Data Flow Frameworks
Revisited

Recall that a Data Flow problem is
characterized as:

(a) A Control Flow Graph
(b) A Lattice of Data Flow values

(c) A Meet operator to join solutions
from Predecessors or Successors

(d) A Transfer Function
Out = f(In) or In = f, (Out)
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Value LATTiCE

The lattice of values is usually a meet
semilattice defined by:

A: a set of values

T and L ("top" and “bottom"):
distinguished values in the lattice

<: A reflexive partial order relating
values in the lattice

A: An associative and commutative
meet operator on lattice values
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LatTice Axioms

The following axioms apply to the
lattice defined by A, T, 1, < and A:

as<b < aanb=a
ana=a
aAnb)<a
aAb)<Db
aAT)=a
anl)=1
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Monotone TransFer FuncTtion

Transfer Functions, f:L — L (where L

is the Data Flow Lattice) are normally
required to be monotone.

Thatisx<y =

fo(x) < fy(y).

This rule states that a "worse” input

can't produce a

"better” output.

Monotone transfer functions allow us
to guarantee that data flow solutions

are stable.

If we had f,(T) = L and f,(L)=T,
then solutions might oscillate

between T and _

_ indefinitely.

Since L <T, f,(L) should be < fi(T).

But fy(L) =Tw

nich is not < i (T) =

1. Thus f, isn't monotone.
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DominatoRrs Fit The Data Flow
Framework

Given a set of Basic Blocks, N, we
have:

A is 2N (all subsets of Basic Blocks).
T is N.

L is ¢.

as<b=ach.

f;(in) =In U {Z}

A is M (set intersection).
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The required axioms are satisfied:
acb oanb=a

aNa=a

anNb)ca

anNb)cb

an N) =a

@an)=¢

Also f; is monotone since

acb=au{Zlc bu {Z} =
fz(a) = fz(b)
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Constant PrROpAGATION

We can model Constant Propagation
as a Data Flow Problem. For each
scalar integer variable, we will
determine whether it i1s known to

nold a particular constant value at a
narticular basic block.

The value lattice is

7N

—2,-1,0,1,2, ..

NV

T represents a variable holding a

constant, whose value iIs not yet
known.

| represents a variable holding a
known constant value.

CS 701 Fall 2008°

419




| represents a variable whose value is
non-constant.

This analysis Is complicated by the
fact that variables interact, so we
can't just do a series of independent
one variable analyses.

Instead, the solution lattice will
contain functions (or vectors) that
map each variable in the program to
its constant status (T, L, or some
integer).

Let V be the set of all variables in a
program.
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Lett:V — NU {T.L}

t is the set of all total mappings from
V (the set of variables) to N U {T,1}
(the lattice of “constant status”
values).

For example, t;=(T,6,.L) is a mapping

for three variables (call them A, B and
C) into their constant status. t; says

A iIs considered a constant, with value
as yet undetermined. B holds the
value 6, and C is non-constant.

We can create a lattice composed of t
functions:

t:(V)=T(VV) (t=(T.T.T, ...)
tt(V)=L(VV)(t=(LLL..)
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t, <t, © Vv i,(v) < t(v)
Thus (1,1) < (T,3)
since 1 <Tand L <3.

The meet operator A is applied
componentwise:

ta/\tb = tC
where Vv t.(v) = t,(v) A t,(b)

Thus (1,1) A (T,3) = (1,1)
since1TAT=1Tand L A3 =_1.
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The lattice axioms hold:

t,<t, ©t, At,=t, (since this
axiom holds for each component)

t, Aty =t, (trivially holds)

(t, A ty) < t, (per variable def of A)

(t, A ty) < t, (per variable def of A)

(t, A t7) = t, (true for all

components)

(t, A t}) =t (true for all
components)
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The Transker FuncTion

Constant propagation is a forward
flow problem, so Cout = f,(Cin)

Cin is a function, t(v), that maps
variables to T,.L, or an integer value

fy(t(v)) is defined as:

(1) Initially, let t'(v)=t(v) (Vv)
(2) For each assignment statement
vV =e(W,WomW,)

in b, in order of execution, do:

If any t'(w;) = L (1<i<n))

Then set t'(v) = L (strictness)
Elsif any t'(w;) =T (1<i<n))

Then set t'(v) = T (delay eval of v)
Else t'(v) = e(t'(wq).t'(w>)....)

(3) Cout = t'(v)
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Note that in valid programs, we don't
use uninitialized variables, so
variables mapped to T should only
occur prior to initialization.

Initially, all variables are mapped to T,
Indicating that initially their constant
status 1s unknown.
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Example

1,1
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DistribuTtive FuncTions

From the properties of A and f's
monotone property, we can show that

f(anb) < f(a) A f(b)

To see this note that

anb<a, anb<b=

f(aab) < f(a), f(anb) < f(b) ()
Now we can establish that

XY, X<z = X < yAZ (**)
To see that (**) holds, note that
XSy = XAY = X

XSZ = XAZ = X

(yAZ)AX < yAzZ

(yAZ)AX = (YAZ)A(XAX) =

(yAX)A(zZAX) = XAX = X
Thus x < yaz, establishing (**).
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Now substituting f(aab) for x,

f(a) for y and f(b) for z in (**) and
using (*) we get

f(anb) < f(a) A f(b).

Many Data Flow problems have flow
equations that satisfy the distributive

property:
f(anb) = f(a) A f(b)

For example, in our formulation of

dominators:
Out = fi(In) =In U {b}
where

In = M Out(p)

p € Pred(b)
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In this case, A =M\
Now f,(S:7S,) = (S:7S,) U {b}
Also, f,(S1) 7, (S,) =
(S; U {b}) ™ (S, U {b}) =
(5:7S;) U {b}

So dominators are distributive.

€5 701 Fall 2008 429



Not All Data Flow Problems
ARE DisTribuTive

Constant propagation is not

distributive.
Consider the following (with variables
(x.y.2)):

t; = (T.1,3) t,=(T,2,2)

NS

X=Yy+Z

Now f(t)=t' where

t'(y) = tly), t'(2) = t(2),

t'(x) = if tly)J=L or t(z) = L
then L
elseif t(y)=T or t(z) =T
then T
else t(y)+t(z)
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Now f(t;At,) = f(T,L,L1) = (L,L.1)
f(t,) = (4.1,3)

f(t,) = (4.2,2)

ft,)Af(t,) = (4.L,1) > (L,L,1)




Why does it MatTer if A Data
Flow Problem isn'T
DistribuTtive?

Consider actual program execution
paths from b, to (say) b,.

One path might be bO'bi1'bi2-----bin

where b; =by.

At b, the Data Flow information we
want is

fin('"fiz(fi1 (fO(T)))) = f(bo,b1 ,...,bin)

On a different path to by, say

bo'bj1'bj2""'bjm' where bjm=bk

the Data Flow result we get is
f(bo,bj1,...,bjm).
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Since we can't know at compile time
which path will be taken, we must
combine all possible paths:

/\ f(p)

pe all paths to b

This is the meet over all paths (MOP)
solution. It is the best possible static
solution. (Why?)

As we shall see, the meet over all
paths solution can be computed
efficiently, using standard Data Flow
techniques, if the problem is
Distributive.

Other, non-distributive problems (like
Constant Propagation) can't be solved
as precisely.

Explicitly computing and meeting all
paths is prohibitively expensive.
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Conditional ConsTANT
PRropAGATION

We can extend our Constant
Propagation Analysis to determine
that some paths in a CFG aren't
executable. This i1s Conditional
Constant Propagation.

Consider
i=1;
if (1 > 0)
J = 1;
else j = 2;
Conditional Constant Propagation can

determine that the else part of the if

Is unreachable, and hence § must be
1.
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The idea behind Conditional Constant
Propagation is simple. Initially, we
mark all edges out of conditionals as
“not reachable.”

Starting at b, we propagate constant
information only along edges
considered reachable.

When a boolean expression b(vq,vs,...)

controls a conditional branch, we
evaluate b(v,v,,...) using the t(v)

mapping that identifies the “constant
status” of variables.

If t(v;)=T for any v;, we consider all
out edges unreachable (for now).

Otherwise, we evaluate b(v,,v,,...)
using t(v), getting true, false or L.

€5 701 Fall 2008 435



Note that the short-circuit properties
of boolean operators may yield true
or false even if t(v;)=_L for some v..
If b(vq,vs....) is true or false, we mark
only one out edge as reachable.

Otherwise, if b(v4,v,,...) evaluates to
1, we mark all out edges as reachable.

We propagate constant information
only along reachable edges.
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Example

i =1;
done = 0;
while ( 1 > 0 && ! done) {
if (i == 1)
done = 1;
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(T.T) = (i,done)
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(T.,T) = (i,done)
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Pass 2:

(T.,T) = (i,done)
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Reading AsSiGNMENT

. Read pages 63-end of "Automatic
Program Optimization,” by Ron Cytron.
(Linked from the class Web page.)
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ITeraTive Solution of DaTta Flow
Problems

This algorithm will use DFO
numbering to determine the order In
which blocks are visited for

evaluation. We iterate over the nodes
until convergence.
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EvalDF{
For (all n € CFG) {
soln(n) =T
ReEval(n) = true }
Repeat
LoopAgain = false
For (all n € CFG in DFO order){
If (ReEval(n)) {
ReEval(n) = false
OldSoln = soln(n)

In="A  soln(p)
p € Pred(n)

soln(n) = f,(In)
If (soln(n) # OldSoln) {
For (all s € Suce(n)) {
ReEval(s) = true
LoopAgain = LoopAgain OR
IsBackEdge(n,s)
Frob

Until (! LoopAgain)
)
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Example: Reaching DefiniTions

'

:

0




We'll do this as a set-valued problem
(though it really is just three bit-
valued analyses, since each analysis Is
independent).

L is the power set of Basic Blocks
A Is set union

T is ¢; L is the set of all blocks
as<b=bc a

f3(in) = {3}
fg(in) = {6}
f;(in) = {7}

For all other blocks, f,(in) = in
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We'll track soln and ReEval across

multiple passes

012345678kgglpr;

Initial | & | & | & | & | & | & | & | & & | true
true|true|true|true|true|true|true|true|true

Passl | ¢ | ¢ | ¢ | {3} | {3} {3} {6} | {7} | {7} true
false| true |false|false| true |false|false | false|false

Pass2 | ¢ | {3} | {3} | {3} {3,73{3,7} {6} | {7} | {7} | true
false| true |false|false false|false|false | false|false

Pass3 | & [{3,7}43,7} {3} |{3,7}1{3,7} {6} | {7} | {7} | false
false|false|false|false false|false|false | false|false
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ProperTies of ITeraTive Data
Flow Analysis

. If the height of the lattice (the
maximum distance from T to L) is finite,
then termination is guaranteed.

Why?

Recall that transfer functions are
assumed monotone (a < b = f(a) < f(b)).
Also, A has the property that

anb < a and anb < b.

At each i1teration, some solution value
must change, else we halt. If something
changes it must "move down" the lattice
(we start at T). If the lattice has finite
height, each block's value can change
only a bounded number of times. Hence
termination is guaranteed.
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. If the iterative data flow algorithm
terminates, a valid solution must have
been computed. (This is because data
flow values flow forward, and any
change along a backedge forces another

iteration.)
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How MaNy ITERATIONS ARE
Needed?

Can we bound the number of
iterations needed to compute a data
flow solution?

In our example, 3 passes were needed,
but why?

In an "ideal” CFG, with no loops or
backedges, only 1 pass Is needed.

With backedges, it can take several
passes for a value computed in one
block to reach a block that depends
upon the value.
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Let p be the maximum number of
backedges in any acyclic path in the
CFG.

Then (p+1) passes suffice to
propagate a data flow value to any
other block that uses it.

Recall that any block’s value can
change only a bounded number of
times. In fact, the height of the
lattice (maximum distance from top
to bottom) is that bound.

Thus the maximum number of passes
in our iterative data flow evaluator =

(p+1) * Height of Lattice

In our example, p = 2 and lattice
height really was 1 (we did 3
independent bit valued problems).

So passes needed = (2+1)*1 = 3.
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