Multivariate B-splines

The definition of a multivariate B-spline as the d-dimensional ‘shadow’ of an n-dimensional polytope is
based on Schoenberg’s realization that a univariate B-spline is such a shadow, as is illustrated in (1)Figure.

(1)Figure. A quadratic B-spline as the shadow of a simplex

Here are the needed definitions. For any convex set B in IR", and any function ¢ defined at least on B,
we define

(2) / @ = |det V|/ vV (a)da,
B V-1B
with V : R" — IR" 1-1 affine and such that ran V' = b(B), where

b(B)

denotes the flat spanned by B, i.e., the affine hull of B. Here, |det V| is, by definition, the r-dimensional
volume of V[0 ..1]". Specifically, if
Viar— v+ [v,...,v.]a,

then

|det V| = v/det([v, ..., v ]*[v1,...,0.]).

The presence of the factor |det V| in (2) ensures that [, ¢ is independent of the particular 1-1 affine map V'
used in its definition (2); in particular, [5()° = vol.(B).

A polytope is the convex hull of a finite set.

The d-dimensional B-spline determined from the polytope B C IR™ by the affine map P : R™ — IR? is,
by definition, the distribution

(3) MB:go»—)/B(pP.
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Equivalently, it is the function Mg defined on PB by the rule that
[or=[ Mup, voecumd.
B PB

Here is a formula for the function Mp.
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(4)Figure. The three spaces involved in the formula for Mp

After translation of the origin in IR", we may assume that b(B) is a linear subspace, of dimension r,
hence V = [vy,...,v,]. Also, after translation of the origin in IR?, we may assume that P is linear. We also
may choose V' so that [vsy1,...,v,] is a basis for ker PNb(B). Then, W := Puvy,...,vs] is a basis for b(PB),
and, with a = (b,¢) € R°* x R"° =1R", hence P(Va) = Wb,

/ pP = |det V| ¢(P(Va))da =|det V|/ p(Wb)dcdb
B V-1B

V-1B

= | det V|/ e(Wb)vol,_s(V'Bn{(b,c) e R":c € R""°})db
W-1(PB)

det V' /
det W PB ¥9,




with
g(z) = vol, (V'Bn{zr e R : W(zy,...,75) = 2})

= vol, VY BnP 1{z})
vol, (BN P Yz})/| det[vssy, ..., v.]l,

the last equality since ran[vgyy,...,v,] = ker P. Therefore, with the additional requirement that
ranfvy,...,vs] L ker P

(which implies that |det V| = |det[vy, . .., vs] det[vst, ..., vr]|), we have, altogether,

(5) MB(Z) - det[’U1, ey ’Us]

= L—s(BNP~H{z}).
det[Puvy, ..., Pv] Vo ( {zh

It follows that Mp is in Loo(]Rd) exactly when PB has interior.

While this formula tells us that Mp can be considered a function on PB (and this was, indeed, how
multivariate B-splines were first defined), the formulation (3) as a distribution provides mathematical effi-
ciency.

As an illustration, consider the simplex spline
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the Genocchi functional for the sequence © =: (6, ...,#,) in R, Set

with

P:]R,n—>]R,d:£L”l—>00+[9i—9i,1:i=1,...,n]ﬂf=:90+PoﬂZ.

/90=/90P,
© o

with the simplex 0 :={z € R" : 1 > x; > --- > &, > 0} mapped by P onto conv(®). Therefore, for any
basis [v1,...,vs] for (ker P) L,

Then

det[vl, A ,’US]

M =n!
(Z|®) " det[Po’Ul,...,Po’Us]

vol,.—s(o N P_l{z}).
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