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Abstract

We describe how several traffic assignment and design problems
can be formulated within the GAMS modeling language using newly
developed modeling and interface tools. The fundamental problem is
user equilibrium, where multiple drivers compete noncooperatively for
the resources of the traffic network. A description of how these models
can be written as complementarity problems, variational inequalities,
mathematical programs with equilibrium constraints, or stochastic lin-
ear programs is given. At least one general purpose solution technique
for each model format is briefly outlined. Some observations relating
to particular model solutions are drawn.

1 Introduction

Models that postulate ways to assign traffic within a transportation network
for a given demand have been used in planning and analysis for many years,
see [41] and references therein. A popular technique for such assignment
is to use the shortest path between the origin and destination points of a
given journey. Of course, such a path depends not only on the physical
distance between these two points, but also on the mode of transport and
the congestion experienced during the trip.
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To account for congestion, traffic assignment models use the notion of
user equilibrium or Wardropian equilibrium [42]. In this context, the travel
time used to define the “distance” between the origin and destination is a
function of the length and capacity of each arc of the path, and the total flow
on that path. Thus, the fact that many users can travel along an arc will
affect the time it takes any particular user to traverse the arc. User equilib-
rium occurs when all users travel along their shortest path, where distance
is measured using the above definition for time. Underlying the model is
the notion of noncooperative behavior - everyone is out for themselves. This
should be contrasted with the notion of system equilibrium when a traffic
controller assigns every vehicle to a particular path to minimize the total
distance traveled. Note that these kinds of odels are typically used to predict
the steady-state volume of traffic on a network, not to look at the dynamic
behavior.

Due to the absence of an overall objective in the user equilibrium, this
problem is more easily cast in the context of a variational inequality. In this
paper, we describe how to formulate, solve, and extend models for traffic
assignment using the notion of a mixed complementarity problem, a spe-
cialization of the variational inequality. Many papers have discussed the
formulation and solution of user equilibrium problems using complementar-
ity and variational inequality models, as well as the applications of these
problems to urban planning; see [18, 19, 21, 30, 40].

The first two sections of the paper show how the user equilibrium prob-
lem is cast as a mixed complementarity problem (MCP), formulated within
the GAMS modeling language, and solved using the PATH algorithm. Some
examples of problems formulated using these tools are described in [6].

There are many cases when a modeler wishes to optimize an objec-
tive function subject to the system being in equilibrium. These problems
are commonly called Mathematical Programs with Equilibrium Constraints
(MPEC’s). The recent monograph [29] describes the current state of opti-
mality theory and algorithms related to such problems. In Section 4, we
describe the basic structure of an MPEC and give some examples of traffic
design problems that can be formulated as such.

Section 5 describes extensions to the GAMS modeling language that
allow MPEC’s to be formulated within the language. Furthermore, an out-
line of new tools for large scale implementation is given. These tools allow
algorithm developers direct access to relevant function and derivative val-
ues via subroutine library calls. It is intended that this suite of routines,
MPECLIB, will foster the development of new applications and test prob-
lems in the MPEC format. In the ensuing section, we show how these tools



are used in an analysis of a tolling problem over a network representing
Sioux-Falls. The problem is cast as an MPEC and two algorithms based on
an implicit programming approach, namely DFO [5] and the bundle-trust
region algorithm [39], are used to demonstrate the ability of these tools and
the power of the modeling format.

The final section of the paper treats some modeling issues related to
traffic assignment and path choice in networks subject to failure. Here again,
we show how recently developed modeling tools are effective for investigating
complex issues in transportation design and analysis.

2 MCP models: user equilibrium

The mixed complementarity problem (MCP) is defined in terms of some
lower and upper bounds ¢ € R"” and u € R” satisfying —oo < £ < u < 400
and a nonlinear function F:B — R"™. Here B represents the box B :=
[(,u] ={z € R":{; < z < u;}. The variables z € R" solve MCP(F, (,u) if
for some variables w € R™ and v € R"

w; >0, 0, >0, <z <w, 1=1,...,n (1)
Fi(z)=w,—v;, i=1,...,n (2)

and
wi(z;— ;) =0and v;(u; — z) =0, i=1,...,n. (3)
Note that any solution z of MCP trivially satisfies the following implications
zZi=li=>z#u=>v,=0=F((2)>0 (4)
i=u =z £ 06G=>w=0=F((z)<0 (5)

and
U<z <u =w=v=0= F(z)=0. (6)

Several interesting special cases of MCP exist for particular choices of £
and u. When { = —oo and u = 400, it follows from (6) that w = v =0 and
(1) is satisfied for any z € R™. Hence, the problem becomes the classical
square system of nonlinear equations

F(z) =0. (7)

Many techniques used to solve MCP are inspired by techniques used for such
systems. Another special case is when £ = 0 and w = 400, whereupon it
can be easily seen that the problem (1)-(3) becomes

0<zL1lF(z)>0. (8)



Here we have introduced the notation “1” that signifies the two adjacent
quantities are orthogonal, that is, in addition to the explicit inequalities
0 <z and F(z) > 0 we have

dr(z)=0.
In effect this enables us to rewrite (1) and (3) more succinctly as
0<z—CLw>0 9)

0<u—-zlwv>0. (10)

Problem (8) is commonly called the nonlinear complementarity problem
(NCP) and has been the subject of much research over the past three
decades. A plethora of applications can be found in [14, 15]; this paper
is concerned with applications arising from traffic and transportation man-
agement.

The general variational inequality VI(F,C') is defined using an arbitrary
convex set ' C R™ as the following system of inequalities

zeC, (F(z),y—2 >0 VYyeC. (11)

It can be reformulated as an MCP using a transformation involving multi-
pliers. We consider two cases separately. If the feasible set €' is a box, then
it is elementary to show that (11) and the MCP (1)-(3) defined by F and
C' are completely equivalent, as their solution sets are identical. When C'
is polyhedral rather than rectangular, (11) can be reduced to an MCP by
explicitly including the dual variables to the constraints defining C'. Thus,
given a box B and a set X := {z: Az < b}, where A € R™*" it can be
shown that (11) with C'= B[ X is equivalent to VI(H,B x R7}), where

= [ 0 ).

When equality constraints are used to define X, the associated dual variables
u are free. Two advantages to using the MCP formulation as opposed to
the NCP are the explicit treatment of simple bounds on the variables z and
the availability of free variables, which enable the explicit representation of
equality constraints. This is more efficient than introducing extra variables
and equations to deal with bounds and equality constraints.

We now proceed to show how to model the user equilibrium problem
as an MCP. In all models used for the analysis of traffic congestion, there



is a transportation network given by a set of nodes A and a set of arcs
A. In the equilibrium setting, it is usually assumed that drivers compete
noncooperatively for the resources of the network in an attempt to minimize
their costs, where the cost of traveling along a given arc @ € A is a nonlinear
function ¢, (f) of the total flow vector f with components fy, b € A. Let
c(f) denote the vector with components ¢,(f), a € A. There are two subsets
of A that represent the set of origin nodes O and destination nodes D
respectively. The set of origin-destination (O-D) pairs is a given subset W
of O x D; associated with each such pair is a travel demand that represents
the required flow from the origin node to the destination node.

There are at least two equilibrium techniques used for generating models
of traffic congestion on such a network. The first model is based on consid-
ering all the paths between the origin-destination pairs, and the second uses
a multicommodity formulation, representing each origin or destination node
as a different commodity. Both of these formulations use the Wardropian
characterizations of equilibria [42], a special case of a Nash equilibrium (see

[15, 23]).

2.1 A path based formulation

The given path based formulation follows [20]. For each w € W, let P,
represent the set of paths connecting the O-D pair w and P represent the
set of all paths joining all O-D pairs of the network. Let &, denote the flow
on path p € P; let v,(£) be the cost of flow on this path which is a function
of the path flow vector £&. Let A be the arc-path incidence matrix with

entries
{ 1 if path p € P traverses arc a € A
ap =

0 otherwise.

It is clear that f and & are related by

f=A¢.

When the path cost 7,(§) on each path p is assumed to be the sum of the
arc costs on all the arcs traversed by p, that is, if

v(€) = ATe(f),

the model is called additive. Finally, we introduce variables 7, that depict
the minimum transportation cost (or time) between O-D pair w € W. The
travel demand between O-D pair w is assumed to be a function d,,(7) of the
vector 7 in the path formulation. The model is called a fized-demand model



if each d,,(7) is a constant function; the general model is often called the
elastic demand model.

The Wardrop equilibrium principle [42] states that each driver will choose
the minimum cost path between every origin destination pair and through
this process, the paths used will all have equal cost; paths with costs higher
than the minimum will have no flow. Mathematically, this principle can be
phrased succinctly as

OS%U(g)_Tw L 5})207 Vw€W7p€77w. (12)

The demand is satisfied if

Y& > dy(r), YweW,
pepw

and the equilibrium condition of zero excess demand can be stated as follows,

0< > &—du(r) L 7y >0, YweW. (13)
pepw

Conditions (12) and (13) clearly define a nonlinear complementarity problem
with (£, 7) as the variables.

For networks of reasonable size with many O-D pairs, the enumeration of
all paths connecting elements of W is prohibitive. Thus, the above path-flow
formulation is not suitable for a generic complementarity code. Neverthe-
less, there are path-generation schemes [24, 33] that utilize this formulation
and generate the paths only if they are needed. The alternative multicom-
modity formulation to be discussed below completely removes the necessity
of enumerating the paths.

2.2 A multicommodity formulation

In this alternative formulation of the traffic equilibrium problem, a commod-
ity is associated with each destination node. For simplicity, we assume that
each node in D is a destination. Let K be the cardinality of D. The vari-
able » = (2t 2% .. ., xK) represents the flows of the commodities 1,2,..., K
with xfj denoting the flow of commodity k on arc (7,j) € A. The variable
t = (t',¢%,...,t") is composed of components t¥ that represent the min-
imum cost (or time) to deliver commodity k (i.e. to reach destination k)
from node i. Associated with each pair (k,7), k € D and i € NV, is the travel

demand d¥, which is a function of the minimum cost vector t. There are



two sets of equilibrium conditions. The first represents conservation of flow
of commodity k£ at node ¢ and is given by

Sooalhi— > afi=df,  VieNkeD.

tj
ji(i4)eA Ji(5i)eA

In terms of the standard node-arc incidence matrix 7 of the network and

the demand function d*(t), these constraints can be rewritten as

ek =d*(t),  VkeD. (14)

The second condition ensures that if there is positive flow of commodity k
along arc (¢,7), then the corresponding time to deliver that commodity is
minimized:

0<c(f)+th—tF L afi>0  V(i,j)eA keD, (15)

where the arc flow vector f is given by

fEZxk.

keD

This is typically termed “Wardrop’s second principle”, although it appears
first in his article [42]. It is clear that given an enumeration of the paths, the
solution generated from a path based formulation can easily yield a solution
to the multicommodity formulation, and vice versa.

Eliminating the flow vector f, conditions (14) and (15) define an MCP
in the arc flow vector x and minimum travel cost vector t. Early studies of
the traffic equilibrium problem have focused on the case of a separable cost
function and constant demand function; that is, for all « € A and k € D,

co(f) = ca(fa), and dk(t) =d* (a constant).
A specific example of a separable cost function ¢, is given by

4
Ca(fa) = A.+ B, |:f_a:| Va € A,
P)/a

for particular data 4,, B, and v,. Cost functions of this kind have been used
extensively in transportation research. Nonseparable and nonintegrable cost
functions ¢(f) have also been used in the literature; see for example [21].

It is shown in [13] how to implement the multicommodity formulation
as an MCP within the GAMS modeling language. For more discussion of
the complementarity approach to traffic equilibrium, see [22].



3 MCP algorithm: PATH

There has been a great deal of research into algorithms for solving MCP
and NCP. Some of these recent developments are surveyed in [12]; much of
this work has investigated nonsmooth analysis and algorithms based on the
systems of equations

min{z, Fi(z)} =0 i=1,...,n (16)

zi+ Fi(z) =22+ F2(z)=0,i=1,...,n. (17)

However, we will outline here only the basic ideas behind the PATH algo-
rithm [7, 8] for MCP since this is currently the most widely used code for
solving such problems due to the fact that it is available as a GAMS sub-
system. This code is intended for large scale applications and uses sparse
matrix technology in its implementation. Since our aim is to look at traffic
applications which we formulate as nonlinear complementarity problems, we
will describe the algorithm only in this context.

Many of the ideas relating to complementarity theory can be thought
of as simple generalizations of equation theory. To understand this, we
consider the notion of a “normal cone” to a given convex set ' at some
point z € C, a generalization of the notion of a normal to a smooth surface.
This set consists of all vectors ¢ which make an obtuse angle with every
feasible direction in €' emanating from z, that is

and

Ne (2) = A{e:{e,y — z) <0,forall y € C'}.

When C' = RY, the nonnegative orthant in R”, we label this set as N, (z). A
little thought enables one to see that the nonlinear complementarity problem
is just the set-valued inclusion,

0€ F(z) + Ni(2), 2 € RY.

It is possible to look at NCP from this geometric standpoint. Firstly,
it is well-known that Ny (z4) is characterized by the rays @ — 24, where
(z;), = max{;,0} is the projection of z onto the nonnegative orthant. An
equivalent formulation of (8) is therefore to find a zero of the nonsmooth
equation

0=F(ey)+a—ay4

The map Fy := F(azy) + ¢ — x4 is sometimes referred to as the “normal
map”, see for example [11, 37, 38]. The equivalence is established by noting



that if z solves NCP, then @ = z — F'(z) is a zero of the normal map, and if
x is a zero of the normal map, then z = &4 is a solution of the NCP.

Under the assumption that F is smooth, it is easy to see that the normal
map is a smooth map on each of the orthants of R™ and is continuous on R".
However, the normal map is not in general differentiable everywhere. It is an
example of a piecewise smooth map and is intimately related to a manifold
defined by the collection of faces of the set R, called the normal manifold.
It is well known that the collection of these faces precisely determine the
pieces of smoothness of the normal map. For example, it was shown in [38§]
that these pieces are the (full dimensional) polyhedral sets F + Nz that are
indexed by the faces F of C'; here Nx represents the normal cone to the face
F at any point in its relative interior. When the set is R}, the faces are
given by {z:2 > 0,27 = 0} , where I runs over the subsets of {1,2,...,n};
the pieces of the manifold in this case are precisely the orthants of R”.

In the context of nonlinear equations, Newton’s method proceeds by lin-
earizing the smooth function F. Since FY is nondifferentiable, the standard
version of Newton’s method for NCP approximates Fy at ¥ € R™ with the
piecewise affine map

Li(a) = F(a" ) + VF(a ) ey — a®4) + 2 -y

Thus, the piecewise smooth map Fy has been approximated by a piecewise
affine map. The Newton point xﬁ\, (a zero of the approximation Ly) is found
by generating a path p*, parametrized by a variable t which starts at 0 and
increases to 1 with the properties that p*(0) = 2% and p*(1) = 2%. The
values of pk(t) at intermediate points in the path satisfy

Lu(ph(0) = (1 - ) Fy (%),

The path is known to exist locally under fairly standard assumptions and
can be generated using standard pivotal techniques to move from one piece
of the piecewise affine map to another. Further details can be found in [36].

A Newton method for NCP would accept xﬁ“\; as a new approximation to
the solution and re-linearize at this point. However, as is well known even
in the literature on smooth systems, this process is unlikely to converge
for starting points that are not close to a solution. In a damped Newton
method for smooth systems of nonlinear equations (7), the merit function
F(x)T F(x) is typically used to restrict the step size and enlarge the domain
of convergence. In the PATH algorithm[7], the piecewise linear path p*
is computed and searched using a non-monotone watchdog path-search of
the merit function ||F} (2)||*. The watchdog technique allows path-searches



to be performed infrequently, while the non-monotone technique allows the
Newton point to be accepted more frequently. The combination of these
techniques helps avoid convergence to minimizers of the merit function that
are not zeros of Iy, without detracting from the local convergence rates [7].

The extension of the above approach to MCP is straightforward; fur-
thermore, computational enhancements are described in [9].

4 MPEC models: tolling and inverse problems

An MPEC consists of two types of variables, namely design variables z € R"
and state variables y € R™. A function §: R"*™ — R is the overall objective
function to be minimized, subject to two sets of constraints. The first set
(z,y) € Z represents joint feasibility constraints for z and y, with Z C R"*+™
representing a nonempty closed set. The second set of constraints are the
equilibrium constraints, defined by the equilibrium function F:R"t™ —
R and the closed convex set ' C R™. These constraints force the state
variables y to solve a VI parametrically defined by F(z,-) and C. The
MPEC can be writtens succinctly in the following manner.

minimize  6(z,y)
subject to (z,y) € Z (18)
and y solves VI(F(z,-),C).

A special case of the MPEC is the bilevel program in which the mapping
F(z,-) is the partial gradient map (with respect to the second argument) of
a real-valued C! function. In the next two sections, we describe some traffic
models that can be formulated as MPEC’s and show how to carry out this
modeling within GAMS.

One example of an MPEC occurring in traffic network design is described
in [31]. The idea is to determine values for some design variables, e.g. arc
capacities, that minimize a weighted some of the investment cost and the
system operating costs. Another example is described in [4]. This is an
example of an inverse problem, where estimates of O-D demands are given
and the network planner wishes to adjust these demands minimally in order
to satisfy the equilibrium conditions.

A third example is present in tolling. The tolling model is based on an
underlying assumption of user equilibrium. As we outlined in Section 2, user
equilibrium assumes that each driver uses his shortest path, where distance
is measured using a function for time of journey based on the total flows on
the ares.

10



When a particular arc is tolled, this increases the monetary cost of
traversing that arc. We use a simple weighting to add this cost to the
distance each user tries to minimize. Of course, complex human behavioral
models could be used to generate realistic weightings and potentially add
nonlinear cost effects. Our model currently ignores these facets of the prob-
lem and simply adds the toll p, to the cost function ¢, for each arc. If we
view these tolls as parameters, we have not changed the structure of the user
equilibrium problem at all. If we view the tolls as design variables, however,
we now have quite a bit of flexibility in designing the tolling structure, and
can do so with certain objectives in mind.

What is the objective of adding tolls to some of the arcs of the network?
In some cases, it is to maximize system revenue, in which case the upper
level objective function for the equilibrium problem defined by (14) and (15)
is as follows:

O(p, f,1) = pafa (19)
a€A
Note that the design variables in this problem are p, (which are typically
nonzero for a small subset of A, and the state variables are f and t. Note
that if tolls p, are set too high, then drivers will use other arcs creating a
decrease in f, and possibly forcing total revenue to decrease.

In other cases, a traffic controller is attempting to impose tolls with the
aim of reducing congestion. In these cases, a typical objective function is
system cost

0(]77 [ t) = Z Ca(fa)
a€A
Other objectives arise in different applications.

The GAMS model that we developed for testing MPECLIB and the
solvers that we implemented arose from such a tolling problem. The model
used in our example was based on the objective shown in (19). The GAMS
source of the model is available via anonymous ftp from

ftp://www.cs.wisc.edu/math-prog/mcplib/traffic/.

Apart from the particular data and model equations used, the formulation

in GAMS follows the structure we now outline for a simple model using the
newly developed MPECLIB.

5 Interfacing models and algorithms: MPECLIB

We have developed a software interface between the GAMS modeling lan-
guage and MPEC algorithms that allows users to model practical, large-scale

11



MPEC’s and algorithm developers to link in their solvers for such problems.
We believe such an interface serves two purposes. Firstly, the data from re-
alistic applications is most easily made accessible to researchers developing
codes for these problems via interfaces similar to ours. This is an essential
ingredient in algorithmic development, testing, and comparison. Secondly,
it is only when efficient codes can be applied to real applications, such as
tolling problems, and can show an improvement over the existing heuristic
schemes that the modeling format of an MPEC becomes a serious alternative
to such heuristics.

Unfortunately, developing an interface that easily allows both algorithm
developers and application experts to perform their respective research is
difficult. We have chosen to allow modelers to use the GAMS [3] modeling
language and force algorithmic development to occur in Fortran or C, al-
though a possible extension of this work to support algorithm development
in Matlab [17] is possible. Comparable tools that enable algorithmic devel-
opment for MCP have previously been described in [10], with the result that
many more complementarity applications are now being developed.

From a modeling standpoint, the MPEC interface tool is very similar to
the MCP interface in GAMS. This allows the application expert to move
from an MCP to an MPEC formulation with very little difficulty. The
modeling interface to MPEC is similar to the MCP one, consisting of the
usual GAMS language features (e.g. sets, parameters, variables, equations,
control structures) and extensions to the GAMS model and solve state-
ments. These extensions are required to allow the modeler to specify the
complementarity conditions (i.e. the equilibrium constraints) along with an
objective variable and its defining equation. Just as with MCP’s, the MPEC
model statement includes a collection of equation-variable pairs, where each
pair defines a complementarity relationship between the function determined
by the equation and the variable in the pair. In case equations and vari-
ables are indexed by sets, functions and variables with matching indices are
paired. In addition, the MPEC model may include an unpaired “objective”
equation. While MCP must have an equal number of functions and vari-
ables, this is not the case with MPEC models. Each function in an MPEC
must have a matching variable, but unmatched variables are now allowed;
these are the design variables 2 in (18), while the “matched” variables are
the state variables y.

The objective variable and the direction of optimization are specified in
the GAMS solve statement, using the MPEC keyword as the model type. In
order to define the objective, a scalar “objective” variable and an equation
defining this variable are often used. In this case, the objective variable

12



must appear only in the objective equation, and must appear linearly in it.
As an example, consider the simple MPEC below (a reformulation of [32],
Example 1):

minimize  0(z,y,u) 1= 212 — 221 + 22% — 225 + 11?2 + yo?
subject to a; € [0, 2] (20)
and (y, u) solves MCP(F(z,-,-), B),

where

=221 4+ 2y1 + 2(y1 — D)y

=229 4 2y2 + 2(y2 — 1)uz
—(y1 —1)*+.25
—(y —1)* 4+ .25

and B := {(y,u) € R*:u > 0}. The GAMS model for this example is given
in Figure 1. Readers familiar with GAMS will understand the sets, vari-
ables, and equations declared in Figure 1 immediately, while those not famil-
iar with GAMS will appreciate the concise yet descriptive style and should
recognize the parallel to (20). In the model statement, we see the “objec-
tive” equation given first, while the remaining pairs define the equilibrium
constraints. The variables y and u are paired with equations, and are state
variables. The variable x is not paired, so it is a design variable.

While an indexed GAMS variable will often have components of only
one type (i.e. design or state variables) this is not always the case. For
example, it is possible to pair a variable w(I) declared and defined over the
set I with an equation g(I) declared over the same set I but defined over a
subset II of I. In this case, the components of w with indices in IT will be
state variables matched to g, while the components of w with indices in I\
IT will be design variables.

When the GAMS solve statement is executed, the equation-variable
pairs defining the MPEC model, together with information about the sets,
variables, and equations themselves, are sent to the disk as a sequence of
scratch files, and an MPEC solver is called. This solver uses the interface
library MPECLIB to read and interpret the scratch files, evaluate functions
and gradients, and write solution data.

F(z,y,u) =

13



set I/ 1x*x2/;
alias (I,J);

variables

obj,

x(J) ’design variables’,

y(I) ’state variables’,

u(I) ’state vars, duals in MCP reformulation of VI’;

x.10(J) = 0;

x.up(J) = 2;

u.lo(I) = 0;

equations

objeq,

Fy(I),

Fu(I);

objeq .. obj =e= sum(J, sqr(x(J))) - 2 * sum (J, x(J))
+ sum(I, sqr(y(I)));

Fy(I) .. (-2)*x(I) + 2%y(I) + 2*(y(I)-1)*u(I) =e= 0;

Fu(I) .. (.256) =g= sqr(y(I)-1);

model ozl / objeq, Fy.y, Fu.u /;

option mpec=bundle;
solve ozl using mpec minimizing obj;

Figure 1: GAMS Model for (20)
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Interface Initialization

int mpecInit (char *controlFileName, int indexStart,
int diagRequired, int noObj,
mpecRec **mpec) ;
void sparseInit (mpecRec *mpec, int colPtrx[], int cpxdim,
int rowIdxx[], int rixdim,
int colPtry[], int cpydim,
int rowIdxy[], int riydim);

The first task of the solver is to call the mpecInit routine to read in the
scratch files and construct a problem of the form

minimize  6(z,y)
subject to z € B, (21)
and y solves MCP(F(z,y), B,).

Note that the form of (21) is not as general as that specified in (18). In (21)
we force the modeler to use Z = B, x R™, although in practice there may
be models that include side constraints of the form hA(z) =0 or g(z,y) = 0.
Furthermore, we assume the equilibrium problem is written as an MCP. The
motivation for this restriction is simply that there are currently no large scale
implementations that allow for such side constraints. Such extensions to the
model format would be easy to implement whenever appropriate solvers for
these problems reach maturity.

If there is any inconsistency in the MPEC specification, it is detected
during this initialization phase. It is here that the variables are partitioned
into design and state variables, and the required maps are set up to support
efficient function and gradient evaluation by other routines. Also, param-
eters to mpecInit exist allowing the user to specify if index ranges must
begin with 0 (C style) or 1 (Fortran style), whether or not a dense Jacobian
diagonal is required, and whether the model is an MCP instead of an MPEC
(the library can be used for both model types). A pointer to a record con-
taining all information specific to this model is passed back to the calling
routine. This pointer will be passed on all subsequent MPECLIB calls.

In order to fully initialize the MPEC model, some space is required for
the row indices and column pointers used to store the sparse Jacobians.
Rather than allocating this space inside the library, the mpecInit routine
returns estimates of the amount of space required for this to the calling

15



routine. A second routine, sparseInit, must then be called, which passes
in these arrays, as well as the number of elements actually allocated for
them. This routine completes the initialization, using the space provided it.
The assumption here is that the user will not modify these arrays, as they
are used by both solver and interface library. This assumption saves having
to store two copies of the sparsity structure and copy it to the user’s data
structure at each derivative evaluation.

Variable Bounds and Level Values

void getxBounds (mpecRec *mpec, double 1b[], double ub[]);
void getxLevels (mpecRec *mpec, double x[]);
void setxbar (mpecRec #mpec, double xbar[]);
void getyBounds (mpecRec *mpec, double 1b[], double ub[]);
void getyLevels (mpecRec *mpec, double y[]);

The routines to obtain variable bounds and initial level values are for
the most part self-explanatory. The setxbar routine is used to store a
vector of design variables & in MPECLIB for use in subsequent calls to
function and gradient routines that pass only state variables y. This is
useful for solvers that implement a two-level solution scheme in which the
inner solver (an MCP code) has no knowledge of the variables z in the outer
optimization problem. In our current implementation, the box B, does
not depend on y, so the getyBounds routine would be called only once. A
possible generalization is to allow B, to depend on z, in which case a new
function with the input parameter z would be required. This function would
of course be called whenever & changed.

Function and Jacobian Evaluation

int getF ( mpecRec *mpec, double x[], double y[],
double F[], double *theta);
int getdF (mpecRec *mpec, double x[], double y[],
double F[], double *theta,
double Jx[], int colPtrx[], int rowIdxx[],
double Jy[], int colPtry[], int rowIdxyl[],
double dthetadx[], double dthetadyl[]);
int getFbar ( mpecRec *mpec, int n, double y[], double F[]);
int getdFbar (mpecRec *mpec, int n, int nnz, double y[],
double F[],
double Jy[], int colPtry[], int rowIdxyl[]l);
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The routine getF takes the current point (z,y) as input and outputs the
value of the functions F and @ at this point. The routine getdF does this
also, but it computes the derivative of I’ and # as well. The derivative of
F w.r.t. x and y are returned in separate matrices, both stored sparsely in
row index, column pointer fashion, while the derivative of # w.r.t. = and y
is returned as two dense vectors. The routines getFbar and getdFbar are
similar, but in these routines, the input z is assumed to be the constant
value ¥ fixed in the previous call to setxbar. In this case, derivatives w.r.t.
x and objective function values and derivatives are also not passed back.
These routines are designed for use by an algorithm solving an inner (MCP)
problem.

Solver Termination

void putxLevels (mpecRec *mpec, double x[]);

void putyLevels (mpecRec *mpec, double y[]);

void putObjVal (mpecRec *mpec, double theta);

void putStatus (mpecRec *mpec, int modelStat, int solverStat);
int mpecClose (mpecRec *mpec);

Once a solution has been found, the solver must pass this solution on
to the interface library. This is done via the putxLevels, putyLevels, and
putObjVal routines. The putStatus routine is used to report the model sta-
tus (e.g. local optimum found, infeasible, unbounded, intermediate nonop-
timal) and solver status (e.g. normal, iteration limit, out of memory, panic
termination) via integer codes. All of this information is stored in the mpec
data structure and written to disk when the mpecClose routine is called.
When the solver terminates, these files are read by GAMS so that the so-
lution information is available for reporting purposes, as data to formulate
other models, etc.

6 MPEC algorithms: implicit approaches

Algorithms for solving MPEC’s are not nearly as well developed as those for
MCP. Given the efficiency of the known methods for solving MCP and NLP,
we describe here several techniques for solving MPEC’s using an implicit
approach that solves a sequence of MCP’s.

We assume first that the problem has the form (21). For the implicit
programming approach to work, a further assumption is needed, namely that
there is a (locally) unique solution y of the equilibrium problem MCP (F(z, ), C)
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for each value of 2. We denote this solution by y(z). Under these assump-
tions, the problem (21) is equivalent to the implicit program:

minimize  O(z) = 0(z, y(z)) (22)
subject to z € B,.

This implicit programming formulation has the advantage of simple con-
straints, but a rather complex, in fact nondifferentiable objective function
0O, even though the original functions f and F may be smooth. Nonsmooth-
ness results from the underlying complementarity condition.

A promising solution strategy for the implicit program (22) is to apply
a “bundle method”, that is an algorithm specifically designed to solve non-
smooth optimization problems. This idea is presented in [27, 28, 32]. The
implementation of the bundle method we used, btnc [39], was developed for
bound constrained problems and requires the user to provide a Fortran im-
plementation to evaluate the objective function and a subgradient at a user
supplied point. The formulas to generate these quantities were developed in
[32] for the MPEC format described in (21).

The Fortran function was easy to code using the routines developed in
Section 5; essentially the only modification needed to the PATH solver was
an option to allow the optimal basis of an MCP to be returned to the caller.

Derivative free optimization has a long history in mathematical program-
ming. We used MPECLIB in conjunction with a prototype Matlab imple-
mentation of DFO [5] provided by Ph. Toint. This implementation was
designed under the assumption that the dimension of the underlying opti-
mization problem is small and the time to evaluate the objective function is
large. Even though the underlying MCP is large dimensional, provided the
number of tolled arcs is small, these properties are present in the implicit
form of tolling model (22). Based on these assumptions, the DFO algorithm
uses multivariate interpolation to develop good local models and ideas from
the trust region literature to search the (small dimensional) space.

While both of these MPEC solvers succeeded in solving a large class
of tolling problems of the form outlined in Section 4, their performance
was not entirely satisfactory. Even though the number of variables in the
underlying MCP can be large, preliminary numerical results demonstrate
the fact that the current implementations of both these codes are limited
to small numbers of design variables. We believe that future research and
improvements in these and other algorithms will lead to substantially more
robust and efficient implementations. The use of MPECLIB will remain
critical in each such development.
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7 Stochastic models in GAMS

In most practical instances, many of the variables in the previous formula-
tions are not known with certainty, but are estimated from observed data,
perhaps using an MPEC formulation of an inverse problem. Even when we
are willing to believe these estimations as being truly representative of the
actual data in the problem, the network may be subject to dynamic changes
that mean its behavior over time varies considerably. Thus, when failures
occur in a network (due for example to accidents or roadworks), the shortest
paths that each user views in the network changes, and each driver tries to
compensate for these changes by modifying their path choice.

In this stochastic setting, a typical formulation of the user equilibrium
problem assumes that all users have complete information regarding the
plans that every other user has under all possible scenarios or states of the
network. We believe this to be an unreasonable assumption. Instead, we
review below some recent work [16] on how a single user can modify their
shortest path in order to develop a plan that is more robust to failures in
the network. We show how to use some extensions of the GAMS modeling
language to implement these models, and briefly describe the results of this
work.

The model assumes that the network may be in one of finitely many
states characterized by different travel times along the arcs, and allows tran-
sitions between the states according to a continuous-time Markov chain. The
objective is to guide the vehicles in a manner minimizing the total expected
travel time.

We describe the case when the only possible transitions are between state
0 (representing the normal operation mode) and states £ # 0 (representing
failure modes). The rate of transition from 0 to £ # 0 will be denoted by \*,
and the transition rate back by u, see Figure 2. The general case is treated
in [16].

The problem is as follows. At each node n € AN there is a constant
demand flow s,, that must be moved through the network to some destination
node D at the minimum expected travel time. To facilitate the analysis and
to provide ground for more general cases we make the following simplifying
assumptions.

(A1) If the state of the system changes from & to ¢ when a vehicle is on
arc (i, 7) the travel time on (¢,j) remains equal to cfj for this vehicle;
it experiences new travel times only after hitting j.

(A2) The products /\ZC% and ,t/cfj are much smaller than one for each /¢
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Figure 2: Transition diagram of network’s states.

and each (¢,7) € A.

Condition (Al) amounts to assuming that failures occur at the initial
sections of the arcs and do not affect those who have passed them. It is
equally simple to consider other cases, except the notation then becomes
more involved.

Condition (A2) implies that the probability of more than one state tran-
sition during the travel time of a vehicle on an arc (1, j) is negligibly small.

Whenever the arcs are uncapacitated, the problem can be solved as a
stochastic shortest path problem [1, 2, 34]. We analyze the capacitated
problem, in which the main issue is the interaction between vehicles that
started at different times but reach a node at the same time, thus leading
to jams. In this general case there are arc capacities uf]«, associated with
states £ = 0,..., L, so we cannot ignore the interactions between different
flow subvectors, if they share the same arc at the same time.

We assume that all travel times are integer and let M be an upper
bound on all of them. Suppose that a transition from state 0 to state £
takes place, and let ¢ = 0 denote the time of this transition. Let Ylﬁ (t) be
the flow of re-routed vehicles entering arc (7, j) at time ¢. They satisfy the

flow conservation equations

> Vi) - > Yi(t—c)=oi(t), i€ N\D, t=0,1,2,..., (23)
(i,j)€A (G.)€A

to<t
Je—

where o;(t) is the inflow into 7 of the vehicles that experienced the state
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transition while traveling along the arcs leading to ¢:

Ui(t): Z in- (24)
(4,7)eA
c?l.>t

Since the supply (24) vanishes after a finite time (for which an upper bound
M is known), we know that the flows Y will vanish after a finite time, too,
although this time may be much larger than M.

Since we have many sources, and the network is not layered, we cannot
ignore the interactions of the rescheduled flow Y with the flow X*(¢) of
vehicles that started after the state transition to £. We make a simplifying
assumption that further state transitions do not occur during the time that
we are calculating X¢. Even with this assumption, we cannot avoid modeling
the initial non-stationary phase, when the re-routed flow Yé(t) and the new
flow X*(t) interact. The policy that we develop under this assumption is
termed a one-step lookahead policy.

Denoting by T the optimization horizon and by Z¢(t) = Y‘(t) + X*(t)
the effective flow after the state transition, we obtain the problem

minZT: Z cijfj(t) (25)

t=0 (4,5)€A

SN o zity - > Zit—cf) =sitoi(t), i€eN\D, t=0,1,....T,

(1,7)€A (JZ)GA
cjist

(26)

OSij(t)Suf]7 (ivj)GAv t=0,1,...,T, (27)

where the additional supply o;(t) is given by (24). The optimal value Q‘(X)
of the above problem is the rescheduling cost for the plan X, when transition
to state £ occurs.

There are reasons to believe that the value T" does not matter for deter-
mining the robust plan X, provided T is large enough, and that the solution
to (25)-(27) becomes, for large ¢, equal to a solution of the ‘steady-state’
problem associated with state £:

(5,7)€A
Z _f]_ Z Yﬁz_sﬂ ZGN\D7
(1,7)eA (j,i)eA
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0< X5 <uly (i) € A

To avoid some terminal effects associated with the fact that the vehicles
that start late cannot make it to the destination anyway, and therefore
choose short arcs, we may augment (25)—(27) with terminal conditions:

ZE) =Xy, t=T—-7,T—7+1,..,T=1,T, (i,j)eA,  (28)
where 7 is some constant (for example, the maximum travel time on the
arcs). In fact, by choosing T' (or 7) one may change the allowed length of
the transient period, before the flow settles on the new steady-state solution.
This is easily done from within GAMS.

We are now ready to formulate the robust planning problem in the ca-
pacitated case:

mln{ Z CZ]X”—I—ZAZQZ } (29)

(i.4)EA
Z Xij_ Z in:5i7 iEN\D, (30)
(7,7)eA (5,0)eA
0< Xy <ufy, (4,4) € A (31)

The functions Qé(w) are the optimal values of the re-routing problems in
scenarios £ =1,..., L.

Problem (2 ) (31) is similar to two-stage stochastic programming prob-
lems (see [25, 35, 43]). Much is known about these problems, and efficient
solution techniques exist that exploit the structure of the model in question
(see [26, 43] and the references therein). The simplest approach, however, is
to include the linear programs defining Q*(X) into (29)—(31) and construct
a giant linear programming problem with a dual block angular structure:

min Z (CZ]X”—I—Z/\ZZC” i ) (32)

(i,5)eA

subject to (30)—(31) and (26)—(27), and (28). This problem, the determinis-
tic equivalent to a two-stage stochastic program, can be solved by standard
linear programming techniques, such as the simplex method or interior point
methods. In addition, a GAMS link to the SPOSL solver [26] for stochastic
programs is under development and has been used on this problem. This link
accepts the deterministic equivalent, but passes it to SPOSL in stochastic
form for more efficient solution.
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set i ’nodes in traffic network’ /1%24/;
alias (j,1), (k,1i), (1,1i);

set dest(j) identification of destination nodes,
arcs(i,i) arcs;
$include sioux-falls.dat

set time / t0%t100 /
fixed(time) ’steady state solution reached’ ;
fixed(time) = yes$(ord(time) gt 41);

*¥ nodes in the stochastic tree, node0 the root
set nodes ’nodes’ /nodeO*node2/;
parameter cost(nodes,i,i), capacity(i,i), tranrate(nodes);

cost(nodes,arcs) = coef_a(arcs);

cost("nodel","1","2") = 100; cost("node2","21","24") = 100;
capacity(arcs) = inf;

capacity("15","14") = 0.5; capacity("22","23") = 0.5;

variables z(nodes,i,j,time), obj;

equations balance(nodes,i),
robbalance(nodes,i,time), costdef;

balance(nodes,i)$(ord(nodes) eq 1 and not dest(i))..
sum(arcs(i,j), z(nodes,arcs,"t0"))
- sum(arcs(j,i), z(nodes,arcs,"t0"))
=e= demand(i);

robbalance(nodes,i,time)$(ord(nodes) gt 1 and not dest(i))..
sum(arcs(i,j), z(nodes,arcs,time))
- sum(arcs(j,i), z(nodes,arcs,time-cost(nodes,arcs)))
=e= demand (i) +
sum(arcs(j,i)$(cost(""node0" ,arcs) ge ord(time)),
z(""node0" ,arcs,"t0"));

costdef..
obj =e= sum(arcs(i,j), sum(nodes, tranrate(nodes)*
sum(time, cost(nodes,arcs)*z(nodes,arcs,time))));

Figure 3: Robust Path Choice: GAMS model using SP/OSL
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.lo(nodes,arcs,time) 0.0;
.up(nodes,arcs,time) = capacity(arcs);
.fx(nodes, i, j,time)$(not arcs(i,j)) = 0;
.fx(nodes,dest, j,time)$(arcs(dest,j)) = 0;
.fx("node0",arcs,time)$(ord(time) gt 1) = 0;

N N N N N

model robust / costdef, balance, robbalance /;

tranrate(nodes) = 0; tranrate('"nodeQ") = 1;
option 1lp = sposl;
solve robust using lp minimizing obj;

tranrate('"nodel") = 0.01; tranrate('"node2") = 0.05;

* determine steady state flows after each scenario has occurred
set inc_node(nodes); inc_node(nodes) = no;
equation steadyobj(nodes), steadybal(nodes,i);

steadybal(inc_node,i)$(not dest(i))..
sum(arcs(i,j), z(inc_node,arcs,"t0"))
- sum(arcs(j,i), z(inc_node,arcs,"t0"))
=e= demand(i);

steadyobj(inc_node)..
obj =e= sum(arcs, cost(inc_node,arcs)*z(inc_node,arcs,"t0"));

model steady / steadyobj, steadybal /;

option 1lp = osl;

loop(nodes$(ord(nodes) gt 1),
inc_node(nodes) = yes;
solve steady using lp minimizing obj;
z.fx(nodes,arcs,fixed) = z.1l(nodes,arcs,"t0");
inc_node(nodes) = no;

);

option 1lp = sposl;
solve robust using lp minimizing obj;

Figure 4: Robust Path Choice: GAMS model using SP/OSL (cont)
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Figure 5: Shortest path solution for Sioux Falls network.

We have investigated the effects of our modeling format on a simple
example using the same Sioux Falls network as in the MPEC model. Our
GAMS implementation of the model is shown in Figure 3 and Figure 4.

Ignoring the possibility of failure on the arcs, we first solved the shortest
path problems to find the solution shown in Figure 5. In Figure 4, this is
computed as a special case of the robust plan, with 0 probability of failure.
We then considered the possibility of 2 failures in the network, on ares (1,2)
and arc (21,24). We incorporated capacities of 0.5 only on arcs (15,14)
and (22,23) so that when a failure of arc (21,24) occurs, all the flow could
not be rerouted through these arcs. The loop statement in Figure 4 is
used to compute the steady state solution for each arc failure, required to
enforce (28). The resulting robust solution plan obtained from minimizing
(32) subject to (30)—(31), (26)—(27) and (28) is depicted in Figure 6. An
interesting paradox can be observed. Arcs (15,14) and (22,21) that are not
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Figure 6: Robust solution in capacitated case (1" = 40).
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used at all in the shortest path plan have saturating flow sent across them in
the robust plan. This paradox can be explained by the fact that the arcs are
heavily used for rerouting. Thus, to avoid the major expense of rerouting
large amounts of flow through arc (10,11) in the event that (21,24) fails, it
is better to send as much flow as possible away from potential bottlenecks.
Also, in the robust plan, flow is sent from node 8 to node 6, which is in direct
contrast to the shortest path solution depicted in Figure 5 which sends flow
from 6 to 8.

In order to demonstrate the effect of our robust plan on the transient
behavior of the jam, we show the flows on two representative arcs after a
failure occurs. These rerouting flows are calculated under two different plans.
The charts on the top of Figure 7 depict the transient behavior of the flows
on the arcs (15,10) and (10,11) under the plan that chooses shortest paths
initially, and then reroutes the flow when a failure occurs. The charts on
the bottom depict the rerouting flows that occur when we follow the robust
plan; both of these rerouting procedures allow a period 7}, = 40 to attain
the steady state solution. Note that on both of these arcs, the amount of
flow that has to be rerouted in the robust case is less than half that needed
to be rerouted when the shortest path plan is followed.

8 Conclusions

In this paper, we have shown the connection between various forms of traffic
design problems and modeling formats based on complementarity and vari-
ational inequalities. We have used the modeling language GAMS to develop
all the models in this paper; extensions to other modeling languages such as
AIMMS and AMPL could be similarly implemented.

Stochastic modeling and MPEC solution are active areas of current re-
search. We believe that some emerging algorithms for MPEC and stochastic
LP may prove to be suitably quick and robust to satisfactorily solve large
classes of these models. The techniques we have described here allow for easy
formulation of many MPEC’s and interfacing with solvers. The class of prob-
lems for which the algorithms described herein are applicable is restricted by
size of the problem and/or dealing with underlying nonconvexities. Future
research extending both the models and tools outlined in this paper will
remain critical for more reliable problem formulation and solution.
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Figure 7: Flow on (15,10) and (10,11) during transition from shortest path
plan (top) or robust plan (bottom). Failure occurs at ¢ = 1.
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