)F(c) (4.1)
 3 2\ C, dJ F(c + a)F(b + c)F(c + n)F(a + b + c + n) '

 where we have used property (2.11) of the gamma function. Now since d = 1 - a -
 b - n - c, to prove (2.8) we must show that

 (c)~( + a+ b) (-)(a,-)
 (C)n(C + a + b)n L, j!( - a - b - - ) = (c + a)n(c + b),,. (4.2)

 Note that it follows from (2.16) that both sides of (4.2) are polynomials in b of
 degree n. Therefore, it is sufficient to prove that they are equal for n + 1 distinct
 values of b. Clearly the result is true for n = 0. Assume the result true for
 n = 0, 1,..., k - 1. Now set n = k. By symmetry in b and n, it follows from the
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 1987] BINOMIAL IDENTITIES AND HYPERGEOMETRIC SERIES 45

 inductive hypothesis that (4.2) is true for b = 0, 1,..., k - 1. If we can find one

 more value of b for which the relation is true, we would be done. Observe that

 (2.16) implies

 (c + a + b)n (_1)j(c + a + b)n -. (4.3)
 (I - a - b - n - c)j

 Thus, when b = -a - c, both sides of (4.2) are equal to (c + a)k(-a) k and the
 result is proved.

 We can derive Chu-Vandermonde from (4.1). Let a = m, an integer, let n -o co
 and use Stirling's formula (2.14) together with (2.11) to get

 2FI n M' = (c +b)m (4.4)

 An inductive argument can be used to prove the Sheppard-Andersen identity as

 well. The identity of Dixon lies a little deeper. Dougall showed that a much more

 general identity could be proved by the method used to prove (4.1). The reader may
 reconstruct the proof himself or consult Dougall's paper. The argument is also
 reproduced in Bailey [6] and Hardy [10]. The identity gives the sum of a very
 well-poised 2-balanced 7F6.

 1
 a, I + -2a, -b, -c, -d, -e, -n

 7F6 2
 -a, I +a+b, 1+a+c, 1+a+d, 1 +a+e, 1 +a+n 1

 (1 a)n(+ a + b + c),(l + a + b + d)n( + a + c + d) ()
 (1 + a + b)n(1 + a + C)n(1 + a + d)n(1 + a + b + c + d),1'

 where 1 + 2a + b + c + d + e + n = 0 and n is a positive integer. The last rela-
 tion simply means that the series is 2-balanced. The adjective "very" in very
 well-poised refers to the factor

 (2 +) _ a+2k

 (a) a

 in the series. To derive Dixon's identity we merely set d= - 'a in (4.5), let
 n -* oo, apply Stirling's formula (2.14), and use (2.11).

 Acknowledgement. I would like to thank Paul Campbell for suggesting that I write this paper and
 Richard Askey for reading various versions of the paper and for his helpful comments and suggestions.
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 UNSOLVED PROBLEMS

 EDITED BY RICHARD GuY

 In this department the MONTHLY presents easily stated ullsolved problems dealing with /lotionis
 ordinarily encountered in undergraduate mathematics.

 A Conjecture Related to Chi-Bar-Squared Distributions

 ALEXANDER SHAPIRO

 Department of Mathematics and Applied Mathematics, University of South Africa,
 Pretoria, 0001 South Africa

 Consider a polyhedral, convex, closed cone C in R n. We write (x, y) = xlyl
 + * x ?xnyn and lixii = (x, X<1/2. Let P: Rln _> C be the projection mapping onto
 C, which is defined as assigning to each x E llR n the closest point in C, that is

 llx - P(x)ii = minlix - yll.
 y ( C

 Let X = (X1,..., Xn) be a multivariate random variable having the standard
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