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Logistics

•Announcements: 
•HW 3 is out, due on Oct. 12th

•Project proposals due Oct. 14th

•Class roadmap:
Tuesday, Oct. 5 Naive Bayes

Thursday, Oct. 7 Neural Networks I

Tuesday, Oct. 12 Neural Networks II

Thursday, Oct. 14 Neural Networks III

Tuesday, Oct. 19 Neural Networks IV

Supervised Learning
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Outline

•Generative and Discriminative Models
•Comparison, MAP vs MLE
•Naïve Bayes
•Motivation, Training, Inference, Smoothing
•Naïve Bayes Examples
• Bernoulli, Multiclass, Gaussian
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Supervised Learning: Review

Problem setting
•Set of possible instances 
•Unknown target function
•Set of models (a.k.a. hypotheses)

Get
•Training set of instances for unknown target function f,

Goal: model h that best approximates f

X

<latexit sha1_base64="34aUvQpU7gJBlmSr1toDTH8doYQ=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjWDiiewSjR6JXjxiIkgCG9ItXWjotmvbJSEbfocXDxrj1R/jzX9jF/ag4CRNJjPv5U0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqa5koQltEcqk6AdaUM0FbhhlOO7GiOAo4fQzGt5n/OKFKMykezDSmfoSHgoWMYGMlv9qLsBkRzNPOrNovV9yaOwdaJV5OKpCj2S9/9QaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrPKAIVS2ScMmqu/N1IcaT2NAjuZZdTLXib+53UTE177KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5J2veZd1C7v65XGTV5HEU7gFM7BgytowB00oQUEnuAZXuHNmTgvzrvzsRgtOPnOMfyB8/kDUpCR0A==</latexit>

H = {h|h : X ! Y}

<latexit sha1_base64="LDg7ukkNwQWNz68OLKAxleY7yyk=">AAACKXicbZDLSsNAFIYnXmu9RV26GWwFVyUpiiIIRTddVrAXaUKZTCfN0MmFmYlSYl7Hja/iRkFRt76IkzZ4af1h4Oc75zDn/E7EqJCG8a7NzS8sLi0XVoqra+sbm/rWdkuEMcekiUMW8o6DBGE0IE1JJSOdiBPkO4y0neFFVm/fEC5oGFzJUURsHw0C6lKMpEI9vVa2fCQ9jFhST+EZtBIP3kEPnsJv3kmhxenAk4jz8PaHXyuelnt6yagYY8FZY+amBHI1evqz1Q9x7JNAYoaE6JpGJO0EcUkxI2nRigWJEB6iAekqGyCfCDsZX5rCfUX60A25eoGEY/p7IkG+ECPfUZ3ZmmK6lsH/at1Yuid2QoMoliTAk4/cmEEZwiw22KecYMlGyiDMqdoVYg9xhKUKt6hCMKdPnjWtasU8rBxdVku18zyOAtgFe+AAmOAY1EAdNEATYHAPHsELeNUetCftTfuYtM5p+cwO+CPt8wt5g6Y0</latexit>

(x(1), y(1)), (x(2), y(2)), . . . , (x(n), y(n))

<latexit sha1_base64="MN4PtQ1aWELji92wwzecY83bgWU=">AAACLXicbZDLSsNAFIYnXmu9VV26GWyFFkpJgqLLoi5cVrAXaGOZTKbt0MkkzEzEEvpCbnwVEVxUxK2v4TRNQVsPDHz8/zmcOb8bMiqVaU6MldW19Y3NzFZ2e2d3bz93cNiQQSQwqeOABaLlIkkY5aSuqGKkFQqCfJeRpju8nvrNRyIkDfi9GoXE8VGf0x7FSGmpm7spFJ8e4qJVGpfhaAalMkw0e67ZidZhXqBk6vG5p6FU6ObyZsVMCi6DlUIepFXr5t46XoAjn3CFGZKybZmhcmIkFMWMjLOdSJIQ4SHqk7ZGjnwinTi5dgxPteLBXiD04wom6u+JGPlSjnxXd/pIDeSiNxX/89qR6l06MeVhpAjHs0W9iEEVwGl00KOCYMVGGhAWVP8V4gESCCsdcFaHYC2evAwNu2KdVc7v7Hz1Ko0jA47BCSgCC1yAKrgFNVAHGDyDVzABH8aL8W58Gl+z1hUjnTkCf8r4/gEdn6M9</latexit>

f : X ! Y

<latexit sha1_base64="R+fN6tJDjr2h59SXd6UVFOrLLNk=">AAACEXicbVDLSsNAFJ3UV62vqEs3g63QVUmKorgqunFZwT6kCWUynbRDJ5MwM1FKyC+48VfcuFDErTt3/o2TNqC2HrhwOOde7r3HixiVyrK+jMLS8srqWnG9tLG5tb1j7u61ZRgLTFo4ZKHoekgSRjlpKaoY6UaCoMBjpOONLzO/c0eEpCG/UZOIuAEacupTjJSW+ma14p9DJ0BqhBFLuil0BB2OFBIivP/Rb9NK3yxbNWsKuEjsnJRBjmbf/HQGIY4DwhVmSMqebUXKTZBQFDOSlpxYkgjhMRqSnqYcBUS6yfSjFB5pZQD9UOjiCk7V3xMJCqScBJ7uzG6U814m/uf1YuWfuQnlUawIx7NFfsygCmEWDxxQQbBiE00QFlTfCvEICYSVDrGkQ7DnX14k7XrNPq6dXNfLjYs8jiI4AIegCmxwChrgCjRBC2DwAJ7AC3g1Ho1n4814n7UWjHxmH/yB8fENIP6dOw==</latexit>
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Parametric Learning

•A way to categorize learning techniques
•Parametric: hypotheses indexed by a parameter
• Learning:  find parameter yielding model that best approximates 

the target
•Ex: linear models, neural networks

•Nonparametric methods:
• Instance-based methods (KNN)
•Decision trees

Q

Hh Îq
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Discriminative Models

•Idea: hypothesis h directly predicts the label (given features)
•y = h(x) or p(y|x) = h(x)

•We saw this already in linear regression & logistic regression
• Linear regression:

• Logistic regression:  

P✓(y = 1|x) = �(✓Tx) =
1

1 + exp(�✓Tx)

<latexit sha1_base64="WHCgCSrwTkUWhVmSAmPcZHVXbzA="></latexit>

h✓(x) =
dX

i=0

✓ixi

<latexit sha1_base64="sAvdPlfdF3yv3hc6EngTa4/iqrs=">AAACFnicbVDLSgNBEJyNrxhfqx69DCZCPBh2g6KXQNCLxwjmAcm6zE4myZDZBzO9krDkK7z4K148KOJVvPk3TpI9aLSgoajqprvLiwRXYFlfRmZpeWV1Lbue29jc2t4xd/caKowlZXUailC2PKKY4AGrAwfBWpFkxPcEa3rDq6nfvGdS8TC4hXHEHJ/0A97jlICWXPOkUBi4SQcGDMikODrGFdxRse8mvGJN7rp47rgcj1xeKLhm3ipZM+C/xE5JHqWoueZnpxvS2GcBUEGUattWBE5CJHAq2CTXiRWLCB2SPmtrGhCfKSeZvTXBR1rp4l4odQWAZ+rPiYT4So19T3f6BAZq0ZuK/3ntGHoXTsKDKAYW0PmiXiwwhHiaEe5yySiIsSaESq5vxXRAJKGgk8zpEOzFl/+SRrlkn5bObsr56mUaRxYdoENURDY6R1V0jWqojih6QE/oBb0aj8az8Wa8z1szRjqzj37B+PgGsOCd1A==</latexit>
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Generative Models

•Hypothesis h specifies a generative story for how the data 
was created
•h(x,y) = p(x,y) or h(x) = p(x)

•Select a hypothesis via ML (or MAP)
•Ex: roll a die. Weights for each side define data generation
•Observe training data to learn hypothesis 

Note: supervised or 
unsupervised
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Discriminative vs Generative

•Can define both for supervised/unsupervised learning
•k-means (discriminative-like) vs mixture-of-Gaussians (generative)

•When should we use one over the other?
•Discussed next

•Typical examples:
•Discriminative: linear regression, logistic regression, SVM, many 

neural networks (not all!)
•Generative: Naïve Bayes, Bayesian Networks, …

LearnOpenCV
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Review: Maximum Likelihood

•For some set of data, find the parameters that maximize the 
likelihood / log-likelihood

•Example: suppose we have n samples from a Bernoulli 
distribution

Then, 

✓̂ = argmax
✓

L(✓;X)

<latexit sha1_base64="m/FrlTLZQVA+aEAh6Ej0FVspLDw=">AAACJnicbVDJSgNBEO1xjXEb9eilMRH0EmaCoiCC6MWDBwWjgcww1HQ6SZOehe4aMQz5Gi/+ihcPERFvfoqdBXF70PD6vSqq6oWpFBod592amp6ZnZsvLBQXl5ZXVu219RudZIrxGktkouohaC5FzGsoUPJ6qjhEoeS3Yfds6N/ecaVFEl9jL+V+BO1YtAQDNFJgH5fLXgcw97DDEfr0mHqg2tSL4D74Es0POwxkftHfGWtHtL5Ly+XALjkVZwT6l7gTUiITXAb2wGsmLIt4jEyC1g3XSdHPQaFgkveLXqZ5CqwLbd4wNIaIaz8fndmn20Zp0laizIuRjtTvHTlEWvei0FQOF9a/vaH4n9fIsHXo5yJOM+QxGw9qZZJiQoeZ0aZQnKHsGQJMCbMrZR1QwNAkWzQhuL9P/ktuqhV3r7J/VS2dnE7iKJBNskV2iEsOyAk5J5ekRhh5IE9kQF6sR+vZerXexqVT1qRng/yA9fEJYkOkdA==</latexit>

P✓(X = x) =

(
✓ x = 1

1� ✓ x = 0

<latexit sha1_base64="SRebAzmP3V2f3PTxmJFp+XTl/s4="></latexit>

L(✓;X) =
nY

i=1

P (X = xi) = ✓k(1� ✓)n�k

<latexit sha1_base64="aOegeYVzuyUxp/UM1FzHoTkBCCg="></latexit>
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Review: Maximum Likelihood

•For some set of data, find the parameters that maximize the 
likelihood / log-likelihood
•Example: exponential distribution

• pdf of Exponential(�): f(x) = �e��x

• Suppose Xi � Exponential(�) for 1 � i � N .
• Find MLE for data D = {x(i)}N

i=1

• First write down log-likelihood of sample.
• Compute first derivative, set to zero, solve for �.
• Compute second derivative and check that it is

concave down at �MLE.
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Review: Maximum Likelihood

•Example: exponential distribution
• First write down log-likelihood of sample.

�(�) =
N�

i=1

HQ; f(x(i)) (1)

=
N�

i=1

HQ;(� 2tT(��x(i))) (2)

=
N�

i=1

HQ;(�) + ��x(i) (3)

= N HQ;(�) � �
N�

i=1

x(i) (4)
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Review: Maximum Likelihood

•Example: exponential distribution

• Compute first derivative, set to zero, solve for �.

d�(�)

d�
=

d

d�
N HQ;(�) � �

N�

i=1

x(i) (1)

=
N

�
�

N�

i=1

x(i) = 0 (2)

� �MLE =
N

�N
i=1 x(i)

(3)
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•Let’s consider a different approach
•Need a little bit of terminology

• H is the hypothesis
• E is the evidence

Another Approach: Bayesian Inference

14



Bayesian Inference Definitions

•Terminology:

•Prior: estimate of the probability without evidence

Prior

15



Bayesian Inference Definitions

•Terminology:

•Likelihood: probability of evidence given a 
hypothesis.
•Compare to the way we defined the likelihood earlier

Likelihood
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Bayesian Inference Definitions

•Terminology:

•Posterior: probability of hypothesis given evidence.

Posterior

17



MAP Definition

•Suppose we think of the parameters as random variables
•There is a prior

•Then, can do learning as Bayesian inference
• “Evidence” is the data

•Maximum a posteriori probability (MAP) estimation

P (✓|X) =
P (X|✓)P (✓)

P (X)

<latexit sha1_base64="s3BiVWvyh+SHtNnjyCsKvvk/LIU=">AAACIXicbVDLSgMxFM3UV62vqks3wVZoN2WmKHYjFN24HME+oFNKJs20oZkHyR2hjP0VN/6KGxeKdCf+jGk7grYeCBzOOZebe9xIcAWm+Wlk1tY3Nrey27md3b39g/zhUVOFsaSsQUMRyrZLFBM8YA3gIFg7koz4rmAtd3Qz81sPTCoeBvcwjljXJ4OAe5wS0FIvXysW7ZIDQwYEP+J2GV9hx5OEJnaprYWFU8Y/mfJkZpQnxWIvXzAr5hx4lVgpKaAUdi8/dfohjX0WABVEqY5lRtBNiAROBZvknFixiNARGbCOpgHxmeom8wsn+EwrfeyFUr8A8Fz9PZEQX6mx7+qkT2Colr2Z+J/XicGrdRMeRDGwgC4WebHAEOJZXbjPJaMgxpoQKrn+K6ZDogsCXWpOl2Atn7xKmtWKdV65uKsW6tdpHVl0gk5RCVnoEtXRLbJRA1H0hF7QG3o3no1X48OYLqIZI505Rn9gfH0D7jagUA==</latexit>

✓MAP = argmax
✓

nY

i=1

p(x(i)|✓)p(✓)

<latexit sha1_base64="zJCVt27CkMw00U1CeRT08h4CaPc="></latexit>
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MAP vs ML

•What’s the difference between ML and MAP?

•Prior!

✓MAP = argmax
✓

nY

i=1

p(x(i)|✓)p(✓)

<latexit sha1_base64="zJCVt27CkMw00U1CeRT08h4CaPc="></latexit>

✓MLE = argmax
✓

nY

i=1

p(x(i)|✓)

<latexit sha1_base64="XqcdlQWxLrESflL7rC3vAv03SM0="></latexit>
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Break & Quiz
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Outline
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•Motivation, Training, Inference, Smoothing
•Naïve Bayes Examples
• Bernoulli, Multiclass, Gaussian
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Application: Parody Detection

•The Economist •The Onion

22



Model 0: Not-Naïve Model

Generative story:
1. Flip a weighted coin (Y)
2. If heads, sample a document ID (X) from the Spam 

distribution
3. If tails, sample a document ID (X) from the Not-Spam 

distribution

P (X, Y ) = P (X|Y )P (Y )

23



Model 0: Not-Naïve Model

Generative story:
1. Flip a weighted coin (Y)
2. If heads, roll the yellow many sided die to sample a 

document vector (X) from the Spam distribution
3. If tails, roll the blue many sided die to sample a document 

vector (X) from the Not-Spam distribution

P (X1, . . . , XK , Y ) = P (X1, . . . , XK |Y )P (Y )

24



Model 0: Not-Naïve Model

25

If HEADS, roll 
yellow die

Flip weighted coin

If TAILS, roll 
blue die

0 1 0 1 … 1

y x1 x2 x3 … xK

1 0 1 0 … 1

1 1 1 1 … 1

0 0 0 1 … 1

0 1 0 1 … 0

1 1 0 1 … 0

Each side of the die 
is labeled with a 

document vector 
(e.g. [1,0,1,…,1])



Model 0: Main Problem

How many terms are we modeling?
•Say features are binary:

•2k choices of feature vector, each gets its own probability…
•Exponentially big table (in feature vector size) 

P (X1, . . . , XK |Y )

<latexit sha1_base64="vL2Vwt3vs0m38RhuV7zQPDNv7mY=">AAACBHicbVDLSsNAFJ34rPUVddnNYCNUKCUpii6LbgQ3FWwbaUOYTCbt0MmDmYlQYhdu/BU3LhRx60e482+ctllo64ELh3Pu5d57vIRRIU3zW1taXlldWy9sFDe3tnd29b39tohTjkkLxyzmtocEYTQiLUklI3bCCQo9Rjre8HLid+4JFzSObuUoIU6I+hENKEZSSa5eMoxmxXatKuwxP5aiCm33Gj7Au2PDcPWyWTOngIvEykkZ5Gi6+lfPj3EakkhihoToWmYinQxxSTEj42IvFSRBeIj6pKtohEIinGz6xBgeKcWHQcxVRRJO1d8TGQqFGIWe6gyRHIh5byL+53VTGZw7GY2SVJIIzxYFKYMyhpNEoE85wZKNFEGYU3UrxAPEEZYqt6IKwZp/eZG06zXrpHZ6Uy83LvI4CqAEDkEFWOAMNMAVaIIWwOARPINX8KY9aS/au/Yxa13S8pkD8Afa5w/ZrJUJ</latexit>

Xi 2 {0, 1}

<latexit sha1_base64="+kQnrSWdni/L0hM5pk7G5A3Us5I=">AAAB/XicbVDLSsNAFL2pr1pf9bFzM9gILqQkRdFl0Y3LCvYBTQiT6aQdOpmEmYlQQ/FX3LhQxK3/4c6/cfpYaPXAhcM593LvPWHKmdKO82UVlpZXVteK66WNza3tnfLuXkslmSS0SRKeyE6IFeVM0KZmmtNOKimOQ07b4fB64rfvqVQsEXd6lFI/xn3BIkawNlJQPrDtTsCQxwTycucUud7YtoNyxak6U6C/xJ2TCszRCMqfXi8hWUyFJhwr1XWdVPs5lpoRTsclL1M0xWSI+7RrqMAxVX4+vX6Mjo3SQ1EiTQmNpurPiRzHSo3i0HTGWA/UojcR//O6mY4u/ZyJNNNUkNmiKONIJ2gSBeoxSYnmI0MwkczcisgAS0y0CaxkQnAXX/5LWrWqe1Y9v61V6lfzOIpwCEdwAi5cQB1uoAFNIPAAT/ACr9aj9Wy9We+z1oI1n9mHX7A+vgH0/5L5</latexit>
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How do we fix this problem?
•Conditional independence of features:

•What do we gain? With binary features, get 2 entries per feature
•So, number of probabilities 

Naïve Bayes: Core Assumption

2k ! 2k

<latexit sha1_base64="vsrqpddgkP+uVU30UqjR4e7lfoo=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAjuCpJUHRZdOOygn1AG8tkOmmHTmbCzEQpsQt/xY0LRdz6G+78G6dtFtp64MLhnHu5954wYVRp1/22CkvLK6trxfXSxubW9o69u9dQIpWY1LFgQrZCpAijnNQ11Yy0EklQHDLSDIdXE795T6Sigt/qUUKCGPU5jShG2khd+8Bx/Lsh7EjaH2gkpXiA/tBxunbZrbhTwEXi5aQMctS69lenJ3AaE64xQ0q1PTfRQYakppiRcamTKpIgPER90jaUo5ioIJveP4bHRunBSEhTXMOp+nsiQ7FSozg0nTHSAzXvTcT/vHaqo4sgozxJNeF4tihKGdQCTsKAPSoJ1mxkCMKSmlshHiCJsDaRlUwI3vzLi6ThV7zTytmNX65e5nEUwSE4AifAA+egCq5BDdQBBo/gGbyCN+vJerHerY9Za8HKZ/bBH1ifP6zLlJo=</latexit>

P (X1, . . . , XK , Y ) = P (X1, . . . , XK |Y )P (Y )

=

�
K�

k=1

P (Xk|Y )

�
P (Y )
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Naïve Bayes: Overall Model

Support: Depends on the choice of event model, P(Xk|Y)

Training: Find the class-conditional MLE parameters

For P(Y), we find the MLE using the data. For each P(Xk|Y)
we condition on the data with the corresponding class.

Prediction: Find the class that maximizes the posterior
ŷ = �`;K�t

y
p(y|t)

Model: Product of prior and the event model

P (s, Y ) = P (Y )
K�

k=1

P (Xk|Y )

28



Naïve Bayes: Training

•Training: empirically estimate the probabilities
•Store: conditional probability tables (CPTs)
•Suppose 

•Need to estimate:
A C P(A|C)

0 0 0.2

0 1 0.5

1 0 0.8

1 1 0.5

B C P(B|C)

0 0 0.1

0 1 0.9

1 0 0.9

1 1 0.1

C P(C)

0 0.33

1 0.67

A ? B|C

<latexit sha1_base64="b0g4aud3HVE4FY1dq60y62kGOLo=">AAAB+nicbVDLTgIxFO3gC/E16NJNI2PiiswQjS4RNi4xkUcCE9IpHWjodJq2oyEDn+LGhca49Uvc+TcWmIWCJ7nJyTn35t57AsGo0q77beU2Nre2d/K7hb39g8Mju3jcUnEiMWnimMWyEyBFGOWkqalmpCMkQVHASDsY1+d++5FIRWP+oCeC+BEachpSjLSR+nbRcW5hTxApYA1OYd1x+nbJLbsLwHXiZaQEMjT69ldvEOMkIlxjhpTqeq7QfoqkppiRWaGXKCIQHqMh6RrKUUSUny5On8FzowxgGEtTXMOF+nsiRZFSkygwnRHSI7XqzcX/vG6iwxs/pVwkmnC8XBQmDOoYznOAAyoJ1mxiCMKSmlshHiGJsDZpFUwI3urL66RVKXuX5av7Sqlay+LIg1NwBi6AB65BFdyBBmgCDJ7AM3gFb9bUerHerY9la87KZk7AH1ifP8czkcA=</latexit>

Independence

29



Naïve Bayes: Smoothing

•Training: empirically estimate the probabilities
•We’re just obtaining counts to estimate P(B|C)
•Suppose b has k possible values, and our counts are b1,…,bk
•What if bi = 0?
• Predictions will end up being zero… not ideal

•Solution: smooth!

P̂ (B|C) =
bi + ↵

N + ↵k

<latexit sha1_base64="aJIuaJ09jV40U744tBR6NoXlzOU=">AAACHXicbZDLSgMxFIYz9VbrrerSTbAVKkKZKRXdCKXduJIK9gKdUs6kmTY0cyHJCGWcF3Hjq7hxoYgLN+LbmF4Qrf4Q+PjPOZyc3wk5k8o0P43U0vLK6lp6PbOxubW9k93da8ogEoQ2SMAD0XZAUs582lBMcdoOBQXP4bTljGqTeuuWCskC/0aNQ9r1YOAzlxFQ2uply/m8PQQV15NC9a52jC+w7QogsdNj+ATbwMMhJPHVN+NRks/3sjmzaE6F/4I1hxyaq97Lvtv9gEQe9RXhIGXHMkPVjUEoRjhNMnYkaQhkBAPa0eiDR2U3nl6X4CPt9LEbCP18hafuz4kYPCnHnqM7PVBDuVibmP/VOpFyz7sx88NIUZ/MFrkRxyrAk6hwnwlKFB9rACKY/ismQ9DpKB1oRodgLZ78F5qlolUunl6XcpXqPI40OkCHqIAsdIYq6BLVUQMRdI8e0TN6MR6MJ+PVeJu1poz5zD76JePjCyjfn34=</latexit>

Smoothing 
parameter

Points with class C
30



Naïve Bayes: Predicting

•With conditional probabilities, how to predict?

ŷ = �`;K�t
y

p(y|t) (posterior)

= �`;K�t
y

p(t|y)p(y)

p(x)
(by Bayes’ rule)

= �`;K�t
y

p(t|y)p(y)

31



Break & Quiz
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Outline

•Generative and Discriminative Models
•Comparison, MAP vs MLE
•Naïve Bayes
•Motivation, Training, Inference, Smoothing
•Naïve Bayes Examples
• Bernoulli, Multiclass, Gaussian
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Naïve Bayes Example 1: Bernoulli
Support: Binary vectors of length K

t � {0, 1}K

Generative Story:

Y � Bernoulli(�)

Xk � Bernoulli(�k,Y ) �k � {1, . . . , K}

Model: p�,�(x, y) = p�,�(x1, . . . , xK , y)

= p�(y)
K�

k=1

p�k(xk|y)

= (�)y(1 � �)(1�y)
K�

k=1

(�k,y)xk(1 � �k,y)(1�xk)
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Naïve Bayes Example 1: Bernoulli
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Support: Binary vectors of length K
t � {0, 1}K

Generative Story:

Y � Bernoulli(�)

Xk � Bernoulli(�k,Y ) �k � {1, . . . , K}

Model: p�,�(x, y) = p�,�(x1, . . . , xK , y)

= p�(y)
K�

k=1

p�k(xk|y)

= (�)y(1 � �)(1�y)
K�

k=1

(�k,y)xk(1 � �k,y)(1�xk)

Classification: Find the class that maximizes the posterior
ŷ = �`;K�t

y
p(y|t)

p�,�(x, y) = p�,�(x1, . . . , xK , y)

= p�(y)
K�

k=1

p�k(xk|y)

= (�)y(1 � �)(1�y)
K�

k=1

(�k,y)xk(1 � �k,y)(1�xk)

Same as Generic 
Naïve Bayes



Training Bernoulli Naïve Bayes

•Recall: train (by MLE) is to find class-conditional parameters

•To find P(Y): use all the data
•For P(Xi|Y=y): use the data for that class

� =

�N
i=1 I(y(i) = 1)

N

�k,0 =

�N
i=1 I(y(i) = 0 � x(i)

k = 1)
�N

i=1 I(y(i) = 0)

�k,1 =

�N
i=1 I(y(i) = 1 � x(i)

k = 1)
�N

i=1 I(y(i) = 1)

�k � {1, . . . , K}
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Naïve Bayes Example 2: Multinomial
Integer vector (word IDs)

Generative Story:

Model:

t = [x1, x2, . . . , xM ] where xm � {1, . . . , K} a word id.

for i � {1, . . . , N}:
y(i) � Bernoulli(�)

for j � {1, . . . , Mi}:

x(i)
j � Multinomial(�y(i) , 1)

p�,�(x, y) = p�(y)
K�

k=1

p�k(xk|y)

= (�)y(1 � �)(1�y)
Mi�

j=1

�y,xj
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Naïve Bayes Example 3: Gaussian

Model: Product of prior and the event model

Support: 

p(x, y) = p(x1, . . . , xK , y)

= p(y)
K�

k=1

p(xk|y)

t � RK

Gaussian Naive Bayes assumes that p(xk|y) is given by
a Normal distribution.
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Thanks Everyone!

Some of the slides in these lectures have been adapted/borrowed from materials developed by Mark Craven, 
David Page, Jude Shavlik, Tom Mitchell, Nina Balcan, Elad Hazan, Tom Dietterich, Pedro Domingos, Jerry Zhu, 
Yingyu Liang, Volodymyr Kuleshov 39


