
CS 760: Machine Learning
Regression: II

Fred Sala
University of Wisconsin-Madison

Sept. 30, 2021



Logistics

•Announcements : 
•HW 2 due tonight at midnight
•Project info released. Proposal due Oct. 14
•Class roadmap:

Thursday Sept. 30 Regression II

Tuesday, Oct. 5 Naive Bayes

Thursday, Oct. 7 Neural Networks I

Tuesday, Oct. 12 Neural Networks II

Thursday, Oct. 14 Neural Networks III

Supervised Learning



Outline

•Logistic Regression
•Maximum likelihood estimation, setup, comparisons
•Logistic Regression: Multiclass
•Extending to multiclass, softmax, cross-entropy
•Gradient Descent & SGD
•Convergence proof for GD, introduction to SGD
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Linear Classification: Attempt 2

•Let’s think probabilistically. Learn                  instead  

•How?
•Specify the conditional distribution 
•Use MLE to derive a loss 
•Run gradient descent (or related optimization algorithm)

• Leads to logistic regression

P✓(y|x)

<latexit sha1_base64="18ZAvZyVxm/jOwCZY7cN/LzXCOA=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NGaEeAkzQdFj0IvHCGaBJAw9nU7SpKdn6K4R4xj8FS8eFPHqf3jzb+wsB018UPB4r4qqekEsuAbX/bYyS8srq2vZ9dzG5tb2jr27V9NRoiir0khEqhEQzQSXrAocBGvEipEwEKweDK7Gfv2OKc0jeQvDmLVD0pO8yykBI/n2geNU/LQFfQZkVBg+3p84DvbtvFt0J8CLxJuRPJqh4ttfrU5Ek5BJoIJo3fTcGNopUcCpYKNcK9EsJnRAeqxpqCQh0+10cv0IHxulg7uRMiUBT9TfEykJtR6GgekMCfT1vDcW//OaCXQv2imXcQJM0umibiIwRHgcBe5wxSiIoSGEKm5uxbRPFKFgAsuZELz5lxdJrVT0TotnN6V8+XIWRxYdoiNUQB46R2V0jSqoiih6QM/oFb1ZT9aL9W59TFsz1mxmH/2B9fkDjwiUAA==</latexit>

P✓(y|x)

<latexit sha1_base64="18ZAvZyVxm/jOwCZY7cN/LzXCOA=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NGaEeAkzQdFj0IvHCGaBJAw9nU7SpKdn6K4R4xj8FS8eFPHqf3jzb+wsB018UPB4r4qqekEsuAbX/bYyS8srq2vZ9dzG5tb2jr27V9NRoiir0khEqhEQzQSXrAocBGvEipEwEKweDK7Gfv2OKc0jeQvDmLVD0pO8yykBI/n2geNU/LQFfQZkVBg+3p84DvbtvFt0J8CLxJuRPJqh4ttfrU5Ek5BJoIJo3fTcGNopUcCpYKNcK9EsJnRAeqxpqCQh0+10cv0IHxulg7uRMiUBT9TfEykJtR6GgekMCfT1vDcW//OaCXQv2imXcQJM0umibiIwRHgcBe5wxSiIoSGEKm5uxbRPFKFgAsuZELz5lxdJrVT0TotnN6V8+XIWRxYdoiNUQB46R2V0jSqoiih6QM/oFb1ZT9aL9W59TFsz1mxmH/2B9fkDjwiUAA==</latexit>



Likelihood Function

•Captures the probability of seeing some data as a function of 
model parameters:

• If data is iid, we have

•Often more convenient to work with the log likelihood
• Log is a monotonic + strictly increasing function

L(✓;X) = P✓(X)

<latexit sha1_base64="4LGPeXQEAc7f5F8jMkRKmgHLCGQ=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g1khsQi7QVEQIWhjYRHBPCAJYXYymwyZfTBzVwhL/sHGX7GxUMTWxs6/cZJsoYkHBs6ccy/33uNGgiuw7W8js7S8srqWXc9tbG5t75i7e3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13OH1xG88MKl4GNzDKGIdn/QD7nFKQEtd89iy2j6BASUiuR0X2jBgQC5ws4gvcbWbzP7jQrNoWV0zb5fsKfAicVKSRymqXfOr3Qtp7LMAqCBKtRw7gk5CJHAq2DjXjhWLCB2SPmtpGhCfqU4yvWmMj7TSw14o9QsAT9XfHQnxlRr5rq6c7K/mvYn4n9eKwTvvJDyIYmABnQ3yYoEhxJOAcI9LRkGMNCFUcr0rpgMiCQUdY06H4MyfvEjq5ZJzUjq9K+crV2kcWXSADlEBOegMVdANqqIaougRPaNX9GY8GS/Gu/ExK80Yac8++gPj8weXqpwU</latexit>

L(✓;X) =
Y

j

p✓(xj)

<latexit sha1_base64="XiOo2ygPOKV91nFL2S6aEV6hQHM="></latexit>



Maximum Likelihood

•For some set of data, find the parameters that maximize the 
likelihood / log-likelihood

•Example: suppose we have n samples from a Bernoulli 
distribution

Then, 

✓̂ = argmax
✓

L(✓;X)

<latexit sha1_base64="m/FrlTLZQVA+aEAh6Ej0FVspLDw=">AAACJnicbVDJSgNBEO1xjXEb9eilMRH0EmaCoiCC6MWDBwWjgcww1HQ6SZOehe4aMQz5Gi/+ihcPERFvfoqdBXF70PD6vSqq6oWpFBod592amp6ZnZsvLBQXl5ZXVu219RudZIrxGktkouohaC5FzGsoUPJ6qjhEoeS3Yfds6N/ecaVFEl9jL+V+BO1YtAQDNFJgH5fLXgcw97DDEfr0mHqg2tSL4D74Es0POwxkftHfGWtHtL5Ly+XALjkVZwT6l7gTUiITXAb2wGsmLIt4jEyC1g3XSdHPQaFgkveLXqZ5CqwLbd4wNIaIaz8fndmn20Zp0laizIuRjtTvHTlEWvei0FQOF9a/vaH4n9fIsHXo5yJOM+QxGw9qZZJiQoeZ0aZQnKHsGQJMCbMrZR1QwNAkWzQhuL9P/ktuqhV3r7J/VS2dnE7iKJBNskV2iEsOyAk5J5ekRhh5IE9kQF6sR+vZerXexqVT1qRng/yA9fEJYkOkdA==</latexit>

P✓(X = x) =

(
✓ x = 1

1� ✓ x = 0

<latexit sha1_base64="SRebAzmP3V2f3PTxmJFp+XTl/s4="></latexit>

L(✓;X) =
nY

i=1

P (X = xi) = ✓k(1� ✓)n�k

<latexit sha1_base64="aOegeYVzuyUxp/UM1FzHoTkBCCg="></latexit>



Maximum Likelihood: Example

•Want to maximize likelihood w.r.t. Θ

•Differentiate (use product rule) and set to 0. Get

•So: ML estimate is 

L(✓;X) =
nY

i=1

P (X = xi) = ✓k(1� ✓)n�k

<latexit sha1_base64="aOegeYVzuyUxp/UM1FzHoTkBCCg="></latexit>

✓h�1(1� ✓)n�h�1(h� n✓) = 0

<latexit sha1_base64="K/svDopO9cRTwpYpAQuyo671Wmg=">AAACHHicbZDLSgMxFIYzXmu9VV26CbZCXbTMVEU3QtGNywr2Ar2RSdNOaCYzJGeEMvRB3Pgqblwo4saF4NuYtrPQ1h8Cf75zDsn53VBwDbb9bS0tr6yurac20ptb2zu7mb39mg4iRVmVBiJQDZdoJrhkVeAgWCNUjPiuYHV3eDOp1x+Y0jyQ9zAKWdsnA8n7nBIwqJs5zeVa4DEgndgrOOO8U5hdTzqxLEyJhwtYJhBfYTuX62aydtGeCi8aJzFZlKjSzXy2egGNfCaBCqJ107FDaMdEAaeCjdOtSLOQ0CEZsKaxkvhMt+PpcmN8bEgP9wNljgQ8pb8nYuJrPfJd0+kT8PR8bQL/qzUj6F+2Yy7DCJiks4f6kcAQ4ElSuMcVoyBGxhCquPkrph5RhILJM21CcOZXXjS1UtE5K57flbLl6ySOFDpERyiPHHSByugWVVAVUfSIntErerOerBfr3fqYtS5ZycwB+iPr6wdKY55Y</latexit>

✓̂ =
h

n

<latexit sha1_base64="IcBxOFuS9FtTlgl710GRlQKuDd8=">AAACB3icbVBNS8NAEN34WetX1aMgi63gqSRF0YtQ9OKxgv2AppTNdtMs3WzC7kQoITcv/hUvHhTx6l/w5r9x2+agrQ8GHu/NMDPPiwXXYNvf1tLyyuraemGjuLm1vbNb2ttv6ShRlDVpJCLV8YhmgkvWBA6CdWLFSOgJ1vZGNxO//cCU5pG8h3HMeiEZSu5zSsBI/dJRpeIGBFIXAgYkw1fY9RWhaZClMqtU+qWyXbWnwIvEyUkZ5Wj0S1/uIKJJyCRQQbTuOnYMvZQo4FSwrOgmmsWEjsiQdQ2VJGS6l07/yPCJUQbYj5QpCXiq/p5ISaj1OPRMZ0gg0PPeRPzP6ybgX/ZSLuMEmKSzRX4iMER4EgoecMUoiLEhhCpubsU0ICYHMNEVTQjO/MuLpFWrOmfV87tauX6dx1FAh+gYnSIHXaA6ukUN1EQUPaJn9IrerCfrxXq3PmatS1Y+c4D+wPr8Adh7mKs=</latexit>

h = |{x_i | x_i = 1}|



ML: Conditional Likelihood

•Similar idea, but now using conditional probabilities:

• If data is iid, we have

•Now we can apply this to linear classification: yields logistics 
regression.

L(✓;Y,X) = p✓(Y |X)

<latexit sha1_base64="5l72lQze4EmqNRjKXq7hlR6fsm0=">AAACGXicbVDLSgMxFM34rPU16tJNsCO0IGWmKAoiFN24cFHBvmhLyaRpG5p5kNwRytjfcOOvuHGhiEtd+Tem7Sy09UDgcM693JzjhoIrsO1vY2FxaXllNbWWXt/Y3No2d3YrKogkZWUaiEDWXKKY4D4rAwfBaqFkxHMFq7qDq7FfvWdS8cC/g2HIWh7p+bzLKQEttU3bsnDTI9CnRMQ3o2wT+gzIOa4f4VoOX+CwHU+lUbb+UMtZVtvM2Hl7AjxPnIRkUIJS2/xsdgIaecwHKohSDccOoRUTCZwKNko3I8VCQgekxxqa+sRjqhVPko3woVY6uBtI/XzAE/X3Rkw8pYaeqyfHIdSsNxb/8xoRdM9aMffDCJhPp4e6kcAQ4HFNuMMloyCGmhAquf4rpn0iCQVdZlqX4MxGnieVQt45zp/cFjLFy6SOFNpHByiLHHSKiugalVAZUfSIntErejOejBfj3fiYji4Yyc4e+gPj6wdhnJ4K</latexit>

L(✓;Y,X) =
Y

j

p✓(yj |xj)

<latexit sha1_base64="7vRXdIew8YWKJVjykca3HTKn5h8="></latexit>



Logistic Regression: Conditional Distribution 

•Notation: 

•Conditional Distribution: 

�(z) =
1

1 + exp(�z)
=

exp(z)

1 + exp(z)

<latexit sha1_base64="gQqmGaUmXNXruS35mDyCJYy72ZY="></latexit>

Sigmoid

P✓(y = 1|x) = �(✓Tx) =
1

1 + exp(�✓Tx)

<latexit sha1_base64="WHCgCSrwTkUWhVmSAmPcZHVXbzA="></latexit>



Logistic Regression: Loss

•Conditional MLE: 

•So: 

Or, 

log likelihood(w|x(i), y(i)) = logP✓(y
(i)|x(i))

<latexit sha1_base64="L5b1WzSwCXE56KDCp4lj1jLX8zA="></latexit>

min
✓

`(f✓) = min
✓

� 1

n

nX

i=1

logP✓(y
(i)|x(i))

<latexit sha1_base64="YVNVxtPFN+D7h+WguXHdmASss/8="></latexit>

min
✓

� 1

n

X

y(i)=1

log �(✓Tx(i))� 1

n

X

y(i)=0

log(1� �(✓Tx(i)))

<latexit sha1_base64="qiz63Gtjprv7eMHqlCLqXDfC9I4="></latexit>



Logistic Regression: Sigmoid Properties

•Bounded: 

•Symmetric:

•Gradient: 

�(z) =
1

1 + exp(�z)
2 (0, 1)

<latexit sha1_base64="z+w45llBJtY6hTVQYSHb30cP4EM=">AAACF3icbVDLSsNAFJ34rPVVdelmsBVa1JAURTdC0Y3LCvYBTSiT6aQdOpmEmYnYhv6FG3/FjQtF3OrOv3HaZqGtBy4czrmXe+/xIkalsqxvY2FxaXllNbOWXd/Y3NrO7ezWZRgLTGo4ZKFoekgSRjmpKaoYaUaCoMBjpOH1r8d+454ISUN+pwYRcQPU5dSnGCkttXNmoeBI2g1QcViCl9DxBcKJPUrsI4c8RMWTYWkEHcph0Tq2S4VCO5e3TGsCOE/slORBimo79+V0QhwHhCvMkJQt24qUmyChKGZklHViSSKE+6hLWppyFBDpJpO/RvBQKx3oh0IXV3Ci/p5IUCDlIPB0Z4BUT856Y/E/rxUr/8JNKI9iRTieLvJjBlUIxyHBDhUEKzbQBGFB9a0Q95CORukoszoEe/bleVIvm/apeXZbzleu0jgyYB8cgCKwwTmogBtQBTWAwSN4Bq/gzXgyXox342PaumCkM3vgD4zPHzMbnCk=</latexit>

1� �(z) =
exp(�z)

1 + exp(�z)
=

1

exp(z) + 1
= �(�z)

<latexit sha1_base64="hfW3i5ushSrv3b8zXb7KOB2h28k="></latexit>

�0(z) =
exp(�z)

(1 + exp(�z))2
= �(z)(1� (�(z))

<latexit sha1_base64="H90HAUyECqSEpJzxoz6gouRhYoY="></latexit>



Logistic regression: Summary

•Logistic regression = sigmoid conditional distribution + MLE

•More precisely:
•Give training data iid from some distribution D, 
•Train: 

•Test: output label probabilities 

min
✓

`(f✓) = min
✓

� 1

n

nX

i=1

logP✓(y
(i)|x(i))

<latexit sha1_base64="YVNVxtPFN+D7h+WguXHdmASss/8="></latexit>

P✓(y = 1|x) = �(✓Tx) =
1

1 + exp(�✓Tx)

<latexit sha1_base64="WHCgCSrwTkUWhVmSAmPcZHVXbzA="></latexit>



Logistic Regression: Comparisons

•Recall the first attempt:

•Difficult to optimize!!
•Another way: run least squares, ignore that y is 0 or 1:

`(f✓) =
1

m

mX

i=1

1{step(f✓(x(i)) 6= y(i))

<latexit sha1_base64="IwXQtGB29VTKZZH2ITl/T2QWwjs="></latexit>

`(f✓) =
1

n

nX

j=1

(f✓(x
(j))� y(j))2

<latexit sha1_base64="EOOGIiObnB0KY5hglQa3f2PYt9c="></latexit>



Logistic Regression: Comparisons

•Downside: not robust to “outliers”

Figure: Pattern Recognition and Machine Learning, Bishop



Break & Quiz
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Logistic Regression: Beyond Binary

•We started with this conditional distribution:

•Now let’s try to extend it. 
•Can no longer just use one 
•But we can try multiple…

P✓(y = 1|x) = �(✓Tx) =
1

1 + exp(�✓Tx)

<latexit sha1_base64="WHCgCSrwTkUWhVmSAmPcZHVXbzA="></latexit>

✓Tx

<latexit sha1_base64="zoPBiLvcqsqqTrN6N89faZ+VV+M=">AAAB9HicbVBNT8JAEN3iF+IX6tHLRmriibREo0eiF4+Y8JVAJdtlCxu227o7JZKG3+HFg8Z49cd489+4QA8KvmSSl/dmMjPPjwXX4DjfVm5tfWNzK79d2Nnd2z8oHh41dZQoyho0EpFq+0QzwSVrAAfB2rFiJPQFa/mj25nfGjOleSTrMImZF5KB5AGnBIzk2XYXhgzIQ/3JtnvFklN25sCrxM1ICWWo9Ypf3X5Ek5BJoIJo3XGdGLyUKOBUsGmhm2gWEzoiA9YxVJKQaS+dHz3FZ0bp4yBSpiTgufp7IiWh1pPQN50hgaFe9mbif14ngeDaS7mME2CSLhYFicAQ4VkCuM8VoyAmhhCquLkV0yFRhILJqWBCcJdfXiXNStm9KF/eV0rVmyyOPDpBp+gcuegKVdEdqqEGougRPaNX9GaNrRfr3fpYtOasbOYY/YH1+QNZvZEu</latexit>



Logistic Regression: Beyond Binary

•Let’s set, for y in 1,2,…,k

•Note: we have several weight vectors now (1 per class).
•To train, same as before (just more weight vectors).

min
✓

� 1

n

nX

i=1

logP✓(y
(i)|x(i))

<latexit sha1_base64="00KK7NgWH5JP4hVjRnGo/91RPKM="></latexit>

P✓(y = i|x) = exp((✓i)Tx)
Pk

j=1 exp((✓
j)Tx)

<latexit sha1_base64="bpu2jlmcFW1gnurfeMRdOMBy4CE="></latexit>



Cross-Entropy Loss

•Let’s define q(i) as the one-hot vector for the ith datapoint.
•Next, let’s let                                      be our prediction

•Our loss terms can be written

•This is the “cross-entropy” 

p(i) = P✓(y|x(i))

<latexit sha1_base64="H/SC5iCYiZsFMLuJTOpfNzgkxUY=">AAACDHicbVDLTgIxFO3gC/GFunTTCCawITNEoxsTohuXmMgjgZF0SoGGziPtHeNknA9w46+4caExbv0Ad/6NBWah4EmanJxzbm7vcQLBFZjmt5FZWl5ZXcuu5zY2t7Z38rt7TeWHkrIG9YUv2w5RTHCPNYCDYO1AMuI6grWc8eXEb90xqbjv3UAUMNslQ48POCWgpV6+UCwGt3GJlxN8juu9uAsjBiQpRQ/3M7lcLOqUWTGnwIvESkkBpaj38l/dvk9Dl3lABVGqY5kB2DGRwKlgSa4bKhYQOiZD1tHUIy5Tdjw9JsFHWunjgS/18wBP1d8TMXGVilxHJ10CIzXvTcT/vE4IgzM75l4QAvPobNEgFBh8PGkG97lkFESkCaGS679iOiKSUND95XQJ1vzJi6RZrVjHlZPraqF2kdaRRQfoEJWQhU5RDV2hOmogih7RM3pFb8aT8WK8Gx+zaMZIZ/bRHxifP7UqmYM=</latexit>

Note: only 1 term non-zero.

Should look familiar…

H(q(i), p(i))

<latexit sha1_base64="FadHCvfUoWmTMXCM5R2oHAzY1MM=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBRmhBSlIUXRbddFnBXqCNZTKdtEMnkzgzEUrIxldx40IRtz6GO9/GaZuFtv4w8PGfczhzfi9iVCrb/jZyK6tr6xv5zcLW9s7unrl/0JJhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N76Z1tuPREga8js1iYgboCGnPsVIaatvHllWvfRwn5RoOT2D0RzKltU3i3bFngkug5NBEWRq9M2v3iDEcUC4wgxJ2XXsSLkJEopiRtJCL5YkQniMhqSrkaOASDeZHZDCU+0MoB8K/biCM/f3RIICKSeBpzsDpEZysTY1/6t1Y+VfuQnlUawIx/NFfsygCuE0DTiggmDFJhoQFlT/FeIREggrnVlBh+AsnrwMrWrFOa9c3FaLtessjjw4BiegBBxwCWqgDhqgCTBIwTN4BW/Gk/FivBsf89ackc0cgj8yPn8A63mUDQ==</latexit>

� log p(y(i)|x(i) = �
kX

j=1

q(i)j log p(y = j|x(i))

<latexit sha1_base64="XeZFgDITj9F96TFqvDKzZlj+Jxs="></latexit>



Cross-Entropy Loss

•This is the “cross-entropy”

•What are we doing when we minimize the cross-entropy?
•Recall KL divergence,

•Matching distributions!

D(q(i)||p(i)) = Eq(i) [log p
(i)]� Eq(i) [log q

(i)]

<latexit sha1_base64="hB7k8+8VxUSJPZ7x22AXQ4zWYac="></latexit>

H(q(i), p(i)) = Eq(i) [log p
(i)]

<latexit sha1_base64="1lLIDV/2vjTzPdpQVH3ob06R//k=">AAACJnicbVDLSgMxFM3UV62vUZdugh2hBSkzRdFNoShClxXsA9qxZNJMG5p5mGSEMszXuPFX3LioiLjzU0zbEbT1QOBwzrnk3uOEjAppmp9aZmV1bX0ju5nb2t7Z3dP3D5oiiDgmDRywgLcdJAijPmlIKhlph5wgz2Gk5Yyup37rkXBBA/9OjkNie2jgU5diJJXU0yuGUSs83McFWkxOYTgnRViBXQ/JoePEN0kvTv2k02XB4CdkQ8Po6XmzZM4Al4mVkjxIUe/pk24/wJFHfIkZEqJjmaG0Y8QlxYwkuW4kSIjwCA1IR1EfeUTY8ezMBJ4opQ/dgKvnSzhTf0/EyBNi7DkqOV1eLHpT8T+vE0n30o6pH0aS+Hj+kRsxKAM47Qz2KSdYsrEiCHOqdoV4iDjCUjWbUyVYiycvk2a5ZJ2Vzm/L+epVWkcWHIFjUAAWuABVUAN10AAYPIEXMAFv2rP2qr1rH/NoRktnDsEfaF/f11Ki+w==</latexit>

Cross-entropy Entropy H(q(i))
(fixed)



Softmax

•We wrote

•This operation is called softmax.
•Converts a vector into a probability vector (note normalization).
• If one component in the vector a is large, softmax(a) is close to one-

hot vector

P✓(y = i|x) = exp((✓i)Tx)
Pk

j=1 exp((✓
j)Tx)

<latexit sha1_base64="bpu2jlmcFW1gnurfeMRdOMBy4CE="></latexit>



Break & Quiz
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Gradient Descent: Convergence Proof p. 1

•We’ll use our two ingredients. Let’s start with a Taylor 
expansion:

•Next, our gradient Lipschitz condition means 

=) f(y)  f(x) +rf(x)T (y � x) + 1/2Lky � xk2

<latexit sha1_base64="AWEetv0U+pEm6JjsmTlnCP8uFGk="></latexit>

r2f(x) � LI

<latexit sha1_base64="xO8zPx4sJJJeN+1/lspxfWPrjlc=">AAACAnicbVDLSsNAFJ3UV62vqCtxM9gIdVOSouiy6EbBRQX7gCaWyXTSDp1MwsxELKG48VfcuFDErV/hzr9x2mahrQcGDufcw517/JhRqWz728gtLC4tr+RXC2vrG5tb5vZOQ0aJwKSOIxaJlo8kYZSTuqKKkVYsCAp9Rpr+4GLsN++JkDTit2oYEy9EPU4DipHSUsfcsyyXI5+hu0pQejiCrk5jeH1lWR2zaJftCeA8cTJSBBlqHfPL7UY4CQlXmCEp244dKy9FQlHMyKjgJpLECA9Qj7Q15Sgk0ksnJ4zgoVa6MIiEflzBifo7kaJQymHo68kQqb6c9cbif147UcGZl1IeJ4pwPF0UJAyqCI77gF2qD1ZsqAnCguq/QtxHAmGlWyvoEpzZk+dJo1J2jssnN5Vi9TyrIw/2wQEoAQecgiq4BDVQBxg8gmfwCt6MJ+PFeDc+pqM5I8vsgj8wPn8A5XCVLw==</latexit>

Linear Approximation Remainder: at most a quadratic

f(y) = f(x) +rf(x)T (y � x) + 1/2(y � x)Tr2f(z)(y � x)

<latexit sha1_base64="m/Ld2Ph8Aavk79ySo4NNLyfNIuo="></latexit>



Gradient Descent: Convergence Proof p. 2

•Let’s plug in our GD relationship

•Start with some algebra

y  xt+1 = xt � ↵rf(x)

<latexit sha1_base64="/kBnon0AmKuD1bYlyEKMk09PP58="></latexit>

f(xt+1)  f(xt) +rf(xt)
T (xt+1 � xt) + 1/2Lkxt+1 � xtk22

<latexit sha1_base64="hSMKT52t0y+ffj65592cFK1L31E=">AAACP3icbVA9T8MwEHX4pnwVGFksWiQQoiQRCMYKFgYGkGhBakrkuA61cJxgXxBV2n/Gwl9gY2VhACFWNtwSJL6eZOnde3c63wsSwTXY9oM1NDwyOjY+MVmYmp6ZnSvOL9R1nCrKajQWsToLiGaCS1YDDoKdJYqRKBDsNLjc7/un10xpHssT6CSsGZELyUNOCRjJL9bL5XD1xs9g3emtYU+wK9yvYQ2vY0+SQJC8Pj/BX30bue 9suvgQe91vstf13XO3XPaLJbtiD4D/EicnJZTjyC/ee62YphGTQAXRuuHYCTQzooBTwXoFL9UsIfSSXLCGoZJETDezwf09vGKUFg5jZZ4EPFC/T2Qk0roTBaYzItDWv72++J/XSCHcbWZcJikwST8XhanAEON+mLjFFaMgOoYQqrj5K6ZtoggFE3nBhOD8PvkvqbsVZ6uyfeyWqnt5HBNoCS2jVeSgHVRFB+gI1RBFt+gRPaMX6856sl6tt8/WISufWUQ/YL1/AF84qmU=</latexit>

= f(xt)�rf(xt)
T↵rf(xt) + 1/2Lk↵rf(xt)k22

<latexit sha1_base64="tyqu+TYSAjrzGCOeY5qHbpNDo5k="></latexit>

= f(xt)� ↵krf(xt)k22 + 1/2L↵2krf(xt)k22

<latexit sha1_base64="/iR9zFd6aYue9Fzy5ZAHGjYfcKc="></latexit>

= f(xt)� ↵(1� 1/2L↵)krf(xt)k22

<latexit sha1_base64="HcmKATxzzxPOg5wUAFxipYpNdpY="></latexit>

=) f(y)  f(x) +rf(x)T (y � x) + 1/2Lky � xk2

<latexit sha1_base64="AWEetv0U+pEm6JjsmTlnCP8uFGk="></latexit>



Gradient Descent: Convergence Proof p. 3

•So, we now have

•Promising! Our estimates are getting better.
•Still need how big these gradient magnitudes are

f(xt+1)  f(xt)� 1/2↵krf(xt)k22

<latexit sha1_base64="81nhKuc6Nu0JqHlVZq7vh92zuLU="></latexit>

Positive except at minimum (where it’s 0)



Gradient Descent: Convergence Proof p. 4

•Haven’t used convexity yet, so let’s:

•Combine with

f(xt)  f(x⇤) +rf(x)T (xt � x⇤)

<latexit sha1_base64="cuGF7vNnC8S+dN5aYRdk8KlI0IM=">AAACGnicbVBLTwIxGOziC/G16tFLI5iARrJLNHokevGICa+EXUi3dKGh213brpEQfocX/4oXDxrjzXjx39gFDgpO0mQ6M1/ab7yIUaks69tILS2vrK6l1zMbm1vbO+buXl2GscCkhkMWiqaHJGGUk5qiipFmJAgKPEYa3uA68Rv3REga8qoaRsQNUI9Tn2KktNQx7VzOzz90VAE6jNxBzdvHBXgCHY48hpJ7oV1NAvAUJlYu1zGzVtGaAC4Se0ayYIZKx/x0uiGOA8IVZkjKlm1Fyh0hoShmZJxxYkkihAeoR1qachQQ6Y4mq43hkVa60A+FPlzBifp7YoQCKYeBp5MBUn057yXif14rVv6lO6I8ihXhePqQHzOoQpj0BLtUEKzYUBOEBdV/hbiPBMJKt5nRJdjzKy+SeqlonxXPb0vZ8tWsjjQ4AIcgD2xwAcrgBlRADWDwCJ7BK3gznowX4934mEZTxmxmH/yB8fUDJACckQ==</latexit>

f(xt+1)  f(x⇤) +rf(xt)
T (xt � x⇤)� ↵/2krf(xt)k22

<latexit sha1_base64="zqH8fbuGGsoPFGDDyzz80BxEXyQ="></latexit>

f(xt+1)� f(x⇤)  1

2↵
(2↵rf(xt)

T (xt � x⇤)� ↵2krf(xt)k22)

<latexit sha1_base64="kAPZf56+YjbdjX4zAI+ff3eChFU="></latexit>

f(xt+1)� f(x⇤)  1

2↵
(kxt � x⇤k22 � kxt � ↵rf(xt)� x⇤k22)

<latexit sha1_base64="cKktxZ6sMiVA+XITH7PHqLYQYgg="></latexit>

f(xt+1)  f(xt)� 1/2↵krf(xt)k22

<latexit sha1_base64="81nhKuc6Nu0JqHlVZq7vh92zuLU="></latexit>



Gradient Descent: Convergence Proof p. 5

•Now, simplify 

f(xt+1)� f(x⇤)  1

2↵
(kxt � x⇤k22 � kxt+1 � x⇤k22)

<latexit sha1_base64="VMcUI1JxrAoD596Z6MBTTno0gOc="></latexit>

f(xt+1)� f(x⇤)  1

2↵
(kxt � x⇤k22 � kxt � ↵rf(xt)� x⇤k22)

<latexit sha1_base64="cKktxZ6sMiVA+XITH7PHqLYQYgg=">AAACUHicbVFNbxMxEJ0NBUr4aIAjF6sJUgJKtLtqBceqXDgWibSVsulq1vEmVr3exZ5Fjbb7E3vpjd/BpYcicD5aQctIlp/eezO2n5NCSUu+/8NrPNh4+Ojx5pPm02fPX2y1Xr46tHlpuBjyXOXmOEErlNRiSJKUOC6MwCxR4ig5/bTQj74LY2Wuv9K8EOMMp1qmkiM5Km5NO520exZX9D6oe6zv8Mm7HouU+Mai1CCvgroKI1 TFDOtudH4WU985ovM4PAlZn62Ylc4ijYlCtphHbha7NfY6nbjV9gf+sth9EKxBG9Z1ELcuo0nOy0xo4gqtHQV+QeMKDUmuRN2MSisK5Kc4FSMHNWbCjqtlIDV765gJS3Pjlia2ZP/uqDCzdp4lzpkhzexdbUH+TxuVlH4cV1IXJQnNVwelpWKUs0W6bCKN4KTmDiA30t2V8Rm6HMn9QdOFENx98n1wGA6CncHul7C9t7+OYxPewDZ0IYAPsAef4QCGwOECfsI1/PIuvSvvd8NbWW92eA3/VKP5B29Ur+k=</latexit>

This part is just xt+1



Gradient Descent: Convergence Proof p. 6

•So, we have something familiar…

T�1X

t=0

f(xt+1)� f(x⇤) 
T�1X

t=0

1

2↵
(kxt � x⇤k22 � kxt+1 � x⇤k22)

<latexit sha1_base64="cXyWBRejNh+//bSCI2tI4q9Uxkc=">AAACYHicbVFdS8MwFE3r15xfU9/0JbgJm9LRFkVfBNEXHxWcCutW0izdgumHya06av+kbz744i8xm0PUeSBwcu65N8lJkAquwLbfDHNmdm5+obRYXlpeWV2rrG/cqCSTlLVoIhJ5FxDFBI9ZCzgIdpdKRqJAsNvg/nxUv31kUvEkvoZhyjoR6cc85JSAlvzKU63mqSzyczixi25+bTkFDuvPer/vFA1sad7da2BPsAc8ZfRCSW juFLnrEZEOSFH3Xp59sHSL9+K7XRdbeKSMh1n4W27Uan6lajftMfA0cSakiia49CuvXi+hWcRioIIo1XbsFDo5kcCpYEXZyxRLCb0nfdbWNCYRU518HFCBd7XSw2Ei9YoBj9WfHTmJlBpGgXZGBAbqb20k/ldrZxAed3IepxmwmH4dFGYCQ4JHaeMel4yCGGpCqOT6rpgOiE4N9J+UdQjO3ydPkxu36Rw0D6/c6unZJI4S2kY7qI4cdIRO0QW6RC1E0bsxYywbK8aHWTLXzPUvq2lMejbRL5hbn+Fhsbk=</latexit>

T�1X

t=0

f(xt+1)� f(x⇤)  1

2↵
(kx0 � x⇤k22 � kxT � x⇤k22)

<latexit sha1_base64="iWLi7hAVS7nyukx24wgMdQIIaUw="></latexit>

f(xt+1)� f(x⇤)  1

2↵
(kxt � x⇤k22 � kxt+1 � x⇤k22)

<latexit sha1_base64="VMcUI1JxrAoD596Z6MBTTno0gOc="></latexit>

Can telescope!



Gradient Descent: Convergence Proof p. 7

•Now we have 

•Can ignore the rightmost term (we’re just making the RHS 
same or bigger)

T�1X

t=0

f(xt+1)� f(x⇤)  1

2↵
(kx0 � x⇤k22 � kxT � x⇤k22)

<latexit sha1_base64="iWLi7hAVS7nyukx24wgMdQIIaUw="></latexit>

T�1X

t=0

f(xt+1)� f(x⇤)  1

2↵
(kx0 � x⇤k22)

<latexit sha1_base64="QKXLXiwzO20CJp6muQ4RtIH+xtg="></latexit>

Initial guess gap to minimizer Value gap for all steps



•Continue,

•But, recall that each iterate has a smaller value, ie,

•So,  

Gradient Descent: Convergence Proof p. 7

T�1X

t=0

f(xt+1)� f(x⇤)  1

2↵
(kx0 � x⇤k22)

<latexit sha1_base64="QKXLXiwzO20CJp6muQ4RtIH+xtg="></latexit>

f(xt+1)  f(xt)� 1/2↵krf(xt)k22

<latexit sha1_base64="81nhKuc6Nu0JqHlVZq7vh92zuLU="></latexit>

T�1X

t=0

f(xT ) 
T�1X

t=0

f(xt+1)

<latexit sha1_base64="8MTYB5wabxipIzNmIwqqhDHzfRM=">AAACJnicbVBNS8NAEN34bf2KevSy2AiKWBJR9CKIXjxWaK3Q1rDZbtrF3STuTsQS8mu8+Fe8eFBEvPlT3LY5aPXBwOO9GWbmBYngGlz305qYnJqemZ2bLy0sLi2v2KtrVzpOFWV1GotYXQdEM8EjVgcOgl0nihEZCNYIbs8HfuOeKc3jqAb9hLUl6UY85JSAkXz7xHFaOpV+BidufpPV9rwch9sPfm0HtwS7w/+aGex6+Q52HN8uuxV3CPyXeAUpowJV335tdWKaShYBFUTrpucm0M6IAk4Fy0utVLOE0FvSZU1DIyKZbmfDN3O8ZZQODmNlKgI8VH9OZERq3ZeB6ZQEenrcG4j/ec0UwuN2xqMkBRbR0aIwFRhiPMgMd7hiFETfEEIVN7di2iOKUDDJlkwI3vjLf8nVfsU7qBxe7pdPz4o45tAG2kTbyENH6BRdoCqqI4oe0TN6RW/Wk/VivVsfo9YJq5hZR79gfX0D+TKi+w==</latexit>



•Almost there! We have

•Divide by T,

•Combine with  

Gradient Descent: Convergence Proof p. 8

T�1X

t=0

f(xt+1)� f(x⇤)  1

2↵
(kx0 � x⇤k22)

<latexit sha1_base64="QKXLXiwzO20CJp6muQ4RtIH+xtg="></latexit>

f(xT )� f(x⇤)  1

T

T�1X

i=0

f(xt)� f(x⇤)

<latexit sha1_base64="1oVhcOpRKun+aUDQfrKUYxVgugw="></latexit>

Done!

T�1X

t=0

f(xT ) 
T�1X

t=0

f(xt+1)

<latexit sha1_base64="8MTYB5wabxipIzNmIwqqhDHzfRM=">AAACJnicbVBNS8NAEN34bf2KevSy2AiKWBJR9CKIXjxWaK3Q1rDZbtrF3STuTsQS8mu8+Fe8eFBEvPlT3LY5aPXBwOO9GWbmBYngGlz305qYnJqemZ2bLy0sLi2v2KtrVzpOFWV1GotYXQdEM8EjVgcOgl0nihEZCNYIbs8HfuOeKc3jqAb9hLUl6UY85JSAkXz7xHFaOpV+BidufpPV9rwch9sPfm0HtwS7w/+aGex6+Q52HN8uuxV3CPyXeAUpowJV335tdWKaShYBFUTrpucm0M6IAk4Fy0utVLOE0FvSZU1DIyKZbmfDN3O8ZZQODmNlKgI8VH9OZERq3ZeB6ZQEenrcG4j/ec0UwuN2xqMkBRbR0aIwFRhiPMgMd7hiFETfEEIVN7di2iOKUDDJlkwI3vjLf8nVfsU7qBxe7pdPz4o45tAG2kTbyENH6BRdoCqqI4oe0TN6RW/Wk/VivVsfo9YJq5hZR79gfX0D+TKi+w==</latexit>

=) f(xT )� f(x⇤)  kx0 � x⇤k22
2T↵

<latexit sha1_base64="GuKfg/STPuKKZCKlEg0cKm4tUfU="></latexit>



Gradient Descent: Convergence Proof Recap

•Note: used all conditions in one or more places in the proof.
• If you don’t use an assumption, either your result is stronger than 

you thought or (more likely) you are making a mistake

•Proof credit: Ryan Tibshirani.
•Other assumptions that lead to varying proofs/rates:
•Strong convexity
•Non-convexity
•Non-differentiability



GD: Downside

•Why would we use anything but GD?

•Let’s go back to ERM.

•For GD, need to compute

•Each step: n gradient computations
• ImageNet: 106 samples… so for 100 iterations, 108 gradients

argmin
h2H

1

n

nX

i=1

`(h(x(i), y(i))

<latexit sha1_base64="4+448g29EwqLtxsCyF+K2Jtyi20="></latexit>

r`(h(x(i), y(i))

<latexit sha1_base64="iz/RwuCoSWujH5azzLl+9jDEjd8=">AAACDHicbVDLSsNAFJ34rPVVdelmsBFSkJIURZdFNy4r2Ac0sUymk3boZBJmJmII/QA3/oobF4q49QPc+TdO2yy09cDA4ZxzuXOPHzMqlW1/G0vLK6tr64WN4ubW9s5uaW+/JaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/dDXx2/dESBrxW5XGxAvRgNOAYqS01CuVTdPlyGcIuoQxa2g93GUWrYxPYDojFdPUKbtqTwEXiZOTMsjR6JW+3H6Ek5BwhRmSsuvYsfIyJBTFjIyLbiJJjPAIDUhXU45CIr1seswYHmulD4NI6McVnKq/JzIUSpmGvk6GSA3lvDcR//O6iQouvIzyOFGE49miIGFQRXDSDOxTQbBiqSYIC6r/CvEQCYSV7q+oS3DmT14krVrVOa2e3dTK9cu8jgI4BEfAAg44B3VwDRqgCTB4BM/gFbwZT8aL8W58zKJLRj5zAP7A+PwB1OCY8A==</latexit>



Solution: Stochastic Gradient Descent

•Simple modification to GD.
•Let’s use some notation: ERM:

•GD:   

argmin
✓

1

n

nX

i=1

`(f(✓;x(i)), y(i))

<latexit sha1_base64="rkq3dE5SSoqTliDPgaLpRViF/FY="></latexit>

✓t+1 = ✓t �
↵

n

nX

i=1

r`(f(✓t;x
(i)), y(i))

<latexit sha1_base64="Bf8dTjBSM7PC3eL0BN6aeUUbLpE="></latexit>

Note: this is what we’re optimizing over! 
x’s are fixed samples.



Solution: Stochastic Gradient Descent

•Simple modification to GD:

•SGD:

•Here, a is selected uniformly from 1,…,n (“stochastic” bit)   
•Note: no sum!
• In expectation, same as GD.

✓t+1 = ✓t �
↵

n

nX

i=1

r`(f(✓t;x
(i)), y(i))

<latexit sha1_base64="Bf8dTjBSM7PC3eL0BN6aeUUbLpE="></latexit>

✓t+1 = ✓t � ↵r`(f(✓t;x
(a)), y(a))

<latexit sha1_base64="3NGcrc4qhNRCs/GA70vXs++ZbuE="></latexit>



Thanks Everyone!

Some of the slides in these lectures have been adapted/borrowed from materials developed by Mark Craven, 
David Page, Jude Shavlik, Tom Mitchell, Nina Balcan, Elad Hazan, Tom Dietterich, Pedro Domingos, Jerry Zhu, 
Yingyu Liang, Volodymyr Kuleshov 


