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Logistics

•Announcements: 
•HW 3 due today! 
•Proposal due Thursday!
•Class roadmap:

Tuesday, Oct. 12 Neural Networks II

Thursday, Oct. 14 Neural Networks III

Tuesday, Oct. 19 Neural Networks IV

Thursday, Oct. 21 Neural Networks V

Tuesday, Oct. 26 Practical Aspects of 
Training + Review
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Outline

•Neural Networks
•Introduction, Setup, Components, Activations 
•Training Neural Networks
• SGD, Computing Gradients, Backpropagation
•Regularization
• Views, Data Augmentation, Other approaches
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Multilayer Neural Network

•Input: two features from spectral analysis of a spoken sound
•Output: vowel sound occurring in the context “h__d”

figure from Huang  & Lippmann, NIPS 1988

input units

hidden units

output units
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Neural Network Decision Regions

Figure from Huang  & Lippmann, NIPS 1988
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Neural Network Components 

… …

…
… …

…

Hidden variables ℎ! ℎ"Input 𝑥 = ℎ#

First layer

ℎ$

𝑦 = ℎ$%!

Output layer

An 𝐿 + 1 -layer network 
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Feature Encoding for NNs

•Nominal features usually a one hot encoding

•Ordinal features: use a thermometer encoding

•Real-valued features use individual input units (may want to 
scale/normalize them first though)

𝐴 =
1
0
0
0

𝐶 =
0
1
0
0

𝐺 =
0
0
1
0

𝑇 =
0
0
0
1

small=
1
0
0

medium=
1
1
0

large=
1
1
1

 precipitation = 0.68[ ]
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Output Layer: Examples

•Regression: 𝑦 = 𝑤!ℎ + 𝑏
• Linear units: no nonlinearity

•Multi-dimensional regression: 𝑦 = 𝑊!ℎ + 𝑏
• Linear units: no nonlinearity

ℎ

𝑦

Output layer

ℎ

𝑦

Output layer
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Output Layer: Examples

•Binary classification: 𝑦 = 𝜎(𝑤!ℎ + 𝑏)
•Corresponds to using logistic regression on ℎ

•Multiclass classification: 
•𝑦 = softmax 𝑧 where 𝑧 = 𝑊!ℎ + 𝑏

ℎ

𝑦

Output layer

ℎ

𝑦

Output layer

𝑧
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Hidden Layers

•Neuron takes weighted linear combination of the previous 
representation layer
•Outputs one value for the next layer

…
…

ℎ& ℎ&%!
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Hidden Layers

•Outputs 𝑎 = 𝑟 𝑤!𝑥 + 𝑏

•Typical activation function 𝑟
•Sigmoid 𝜎 𝑧 = 1/ 1 + exp(−𝑧)
•Tanh tanh 𝑧 = 2𝜎 2𝑧 − 1
•ReLU r 𝑧 = 𝑚𝑎𝑥[0, 𝑧]

•Why not linear activation functions?
•Model would be linear.

𝑎𝑥
𝑟(⋅)
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More on Activations

•Outputs 𝑎 = 𝑟 𝑤!𝑥 + 𝑏

•Consider gradients… saturating vs. nonsaturating
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MLPs: Multilayer Perceptron

•Ex: 1 hidden layer, 1 output layer: depth 2
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MLPs: Multilayer Perceptron

•Ex: 1 hidden layer, 1 output layer: depth 2
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Multiclass Classification Output

•Create k output units
•Use softmax (just like logistic regression)
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Multiclass Classification Examples

•Protein classification (Kaggle challenge)
•ImageNet
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Break & Quiz
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Training Neural Networks

•Training the usual way. Pick a loss and optimize
•Example: 2 scalar weights

figure from Cho & Chow, Neurocomputing 1999
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Training Neural Networks: SGD

•Algorithm:
•Get
• Initialize weights
•Until stopping criteria met,
• Sample training point.                   without replacemet

• Compute:

• Compute gradient:  

• Update weights: 

D = {(x(1), y(1)), . . . , (x(n), y(n))}

<latexit sha1_base64="xJctoM9iURZ7CaWbt5llZOZqJPY="></latexit>

(x(i), y(i))

<latexit sha1_base64="kXhqD1P2YAOBw/pDEF686P1g9Y0=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTPYCC1ISYqiy6IblxXsBdpYJtNJO3QyCTMTMcQufBU3LhRx62u4822ctllo6w8DH/85h3Pm9yJGpbLtbyO3tLyyupZfL2xsbm3vmLt7TRnGApMGDlko2h6ShFFOGooqRtqRICjwGGl5o6tJvXVPhKQhv1VJRNwADTj1KUZKWz3zwLJKD3dpiZbHJzCZQdmyembRrthTwUVwMiiCTPWe+dXthzgOCFeYISk7jh0pN0VCUczIuNCNJYkQHqEB6WjkKCDSTaf3j+GxdvrQD4V+XMGp+3siRYGUSeDpzgCpoZyvTcz/ap1Y+RduSnkUK8LxbJEfM6hCOAkD9qkgWLFEA8KC6lshHiKBsNKRFXQIzvyXF6FZrTinlbObarF2mcWRB4fgCJSAA85BDVyDOmgADB7BM3gFb8aT8WK8Gx+z1pyRzeyDPzI+fwBsU5PL</latexit>

rL(i)(w) =


@L(d)

@w0
,
@L(d)

@w1
, . . . ,

@L(d)

@wm

�T

<latexit sha1_base64="I3dG2XgHTkWKAYlBRW1PPwjWNZo="></latexit>

w  w � ↵rL(i)(w)

<latexit sha1_base64="cxfB4cNrpZv0sjhLIC37Ltiv0dc=">AAACFnicbVC7SgNBFJ31GeMramkzmAhJkbAbFC2DNhYWEcwDsjHcncyaIbOzy8ysISz5Cht/xcZCEVux82+cPApNPHDhcM693HuPF3GmtG1/W0vLK6tr66mN9ObW9s5uZm+/rsJYElojIQ9l0wNFORO0ppnmtBlJCoHHacPrX479xgOVioXiVg8j2g7gXjCfEdBG6mSKudwAu5z6GqQMB3iAi9gFHvUAuwI8Dvj6Lsmzwig/KORynUzWLtkT4EXizEgWzVDtZL7cbkjigApNOCjVcuxItxOQmhFOR2k3VjQC0od72jJUQEBVO5m8NcLHRuliP5SmhMYT9fdEAoFSw8AznQHonpr3xuJ/XivW/nk7YSKKNRVkusiPOdYhHmeEu0xSovnQECCSmVsx6YEEok2SaROCM//yIqmXS85J6fSmnK1czOJIoUN0hPLIQWeogq5QFdUQQY/oGb2iN+vJerHerY9p65I1mzlAf2B9/gBMYZzw</latexit>

Forward Pass

Backward Pass
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fnetwork(x
(i))

<latexit sha1_base64="TVjEEzkrtr9Ccz3e4ILzrcGGAk8=">AAACCHicbVBNS8NAEN34bf2qevRgsBHaS0lE0aPoxWMFW4W2hs120i7dbMLuRC0hRy/+FS8eFPHqT/Dmv3Fbe9Dqg4HHezPMzAsSwTW67qc1NT0zOze/sFhYWl5ZXSuubzR0nCoGdRaLWF0FVIPgEurIUcBVooBGgYDLoH869C9vQGkeywscJNCOaFfykDOKRvKL244T+lkL4Q4zCXgbq36el++uszKv5BXH8Yslt+qOYP8l3piUyBg1v/jR6sQsjUAiE1Trpucm2M6oQs4E5IVWqiGhrE+70DRU0gh0Oxs9ktu7RunYYaxMSbRH6s+JjEZaD6LAdEYUe3rSG4r/ec0Uw6N2xmWSIkj2vShMhY2xPUzF7nAFDMXAEMoUN7farEcVZWiyK5gQvMmX/5LGXtXbrx6c75WOT8ZxLJAtskPKxCOH5JickRqpE0buySN5Ji/Wg/VkvVpv361T1nhmk/yC9f4Fz8qZMA==</latexit>



Training Neural Networks: Minibatch SGD

•Algorithm:
•Get
• Initialize weights
•Until stopping criteria met,
• Sample b points 

• Compute:

• Compute gradients:  

• Update weights: 

D = {(x(1), y(1)), . . . , (x(n), y(n))}

<latexit sha1_base64="xJctoM9iURZ7CaWbt5llZOZqJPY="></latexit>

Forward Pass

Backward Pass
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j1, j2, . . . , jb

<latexit sha1_base64="wXBMdtqEJoRqb5Q3ch2YgjcKks4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM9gILkpJiqLLohuXFewD2hAmk0k77SQTZiZCKcWNv+LGhSJu/Qp3/o2TNgttPXDhzDn3MvceP2FUKtv+Ngorq2vrG8XN0tb2zu6euX/QkjwVmDQxZ1x0fCQJozFpKqoY6SSCoMhnpO2PbjK//UCEpDy+V+OEuBHqxzSkGCkteeaRZQ09pwKHXq0CeyzgSmYP37I8s2xX7RngMnFyUgY5Gp751Qs4TiMSK8yQlF3HTpQ7QUJRzMi01EslSRAeoT7pahqjiEh3MjthCk+1EsCQC12xgjP198QERVKOI193RkgN5KKXif953VSFV+6ExkmqSIznH4Upg4rDLA8YUEGwYmNNEBZU7wrxAAmElU6tpENwFk9eJq1a1TmvXtzVyvXrPI4iOAYn4Aw44BLUwS1ogCbA4BE8g1fwZjwZL8a78TFvLRj5zCH4A+PzBzKllME=</latexit>

fnetwork(x
(j1)), . . . , fnetwork(x

(jb))

<latexit sha1_base64="H0FFKWozV/7kKJXZhCnjp14xqek="></latexit>

rL(j1)(w), . . . ,rL(jb)(w)

<latexit sha1_base64="W+zDgCUlhfFzDsleLJpsfMvo5ko=">AAACHnicbVDLSgMxFM34rPU16tJNsBVakDJTLLosunHhooJ9QFtLJpNpYzOZIckoZeiXuPFX3LhQRHClf2M6nUVtPXC5h3PuJbnHCRmVyrJ+jKXlldW19cxGdnNre2fX3NtvyCASmNRxwALRcpAkjHJSV1Qx0goFQb7DSNMZXk785gMRkgb8Vo1C0vVRn1OPYqS01DMr+XyHI4cheH0XF+57dnFceCyewA5zAyV1nzWdxIT5fM/MWSUrAVwkdkpyIEWtZ3513ABHPuEKMyRl27ZC1Y2RUBQzMs52IklChIeoT9qacuQT2Y2T88bwWCsu9AKhiyuYqLMbMfKlHPmOnvSRGsh5byL+57Uj5Z13Y8rDSBGOpw95EYMqgJOsoEsFwYqNNEFYUP1XiAdIIKx0olkdgj1/8iJplEv2aalyU85VL9I4MuAQHIECsMEZqIIrUAN1gMETeAFv4N14Nl6ND+NzOrpkpDsH4A+M71+xu58c</latexit>

w  w � ↵

b

bX

k=1

rL(jk)(w)

<latexit sha1_base64="De6oHc0n+Kn44A5SrF5eXOx2i10="></latexit>



Training Neural Networks: Chain Rule

•Will need to compute terms like:

•But, L is a composition of:
• Loss with output y
• Output itself a composition of softmax with outer layer
• Outer layer a combination of outputs from previous layer
• Outputs from prev. layer a composition of activations and linear functions…

•Need the chain rule!
•Suppose
•Then,  

@L

@w1

<latexit sha1_base64="97lBgYP07T7EXHroQ/eMFim8PGg=">AAACDHicbVDLSgMxFL1TX7W+qi7dBDuCqzJTFF0W3bhwUcE+oB1KJs20oZkHSUYpw3yAG3/FjQtF3PoB7vwbM+2A2nogcDjn3CT3uBFnUlnWl1FYWl5ZXSuulzY2t7Z3yrt7LRnGgtAmCXkoOi6WlLOANhVTnHYiQbHvctp2x5eZ376jQrIwuFWTiDo+HgbMYwQrLfXLFdPseQKTpBdhoRjm6Dr94fd9OzVNnbKq1hRokdg5qUCORr/82RuEJPZpoAjHUnZtK1JOkl1KOE1LvVjSCJMxHtKupgH2qXSS6TIpOtLKAHmh0CdQaKr+nkiwL+XEd3XSx2ok571M/M/rxso7dxIWRLGiAZk95MUcqRBlzaABE5QoPtEEE8H0XxEZYd2N0v2VdAn2/MqLpFWr2ifV05tapX6R11GEAziEY7DhDOpwBQ1oAoEHeIIXeDUejWfjzXifRQtGPrMPf2B8fAOQrpqs</latexit>

L = L(g1, . . . , gk)

<latexit sha1_base64="EDFWH0D2kFdERB7DAGPZV4LmWKg=">AAACBHicbVDLSsNAFJ34rPUVddnNYCNUKCUpim6EohsXXVSwD2hDmEwm6dDJg5mJUEIXbvwVNy4UcetHuPNvnLZZaOuBC4dz7uXee9yEUSFN81tbWV1b39gsbBW3d3b39vWDw46IU45JG8cs5j0XCcJoRNqSSkZ6CScodBnpuqObqd99IFzQOLqX44TYIQoi6lOMpJIcvWQYTXgFm5XAsapwwLxYiioMnNGpYTh62ayZM8BlYuWkDHK0HP1r4MU4DUkkMUNC9C0zkXaGuKSYkUlxkAqSIDxCAekrGqGQCDubPTGBJ0rxoB9zVZGEM/X3RIZCIcahqzpDJIdi0ZuK/3n9VPqXdkajJJUkwvNFfsqgjOE0EehRTrBkY0UQ5lTdCvEQcYSlyq2oQrAWX14mnXrNOqud39XLjes8jgIogWNQARa4AA1wC1qgDTB4BM/gFbxpT9qL9q59zFtXtHzmCPyB9vkDtwSU9w==</latexit>

gj = gj(w1, . . . , wp)

<latexit sha1_base64="zp73NedAaGie0Da7HUWX8Qm6uXk=">AAACCHicbVDLSsNAFJ3UV62vqEsXDjZChVKSouhGKLpxWcE+oA1hMpm0YycPZiaWErp046+4caGIWz/BnX/jtM1CWw/cy+Gce5m5x40ZFdI0v7Xc0vLK6lp+vbCxubW9o+/uNUWUcEwaOGIRb7tIEEZD0pBUMtKOOUGBy0jLHVxP/NYD4YJG4Z0cxcQOUC+kPsVIKsnRDw2j59zDS6h6aehYZdhlXiRFGQ6d+MQwHL1oVswp4CKxMlIEGeqO/tX1IpwEJJSYISE6lhlLO0VcUszIuNBNBIkRHqAe6SgaooAIO50eMobHSvGgH3FVoYRT9fdGigIhRoGrJgMk+2Lem4j/eZ1E+hd2SsM4kSTEs4f8hEEZwUkq0KOcYMlGiiDMqforxH3EEZYqu4IKwZo/eZE0qxXrtHJ2Wy3WrrI48uAAHIESsMA5qIEbUAcNgMEjeAav4E170l60d+1jNprTsp198Afa5w9m35cM</latexit>

@L

@wi
=

kX

j=1

@L

@gj

@gj
@wi

<latexit sha1_base64="QqYLcxJvEki+yQHLzpwnQAg9rqE="></latexit>



Computing Gradients
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Computing Gradients
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Computing Gradients
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Computing Gradients
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Computing Gradients
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Computing Gradients
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Computing Gradients: More Layers
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Computing Gradients: More Layers
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Computing Gradients: More Layers
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Computing Gradients: More Layers
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Backpropagation

•Now we can compute derivatives for particular neurons, but 
we want to automate this process
•Set up a computation graph and run on the graph
•Go backwards from top to bottom, recursively computing 
gradients 

38
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Break & Quiz
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Review: Overfitting

•What is it? When empirical loss and expected loss are 
different
•Possible solutions:
• Larger data set
•Throwing away useless hypotheses also helps (regularization)



Review: Regularization

•In general: any method to prevent overfitting or help 
optimization

•One approach: additional terms in the optimization objective

•Different “views”
•Hard constraint,
•Soft constraint,
•Bayesian view



Regularization: Hard Constraint View

•Training objective / parametrized version

•When 𝛺 measured by some quantity 𝑅

min
!

$𝐿 𝑓 =
1
𝑛*
"#$

%

𝑙(𝑓, 𝑥" , 𝑦")

subject to: 𝑓 ∈ 𝓗

min
&

$𝐿 𝜃 =
1
𝑛*
"#$

%

𝑙(𝜃, 𝑥" , 𝑦")

subject to: 𝜃 ∈ 𝛺

min
&

$𝐿 𝜃 =
1
𝑛*
"#$

%

𝑙(𝜃, 𝑥" , 𝑦")

subject to: 𝑅 𝜃 ≤ 𝑟

min
&

$𝐿 𝜃 =
1
𝑛*
"#$

%

𝑙(𝜃, 𝑥" , 𝑦")

subject to: | 𝜃| '' ≤ 𝑟'

L2 Regularization



Regularization: Soft Constraint View

•Equivalent to, for some parameter 𝜆∗ > 0

•For L2,

•Comes from Lagrangian duality 

min
!

$𝐿" 𝜃 =
1
𝑛*
#$%

&

𝑙(𝜃, 𝑥# , 𝑦#) + 𝜆∗𝑅(𝜃)

min
!

$𝐿" 𝜃 =
1
𝑛*
#$%

&

𝑙(𝜃, 𝑥# , 𝑦#) + 𝜆∗| 𝜃| ((



Regularization: Bayesian Prior View

•Recall our MAP version of training. Bayes law:

•MAP:

•L2: Corresponds to normal 𝑝 𝑥 |𝑦, 𝜃 , normal prior 𝑝(𝜃)

𝑝 𝜃 | {𝑥!, 𝑦!} =
𝑝 𝜃 𝑝 𝑥!, 𝑦! 𝜃)

𝑝({𝑥!, 𝑦!})

max
"
log 𝑝 𝜃 | {𝑥!, 𝑦!} = min

"
− log 𝑝 𝜃 − log 𝑝 𝑥!, 𝑦! | 𝜃

Regularization MLE loss



Choice of View?

•Typical choice for optimization: soft-constraint

min
#

<𝐿$ 𝜃 = <𝐿 𝜃 + 𝜆𝑅(𝜃)

•Hard constraint / Bayesian view: conceptual / for derivation
•Hard-constraint preferred if
•Know the explicit bound 𝑅 𝜃 ≤ 𝑟

•Bayesian view preferred if
•Domain knowledge easy to represent as a prior



Examples: L2 Regularization

•Again, 

min
#

<𝐿$ 𝜃 = <𝐿(𝜃) +
𝜆
2
| 𝜃| %%

•Questions: what are the

•Effects on (stochastic) gradient descent?

•Effects on the optimal solution?



L2 Regularization: Effect on GD

•Gradient of regularized objective

𝛻<𝐿$ 𝜃 = 𝛻<𝐿(𝜃) + 𝜆𝜃

•Gradient descent update 

𝜃 ← 𝜃 − 𝜂𝛻<𝐿$ 𝜃 = 𝜃 − 𝜂 𝛻<𝐿 𝜃 − 𝜂𝜆𝜃

= 1 − 𝜂𝜆 𝜃 − 𝜂 𝛻<𝐿 𝜃

•In words, weight decay



L2 Regularization: Effect on Optimal Solution

•Consider a quadratic approximation around 𝜃∗

<𝐿 𝜃 ≈ <𝐿 𝜃∗ + 𝜃 − 𝜃∗ !𝛻<𝐿 𝜃∗ +
1
2
𝜃 − 𝜃∗ !𝐻 𝜃 − 𝜃∗

•Since 𝜃∗ is optimal, 𝛻<𝐿 𝜃∗ = 0

<𝐿 𝜃 ≈ <𝐿 𝜃∗ +
1
2
𝜃 − 𝜃∗ !𝐻 𝜃 − 𝜃∗

𝛻<𝐿 𝜃 ≈ 𝐻 𝜃 − 𝜃∗



L2 Regularization: Effect on Optimal Solution

•Gradient of regularized objective: 𝛻<𝐿$ 𝜃 ≈ 𝐻 𝜃 − 𝜃∗ + 𝜆𝜃

•On the optimal 𝜃$∗ : 0 = 𝛻<𝐿$ 𝜃$∗ ≈ 𝐻 𝜃$∗ − 𝜃∗ + 𝜆𝜃$∗

𝜃$∗ ≈ 𝐻 + 𝜆𝐼 &'𝐻𝜃∗

•𝐻 has eigendecomp. 𝐻 = 𝑄Λ𝑄! , assume Λ + 𝜆𝐼 &' exists:

𝜃"∗ ≈ 𝐻 + 𝜆𝐼 $%𝐻𝜃∗ = 𝑄 Λ + 𝜆𝐼 $%Λ𝑄!𝜃∗

•Effect: rescale along eigenvectors of 𝑯



L2 Regularization: Effect on Optimal Solution

Effect: rescale along eigenvectors of 𝐻
Visual Example:

Figure from Deep Learning, 
Goodfellow, Bengio and Courville



L1 Regularization: Effect on GD

min
#

<𝐿$ 𝜃 = <𝐿(𝜃) + 𝜆| 𝜃 |'

•Effect on (stochastic) gradient descent:
•Gradient of regularized objective

𝛻<𝐿$ 𝜃 = 𝛻<𝐿 𝜃 + 𝜆sign(𝜃)
where 𝐬𝐢𝐠𝐧 applies to each element in 𝜃
•Gradient descent update 

𝜃 ← 𝜃 − 𝜂𝛻<𝐿$ 𝜃 = 𝜃 − 𝜂 𝛻<𝐿 𝜃 − 𝜂𝜆sign(𝜃)



L1 Regularization: Effect on Optimal Solution

•Again, 

<𝐿 𝜃 ≈ <𝐿 𝜃∗ +
1
2
𝜃 − 𝜃∗ !𝐻 𝜃 − 𝜃∗

•Further assume that 𝐻 is diagonal and positive (𝐻((> 0, ∀𝑖)
•not true in general but assume for getting some intuition

•The regularized objective is (ignoring constants)

<𝐿$ 𝜃 ≈Q
(

1
2
𝐻(( 𝜃( − 𝜃(∗ % + 𝜆|𝜃(|



L1 Regularization: Effect on Optimal Solution

•The regularized objective is (ignoring constants)

L𝐿" 𝜃 ≈N
&

1
2
𝐻&& 𝜃& − 𝜃&∗ ' + 𝜆|𝜃&|

•The optimal 𝜃"∗

(𝜃"∗)& ≈
max 𝜃&∗ −

𝜆
𝐻&&

, 0 if 𝜃&∗ ≥ 0

min 𝜃&∗ +
𝜆
𝐻&&

, 0 if 𝜃&∗ < 0

•Compact expression for the optimal 𝜃"∗

(𝜃"∗)& ≈ sign 𝜃&∗ max{ 𝜃&∗ −
𝜆
𝐻&&

, 0}



L1 Regularization: Effect on Optimal Solution

•The optimal 𝜃"∗

(𝜃"∗)& ≈
max 𝜃&∗ −

𝜆
𝐻&&

, 0 if 𝜃&∗ ≥ 0

min 𝜃&∗ +
𝜆
𝐻&&

, 0 if 𝜃&∗ < 0

•Effect: induces sparsity

−
𝜆
𝐻!!

𝜆
𝐻!!

(𝜃"∗)!

(𝜃∗)!



Thanks Everyone!

Some of the slides in these lectures have been adapted/borrowed from materials developed by Mark Craven, 
David Page, Jude Shavlik, Tom Mitchell, Nina Balcan, Elad Hazan, Tom Dietterich, Pedro Domingos, Jerry Zhu, 
Yingyu Liang, Volodymyr Kuleshov, Sharon Li 56


